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with a = const, and /(y) satisfying the ODE [”—3y!’+ (2y®*— 1)/ = 0. Substituting (5.10)
into the adjoint-invariance condition (5.9), we obtain /"—y/ =0, and thus /(y) = bev,
b = const. Hence we get two integrating factors, 4, = e*"/2, A, = xe?’/2.

Next, we construct the first integral arising from A4 = A, = e**2. Clearly, we can set
7 =0 in the construction formulae (3.9)3.12). This leads to the first integral

1
¢ = y'f [1+2%y7 e dp = y' e = C, G.11)
0

after integration by parts on the second term.
Now the first integral arising from 4 = A, = xe*”? is easy to construct since, again with
¥ =0, the construction formulae (3.9)-(3.12) reduces to

1 Yy
b= clx—f ye VR dy = clx—f e ?du = C,. (5.12)
o 0

This yields the general solution [¥e*">du = C,x—C, of the ODE (5.7).

5.3 Wave-speed equation
For a third example, we consider the fourth-order wave-speed equation

Gy, YY" y)=(y(y/y)y =0, (5.13)
which arises when one seeks potential symmetries for a wave equation with a variable wave

speed y(x) (see Bluman & Kumei, 1987). The ODE (5.13) is not self-adjoint. Its adjoint
symmetry determining equation for w = A(x, y,y’,y”,y") is given by

AyyY y[(YYY HAyyY [y =AUy [yYY + AV (y/y) = 0. (5.14)
The adjoint-invariance condition is
{(AYYY Y)Y+ YY) )Y —(A' V(Y[ Y"YY+AY(Y/YY
= —(GAy )" —(GA, Y +(GA, Y =GA,), (5.15)

with A =A(x, Y, Y, YY", Y")and G =(YY'(Y/Y')").
By inspection, A = 1 satisfies (5.14)(5.15), which leads to the first integral

D =yy(y/yY =C,. (5.16)

Since the ODE (5.13) admits translations in x with corresponding invariants y and y’, we
employ the third ansatz of §4, in conjunction with the integrating factor 4 = 1 and these
invariants, and seek adjoint symmetries of the form A4 = 4, = f{y, y). Then (5.14) becomes
a polynomial in y”,y”. The coefficient of (y”)* gives y'f,,+3f, =0. This yields
Sy =h(y)/(¥)® for some function h(y). Then the coefficient of y” gives the equation
R2y(y)V Sy + 397 fyy 410y £, + 9 £, +12yf, = 0. This leads to h = const, and hence
f=1/(y")% Once can check that 4 = 1/(y’)? satisfies both the adjoint symmetry determin-
ing equation (5.14) and the adjoint-invariance condition equation (5.15). The singularity
of A at y' =0 leads us to choose y = x in our construction formula (3.9)-(3.12). The
resulting first integral is

D =—y"y /(Y= /() +OyV /() = C,. (5.17)
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The first integrals (5.16)—(5.17) reduce the ODE (5.13) to the second-order ODE

O = (C= G (5.18)

Now we again use the third ansatz in conjunction with the integrating factors 4 = 1 and
A = 1/(y")* together with the differential invariant & = yy”/(y’)? arising from the invariance
of ODE (5.13) under scalings in both x and y.

Using the integrating factor 1, we try A = 4, = fla). The adjoint symmetry determining
equation (5.14) yields f= a®. Feeding this into the second ansatz, we first substitute
A = A, = F(C,)a*? into the adjoint-invariance restriction (5.15). Unfortunately, this yields
F = 0. Next we substitute 4 = A4, = F(C,)a’® into (5.15), which then becomes a polynomial
with terms y®, y®y® & (yD) (y)2 1y The coefficient of y® yields F = 1/(C,)%. One

can then check that
Wy
A=|——
((y ) Cz)

satisfies (5.15). From our construction formula we obtain the corresponding first integral
D =0/y»/C+(¥) =C,

However, one can show that the first integral (5.19) is inessential, since C, = C,/C,.
Finally, using the integrating factor 1/(y)*, we try 4 = A, = fla)/()')*. In this case, the
adjoint symmetry determining equation (5.14) leads to

c/a

f= tan“(c/a) +W

(5.20)
with ¢ = const. Here ¢ arises from the scaling symmetry a—a/c admitted by the
determining ODE satisfied by fla).

One can check that 4 = fle)/()')* does not satisfy the adjoint-invariance determining
equation (5.15). Now we try a variant of the second ansatz as follows. We substitute 4 =
A, = FC,) f/(¥')?, where fis given by equation (5.20) with ¢ = H(C,), into the adjoint-
invariance determining equation (5.15). This leads to F=(C,)™®% and H = (C,)">
Consequently, we obtain the integrating factor

A=(c2)-3/2(tan-l(\/@/a)+ VCya )

1+(VC,y/a)?
and our construction formula yields the first integral
@ =(C,) *tan ' (VC,/a)—Iny = C,. (5.21)

The first integrals (5.16), (5.17) and (5.21) reduce the ODE (5.13) to a first order ODE. In
particular, we have

Y'VC/C,— (¥ ) = ycot(vVCy(C, +1Iny)).

Isolating y’, we obtain

VY = VG,sin(vVGy(C, +1ny)).
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6 Conclusion

For any system of ODEs, we have derived determining equations which are necessary and
sufficient conditions satisfied by its integrating factors. In particular, the solutions of these
determining equations yield all integrating factors. We have also derived a simple explicit
formula which yields a first integral for each solution. For an nth-order scalar ODE the
determining equations are a linear system of 2n—2 PDEs consisting of the adjoint of the
determining equation for symmetries of the nth-order ODE and an additional 2n—3
equations when n > 2. No additional equations arise in the case of a first-order scalar ODE.

We have introduced special techniques to seek solutions of the determining equations.
These techniques involve the use of known first integrals, eliminations of variables and
symmetry considerations. We have exhibited several examples illustrating combinations of
these techniques.
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