GROUPS, RINGS AND GALOIS THEORY

PATRICK BROSNAN

1. SETS

1.1. Prerequisites. I have tried to assume as little as possible. However,
I do assume basic facts about integers and congruences from Math 312 or
Math 322. I also work with sets in the Godel-Bernays system. This means,
for example, that I assume the existence of a class of all sets. The basic idea
of this theory is that a class X is a set iff the relation X €Y is true for some
class Y. The class of all sets is then not a set. The reader interested in the
Godel-Bernays axioms can find them, for example, in Paul Cohen’s book Set
theory and the continuum hypothesis.

1.2. General notation. I write a:= b to indicate that a is defined as being
equal to b. If I am defining a new concept, I try to put the name of the concept
in italics. I write Z,Q, R, C for the sets of integers, rationals, reals and complex
numbers respectively. I write N:={n € Z:n >0} and call this the set of natural
numbers. I write Z, :=={n€Z:n > 0}.

If a,b,d € Z, I write d|a to mean that d divides a, that is, there exists m € Z
such that md = a. I write a = b (mod d) to mean that d|(a —b).

We begin with a few preliminaries about sets. In fact, our motivation for the
entire class is to think of groups in terms of their actions on sets. We, therefore,
review a little bit of elementary set theory to fix notation.

1.3. We write Sets for the class of all sets. If X, Y € Sets, we write Homges(X,Y)
for the set of all function f: X — Y from X to Y. If f € Homges(X,Y) then f
is injective (or one-to-one, a monomorphism, or simply mono) if the following
statement holds:

(1.3.1 Va,b € X[ f(a) = f(b) =a=D>].
We say that f is surjective if
(1.3.2) VyeY,IxeX f(x)=y.

A function f:X — Y is an isomorphism of sets if f is both injective and surjec-
tive. We write

Isomgets(X,Y) := {f € Homgets(X,Y) : f is an isomorphism.}
We write Autges(X) := Isomges(X,X). These are the automorphisms of X.

1.4. If X € Sets, I write |X| to denote the cardinality of X. Recall that X is said
to be finite if |X| € N.
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1.5. If f € Homges(X,Y), g € Homges (Y, Z), then we write go f (or sometimes just
gf) for the composition of ¢ with f. (Thus, go f € Homges(X,Z).) For x € X, we
have, by definition, (go f)(x) = g(f(x)). If h € Homges(Y,Z), then it is easy to see
that

ho(gof) = (hog)of.

In other words, composition is associative.

1.6. Recall that a set is determined by its elements. (We take this as an axiom
of set theory.) There is exactly one set with no elements, the empty set, written
0. A set X is a singleton if it has exactly one element.

1.7. We sometimes call a function f € Homge(X,Y) a map of sets. If f: X — Y
is injective (resp. surjective) we sometimes indicate this by writing f: X — Y
(resp. f: X »Y). IfACX and BCY, then

f(A):={f(a):acA}, f'(B):={xeX:f(x)eB}.
The set f(A) is called the image of A, and the set B is called the inverse image of
B. Clearly, f is surjective if and only if f(X) =Y and f is injective iff, for every
y€Y,f !y} is either empty or a singleton.

1.8. If X € Sets, we write Endgets(X) := Homges (X, X). We write idy for the iden-
tity function on X: idy(x) = x. If f € Homges(X,Y), then g € Homges (Y, X) is said
to be a left (resp. right) inverse of f if go f =idx (resp. fog =idy). If X #0, then
a function f: X — Y is injective iff it has a left inverse. This is an elementary
fact of set theory. Similarly, if X is any set, a map f: X — Y is surjective iff it
has a right inverse. This is a consequence of the axiom of choice. (In fact, is is
equivalent to the axiom of choice given the other usual axioms of set theory.) It
is easy to see (without the axiom of choice) that f has both a left and a right in-
verse iff f is an isomorphism. Moreover, if f is an isomorphism, f has a unique
left inverse g which is also the unique right inverse.

2. GROUPS

Proposition 2.1. Suppose X € Sets, then composition on the set Autges(X) has
the following properties

(1) If f,8,h € Autsets X, then f(gh) = (fg)h.
(2) Forall f € Autges X, idy f = fidy = f.
(3) For all f in Autges X, there exist a unique g € Autges X such that fg =
gf =idy.
We abstract these propoerties to get the notion of a group.

Definition 2.2. A group is a set G and a binary operation G x G — G written
(x,y) — xy such that

(1) for all x,y,z € G, (xy)z=x(yz);

(2) there exists 1 € G such that, for all x € G, x1 = 1x = x;

(3) for all x € G, there exists x ! € G such that xx ' =x"Ix=1.

Remark 2.3. To be precise, we should consider a group to be a ordered pair
(G,m) where G is a set and m : G x G — G is a map satisfying the properties
enumerated in Definition 2.2. However, doing this is usually unweildy so we
almost always abuse notation and write G for the group. When we need to
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refer to the the set G in the pair (G,m) we refer to it as the underlying set of
the group G. The map m : G x G — G is called the multiplication.

24. If G is a group then the element 1 is unique. It is called the identity
element. Similarly, for each x € G, the element x~! is unique.

Definition 2.5. We say that a group G is abelian if, for every a,b € G, ab = ba.

Often if G is abelian the multiplication is written additively. For example,
the set Z of integers form an abelian group under addition.

Exercise 2.6. Show that the group Autges(X) is abelian iff |X| < 2.

2.7. A non-empty subset H C G of a group G is called a subgroup if it satisfies
the following axiom

Va,b e H,ab~' € H.
We say that a subgroup H of G is a proper subgroup if H # G. We write H < G
(resp. H < G) if H is a subgroup (resp. proper subgroup) of G.

Exercise 2.8. If G is a set, then a subset H C G is a subgroup if and only, for
all a,b € H, ab € H, and H with this product forms a group.

Proposition 2.9. If {H;},c; is a collection of subgroups of a group G, then the
intersection NicH; is also a subgroup of G.

Proof. This is obvious from the definition. a

Definition 2.10. We write Gps for the class of all groups. Amap f: G — H
between groups (i.e. a map of their underlying sets) is a homomorphism if,
for all a,b € G, f(ab) = f(a)f(b). We write Homgys(G,H) for the set of all group
homomorphism. Obviously, Homgps(G,H) C Homges (G, H).

2.11. Note that, if f € Homgps(G,H) then
S = (O ) =) F(1) =1
Also note that, for g € G,
F@ " =rr@) " =rle ) f@ " = fle".

2.12. A homomorphism is injective (resp. surjective) if it is as a map of the
underlying sets.

Proposition 2.13. Suppose f: G — H is a homomorphism, and A< G, B<H
are subgroups. Then

(1) f(A) <H;

2) f7'(B) <G.

Proof. (1) Suppose x,y € A, then f(x)f(y)™' = f(x)f(y™") = fly™") € f(A).
(2) Suppose x,y € f~'(B), then

fo ) =f@)f0) e

Definition 2.14. If /: G — H is a group homomorphism, then we write ker f :=
F~'({1}) € G. This subgroup is called the kernel of f.
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Definition 2.15. Suppose S C G is a set. The subgroups (S) of G generated by
S is the intersection of all subgroups of H of G containing S. We say that G is
cyclic if it is generated by 1 element.

2.16. If n € Z, we write nZ := {nm : m € Z}. This is clearly a subgroup of Z. In
fact, every subgroup of Z is of this form. To see this, suppose H < Z. If H = {0},
then clearly H = 0Z. Otherwise, there exists a smallest positive element n of H.
I claim that H = nZ. In fact, this is a simple consequence of the long division
algorithm: take m € H. Then, we can write m = nd + r with 0 < r < d. Therefore
r=m—nd € H. Thus r = 0 by the minimality of n. Thus m € nZ.

Definition 2.17. Let G be a group and g € G. If, for every positive integer n,
g" # 1, then g is said to have order equal to +. Otherwise, the order of g is the
smallest positive integer n such that g" = 1.

Definition 2.18. If G and H are groups then we define a multiplication on the
product G x H by (g1,h1)(g2,m2) = (g1g2,h1hy). With this multiplication, G x H
is then a group. Note that G = G x {1} < G x H via the map g — (g,1) and
H = {1} x H. More generally, suppose (G;);c; is a collection of groups. Then the
product I1;c;G; is a group with the multiplication given by (g:)(g!) = (gig!). The
map G; — [];; Gi given by sending g € G; to the element (g;) ;c; with g; = g for
j=iand g; =1 otherwise is an injective homomorphism.

Definition 2.19. Let {G;};c; be a family of groups as above. We define the
direct sum of the G; to be the subset ®;c;G; of [];c; G; consisting of elements
(gi)ier such that g; = 1 for all but finitely many i. It is easy to see that the direct
sum is a subgroup of the direct product. (They are clearly equal if I is finite.)
Morevor, it is the subgroup of the direct product generated by the G; C []ic; G:.

3. GROUP ACTIONS

Definition 3.1. An action of a group G on a set S is a homomorphism ¢ : G —
Autsets S.

3.2. An action as above defines amap a: G xS — S given by (g,s) — ¢(g)s known
as the action map. Sometimes, when ¢ is understood, we simply write gs in-
stead of ¢(g)s.

3.3. If we let m: G x G — G denote the multiplication map, the diagram

mxidg

3.3.1) GXxGxS——=GxS

iidg xa la

Gx§——=S§

is commutative. (This means simply that ao (m x ids) = ao (idg xa).) To see this,
note that
ao(mxids)(g1,82,5) = a(g182,5)
=0(g182)s
= 0(81)9(g2)s = 9(g1)a(g2,5) = a(gr,a(g2,5))-
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Conversly, suppose a: G X S — S is a map of sets such that the diagram (3.3.1) is
commuative. Then the map ¢ : G — Autges S given by ¢(g)(s) = a(g,s) is a group
homomorphism. We leave the verification as an exercise.

Definition 3.4. If G is a group, we write G —Sets for the class of sets E equipped
with G-actions ¢ : G — Autges E. If E and F are two G-sets, we define

Homg_gets(E, F) = {f € Homges(E,F) : Ve € E, f(ge) = gf(e)}.

Example 3.5. Let R denote the real numbers. For any non-negative integer n,
we write GL,(R) for the set of invertible linear transformations of R”. Clearly,
GL,(R) C Autses(R"). Moreover, if a,b € GL,(R), then it is easy to see that aob™!
is as well. Thus GL,(R) is a subgroup of Autges(R”). By definition, this defines
an action of GL,(R) on R".

Example 3.6. Let RP” denote the set of lines through the origin in R"*!. Then
GL, acts on RP" because linear transformations preserves lines.

Definition 3.7. A map ¢ : G — H between groups is an anti-homorphism if
0(g182) = 9(g2)9(g1). For example, if G is a group, the map Inv : G — G given by
g — g~ ! is an anti-homorphism.

The following proposition allows us to replace anti-homomorphisms with
homomorphisms.

Proposition 3.8. Suppose G,H and K are groups and a:G —H, b: H — K are
maps of sets.

(1) If a and b are both either homomorphisms are anti-homomorphismes,
then boa is a homomorphism;

(2) If a is an anti-homomorphism and b is a homomorphism or a is a
homomorphism and b an anti-homomorphism, then boa is an anti-
homomorphism;

(3) The map a+— aolnv sets up an isomorphism betwen Homgps(G,H) and
the set of anti-homomorphisms from G to H whose inverse is given by
a— aolnv.

(4) Iff a € Homges (G, H) is either a homomorphism or an anti-homomorphism,
then Invoa = aoInv.

Proof. Statements (1) and (2) are very easy to prove and I leave them to the

reader. For (3), the important point is to note is that Inv> = id;. Therefore,

aolnvolnv = a. For (4), suppose that a is a homomorphism and g € G. Then

a(g™") =a(g)~'. Thatis, aolnv = Invoa. Now suppose a is an anti-homomorphism.
Then

aolnv = (aolnv) o (Involnv)

(aoInv)oInv)olnv

Invoaolnvolnv

(
(
(Invo(aolnv)) oInv
(
I

nvoa.
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3.9. A right action of a group G on a set S is an anti-homorphism ¢ : G —
Autgets S. Given a right action, the associated action on S is the action given by
@olnv: G — Autgets S.

3.10. A right action defines a map a:Sx G — S given by (s,g) — sg := ¢(g)s. This
is called the associated right action map. Note that s(gh) = ¢(gh)s = @(h)p(g)s =
©(h)(sg) = (sg)h. This explains the term “right” action. Moreover, giving a right
action is equivalent to giving a map a: S x G — S such that a(s, gh) = a(a(s, g),h).

Remark 3.11. We will often use the technique of 3.9 to turn right actions into
left actions.

Example 3.12. Let G be a group. Then G acts on itself from both the left and
the right. One way to package this information is to say that there is an action
A: G X G — Autges(G) given by

A(g,h) (k) = gkh™".
From this, we deduce three important examples of actions of G on itself:
(1) We set L(g) :=A(g,1). So L(g)k = gk.
(2) We have R(g) :=A(1,g). So R(g)k =kg~'.
(3) We set I(g) :=A(g,g). So I(g)k = gkg~'. This is called the action of G on
itself by inner automorphisms.

Note that 1(G) C Autgps(G) C Autges(G): we have I(g)(ab) = g(ab)g ™' = gag~'gbg™!
1(g)(a)I(g)(b).

3.13. Suppose H and K are subgroups of a group G. We say that H and K
commute with each other if Vh € H,Vk € k hk = kh.

Proposition 3.14. Let G be a group and {H;}ic; a family of subgroups. If H;
commutes with H; for any i # j €I, then there is a homomorphism f: ®iciH; — G
such that ¢(H;) = H;. Conuversely, if there is a homormorphism f : ®c/H; — G
with ¢(H;) = H;, then H; commutes with H; for i # j.

Proof. Suppose H; commutes with H; for i # j. Define a map f: @ic/H; — G
by (hi)ici — Ilic; i here the product is taken over elements i such that #; # 1;
therefore, it is a finite product. Note also that the order in which the product
is taken does not matter as H; commutes with H;. Now, f is easily seen to be a
homomorphism. Also f(H;) is clearly equal to H;. The converse is clear because
the H; < ®;c;H; commute with each other. O

3.15. Suppose H and K are two groups acting on a set E (from the left). Let
O : H — Autges E and @k : K — Autges E denote the two actions. We say that the
actions of H and K on E commute if the subgroups ¢y (H) and @k (K) of Autgets E
commute. Clearly, this is equivalent to saying that Ve € E,Vh € H,Vk € K hke =
khe. By 3.13, the actions of H and K on E iff they come by restriction from an
action of H x K on E. In particular, the actions L and R a group G on itself
discussed in Example 3.12 commute.

4. ORBITS AND QUOTIENTS

4.1. Let G be a group acting (on the left) on a set S. For each s € S, we define
the orbit of s under G, to be the set Gs = {gs: g € G}. A subset T C S is a G-orbit
if there exists s € § such that T = Gs.
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Lemma 4.2. If a group G acts on a set S, then

(a) Every element of S is in a G-orbit;
(b) any two distinct G-orbits are disjoint.

Proof. (a) is trivial as, for s € S, we clearly have s € Gs. (Since s = 1s.) To prove
(b), suppose 51,52 € G and t € Gs; NGs,. Then, we have elements g, ¢, € G, such
thatt = g1s1 = g252. Then 51 = g1_1g2S2. Hence, for g € G, we have gs| = ggl_lggsz €
Gsy. Thus Gs; C Gsy. Switching the roles of s; and s,, we see that Gs, C Gs;.
Thus GS] = GSz. [l

4.3. If X is a set and (X;);cs is a family of non-empty subsets of X, then we say
that X is the disjoint union of the X; if X = U;c/X; and X;NX; =0 for i # j. By
the Lemma, S is a disjoint union of its orbits under G. We write G\S for the
set of G-orbits when G acts on S from the left. If G acts on S on the right, then
the right G orbit of s in G is the set sG = {sg: g € G} C S. Clearly the lemma
generalizes to right G orbits: S is the disjoint union of its right G orbits. (One
cheap way to see this is to use the technique of 3.9 to convert the right action
into a left action.) We write S/G for the set of right G-orbits of S.

Example 4.4. As in Example 3.5, let GL,(R) act on R” from the left. There are
two orbits, GL,(R)0 = {0} and GL,(R)e =R"\ {0} where ¢ € R" is any non-zero
vector.

Example 4.5. Let R* denone R\ {0} viewed as a group under multiplication.
The group R* acts on R""!'\ {0} by the action a : R* x R"*1\ {0} — R**!\ {0}
given by (A,v) — Av. The set R*\(R**!\ {0}) is the set of lines through the
origin (with the origin itself removed).

Proposition 4.6. Suppose H and K are two groups acting on a set E (from the
left). Suppose further that the actions commute. Let Ke be the K orbit (of an
element e € E). Then, for any h € H, multiplication by h maps Ke isomorphically
onto the K-orbit Khe.

Proof. This is obvious. If ke € Ke then hke = khe € Khe. This shows that multi-
plcation by 2 maps Ke into Khe. The inverse map is clearly given by multiplca-
tion by A~ 1. O

Definition 4.7. We say that a group G acts transitively on a G set E if G\E is
a singleton.

4.8. Let E be a G-set and ¢ € E. We say that the stabilizer Stabge of ¢ in G is
the set

Stabge = {g € G|ge = e}.
Suppose g,h € Stabge. Then gh~'e = gh~'he = ge = e. Therefore gh™! € Stabge.
Thus Stabge < G.

4.9. Let H < G be a subgroup of a group G. Then H, since the left action of G
on itself commutes with the right action of H on G, we see that G acts on the
G/H. Explicitly, we have

8(¢'H) = (g¢')H.
Clearly G acts transitively on G/H because the orbit of H € G/H is clearly G/H.
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Proposition 4.10. Let E be a G-set and e € E. The map ¢ : G/ Stabg e — E given
by gStabg e — ge is a well-defined homomorphism of G-sets.

Proof. To check that it is well-defined, suppose g’ = gh for h € Stabge. Then
g'e = ghe = ge. Therefore ¢(g') = ¢(g). It is obvious that ¢ is a homomorphism
of G-sets. a

5. SYLOW THEOREMS

In this section we prove the Sylow theorems as an application of the study
of group actions on sets. I use a version of the proof that from the book by
Alperin-Bell.

5.1. p-groups. If p is a positive prime integer, then a p-group is a group P whose
order is equal to p” for some r € Z>(. The term p-group, when the prime p is
unspecified, always refers to a group of prime power order.

Lemma 5.2. Let G be a finite cyclic group. Then

(1) the subgroups of G are all cyclic of order dividing —G—;
(2) for every non-negative divisor d of G there is exactly one subgroup H of
G of order d.

Proof. Let g be a generator of G and let ¢ : Z — G denote the map given by
n— g". Then, by defition, ¢ is surjective. If H < G then, ¢~ 'H = rZ for some
r € Z>o. Since ¢ is surjective, H = ¢(rZ) and, thus, H is cyclic. Moreover H =
rZ/nZ =7/ (n/r)Z. Thus H has order n/r. Thus r = n/|H|, and, therefore H, are
determined by |H|. O

5.3. For n € Z\ {0} and p prime, let ¢, (n) denote the largest power of p dividing
n.

Definition 5.4. Let G be a finite group, and let p be a prime. A p-Sylow sub-
group of G is a p-group of order /,(|G|). We write Syl ,(G) for the set of p-Sylow
subgroups of G. Note that this is a G-set under the action of conjugation.

Theorem 5.5 (Sylow). Let G be a finite group and let p be a prime.

(1) The number of distinct p-Sylow subgroups of G is congruent to 1 modulo
p- In particular, Syl,(G) is non-empty.

(2) All p-Sylow subgroups of G are conjugate. In other words, Syl ,(G) is a
homogenous G-set.

We are going to prove the theorem in several steps by studying the action
of G on a G-set X. Before we define X, we set r =log,(¢,|G|) and m := [G|/p" so
that |G| = p’m with (p,m) = 1.

5.6. Let X denote the set of all subsets of G such that |S| = p". We regard X as
a G-set with G acting by multiplication from the left. Note that

XI= (e,,l(%)) -(%)

Clearly, this number depends only on |G| and not on the group structure of G.
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5.7. Let S € X. Then S is the disjoint union of Gs orbits. Thus |Gs||p” with
equality (|Gs = p") occuring iff S is a single Gy orbit, i.e, a left coset of Gs. Thus,
for any P € Syl,(G), there are exactly m elements of X stabilized by P: the m left
cosets of P.

5.8. We have

p'm

( . > =|X|= Z (G : Gs] =m|Syl,(G)| (mod p).

p SEG\X
Proof of (5.8). The first two lines are clear. For the last use (5.7) and the obvi-
ous fact that p|[G : Gg] if Gy is not a p-Sylow. O
5.9. We have .

(p rrn> =1 (mod p).
p

To see this, set G = Z/p"m. Then there is exactly one p-Sylow. Therefore
m|Syl,(G)| =m.
Proof of Theorem 5.5 (1). We have m|Syl,(G)|=m (mod p). Since (m, p) = 1, this
implies |Syl,(G)| =1 (mod p).

6. ELEMENTARY GROUP REPRESENTATION THEORY

6.1. Let G be a group. A representation (or sometimes linear representation) of
G over a field F is a group homomorphism G LA AutpV where V € Vectr. Since
AutpV C Autges V, a group representation is, in particular, a G-set. As with G-
sets, we often abuse notation and write V instead of p for the representation.
We write a: G xV — V for the map given by (g,v) — gv:= p(g)v. We somtiems
call a representation of G over F, a G-representation or a G-rep.

6.2. We write Rep; G for the class of all G-reps. over F. If V,W € Rep G, then
HomRepFG(VaW) = {f € Homvect,- (V,W) :VgeG,Wwe V,gf(V) = f(gv)}
= Homvect, (V, W) "Homg_gets(V, W).
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