Practice Exam. Math 257-316(Bui)
I. Solve the boundary-value problem
T + U F Uy, = 0, I<e<e,0<y<]
w(z,0) = 0, ule,y)=10
w(z,0) = f(x), u(z,1) = 0.

Solution 1) Since the source is zero and the houndary conditions on two parallel
sides are zero, we may use the method of separation of variables and set u = XY,

We get
X' +zX == X; X(1)=0= X(e).

The indicial equation is #(r = 1)+ 7 + A* = 0 and the roots are r = £iA, Hence
X(z)= e, cos(Alnz)+easin(Anz); X(1) =0 gives ¢, =0, X(e) = 0 gives A = nw.
We now have Y+ 22V = (0, and thus,
w(a,y) = Z{a,, cosh(nwy) + b, sinh({nxy)} sin(nxIn z)
n=1

with

u(z,0) = f(z) = i iy sin{nrlnax)

n=1
Note: To use the sine Fourier series expansion in order to get a, , the right hand
side of the above equation should have only terms of the form sin(nxz).We should
make a change of variables before using the Fourier series formula.
Make the change of variable Inx = ¢, i.e.x = ¢’ then @ = 1, ¥ = ¢ correspond to
f =0,t =1 respectively. We now have

f(e') = ia” sin{nwt)

n=1

and thus,
] 5
ity = ‘ri'[ Jle')sin(nwt)dt = 2/ f(x)sin(nmlnz)a da.
S0 J1

An easy caleulation gives
b, = —a, tanh{nx).

2 A second way of doing it is as follows. Re write the equation as
1
Tt e + =ty = (0
( } x wy
and consider the sell adjoint problem
o P
(zX") = —}-J-FJE; A(l)=0= X(e).

The weight Tunction is v(x) = 1/x.
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The eigenvalues are n?n? and the normalized eigenfunctions are

& l
—sin(nrInz); a, = / sin®(nrln x)—dz.
J1 HH

| 1
$IJ{$}: ﬁxn = v},n—"

Sel, =
u(z,y) = Y an(yea(x).

n=1

We have
Z{—-‘rz 7 n(y) + - —ﬁ- () }en(x) = 0.
Thus
an(y) = n'wla.(y) =0 n=1,.

We get

o

(x,9) Z A cosh(nmy) + B, sinh(nxy) boa(2).

Now the condition w{z,0) = flx) gives

A, = fcj’[;c)a,a"{:a:]%dar = f! flehea (2 )r{z)de

where r(2) is the weight ['umllnn The condition u(x,1) = 0 yields #, = — tanh{n7)A4,.

I1. Solve the initial boundary-value problem

#y = HUp—HFsinz, 0z ],0<
u(0,8) = 0, u{l,t)+ 2u,(1,1)=0
w(x,0) = f(z).
Solution. Since the source depends only on the space variable, we may write
u as the sum of two Mnctions, one depending only on 2z which represents the
steady part due to the source and one depending on z,¢ without the source. Set
u(z, 1) = vlx) + wlx,t) with
b= —wv+sinz; v(0)=0=v(1)+ 2v(1).
It is clear that
wle) = ¢ coshz + esinhz + Baricutar
The method of unundertmined coeflicients with v, = Asinx + Beosz gives v, =
%Hill;r.
Using the boundary conditions we get ¢, eq.
2) For w we have the problem
wy = (we)e—wo0
w0, 1) 0, w(l,d) + 2w, (1, 1) =10
w(x,0) u(x,0) — v(z) = flz] - v(z)



We can now use the method of separation of variables with w = XT We get
(XY = =NX; X(0)=0= X(1)+2X'(1).
We have
X, (x) = sin( Ae); A, are the intersection ofy = tan(A) with y = =2\

The weight function is 1 and the normalized eigenfunctions are

1
wnlz) = v%.—"f,.; fry = /n X () lder.

We have -1
T'r'rT = ""-1;': = 1; Ta(t) = T’;I{[}}E:.—[l;-i-l]rt

Thus,

wlx, i) = Z an e~ Pty ().

n=1

With w(z,0) = flz) — v(x), we get

ap = j; {f(z) — v{e) pga(x) lde.

I1I. Solve the initial boundary-value prablem
g
Uy = Moo +1L cas[?x}: Jer<l1,0<1
w0 8) = 0=ull,t)
w(z,0) = 0=ufz0).

Solution. Note that #,, = (u,), and thus our weight function is r(z) = 1.
Consider the self adjoint problem

(X'Y = =A*1X; X'(0) = 0 = X(1).
It is easy to check that
2n + 1

= (2n+4 1)rf2; X, (2) = cos( Tz).
The normalized eigenfunctions are
2 L)
ealz) = ﬁ(‘.ﬂﬁ{M]; n=0,..

2
Sel =
w(x,f) = Z (1t )en(z)

1=(l
and we have

iu.f'

Z{r{ (1) 4+ (2n+ 1) r.l.,,{f]}xpn () = IEL‘:S{

n=I0



-1

Thus,

(1) + (2 + 1)° Jn.,,[.f}—[] n#l

and

{a"(t) + q—lmn (z) = icns[i};w].

Hence :

@0+ ay(1) = ﬁ

The initial conditions give a,(0) = 0 = a,(0) for all n.

Solving
)+ EEDT (1) = 0;.0,0) = 0 = 6 (0): n #1
gives a,(t)=0n# 1.
We now consider
[f}+ ay = 0= a'(0).

(E,]{” s \-"{_,
We have g o
ai(t) = Acos(=-) + Bs,-iu[‘u;—} 1 gPer

The particular solution is of the form p (1) = e1f + 2. We get by an easy calcu-

lation
/2 3t

ar(t) = ox3 —{- LD'El:—}"f'l}

and wix, i) = a(t)e.(z).



