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Midterm II

No books. No notes. No calculators. No electronic devices of any kind.

Problem 1. (8 points)
(i) Define the term linear map.
(ii) Define the term kernel of a linear map.
(iii) Give an example of a map f : R2 ! R3, which is not linear.
(iv) Give an example of a linear map f : R3 ! R2, whose kernel had dimension 2.
(v) Prove that if f : V ! W is a linear map, then the kernel of f is a subspace of

V .
(vi) Is it possible for a linear map f : R3 ! R2 to be injective? Justify your

answer.

Problem 2. (8 points)
Find the standard matrix of the reflection across the line with equation 3x� 4y = 0
in R2.

Problem 3. (8 points)
(i) Define the determinant of an n⇥ n matrix with coe�cients in a field F.
(ii) Calculate the determinant of
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2 3 x 0
4 0 0 y
�1 z 2 0
0 1 0 0
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where x, y, z 2 F.

Problem 4. (8 points)
(i) Define the terms eigenvalue, eigenvector, and eigenspace.
(ii) Prove that if a linear map P : V ! V satisfies P 2 = P , then every eigenvalue

of P is either equal to 0 or equal to 1.
(iii) Prove that every linear map P : V ! V which satisfies P 2 = P is diagonaliz-

able. Hint: write an arbitrary vector v 2 V as v = P (v) +
�
v � P (v)

�
.

Problem 5. (8 points)
Find formulas for xn, yn, given that

xn+1 = �5xn + 4yn , yn+1 = �12xn + 9yn ,

and
x0 = 1 , y0 = 1 .

Compute limn!1
xn
yn

and limn!1
xn+1

xn
.










