
Galois theory - symmetries of equations (numbers

Ex
. sin 720 is an algebraic num .

be
.
it satisfies equation
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since 720=36,1 = 2¥ let • = eat #w'Re

I = w5 = (atib )
's

so sin 720 = Im w = b

= as + 5a4ib + 10013 Eb' + 10 a2i3b3 + 5 a i4b " + i5b5

= at + 5 i a "b - 1003 b ' - 10 jab's
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= I - BZ

= 5 ( I - BZ ) - 10 ( I - b - ) b - + b"

= Ibb " - 2062+5 ht)

⇒ o = b 4 - E
,
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in fact this is irr . ie - min . deg . poly .

with b as root .

algebraic formula for b -- sin 720 :
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b ' = Ig ± If - E = 5g ±
'GE x = # ✓Ig ± If 4 roots ie -

im
. parts of

the 4 non-trivial

roots of x 5=1

.
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by inspection sin w - sin ( w
' ) so sin w=/5tg

evidently by a similar argument, sin or cos htt for new is algebraic .



The symmetry gr . G of Ct) is cyclic of order 4 and acts

on roots of Ct )
.

Better
way

to write these numbers :

5 = e go 520=1
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atibw-a-ibw-w-2ibb-wz.ie=5"jf =L ( S " - 59 ) = I ( S
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t 5
"
5-9) = I ( 5+5' )
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sin 720

similarly sin 1440=+2153+5-3 )
sin 2160 = f- (57+5-7)

sin 2880 = I (89+5-9)

I = ( 72/201 )
" (order 8=4120 ))

= { T , 5,7 , 9- , IT, 5,17 , IT }

acts on the four roots of Ct) by permuting the Us . St .
'

.

1) respects algebraic operations t
,
-

, x ,
÷ ; and scalar mutt . by Q

s) gl 's ) - 59 well -defined :

ex .
I (5) = 53 = 523 = 543 = . .

.

= 55

ex . 0=5

ocb , ) - of ICS -15' ) ) - ta (ol's ) -1015" ) ) =L (53+5-3) - b,

Tsb ,

yo
I acts trivially . b3 ba
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o by to

cyclic of Ord
. 4 .



Review of symmetry groups

Def . For Sc Rn
, the symmetry gr . of S is

a- preserves distances

G = E lo -

- R
"
→ IR

"

isometry , too ) - S }

Lem . If 9 E Isom CIR
" ) , I ! AE On CIR ) ,

b EIR
"

St
. 4 = Axtb

Def . S , TER
"

have the same symmetry if I 4 C- Isom ( Rh ) St .

Symes) = Sym CULT) )

Rem. S
, -1 having same Sym .

is stronger than Sym (5) a- Sym CT ) . E.g .

s. it
i

sym
-
- Eid, rot} E Sym -

- { id, reft . }

Prop . S
,
TEIR

"
have same Sym . iff Sym CS )

, Sym ( T)# Isom (Rh ) are conj .

Def .

( semi - direct product )

het N , H be gr .

,
assume we have an action of H on N by gr . ant

,
ie -

4 : H → Aut CN )
h t Uch )

a gr
-
horn

.

Y Ch ) : N → N

n'→ 4th ) ( n ) =hn

Then define an operation on NXH :

(n , h ) . ( n ' , hi ) = ( n hn ' , hh ' )

This defines a gr . Structure on NXH
,
the semi - direct product of H , N , wrt . re :

N Sy H


