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Abstract

We describe an approach to calculating the cohomology rings of stable
map spaces Mo,o(P",d).
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Introduction

Spaces of stable maps have enjoyed a lot of interest in recent years. They were
first introduced by Kontsevich in 1994 (see [13]), and have since proven to be
very useful in many contexts, especially in Quantum Cohomology and Mirror
Symmetry. Stable map spaces are natural completions of spaces of morphisms
from algebraic curves to a fixed (non-singular complete) variety X. They arise
as natural generalizations of the moduli spaces of stable curves discovered by
Deligne and Mumford [8].
Here we shall be mostly concerned with the spaces

Mo o(P",d).

The generic member of Mg o(P",d) (at least if n > 3) is a non-singular rational
curve of degree d in projective n-space and, in fact, Moyo(]P’”, d) is a compacti-
fication of the space of all such curves, and thus has dimension dn +d +n — 3.
The degenerations we allow at the boundary are pairs (C, f), where C' is a nodal
curve of arithmetic genus 0 and f is a morphism f : C — P” of degree d, such
that every component of C' which is contracted to a point by f has at least 3
nodes. This also gives the correct picture for n = 1,2. For example, M (P!, d)
compactifies the space of degree d ramified covers of genus zero of the projective
line. We also remark that Mg (P, 1) is simply the Grassmannian G(2,n + 1)
of lines in P".

The true beauty of the spaces M070(P”,d) only becomes apparent if we
consider them as stacks. In fact, the algebraic stacks underlying the various
Hoyo(]P’”, d) are smooth and admit universal families. These are properties that
the spaces Moyo(]P’”, d) generally lack. We shall always work with these stacks
and thus use the notation Mg o(P",d) for the stack of stable maps of degree d
to P™ (of genus 0 without marked points).

Our goal is to compute the cohomology ring of M (P",d), or at least, to
outline an approach by which this might be achieved. (The only previous result
in this direction is the computation of the Betti numbers of M (P, d) due to
Getzler and Pandharipande [9].) Our method is inspired by the utility of C*-
actions for studying integrals over stable map spaces, but there is an additional
ingredient: a vector field (which is compatible with the C*-action).

This method is due to Akildiz and Carrell [1] and can be summarized as
follows. Let X be a non-singular projective variety over C with a C*-action
and suppose that V is a vector field on X, satisfying *V = AV, for all A\ € C*
(we say that V is equivariant). If V has exactly one fixed point and Z is the
scheme-theoretic fixed locus of V' (so Z is a one-point non-reduced scheme),
then we have

H*(X,C)=TI(Z,0z).

(See Examples 1.3 and 1.7, below, where this is worked out for the special case
of X = P™. See also Remark 4.30, for the case of the Grassmannian of lines in
P™)



Our use of the method of Akildiz-Carrell is novel in two aspects: we apply
it to stacks, but more significantly, the fixed locus Z of the vector field V'
has positive dimension. Thus we have to replace the ring of global sections
I'(Z,0z) by the hypercohomology ring H°(X, K},), where K¢, is the Koszul
complex defined by the vector field V.

There is one important difference between I'(Z,0z) and H°(X, K3,). The
ring I'(Z,0z) can be computed entirely on the fixed locus Z, whereas
H°(X, K3,) depends on an open neighborhood of Z in X. Thus, in the case
of positive-dimensional fixed locus Z, the localizing power of the method is
much weaker.

The method is saved by a somewhat surprising phenomenon. We discovered
that we can restrict our attention entirely to a certain open subset U of X, even
though U does not cover the fixed locus Z completely. This open subset U is
the ‘big cell’ associated by Biatynicki-Birula [5] to the C*-action on X.

In the cases we consider here, it turns out that the canonical map

H*(X,C) =H(X, K}) — H°(U,K3,) = T(U, Oy)

is, though not injective, injective in all relevant degrees. This means injective
in all degrees that contain a generator or a relation.

One of our main results is an explicit description of the big Biatynicki-Birula
cell of Mg o(P",d) as a vector bundle over My 4 (modulo an action of the sym-
metric group Sy). Here My 4 is the space of stable curves of genus zero with d
marked points, which is comparatively well understood.

The case d = 3 is particularly simple and we focus on it in the latter part of
the paper. If d = 3 then M 4 is just a point and so the Bialynicki-Birula cell
is simply an affine space A% modulo an action of S3. We succeed in writing
down the vector field V in canonical coordinates on A*". This leads at least to
a conjectural description of the cohomology ring of Mg (P",3). The truth of
this conjecture depends only on a certain purely algebraic statement, which we
verified using Macaulay 2 [10] for n < 5.

More interesting than the case of finite n is the case of the limit as n ap-
proaches co. The cohomology ring of Mg o(P",d) stabilizes as n increases, so
we can define a ring which we call the cohomology ring of Mg o(P*>,d), even
though this latter stack does not make sense.

We succeed in describing the cohomology ring of Moyo(]P’oo,?)) completely
using generators and relations (Theorem 4.15). This is the main result of the
paper. It says

H* (Moyo(]P’oo, 3),((:) = C[b, 01, p, 02,7, 03]/((7'2 — po2),T03, p03) .

The generators can be expressed in terms of Chern classes of certain canonical
vector bundles on Moyo(]P’oo, 3). The degrees of b and o7 are 1, the degrees of
p, o2 and 7 are 2 and the degree of o3 is 3, using algebraic degrees (where the
first Chern class has degree 1). Thus the degrees of the relations are 4, 5 and
5, respectively.



Thus, as a ring, Hpr (HO,O(POO,?))) is reduced, of pure dimension 4 and
has two irreducible components, C[b, o1, 09, 03] and C[b, o1, p, 02, 7] /(7% — po2),
intersecting transversally along C[b, 01, 03).

The case d = 2 is special, as MOQ is not defined. It is much easier than the
case d = 3 and we have complete results.

We briefly outline the structure of the paper.

In Section 1 we describe the theory of equivariant vector fields and their
relation to de Rham cohomology. We verify that the results of Akildiz and
Carrell which we require hold for stacks. We improve on existing treatments of
Chern classes by proving that the Carrell-Lieberman class [7] is homogeneous
(see Section 1.3). Hence the Carrell-Lieberman characteristic classes (and not
just their leading terms) are equal to the corresponding Chern classes.

Section 2 assembles a few facts about stable map stacks which we require
later. We observe that if F is a convex vector bundle on the variety X, then the
stack of stable maps to E is a vector bundle over the stack of stable maps to
X. We prove that the cohomology of My, (P",d) stabilized as n increases and
we define the cohomology ring of HO,V(POO, d). Moreover,this cohomology ring
maps surjectively onto the cohomology ring of M, (P",d), for every finite n.

In Section 3 we describe the big Biatynicki-Birula cell of Mg o(P",d) as a
vector bundle over [Mg 4/S4]. The most significant case is n = 1. Here the
big Bialynicki-Birula cell consists of all stable maps which are unramified over
oo € PL. In the general case, it consists of all stable maps which avoid the
codimension 2 plane (0,0,x*,...,%) and intersect the hyperplane (0,x,... %)
transversally d times.

By changing the C*-action on P", we can cover all of Mg o(P", d) with vector
bundles over M 4, and so our results lead, at least in principle, to an explicit
description of the stable map stacks Mo o(P",d) in terms of stable curve spaces
MO,d~ .

Section 4 starts with a recipe to calculate our vector field on Mg o(P",d).
The key result is that the derivative of the universal map f : C — P" induces an
isomorphism I'(C,75) — I'(C, f*Tpn). The remainder of the section contains
the calculations for the cases d = 2 and d = 3.

Notation and Conventions

Throughout the paper we will work over the ground field C of complex numbers.

All of our algebraic stacks will be of Deligne-Mumford type. This means
that the diagonal X — X x X is unramified. Deligne-Mumford stacks X admit
étale presentations U — X, where U is a scheme. We denote the stack quotient
associated to a G-variety X by [X/G].

Whenever we consider sheaves on a Deligne-Mumford stack X, it is under-
stood that these are sheaves on the small étale site of X. Objects of this étale
site are thus étale morphisms U — X, where U is a scheme. The topology on
this site is defined in the same way as for the étale site of a scheme. Any vector
bundle £ — X defines a sheaf of local sections on the étale site of X, which we
often identify with E.



Any cohomology group of a sheaf on X is understood to be the cohomology
of the étale site with values in the given sheaf, unless mentioned otherwise.

Stable maps

For an algebraic variety X (not necessarily proper), we denote by Hs(X)™ the
semigroup (with 0) of group homomorphisms Pic(X) — Z, which take non-
negative values on ample line bundles. This semigroup is a convenient set of
labels for the class of a stable map. Given a stable map (C,z, f) to X, it is
of class 3 € Ho(X)" if deg(f*L) = B(L), for all L € Pic(X). If X = P", we
identify Ho ()()Jr with Zzo.

We denote by Hg,n(X ,3) the stack of stable maps of class 8 from n-marked
genus g curves to X.

Group actions

If an algebraic group G acts on a smooth scheme or a smooth algebraic stack
X, we will denote this action on the right. Assume given a right action of G on
X and a lift of this action to a vector bundle E over X. Then for any g € G
and any local section e € I'(Ug, E), we denote by 9e the section of E over U
given by the formula

(%e)(z) = e(zg)g ™" (1)
In other words, 9e € T'(U, E) is defined to make the diagram
E
Te
Ug
commute. In particular, (1) defines a left representation of G on the C-vector
space I'(X, F) of global sections of E.
Any action of G on X lifts naturally to the vector bundles Ox, 7x and
Qx, and so we get induced representations of G on functions, vector fields and
differential forms on X. Explicitly, if f € T'(X, Ox) is a regular function on X,

then 9f = g*f, or (9f)(z) = f(zg), for all z € X. If V € T'(X,7x) is a vector
field on X, then 9V is characterized by the formula

Dg(z)((“V)(x)) = V(xg)

P2

g

U——

or more briefly by
(Dg)(°V) = g*V.

(Here Dg : Tx — ¢*Tx is the derivative of g : X — X.) If w € T'(X,Q) is a
differential form on X, then Yw is given by

Yw=dg(g*w),



(“w)(z) = dg(z)(w(zg)),

where dg : ¢*Q0x — Qx denotes the natural pullback homomorphism. Note
that for all g € G we have

Hw, V) = (Jw, V). (2)

If F is another vector bundle over X to which the G-action has been lifted,
then we get induced G-actions also on the vector bundles Hom(E, F') and EQF,
given by the formulas (¢g)(eg) = ¢(e)g and (e ® f)g = eg ® fg. On global
sections, this gives rise to G-representations by the formulas

(79)(%e) = (g(e))

and
Hex f)=exf.

Finally, given a C-linear sheaf homomorphism ® : E — F| we define 9® by

(72)(%e) = ?(®(e)) ,

for any local section e of E. This generalizes the definitions above if ® is Ox-
linear and gives rise to a G-representation on the space of all C-linear sheaf
homomorphisms from E to F'. For example, the universal derivation d : Ox —
Qx satisfies 9d = d, for all g € G (this follows easily from (2)). Note that,
because of this, 9V, for a connection V on E, is again a connection on FE.

Whenever any kind of object A satisfies an equation 94 = A, for all g € G,
then we refer to A as G-invariant.

The case of G,,

In many cases our group G will be equal to the multiplicative group G,,. If we
are given a right G,,-action on a vector bundle F, lifting a right action of G,, on
X, then we refer to this action as the geometric action, to distinguish it from
the action of G, on E by scalar multiplication on the fibers, which we shall call
the linear action. Of course the geometric and the linear action commute with
each other.

In this case the (geometric) G,,-action gives rise to a C*-representation on
all the above mentioned vector spaces, i.e., it makes them into graded C-vector
spaces. The homogeneous elements A of degree ¢ satisfy

A =NA,

for all A € C*. Of particular interest to us are elements of degree one; we shall
call them G,,-equivariant, or just equivariant, since there is rarely any fear of
confusion. In particular, this gives rise to the notion of equivariant vector field.



1 Outline of the Method

Let X be a smooth and proper Deligne-Mumford stack. Assume that
H?(X,Q%) =0, for all p # ¢,

where Q = Qx is the sheaf of Kéhler differentials on X. (See Remark 1.8.)
We will be interested in the graded ring

Hpr(X) = P H(X,97) .

The notation Hpr(X) is justified, because under our assumption

P H (X, 97) = H(X, (2°.d)) |

where (2°,d) is the algebraic de Rham complex of X. We use the algebraic
grading, i.e., we consider H? (X, Q) to have degree p.

Remark 1.1 Let X,, be the (small) analytic site of X. By a theorem of
Grothendieck (see [11]) we have

H(U, (9°,d)) = H(U..,C),

for every smooth variety U. Choosing an étale presentation U — X, where U
is a smooth variety, we obtain Fs-spectral sequences

HI(Up, (Q°,d)) = HPT (X, (Q,d))

and
Hq(Upau, C) = Herq(Xa,,, C),

where U, is the (p + 1)-fold fibered product of U with itself over X.
Thus we conclude that

IHI(X7 (Q‘,d)) = H(X.,,C) .
Letting X be the coarse moduli space of X, we have
H(X.,,C)= H(Yan,(C) ,

essentially because group cohomology of any finite group with values in C van-
ishes. Thus we have

Hpr(X)=H(X..,C)=H(X,,,C),

and so we can also interpret our ring Hp (X ) as the usual (singular) cohomology
ring of the topological space underlying the variety X over C.

Note that for H(X.,,,C) we also use the algebraic grading, i.e., we consider
H?!(X,,,C) to have degree p.



1.1 Equivariant vector fields

Now assume that we are given a (right) G,,-action on X. Recall that we defined
a vector field V on X to be G,-equivariant if *V = AV, for all A\ € C*. Note
that V is equivariant if and only if the diagram

MOy 2V a0y

ml ) lz

commutes, for all A € C*.

Remark 1.2 Let G be the semidirect product of the multiplicative group and
the additive group, where the action of G,, by conjugation on G, is given by
scalar multiplication: *a = Aa. We can identify G with the group of 2 x 2
invertible matrices of the form
10
(o 3)

Suppose we are given a right action of G on X. Then restricting to the mul-
tiplicative subgroup of G gives us a (right) action of G, on X. Taking the
derivative of the G,-action on X defines a vector field V on X. More precisely,
let

by Al — X

a——2xa

denote the orbit map of z € X for the action of G,. Then V(z) = D¢, (0),
where we identify the linear map

D¢, (0) : 732 (0) — Tx ()

with the image of the canonical generator 1 € 7T,1(0).
Taking the derivative at 0 of the commutative diagram

A2 x

Al X

proves that D¢, (0) = DA(x) D¢, (0)A, and hence that *V (x) = AV (z). Thus
V is G,,-equivariant. This is the most common source of G,,-equivariant vector
fields.



Example 1.3 Let D, denote the diagonal (n+1) x (n+ 1)-matrix with entries
(L, A,...,A\™) along the diagonal. Let N denote the nilpotent (n+ 1) x (n+ 1)-
matrix with ones along the sub-diagonal and zeros elsewhere. Then

1 0
(a )\)’—)eaND”\

defines a group homomorphism G — GL(n + 1). Via this homomorphism, we
define a right action of G on P™, by acting in the natural way on homogeneous
coordinate vectors of P", which we consider to be row vectors of length n + 1.
As in Remark 1.2, we get an induced G,-action and an equivariant vector
field W on P". In standard homogeneous coordinates on P™ this vector field is

given by
oS O
- i=1 Omiy

The zero locus of this vector field consists of one point, namely the origin
in the standard affine space A™ C P” defined by zp = 1. In affine coordinates
S; = ﬁ—o this vector field is given by

n—1 a

0
W = —818n8—8n + ;(siﬂ — 5181‘)8—& .

(Recall the relation E?:o xz£ =0.)

The Koszul complex

Let X be as above, endowed with a G, -action. Let V : Qx — Ox be an
equivariant vector field on X. We can associate to V' the Koszul complex

oy W Mg Mo Vo,

where N denotes the dimension of X, hence the rank of Qx, and ¢(V') denotes
contraction with V. (If we pull back this Koszul complex to an étale and affine
X-scheme over which we can trivialize Qx, then the vector field V' is given by N
regular functions and the above complex is the usual Koszul complex associated
to this sequence of regular functions.)

We set K7 = Q. for p € Z, and denote the above Koszul complex by

Note that K3, is a sheaf of differential graded commutative (with unit) Ox-
algebras on X.

We are interested in the hypercohomology H(X, K3,), and its relation to
Hpr(X).



Lemma 1.4 For every p # 0 we have HP(X, Ky,) = 0. Moreover, H°(X, K3,)
is a commutative filtered C-algebra, and for the associated graded algebra we
have

grHY(X, K}) = Hpr(X).

PrOOF. This follows immediately from the standard FE; spectral sequence of
hypercohomology and our assumption on the vanishing of off-diagonal Hodge
groups. [

For A € C* we define a homomorphism %y : A*K3, — K3, by

(v .
.._>)\*Q§(ﬂ>..._>/\*gxﬂ>)\*()x

AP dkl AdA l l (3)
(V)

0% Qx 14 Ox

Here dX : \*Q% — QX is the homomorphism induced on the exterior power by
the derivative d\ : A*Qx — Qx. Note that vy is a homomorphism of differential
graded algebras.

We can use ¥, to define a representation of C* on the hypercohomology
H°(X, K3). We simply associate to A € C* the automorphism

HO(X, K3) 2 HO(X, M K7) -2 HO(X, K3 .
Thus H°(X, K3,) becomes a graded C-algebra.

Proposition 1.5 (Akildiz-Carrell [1]) There is a canonical isomorphism of
graded C-algebras
HO(X, Ky) = Hpr(X).

PROOF. Note that the grading induced by the C*-representation on H°(X, K3)
is compatible with the filtration induced by the FEj-spectral sequence. Thus
we get an induced C*-representation on the associated graded algebra. One
shows that via this induced representation, C* acts on HP(X, QP) through the
character A — AP. Then the proof is finished, in view of the lemma from linear
algebra which we state below.

For the convenience of the reader, we recall the proof that C* acts on
HP(X,QP) through A — M. One simply factors ¥ as ¥y = ¢y o d\, where
¢ is multiplication by AP on QP. Thus the action of A\ € C* on HP(X,QP)
factors as ¥y o A* = ¢y o (dX\ o A*). Now dX o A\* is the homomorphism on de
Rham cohomology induced by the morphism A : X — X, which is the identity.
On the other hand, ¢ obviously induces multiplication by A? on H? (X, QP). O

Lemma 1.6 Let H be a commutative filtered C-algebra with o C*-
representation, respecting the filtered algebra structure. Denote the filtration

by
..CF_1CFC...

10



Suppose that C* acts on F;/F;_1 through A\ — \'. Let H = @j H; be the grading
induced by the C*-representation, where H; is the eigenspace of the character
A= M. Then for all i we have F; = @®,<; Hj, so that we have

H=grH,
as graded algebras. Here the grading on H comes from the C*-representation,

and the grading on gr H from the filtration on H.O

Example 1.7 Consider the G,-action and equivariant vector field W on P"
of Example 1.3. Then, because the zero locus Z of V has dimension zero, the
Koszul complex K7y, is a resolution of Oz, and so we have that

H(P", Kiy) = (2, 0z)
=Cl[s1,...,8n]/(—518n, 52 — 52,53 — 5182, ... ,8n — 515n_1)
= Cls1]/(=s1™).
Note how the latter relations serve to recursively eliminate ss,... , s,, leaving

only the first generator s; and the first relation —s1s,,.

Remark 1.8 The assumption that HP(X,Q?) = 0, for all p # ¢, was made
largely for simplicity, and because it is satisfied in all cases considered in this
paper. It seems likely that the Ej-spectral sequence abutting to H(X, K7)
always degenerates. (See [6], where this is proved for the case of a compact
Kéhler manifold X and a vector field V' with non-empty zero set). If this
is the case, then H*(X, K3},) is a doubly graded C-algebra and isomorphic to
Hpr(X) =, , H"(X,Q) as such.

1.2 Equivariant actions on vector bundles

To understand Chern classes in the context of Proposition 1.5, we need to study
actions of vector fields on vector bundles. First we recall this concept without
the presence of a G,,-action. Then we consider the G,,-equivariant case.

Actions of vector fields on vector bundles

Let X be a smooth Deligne-Mumford stack and F a vector bundle on X.

Definition 1.9 (Carrell-Lieberman [7]) Let V be a vector field on X. An
action of V on E is a homomorphism of sheaves of C-vector spaces

V:E—E,
satisfying the Leibniz rule
V(fe)=V(fe+ fV(e).
for all local sections f of Ox and e of E. Here we interpret V as a C-linear

derivation V : Ox — Ox.

11



Note that any two actions of V on F differ by a homomorphism of vector
bundles £ — FE.

Remark 1.10 An action V of V on E is the same thing as a G,,-invariant vector
field V on FE lifting the vector field V on X. Here we mean G, -invariant with
respect to the natural fiber-wise action of G, on F by scalar multiplication.
This means that in local (linear) coordinates on E, the coefficients of V are
linear in these ‘vertical’ coordinates.

The action V is given in terms of the invariant lift V by

V(e) = De(V) —e*(V),

for any local section e : X — FE. This is an equality of sections of e*7g. The
bundle e*7g fits into the short exact sequence

0—F —¢e"Tg —Tx — 0,

which is canonically split by De : Ty — e*7gp. We will often identify the
invariant lift V' and the action V.

If the vector field V on X comes about by differentiating a G,-action, and
the vector field V on E comes about by differentiating a compatible linear G-
action on E, then V is G,,-invariant, and therefore gives rise to an action of V'
on F.

Examples 1.11 1. Let V: £ — Qx ® E be a connection on E. Then, via V,
every vector field V acts on E. Just set V equal to the covariant derivative Vy .

2. Given the vector field V on X, the vector bundles Ox, Tx and {2x have
natural V-actions. For Ox, we have V =V, for Tx, we have that V is equal to
the Lie derivative with respect to V' and for Q2x we have V =do V.

3. Given actions of V' on the vector bundles E and F, there are natural
induced actions on E® F and Hom(FE, F). These are given by the usual Leibniz
formulas

Ve f)=V(e)® f+ex V(f)
V(#)(e) = V(ee)) — d(V(e)) -

4. Consider the vector field W on P™ from Example 1.3. It acts on O(1) by
the formula

Wiy = {0t 10T
0 ifi=n.
We get induced actions of W on O(m), for all m € Z.

Remark 1.12 Recall how connections on E can be described in terms of split-
tings of the short exact sequence of Ox-modules (the Atiyah extension)

0—Qx®F — A(E) — E — 0, (4)

12



where At(E) is the Ox-module whose underlying sheaf of C-vector spaces is
equal to £ @ (Q ® F) and whose Ox-module structure is defined by

frle,w®e)=(fe,fw®c +df Qe).

If we denote by s¢ the C-linear splitting of (4) given by e — (e, 0), then every
Ox-linear splitting s of (4) defines a connection on E by the formula s = so+V,
and conversely, every Ox-linear splitting of (4) comes from a unique connection
on F in this way.

We can describe actions of V on E in a similar vein. We define a short exact
sequence of Ox-modules

0— F— Aty(F) — E — 0, (5)

where Aty (F) is the Ox-module whose underlying sheaf of C-vector spaces is
E @ E and whose Ox-modules structure is given by

fxlee)=(fe, fe' +V(f)e).

Moreover, the inclusion in (5) is given by e’ — (0,€’) and the quotient map by
(e,e') — e. Again, let us denote the C-linear splitting e — (e, 0) of (5) by so.
Then actions of V on E and Ox-linear splittings of (5) correspond bijectively
to each other via the formula s = sg + V.

Note that pushing out (4) via the O x-homomorphism V®idg : Qx®F — FE
gives (5). In other words, we have a homomorphism of short exact sequences of
Ox-modules

0—=QxQFE At(E) E 0
V®idl l iid (6)
0 E Aty (E) —= FE ——=0.

Thus every action VofVonE gives rise to an Ox-linear map (the Carrell-
Lieberman map)

CL(V): A(E) — E (7)
(e,w®e) — (w, Ve —V(e),

making the diagram

Qx ®E—>At(E)

V®idl/ /
CL(V)

E

comimute.

13



The equivariant case

Now suppose that X is endowed with a G,,-action, which has been lifted to an
action 0~f G,, on E by linear isomorphisms. Given a vector field V on X, and an
action V of V on E, then *V is an action of AV on E. So if V' is equivariant, it
is natural to consider equivariant lifts V', which satisfy *V = AV.

Remark Let V be an invariant vector field on £ (with respect to the linear
action), lifting the vector field V on X. Let V be the associated action of V on
E. Then V is equivariant as a vector field on E (with respect to the geometric
action) if and only if V is equivariant as a C-linear homomorphism from FE to
E.

Hence, if the G,,-action and the equivariant vector field V on X come from
an action of the group G on X as in Remark 1.2, then any lift of the G-action
to a vector bundle FE over X gives rise to an equivariant action of V on FE.

If V and V' are two equivariant actions of V' on FE, then the difference
h =V — V' is an equivariant homomorphism.

Example 1.13 If V is an invariant connection on F, and V an equivariant
vector field on X, then the covariant derivative Vy is an equivariant action of
Von FE.

Example 1.14 Suppose that F is trivial and that there exists a trivialization
of E by a basis of global sections (e;), which are homogeneous, i.e., we have

Aep=Altey,

for all 7 and certain integers r;, with respect to the geometric G,-action. Then
the connection on E induced by this trivialization via the formula V(e;) = 0
is invariant, and hence the covariant derivative with respect to an equivariant
vector field is equivariant.

Example 1.15 Consider the G,,-action on P™ from Example 1.3. It lifts natu-
rally to O(1) by the formula

)\Jﬁi = /\7'.131 .

The action W of W on O(1) given by W (z;) = i41 (2ng1 = 0) is equivariant
with respect to this G,,-action. The same is true for the induced actions on
O(m), for all m € Z.

Remark 1.16 Considering the natural induced action of G,, on the short exact
sequence (4), we note that all maps in (4) are G,,-invariant, and that invariant
splittings correspond to invariant connections.

Denote by EY the vector bundle E with the geometric G,,-action modified
by the linear G,-action in such a way that *(e(-1) = Ae, where we have
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denoted by e(=1 the section e of F considered as a section of E(-1). We
introduce the G,-action on (5) indicated by

0—E—E"YoE—E"Y —o0.
This choice of G,,-action is necessary to ensure that the formula

MEx(ee)) = (O f) e )

holds, for the Ox-action on Aty (E).

Now invariant splittings of (5) correspond to equivariant actions of V on E.
Moreover, the homomorphism of short exact sequences (6) is of degree one (or
equivariant, in our language). The homomorphism CL(V) : At(E) — E given
by an equivariant action of V on E is equivariant: * (C’L(f/)) = \CL(V).

For future reference, we need some facts about the functorial behavior of
equivariant actions on vector bundles.

Lemma 1.17 (pullbacks) Let f: X — Y be a morphism of smooth Deligne-
Mumford stacks. Let E be a vector bundle over Y. Assume that G,, acts com-
patibly on X, Y and E. Let V be an equivariant vector field on X and W an
equivariant vector field on'Y, such that Df(V) = W. Let W be an equivariant

action of W on E. Then there is an induced equivariant action V of V on f*FE,

such that _ .
V(f*(e)) = f*(W(e),

for every local section e of E. If V., W and W come from compatible actions of
G on X,Y and E, then V comes from the induced G-action on f*E.

Lemma 1.18 (pushforward) Let 7 : X — Y be a flat and proper morphism
of smooth Deligne-Mumford stacks. Let E be a vector bundle on X, such that
. F is a vector bundle on'Y . Assume that G,, acts compatibly on X, Y and E.
Let V' be an equivariant vector field on X and W an equivariant vector field on
Y, such that Dn(V) = W. Let V be an equivariant action of V. on E. Then

there is an induced equivariant action W of W on m.E, such that
W(e)=V(e),

for every local section e of m 2. If V., W and V come from compatible actions
of G on X, Y and E, then W comes from the induced G-action on m.E.

1.3 Chern classes

Now suppose that X is a smooth Deligne-Mumford stack and E a vector bundle
on X of rank r. Suppose given compatible G,-actions on X and E. Finally, let
V be an equivariant vector field on X.

We shall now tensor the Koszul complex K3, over Ox with the sheaf of Ox-
modules Hom(E, E). Thus K}, @ Hom(E, E) is a sheaf of differential graded

15



modules over the sheaf of differential graded Ox-algebras K3,. Hence the hyper-
cohomology H° (X, K} @Hom(FE, E)) is a module over the C-algebra H°(X, K3,).
A C*-representation on H° (X, Ky @ Hom/(E, E)) is given by the composition

HO (X, Ky ® Hom(E, E)) 2 HO (X, \* K} @ A* Hom(E, E))
DEHO(X, Ky ® Hom(E, E)) ,

where 1 is the homomorphism given by (3) and p : A\ Hom(E,E) —
Hom(E, E) is the natural isomorphism induced by the isomorphism \*E = E
given by the (geometric) action of G,, on E.

Note that the C* action on H (X, K} @ Hom(E, E)) is compatible with the
H°(X, Ky )-action. Thus, via this C*-representation, H° (X, K3 ® Hom(E, E))
becomes a graded module over the graded C-algebra H°(X, K7,).

Now let V be an_equivariant action of V' on E. The Carrell-Lieberman
homomorphism C'L(V) of (7) gives rise to a homomorphism of complexes

0 Qx ® E— At(E) —=0
l lid lCL(XN/)
2 0 F Qer—2 . p 0

which we can view as a homomorphism in the derived category from E to
K} ® E, because [Qx @ E — At(E)] is a resolution of E. We denote this
homomorphism by

¢y (E) € Hompo ) (E, Ky, @ E).
Via the canonical identification
Homp(oy) (E, Ky ® E) = H*(X, K}, ® Hom(E, E)) ,
ci7(E) gives rise to a hypercohomology class, which we shall also denote by
¢y (B) € H' (X, K} @ Hom(E, E))

and call the Carrell-Lieberman class.
It follows directly from Remark 1.16 that the Carrell-Lieberman class cg; (E)
is a degree one element of H (X, K3 @ Hom(E, E))
Now assume given a regular function @ : M (r x r) — A® of degree p, which
is invariant under conjugation. This function gives rise to a morphism of X-
schemes
Qg : Hom(E,E) — Ox ,

by associating to an endomorphism ¢ of E the number we get by applying
@ to any matrix representation of ¢. The X-morphism Qg corresponds to
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a morphism of Ox-algebras Ox[t] — Sym Hom(E, E)Y, where t is a coordi-
nate on A!. Evaluating at ¢, this morphism gives rise to a global section of
Sym? Hom(E, E)V, or equivalently, a symmetric p-linear homomorphism

Q' : Sym? Hom(E, E) — Ox .

If ¢ is a local section of Hom(FE, E), then the regular function Qg o ¢ on X is
equal to Q'(¢P).

Recall how characteristic classes are defined in terms of the Atiyah class. The
Atiyah class ¢(E) € H'(X,Q®Hom(E, E)) is the cohomology class correspond-
ing to the extension of Ox-modules At(FE) given by (4) under the identification

Ext'(E,Qx ® E) = H'(X,Qx ® Hom(E, E)) .
It gives rise to an element
c(E)? € H?(X,0% @ Hom(E, E)®?)

by taking cup products. Then we apply the map induced on H? by the compo-
sition
QP @ Hom(E, E)®P —s QP @ Sym” Hom(E, E) 29 Qr @ Ox = QP

to ¢(F)“P. We obtain c¢¥(FE) € HP(X,QP), the characteristic class of E defined

by Q:
?(B) = H?(id®Q")(c(E)"7) .

For example, if @ is (—1)? times the degree r — p coeflicient of the charac-
teristic polynomial, then c¢%(E) is the p-th Chern class of E.

Remark If X is a scheme, then under our identification of HP(X, Q) with
the singular cohomology HP (X, C), these Chern classes correspond to the usual
Chern classes.

Let us now apply a corresponding process to the Carrell-Lieberman class
c7(E). We start by taking the cup product of this class with itself p times:

cp (B)P € H(X, (K3y)®P @ Hom(E, E)®P) .
Then we compose with the map induced on H° by
(K)®" @ Hom(E, B)*" "“2 K © Ox = K/,

where p : (K3,)®P — K3, is the multiplication map induced from the algebra
structure on K3,. Thus we get the associated characteristic class

() = H(u ® Q') (¢ (B)7) € HO(X, K3)). (8)
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Proposition 1.19 The class cg(E) € HY(X, Ky,) is homogeneous of degree

degree p. If X is proper and satisfies h'/(X) = 0, for all i # j, then under the
identification of Proposition 1.5 we have

PROOF. Let us denote by K‘%_l the naive cutoff of K}, at minus one. So
K‘%*l denotes the two term complex [2x — Ox]| given by the vector field V.
There is a canonical injection of complexes K 5 1K v, which also gives rise
to an injection K‘%*l ®F — K3}, ® E. We also have a canonical projection
K‘%_l — Qx|[1], giving rise to K‘%_l ®FE — Qx ® E[1]. In the derived category,
we get an induced diagram

Hom poy)(E, K~ @ E) —= Homp(o,)(E, Ky, @ E)

|

HOIIID(OX)(E, Ox ® E[].])
which we identify with the diagram

Hompo)(E, K7~ ' © B) —=H°(X, K}, @ Hom(E, E))

|

H'(X,Qx ® Hom(E, E))

Directly from the construction, it follows that the Carrell-Lieberman class ¢y (E)
lifts to Homp o) (E, K‘%*l ® E), and this lift maps to the Atiyah class:

CL(V)—cp(E)

(L

)

Cc

The claim follows. O

1.4 Localization to the big cell

Let X be, as above, a smooth Deligne-Mumford stack with a G,-action, and
let E be a vector bundle to which Ehe G ,-action has been lifted. Let V be an
equivariant vector field on X and V an equivariant action of V on FE. Finally,
let us denote by Z C X the closed substack defined by the vanishing of V:
the structure sheaf Oz of Z is defined to be the cokernel of the vector field
V : Qx — Ox. Another way to think of Oy is as the zero-degree cohomology
sheaf of K7 .
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There is a canonical morphism of sheaves of differential graded algebras
K3, — Ogz, inducing a canonical morphism of graded algebras

H(X, K}) — T(Z,0z).

Remark When we restrict to Z, the action V induces an Oz-linear homomor-
phism Vz : E; — Ez. Applying the invariant polynomial @), we get a regular
function B

Q(Vz) S F(Z, Oz) .

Under the canonical morphism H°(X, K{,) — ['(Z,Oz) the characteristic class
cg(E) maps to Q(Vz).

If X is affine and F is trivial over X, trivialized by a homogeneous basis (e;)
as in Example 1.14, then we form the matrix M of V with respect to this basis.
In other words, M = (m;;) is a square matrix with entries m;; € I'(X, Ox),

characterized by
V(ez) = ijiej .
J

In this case we have
I'(Z,0z) =T(X, (’)X)/V(F(X, QX))

and we can compute Q(‘N/Z) € I'(Z,0yz) simply as the congruence class of
Q(M) € I(X, Ox).

Note that if e; is homogeneous of degree d;, then m;; is homogeneous of
degree d; —d; + 1.

Example Returning to Example 1.7, using the equivariant action W of W on
O(m) of Example 1.15, we see that a basis for O(m) over {z¢g = 1} C P™ is given
by zg'. We have W (af') = mitag' = msizj' in the notation of Example 1.7.

Thus the matrix of W with respect to this basis is ms; and so the first Chern
class ¢ (O(m)) € HO(P", K7yy) is equal to ms.

We shall apply these ideas in the following context. The stack X will be
proper, smooth and satisfy our assumption on the vanishing of off-diagonal
Hodge numbers. The stack X will be endowed with a G,,-action and several
equivariant vector bundles E;. Moreover, X will have an equivariant vector field
V on it, with natural equivariant lifts V; to the various E;. We will construct
an affine scheme T, with a lift of the G,,-action to T" and an étale morphism
T — X. Over T we trivialize all E; using homogeneous bases. Finally, we
choose a collection of invariant polynomials @Q); of various degrees, giving rise to
characteristic classes ¢; = ¢2(E;) € Hpr(X).

We consider the natural morphism

Hpr(X)=H"(X,K}) — H(T,Ky) =T(T,07)/V(I(T,Q1)),  (9)
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and note that we can compute the images of ¢; under (9) as Q;(M;), where M; is
the matrix representation of ‘Z with respect to our homogeneous basis of F;|T.

In the cases we consider, it will turn out that the map (9) is injective in
sufficiently low degrees and that Hpgr(X) is generated (as a C-algebra) by the
classes ¢;.

2 Preliminaries on stable maps

2.1 Stable maps to vector bundles

Let X be a smooth and proper algebraic variety and F a vector bundle over X,
with structure morphism p: £ — X.

Note Pulling back via p induces an isomorphism of Picard groups p*
Pic(X) — Pic(FE) which preserves the ample line bundles. Hence we have a
canonical isomorphism Hy(E)" — Hy(X )" which we use to identify these two
semi-groups.

Note Let f: C — FE be a morphism from a prestable marked curve (C,x)
to E. Then f is stable of class 3 if and only if p(f) =po f is stable of class
(. This is because p(f) cannot contract any component of C' which fdoes not
already contract, because no component of C' can map into a fiber of p , these
fibers being affine.

Let
C

™

Mgn (X, 5)

be the universal curve and universal stable map. We may view 7. f*E as a
(relative) scheme over M, ., (X, 3). Then it represents the following functor:

mf"E(T) = T(Cr, [*E),

for ariﬁgm(X, B)-scheme T. Here Cp abbreviates the pull-back of C to T'. If
T — My (X, () is given by (C,z, f), then

T f*E(T) =T(C, f*E)
={f:C—E|pf)=f}.

Hence m.f*E as a stack in its own right (forgetting the M, (X 3)-structure)
associates to the C-scheme T the groupoid of triples (C, z, f), where (C, z) is a
prestable marked curve and f : C — E is a morphism such that p(f): C — X
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is a stable map of class 3. by the above notes, this is equivalent to saying that
f is a stable map of class 3. Thus we conclude that

W*f*E = Mg,n(Eaﬁ) .

In particular, M, ,(F, () is an algebraic stack, representable over M, (X, ),
by an (abelian) cone (see [3] for this terminology). We note the following con-
sequence:

Proposition 2.1 If £ is convez over X, i.e., HYPL, f*E) = 0 for all mor-
phisms f : P! — X, then Mo, (E,B) is a vector bundle over Mg (X, [3),
canonically identified . f*E. The rank of this vector bundle is {c1(E), 8)+1k E.

Ecample 2.2 For m > 0, the vector blﬂdle E,, = 7m.f*Opn(m) over
Mo, (P™,d) has rank md + 1 and represents Mg ., (Opn(m), d).

2.2 Stable maps to P

Let n < m be integers and consider P" as a subvariety of P via P =
{wg,... ,p,0,...,0)} CP™ Let H={(0,...,0,Zpni1,...,Tpm)} = Pm"L
Let U = P™ — H and consider the projection with center H onto P", which is
defined on U and makes U a vector bundle over P" of rank m — n, in fact this
vector bundle is isomorphic to a direct sum of m — n copies of Opn(1).

By applying Mg, (-,d) to the diagram of varieties

}P)ln
we get the diagram of stacks

Mo, (U,d)—— M, (P™,d)

|
My, (P™,d)

Here p is a vector bundle of rank (d + 1)(m — n). Let x be the zero section of
this vector bundle. The projection p is a homotopy equivalence implying that

R* : HP(M07,,(U, d)an, (C) l’ HP(MO,V(an d)am(c)

is an isomorphism for all p.

The complement of Mg, (U,d) in Mg, (P™,d) consists of all stable maps to
P™ whose image intersects H. The locus of these stable maps has codimension
n in Mo, (P™,d). Thus

v HP(MOW(PT”’, d),m,(C) — I1”’(M071,(U7 d) ans (C)
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is an isomorphism for all p < 2n — 2, by cohomological purity.
We conclude that

(tk)* : HP (Moﬁy(]P’m, d)an, C) — H? (Moy,,(]P’”, d) s C) (10)
is an isomorphism for p < 2n — 2. This leads to the following definition:

Definition 2.3 For every p > 0 we define
H? (MO,V(Poov d)am (C) = H? (MO,V(]PW; d)am (C) )
for any n such that n > 1(p+ 2).

It follows from the above considerations that any two different choices of n
lead to canonically isomorphic definitions of HP (M 0.0 (P, d) o, (C), for fixed p.
Taking the direct sum over all p gives rise to the C-algebra

H* (Moy,,(]P’oo, d)an, (C) .
For any n we have the canonical restriction map
H*(Mo,,(P*,d),.,C) — H* (M, (P",d)..,C)

which is a C-algebra morphism and an isomorphism in degrees less than n (recall
our degree convention from Remark 1.1).

Remark 2.4 For every v, d, n we have
H* (Mo, (P",d)..,C) = Hpr (Mo, (P",d)) = €D H? (M, (P",d),2") .
P

The first equality follows from Remark 1.1. The second equality is proved using
the technique of virtual Hodge polynomials to reduce to the strata of a suitable
stratification. Use the stratification by topological type. The details are worked
out by Getzler and Pandharipande in [9]. This justifies writing also

H* (Mo, (P*,d)..,C) = Hpr(Mo,, (P, d)) = @ H? (Mo, (P>, d), Q7).
p

Remark 2.5 It is, in fact, true that
(LK/)* : Hp (MO,I/(Pm) d)an) (C) — Hp (MO,V(Pn) d)an) (C)

is surjective for all p. One way to prove this is as follows. Consider the G,,-action
on Mg, (P, d) induced by the G,,-action on P™ given by

(TOy oo Ty Ty e e s Tm) A = (T e e v s Ty AT Ly ooy ALy ) -

The substack Mg, (P",d) is a fixed locus for this action and My, (U, d) is the
big Biatynicki-Birula cell of this action. Using virtual Poincaré polynomials as in
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[9] one proves that all Bialynicki-Birula cells have only even cohomology, which
implies the claim. (All fixed loci can be described explicitly, showing that they
are amenable to the techniques of [9]. See for example [12] or [2] for explicit
descriptions of fixed loci of G,,-actions on stable map stacks.)

This result implies that

H*(My,,(P*,d),.,C) — H*(Mg,(P",d)..,C)

is an epimorphism of C-algebras for all n.

As we do not have a reference for the Bialtynicki-Birula decomposition of a
Deligne-Mumford stack, we are careful to point out where we use this result.
The only places are, in fact, Corollary 4.18, Proposition 4.21, Corollary 4.26
and Proposition 4.27.

3 Parameterizing stable maps to P"

Let d be an integer greater than or equal to 3. We will prove that there is an
open substack U of Mg o(P",d) which is a vector bundle over [Mg 4/S4). In
fact, U = [T'/S4], where T is a vector bundle over the scheme Mg 4. The whole
stack Mg,o(P", d) can be covered by substacks isomorphic to U.

One way to describe U is as follows: introduce on P™ a suitable G,,-action
and consider the induced G,-action on Mg o(P",d). Then consider to every
fixed component Uy of this G, -action the associated substack U of all points
that move to Uy as A — 0, A € G,,,. For a suitable component Uy, we have that
U is open in MO,O(P", d) and that Uy is isomorphic to [Moyd/Sd].

The most important case is the case where n = 1. In this case U can simply
be described as the stack of all stable maps unramified over co € P!. The case
of general n is easily reduced to this special case.

We start by defining a vector bundle T over M()’d and constructing a stable

map (5, f) to P, parametrized by T.

3.1 For every i a degree 1 map to P!

Let T be a scheme and (C,x) a prestable curve of genus zero over T', with d
marked points. We denote the structure map by = : C — T and x stands for
the d-tuple of sections z; : T — C, i = 1,...,d. Consider the canonical line
bundles

*
Wi = T; QC/T

on T and their duals L; = w;’. Let D; < C be the effective Cartier divisor
defined by the i-th section x;. By K¢ we denote the sheaf of total quotient rings
of C' and by K¢ its sheaf of units.

Note that the sheaf w,.O(D;) is locally free of rank 2, because the genus of
C/T is 0.

We will now fix an index 7 and define a canonical homomorphism

hi : Li —_— W*O(Di).

23



Note that h; may equivalently be defined by a global section
h; € P(C, w*wz(Dz))

Assume for the moment that there exists a global section s € I'(C, K§),
which in a neighborhood of D; generates the ideal sheaf of D;, and which does
not vanish anywhere else, except at D;. In other words, s is the reciprocal
of a global section of 7, O(D;) which is nowhere contained in the submodule
7.0 = O. Then we define h; by the formula

1 1 1

Note that this makes sense, even if s has a pole at any of the z;.

Lemma 3.1 Fquation (11) defines h; independently of the choice of s.

PROOF. Let t be another section of Kf,, satisfying the same conditions as s.
Then é € K* is an element of O* in a neighborhood of D; and so we have

dt(z;) = (dés)(xz)
= s(xz)d%(xl) + %(xz)ds(xl)

= —(z;)ds(z;)
Note also that
Lot
S t s"

is a regular function on C, since the only poles cancel out. Thus this regular
function is constant on the fibers of 7 and so it is equal to its evaluation at any
of the sections ;. In other words,

(@) = —— -

s(x;)  t(xj) s

which, again, also makes sense if s or ¢ has a pole at x;.
We may now calculate as follows:

[V

1t 1 1 ¢t
t s

11 1
S ST b
t+1—d;t(xj) (i)

1 1 1 t
T ; en) S (@i)ds(z:)




s 1—-d Zi\s t(z;)
11 1 1 ¢ 1t
“\sT1=a [eT (S(xj) t(xy) s+ t(x;) ;(xi)) doles)

1 1 1
— §+—1—d;s(xj) ds(z;) .

Thus, indeed, h; is well-defined. [

Corollary 3.2 There exists a unique homomorphism
hi : Li — W*O(Di) 5

such that the restriction of h; to any open subset of T which admits an s as
above is given by Formula (11). The inverse image under h; of the submodule
7.0 C 1. O(D;) is 0.

PRrROOF. Since Zariski-locally in T" we can find an s as required, these locally
defined h; glue. O

The basic properties of h; are summarized in the following

Proposition 3.3 Evaluating h; at x;, for j # i defines canonical sections
hi(z;) € T(T,w;). We have
> hilz;) =0.

i
Evaluating h; at x; gives a canonical section of I'T,w; ® z;O(D;) =
I(T,Or). We have
hi(z;) =1,

under this identification.
Finally, h; is characterized completely by these two properties.

PROOF. The two properties mentioned follow directly from the explicit def-
inition of h; in terms of a local parameter given above. The fact that h; is
determined by two properties follows from the fact that 7.O(D;) is of rank
two. [

Let us now suppose given a section 7 € I'(T,L;). Then h;(r) €
T, m.O(D;)) = I'(C,O(D;)) is a meromorphic function on C, which we may
view as a rational map

hz(T) Ot >pl .

This rational map is defined by the pencil given by the global sections 1, h;(7)
of O(D;) (at least in the case where these global sections define a pencil). Note
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that if 7 is nowhere vanishing, then h;(7) : C — P! is an everywhere defined
morphism.

For simplicity, assume now that T is smooth and that V' = {r = 0} is a
Cartier divisor. Then Vo = 7~V is also a Cartier divisor. Consider the closed
subscheme Z; = D; N Vg of C. Etale locally in C, we can find coordinates
(t1,...,t,) for T and (t1,... ,t.,s) for C such that D; is given by s = 0 and V¢
by tl =0. _

Thus the structure of the blow-up C of C along Z; = {s = t; = 0} is
transparent: T : C > Tis again a family of genus 0 prestable curves. The
divisors Dj, for j # i are contained in the locus where C' — C' is an isomorphism.
Thus they are divisors on C and are images of sections z; : T' — C. The strict
transform l~)i of D; is the image of another section z; : T — C. The pair
(C,Z), where T; = x;, for j # i, is a prestable marked curve. Moreover, the
blow up morphism p : C—Cisa morphism of prestable curves, in particular,
p@z‘) = Zj-

Y G = 70~ i
Let L; = w;, where w; = 77 /T There is a natural exact sequence

0—>zi—>Li—>Ov—>0,

coming via z;} from the exact sequence

b4

C —’p*WC—’OE—’Ov

00— w

where E C C is the exceptional divisor. Thus L; = L;(—V). The section 7 of

L; factors through the subsheaf Zi; let us denote this section of L; by 7. The
section 7 is nowhere vanishing, so it trivializes L;.
The marked prestable curve (C, %) has the canonical morphism

hi : Li — 7,0(D;)

associated to it. Since 7 is nowhere vanishing, the associated meromorphic
function h;(T) defines a morphism

hi(7): C — P
The base locus of the pencil defined by the global sections 1, h;(7) of Oc(D;)

is equal to Z; = D;NV¢. The rational map h;(7) : C v > P! sends the divisor

D; to 0o € P! and the divisor V¢ to 0 € PL.
We have a commutative diagram

L; L;
i) B
7.0(D;) m.0(D;)
\ /

T o
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Thus the morphism Ez(?) : C — P! is the morphism defined by the rational
map h;(1) : C - > Pl via blowing up the locus where it is undefined.
To abbreviate notation, let us write f for the morphism Ez(?) . C — PL.
Before we can state the next proposition about f, we need to recall a few
facts about ramification. Let m : C' — S be a family of prestable curves over
a scheme S and let f : C — P! be a morphism. Then there is a canonical
homomorphism of line bundles on C'

[ Qp — wey/s

where we /g is the relative dualizing sheaf of C' over S (which is also equal to
the determinant of the relative cotangent complex, which shows the existence
of the homomorphism). The ideal sheaf

I=(f"Qp :weys) ={a€O0c|a we/s C [ Qpr}

defines a closed subscheme R C C called the ramification scheme of f. There is
a canonical exact sequence

O — Wg/s —>wC/s®OR — 0. (12)

We say that f is unramified over a € P, if f~'(a) N R = @. Note that this
is an open condition in S. Moreover, f is unramified over a € P!, if and only
if (f*Qpr — wc/5)|f’1(a) is surjective. This means that for every geometric
point s of S, the map fs : Cs — P! is unramified over a. In particular, f;*(a)
consists of deg f, distinct points.

Lemma 3.4 Let f be unramified over a € P*. Then f~'(a) is finite étale of
degree deg f over S. Ifx : S — C is a section such that f(x) = a, then the

derivative
Df :Tc)s — [*Tm

pulls back via x to an isomorphism
Df(z):2"Tc/s — Tpr1(a) ® O ,
where Tp1(a) denotes the tangent space of P* at a.

PROOF. The structure sheaf Of-1(,) of the inverse image f~(a) fits into the
exact sequence

0— Oc — ffO(1) — Of-1(qy — 0,
obtained from an identification O(1) = O(a). We get an induced exact sequence
0— Os — . ffO(1) — T Of-1(34) — 0.

Since this sequence stays exact after arbitrary base change, it proves that
mOf-1(4) is locally free of rank deg f (recall that 7. f*O(1) is locally free of
rank deg f + 1). By considering the fibers of C — S we see that f~1(a) is
quasi-finite over S. Since it is also proper, it is finite, thus flat. Then étale is
equivalent to unramified, which can be checked fiber-wise. [
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Now we come back to f : C — P! over T, defined above.

Proposition 3.5 The morphism f : C—Plisa family of degree 1 maps to
P!, unramified over co € P1. We have

and

0

Df(z:)(T) = &(00) ®1, (13)

where z is the canonical coordinate at oo € P! and %(oo) is the evaluation of

%atz:o.

PRrROOF. This follows directly from the construction. Formula (13) is a direct
calculation. [

3.2 A degree d map to P!

Now let us suppose given a regular function b € T'(T,O) and for every i =
1,...,d asection 7; € I'(T, L;). Then for each i we have h;(r;) € I'(C, O(D;)
and so for the sum we have

d
b+ Zhi(ﬂ‘) € F(Ca o Di)) J
i=1

which we may also view as a rational map
b+ Z?:1 hi(7i) : C e >pl . (14)

Note that this is an everywhere defined morphism, if all of the 7; are nowhere
vanishing.
Let V; = {7; = 0} and, as above,

Zi:DiﬁV;"c.

Let also Z = Z; U ... U Z4 be the union of these pairwise disjoint closed sub-
schemes.

Let us assume, as above, that T is smooth and that the V; are Cartier
divisors. Let C be the blow-up of C' along Z. We get induced sections z; :
T — C, making (C,T) a prestable marked curve. We also get induced nowhere
vanishing sections 7; € T'(T, L;) and hence an everywhere defined morphism

d
f:b—i—Z?Li(ﬁ):é—ﬂP’l .
i=1
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We may also write
d
f=b+> fi, (15)
i=1

where f; is the morphism C— P!, defined by ?Li(ﬁ), as above.

Note that the base locus of the pencil defined by the sections 1 and b +
> hi(ri) of Oc(3>; D;) is Z and so f : C — P! is the morphism defined by
blowing up the locus of indeterminacy of the rational map (14).

Proposition 3.6 Assume that (C,z) is a stable marked curve. Then (C, f) is
a stable map of degree d. The canonical morphism p : C — C identifies (C,x)

as the stabilization of (5’,5) The morphism f : C — P! is unramified over
oo € P! and

d
7 (o0) = Zﬁ" : (16)

Assume now that all 7; are nowhere vanishing (which implies that C = C)
and that all fibers of C are irreducible. Then we have

D)) = o

and if we let R be the ramification scheme of f, then f|R avoids oo, thus is a
reqular function and we have

(00), foralli=1,...,d (17)

1
b= 2d—2 trp/7(f|IR) - (18)
Finally, if g : C — P! is another family of morphisms of degree d unramified
over oo with Properties (16), (17) and (18), then g = f.

PRrROOF. The stability condition can be checked on fibers of 7. The only po-
tentially unstable components in such a fiber (over ¢) come from an exceptional
divisor of the blow up. Such a component F; ; is isomorphic to P! and intersects
a unique 51 at a unique point which gets mapped to co. The component E; ;
also intersects ‘71-7(;, the strict transform of V; ¢, in a unique different point,
which the map f; sends to 0. Thus f; is of degree 1, when restricted to E; ;.
Since all the other maps f;, for j # 4, are constant on E; ;, we see that f|E;; is
of degree 1, and hence that F; ; is a stable component of the map (5, -

Since p : (C,Z) — (C,x) is a morphism of prestable marked curves, and
(C,x) is stable, p has to be the stabilization morphism. This follows from the
universal property of stabilization and the fact that every morphism of stable
marked curves is an isomorphism (see [4], page 27).

By Proposition 3.5 each of the f; is unramified over co and maps D; to oc.
Moreover, 7; gets mapped to the canonical tangent vector at co € P'. But f;
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for j # 4 is holomorphic (i.e., nowhere equal to co) in a neighborhood of 5i,
and so adding it to f; does not affect these properties of f; at D;. Hence fis
unramified over oo and f~1(c0) = 37, D;. Moreover, the derivative of f has the
same behavior at z; as the derivative of f;, and so Formula (17) follows from
Proposition 3.5.

Now we assume that all 7; are nowhere vanishing. This assumption we make
for C' — C to be an isomorphism. We also assume that all the fibers of C are
irreducible. This has the nice consequence that, at least locally in T, we can
find an affine coordinate s for C, such that s(x;) has no poles, for any ¢ . More
precisely, we can write C' as a product T x P!, such that the sections z; become
functions x; : T — P!, and we can arrange things in such a way that z; avoids
oo € P!, for all i. Then we let s be the affine coordinate for P! — co. Now the
s(z;) are regular functions on T, which we abbreviate by

a; = s(x;) .

We may now use s — a; as equation for D;, so that h; (see (11)) becomes

h; = i) .
s —a; 1—dz:a]—0bz s(ai)

We may also use ds(a;) to trivialize w; and hence L;. We write

0
T = Qi&(ai)

in this trivialization. Thus

1 1 1
hi(Ts) = ¢
(i) =4 s—ai+1—dZaj—ai
J#
and hence

() =b+ > hi(m)

% 1 i

=b 1
+Zs—ai+1—d2aj—ai (19)
i 1#]

Suppose that f(s) ramifies at (rq)a=1,.. 2a—2. Then the (r,) are the roots of
f'(s) = 0. A quick calculation shows that

f/(s) = - Z (S _qiai)z.

and hence f’(s) = 0 is equivalent to

Z%Hs—aj =0.

% VE)
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Thus we see that
2d—2
STl o = () T )
i Jj#i a=1
by comparing leading coefficients. By differentiating (20), we also get

S e Tle o= (Ta) STle-m. @

i j;éz aj k#i i a B#a

Now note that »_, s—— is equal to the right hand side of (21) divided by the
right hand side of (20) ‘and so

Z ]. o 2 Z’L qi Hk;ﬁi(s - a’k’)Q Zj;él ﬁ
w 57 Ta 22 @i [ s (s — an)?

(22)

We are now ready to compute the trace of f|R.

i 1 i
S flra) =) b+zmq—ai+1—d2a]~q—ai

[e%

(2d — 2)b — 22%_& Zqzza —

i#£j )

(2d

l#]
Z 2> 0 q Hk;éﬂ(ai —a)” > e ﬁ
Ny
P ' >0 Hk;éé(ai — a)?

(by Equation (22))

(2d — 2)b — 22
l#]
_qu

2q; Hk?ﬁl a; — ak)Q Ej;éi —aiiaj
qi Hk;ﬁ (a; — ax)?

(because for £ # i the product vanishes)

(2d

i

z#] i J#i
= (2d —2)b .
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It remains to prove the uniqueness claim. But it is easy to see that

d
S =et 32
i=1 ¢

is the most general degree d morphism which maps a; to co, for all 7, and satisfies

d 1
ds f(s)

1

=
o—a, i

for all 4. Thus the uniqueness follows. [

3.3 The universal situation

Consider My 4, the scheme of stable curves of genus zero marked by d =
{1,....,d}. Let m: C'— My 4 be the universal curve and 1, ... ,xq the univer-
sal sections. Let w; and L; be line bundles over M 4 defined as above. Finally,
define

where the product is taken over Mo,n- Thus T is a vector bundle of rank d + 1
over Mo,d- In particular, T' is a smooth scheme of dimension d—3+d+1 = 2d—2.
When we pull back any of the Moyd—schemes L; or C to T, we endow them with
a subscript T (which we also occasionally omit).

If S is a scheme, then we may think of S-valued points of T" as 2d 4 2-tuples

(Cyz,b,7) = (Cox1y .o Xy by T1y oo, Td)

where (C,x) € Moq(S) is a stable marked curve over S, b € AL is a regular
function on S and 7; is a tangent vector of C' at x;, or rather a section of L;
over S. Similarly, S-valued points of Cr are 2d + 3-tuples

(C’ x’ b? T? A)?

where (C, z,b,7) is as above and A € C(95).

The various projections of Al x H?zl L; onto its components define a canon-
ical regular function b € I'(T, O) and canonical sections 7; € I'(T, L; 7). These
are, of course, the universal b, 7. Asin Section 3.2, welet Z = Z;U...UZ; C Cr,
where Z; = D; N {r; = 0}, and we blow up Cr at Z to obtain 7 : C —T.

As in Section 3.1, we get for every ¢ a meromorphic function f; = h;(r;) €
F(C’T, O(Di)), which we can identify with the meromorphic function E(ﬁ) €
I‘(CN', O(ﬁl)) Note that f; is an everywhere non-vanishing section of the line
bundle O(ﬁi). We also get for every i # j a regular function

mij = filxy) = hi(z;) (1) = hi (7)) (3;) (23)
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The n;; will be very useful in Section 4.
As in Section 3.2, we get a meromorphic function

d

b+ Y hi(m) €T(Cr, 0%, D))

i=1
and an induced morphism B
f:C —P.

By Proposition 3.6 (5, f) is a stable map of degree d over T, and so we get an
induced morphism

T — Mo o(P',d) . (24)
The symmetric group Sg acts on Mg 4 from the right by
(C,J?l, ce ,.l“d) 0 = (C,J)U(l), e ,l‘g(d)) .

We have compatible actions on T given by

(Cizyye oy 2q,b, 71,0, Ta) -0 = (C,T0(1)s -+ 5 To(d)s by Ta(1)s - -+ > To(d))
and on Cp given by
(Crzr, vy 2a,b, 71, Ta, A) -0 = (Co 1)y 5 Ta(d)s 0y Ta(1), - -+ To(d)s D) -

The vector bundle H?zl L; over Mg 4 descends to a vector bundle E = [[] L;/S4]
of rank d over [Mg 4/S4), which does not split anymore. But still, [T'/Sq] —
[Mo.4/Sa) is a vector bundle of rank d + 1.

For all 0 € Sg, the induced automorphism of Cr identifies Z; with Z,;
and so Z C Cr is an invariant subscheme under the Sg-action. Thus we get
an induced action of Sy on the blow-up C'. This action is compatible with the
projection 7 : C' — T and so we get an induced prestable curve [C'/Sq] — [T'/Sq].
Note also that f : C'— P! is Sg-invariant. This follows from Formula (15) and
the fact that the action of o exchanges f; and f,(;). Thus we get an induced

morphism [f/S4] : [C/S4] — P!, and so we see that (24) induces a morphism
[T/S4) — Mo,o(P',d) . (25)

Theorem 3.7 The morphism (25) is an isomorphism onto the open substack
of Mo o(PL,d) consisting of stable maps which are unramified over oo € PL.

Before proving the theorem, we prepare a little more. We already remarked
that ‘unramified over oo’ is an open condition on stable maps to P'. So the
stable maps unramified over oo form an open substack U C Mg o(P!,d). Let z
be the canonical coordinate at co on P. If (C, f) € Mo (P!, d)(9) is a stable
map parametrized by the scheme S, then f*(z) defines the closed subscheme
f1(o0) of C.
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Assume that the stable map (C, f) is unramified over co. Then f~!(c0) — S
is finite étale of degree d. We call an isomorphism

$:dxS— fl(c0)
an indexing of f~1(0o). The local indexings form an S-scheme
P =Tsomg(d x S, f~*(c0)) ,

which is a principal (right) Sg-bundle over S. In particular, P — S is finite
étale of degree d!.

Let U’ be the stack of triples (C, f, ¢), where (C, f) € Mo (P!, d) is a stable
map unramified over co and ¢ is an indexing of f~!(co0). Thus U’ — U is a
principal Sg-bundle, in fact, U’ — U is the stack of indexings of the universal
f71(00). Tt is not difficult to see that U’ is a scheme.

Now consider the stable map (5, f) defined over T. By Proposition 3.6 we
have that

d
fH(o0) = Zﬁi .

Thus (C, f) comes with a canonical indexing of f71(00). Therefore, we get a
morphism 7' — U’. In other words, the morphism (24) lifts in a natural way to
UI — M070(P1, d)

Theorem 3.7 now follows from the following proposition.

Proposition 3.8 The canonical morphism T — U’ is an isomorphism of
schemes with Sq-action.

PROOF. Let us define the inverse of T — U’. Let (C, f,¢) be an S-valued
point of U’. We need to associate to (C, f, ¢) an S-valued point of T'. Since U’
is smooth, we may assume that .S is smooth and that the structure morphism
S — U’ is étale.

Let S’ C S be the locus over which f does not contract any components of
C. Since a contracted component has at least 3 special points, the complement
of S in S has codimension at least 3. Thus to define a regular function on S is
equivalent to defining a regular function on S’ (codimension 2 would suffice for
this). Let C" — S’ be the restriction of C' — S to 5.

Let R be the ramification scheme of f. Over S’ the exact sequence (12) is
exact on the left also

00— f*Qﬂml — Werygr — Wer /s X OR’ — 0

and commutes with base change to the fibers of C’ — S’. Hence we see that
over S’ the pullback R’ = S’ xg R is finite and flat of degree 2d — 2 over S’.

By assumption, R’ N f~!(c0) = @ and so f|R’ factors through A’ = P! — 0o,
i.e., f|R’ is a regular function on R’. Then we can take the trace to get a regular
function

trry /s (fIR)

34



on S/, which extends uniquely to a regular function on S, which we denote by
trp,s(f|R), by abuse of notation. Define

1
b= 03 trr/s(fIR) -
Thus b is the average of the ramification points of the stable map f.
The isomorphism ¢ : d x S — f~!(co) defines d sections z1,... ,24: S — C.
Consider the derivative
Df:T1c/s — f*Tm

and pull it back via z; to get an isomorphism
Df(x;): Li = xjTc/x — o} f*Tpr = Tp1(00) ® Og

where 7Zp1(00) is the tangent space of P! at oo (see Lemma 3.4). Taking the
preimage of 2 (c0) ® 1 under D f(z;) yields a section 7; € T'(S, L;).
Stabilizing (C, z) defines a stable marked curve

(C,7) = (C,z)™™ .
The stabilization morphism p : C — C induces a homomorphism

Li —>Zz :f: 6/5 5
which maps 7; to a section 7; € I'(S, L;).
Now we have defined an S-valued point

(U,fl,... JTd, b, T1,... ,Td)

of T, which we declare to by the image of (C, f, ¢), thus defining a morphism
U —T.

Claim I. The composition T'— U’ — T is equal to the identity.

To prove this claim, we start with an S-valued point (C,z,b,7) of T. We
pass to (5,%, f), which defines a point of U’. From Proposition 3.6 it follows
that (C,z) is the stabilization of (C, %), and so the marked curve associated to
(C,Z, f) under U’ — T is (C, z). It remains to prove that b = 77— tr(f|R) and
7i = Df(2;) 71 (£ (00)). But these facts may be checked on a dense open subset
of S (or T'), and so they follow from Proposition 3.6, Equations (17) and (18).

Claim II. The composition U’ — T — U’ is the identity.

To prove this claim, we may pass to a dense open substack of U’, because
the target U’ is separated. We start with an S-valued point (C, f,¢) of U’,
which defines a prestable marked curve (C, z). If we assume that S is étale over
U’, then the locus S’ C S over which (C,x) is stable is dense in S. Over S’,
neither stabilization nor blowing up changes (C, z) at all, so that, at least over
S’, the curve (C,z) agrees with the one obtained by applying the composition
U — T — U’. To check that also the map f does not change after passing
through U’ — T — U’, we may make S’ still smaller, and apply the uniqueness
part of Proposition 3.6. [
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Remark Denote by U, the open substack of M (P!, d) consisting of maps
which are unramified over @ € P'. Obviously, U, is isomorphic to U, and
hence U, = T, for all a. Choosing any N distinct points a1, ... ,ay € P', where
N > 2d—2,let U; = U,,. Then Un,... ,Un cover Mg (P, d). Thus it is possible
to obtain Mg (P!, d) by gluing together N copies of [T//S4]. Ultimately, this
leads to a complete description of the stable map stack Moyo(]P’l, d) in terms of
the stable curve space Mo,d-

In this way, many questions about Mg (P!, d) can be reduced to questions
about Mo,d-

The action of the multiplicative group

We endow P! with the right action of the group G (see Remark 1.2) given in
Example 1.3. As usual, we get an induced (right) action of B on Mg o(P*,d)
given by

(C 1)@, N) = (Cy(a, ) o f).-

As in Remark 1.2, this means that we have a G,-action and an equivariant
vector field on Mg o(P!, d).

Since co € P! is a fixed point for the G,-action on P!, it is obvious that
the stack of stable maps unramified over oo is invariant under the G,,-action
on MQO (P!, d). In this section we will determine the induced G,,.-action on T.
Since the stack of maps unramified over oo is not invariant under all of B, we
cannot describe an induced action of B on T', but, of course, we can pull back
the equivariant vector field to T'. Since this is more involved, we shall postpone
it to Section 4.

Proposition 3.9 Let G,, act on T through scalar multiplication on the vector
bundle T over Mo,d- This G,,-action commutes with the Sg-action, hence in-
duces a G,,-action on [T'/Sq4]. Then the open immersion (25) of Theorem 3.7 is
G, -equivariant.

ProoOF. Let t € T. We have to show that for A € C* we have

(Cr, Xo fi) =2 (Cxe, far)

as stable maps. But to check that two automorphisms of T' agree, we may pass
to a dense open subscheme of T. So we may assume that C; = Cy; = P! and
that f; : P! — P! is given by (19). Then the linearity of (19) in (b, q1,. .. ,qa),
which are coordinates on the fibers of T'— M 4, implies that Ao f; = fi;, which
implies the claim. [J

3.4 Maps to P"
Let Y C P™ be the open subvariety defined by

Y ={(xo,... ,xn) €P" |20 #0o0r x; #0}.
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The map (zo, ... ,T,) — (2o, r1) defines a morphism p: Y — P!

yC———spn

|
]Pl
Let us denote the fiber of p over co by Yoo. Thus Yoo = {(0,1,y2,... ,yn) € P"},
and Y, is canonically identified with A"~ L
We will describe the open substack U C Mg o(P™,d) consisting of stable
maps (C, f) such that f(C) C Y and (C, po f) is unramified over co = (0,1) € P*.
In fact, we will show that U is a vector bundle over M 4 modulo the action of
Sq.
Let Uy C MQO(Pl, d) be the open substack of stable maps unramified over co.
By definition, we have a cartesian diagram

UC—> MQQ (Y, d)C—> MQQ (Pn, d)

| o |
U1C—> MQQ (Pl, d)

Let
d
T =A"x (H Li> x (AT x A" (26)
i=1

where the product is taken over Mg 4. We will write an element of T'(S), for a
scheme S, as

(Cyz,b,T,7)
where (C,z) = (C,x1,...,74) € Mo4(S) is a stable marked curve over S,
b= (b1,...,by) is an n-tuple of regular functions on S, 7 = (11,... ,74), where

7; is a section of L; over S and r = (r,;) v=2.... n is a d(n — 1)-tuple of regular
i=1,...

functions on S. The order of the various coordinates in (26) is

(b1, (75), b2, (T2,3)5 - -+ 5 by (Tni)) -

The reason for this order will become clear below.

For notational convenience, we assign the value 1 tor ;, foralli =1,... ,d.
For v =1,... ,n consider
d
b, + Z hi(ru,i'ri) S F(CT, O(Zz Dl)) .
i=1

Let, as above, Z = Z1 U...U Z4, where Z; = D; N {1; = 0}. After blowing up
Z C Cr we get a morphism

f:<153015"' 7%07L>:C—>Y7
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where

d d
Yy = b, + Z hi(ru,iﬁ') =b,+ Z ru,if'i . (27)
i=1 i=1
This follows easily from the fact that already the sections 1 and ¢; = by +
> hi(Ti) = b1+ >, fi of O3, D;) generate this invertible sheaf, so that any
values for o, ... ,y, define a morphism to P™. But, for the same reason, this
morphism factors through Y.
Thus (C, f) is a stable map of degree d parametrized by T and hence we get
a morphism

T—UC M070(Pn, d) . (28)
We will show that (28) induces an isomorphism [T/S4] = U.
Let us write r; = (0,1, r2;,... ,7ni). Then we can say that r,... ,7q4 € Yo

are the points where our stable map intersects Y., and 7; gives the ‘speed’ with
which the map passes through the point r;. The coordinate b, gives the average
of the ramification points of the projection onto the v-th coordinate axis.

The next proposition makes this more precise.

Proposition 3.10 For any i = 1,... ,d the composition f o x; defines a mor-
phism
foxi: T — Y,

which is given by fox; =1;.

Fix a value of v = 2,... ,n. Over the locus where (r,1,...,7,.4) # 0 we can
compose | with the projection p, onto the coordinate azis {{yo,0,... ,Yy,...,0)}
to obtain a stable map f, = py o f unramified over co = (0,...,1,...,0). Let

R, C C be the ramification scheme of f,. Then we have

by = 5 e, r(f1Ry)

PROOF. To check that the two morphism f o x; and r; agree, we may restrict
to the locus where none of the 7; or r,; vanish. Then we need to prove that

(@2(8) wn(5)>
e1(s)” ()
This follows from (17), using I'Hépital’s rule. The second claim, giving the
meaning of the b, follows directly from (18). O

= (7“271', P 7Tn,i) .

S=xT;

Let T — MQO(Pl, d) be the scheme constructed in Section 3.3 and called
simply T there. By forgetting the new coordinates we introduced here, we get
a morphism T — T3, which makes T into a vector bundle over T7. Note that

T —— Mo’o (Y, d)

|

T —— MO,O(]}M; d)
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commutes. So letting U be the fibered product U= T1 X, U we get the diagram

T U Uc Mo,o(Y,d)—— Mo o(P",d)

Nl e

Ty —— Uy“—— M (P!, d)
By Proposition 2.1 the scheme U is also a vector bundle over T;.

Proposition 3.11 The morphism T — U is an isomorphism of vector bundles
over Ty. Hence, [T/Sq] = U.

PROOF. To check that T — U is a morphism of vector bundles is made easier
by the fact that it suffices for this to prove compatibility with the (linear) G,,-
actions. This is proved directly from the definitions of the two vector bundle
structures using Proposition 3.10.

Since both vector bundles have the same rank (d + 1)(n — 1), for the iso-
morphism property it suffices to prove strict injectivity, i.e., injectivity over
every base change to a point of 7. Then the claim also follows easily from
Proposition 3.10. [

Proposition 3.12 Let G,, act on T by

(Ca x, blv (Ti)a b2a (T2,i)7 cee 7bn; (Tn,z))A
= (Ca x, b1>\7 (Tz)‘)a b2>\27 (7"2’1)\), e ,bnAnv (rn,i)\nil)) .

In other words, we let b, haveﬂeight v, we let 7; have weight 1 and we let r,;
have weight v — 1. Then T — Mg o(P",d) is G,.-equivariant.

PrOOF. This also follows from Proposition 3.10 using the definition of the
G,-action on P" from Example 1.3. [

3.5 The degree 2 case

Since MOQ does not exist, the above considerations to not apply directly to the
degree 2 case. We show how to treat this case here.

Let U C Mg o(P",2) be, as above, the open substack of stable maps (C, f)
such that

(i) /(C) C Y,

(ii) p o f is unramified over oo € P! (or f intersects Y, transversally).
We will show how to write U as the stack quotient [A3"~1/S,], for a suitable
Sy-action on A3~

Let 77 = A2, with coordinates b, q. Let C' = Ty x P!, with sections x; : T} —
Ty <Pt (t,0) and 2 : Ty — Ty x Pt — (t,00). Let s be the canonical affine
coordinate on P!, z = 1. Apply the program of Section 3.2 with b, 7, = %(O)

i
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and 75 = q%(oo) to obtain a stable map of degree 2 from C to P!, unramified
over oo, where C is the blow up of C =Ty x Pl at Z = Zy = Dy N {q = 0}.
Note that even though (C,z1,x2) is not a stable curve, (5, Z1,Ta, f) is a stable
map. Over T3 — Z, the morphism f is given by

f(s):b+§+qs.

Let Sy act trivially on T3, and on T X P! via the involution

o: Ty xP' — Ty x P!
1
b b,q, —).
(,q,S)H(vq,qS)

Note that o extends uniquely to an automorphism o of C, giving rise to an
action of So on C. Note also that f oo = f, and so we get a stable map

(C/55] L p1

|

[T1/52]
of degree 2. Thus we have a morphism [T1/Ss] — Mg o(P?, 2).
Lemma 3.13 This morphism [Ty /S2] — Mo o(P,2) is an isomorphism onto
the open substack U.[]

Now let
T =T x (A x AH)" 1,
with additional coordinates (b2, 791,722), ... , (bn, Tn1,Tn2). Let éT =C xp, T
and define p : Cp — P by o = (1, f, v2,... ,n), where

1
d)u(s) = bu + rulg + 72498,

forv=2,...,n.

Let Sz act on T' by fixing 71 and all b,, and exchanging 7,1 with ry2, for
v=2,...,n. Finally, let S3 act on Cr diagonally, and denote the corresponding
involution of Cr by or. Then poor = ¢ and so we get an induced stable map
¢ : [Cr/S2] — P™ parametrized by [T/S2] and hence a morphism [T'/S3] —
Moo(P™,2).

Theorem 3.14 The morphism [T/Ss] — Mg o(P",2) is an isomorphism onto
the open substack U. Moreover,

[T/S2] —— Mo (Y,2)

T

[T1/S2] —— Mo o(P*,2)
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18 a pullback diagram of vector bundles.

Moreover, (29) is G,,-equivariant if we let G,, act on T by

(b,qy e s (bsmu1,mi)y o) - A = (B g2, o (DA N AT, L)

4 The vector field

4.1 Some deformation theory

Recall that the group G = G, x G,, acts on P", as described in Example 1.3. We
get induced actions on the stable map stacks Mo o(P",d) and Mg 1(P",d) by
the usual formula (C,z, f) - g = (C,z,g 0 f). The latter stack we may interpret
as the universal curve C' over HO,O(P", d), and so we have a diagram

f

c

|

MO,O(IPma d)

IP)?’L

of stacks with G-equivariant morphisms. If we differentiate the G,-actions, we
obtain G,,-equivariant vector fields W on P", V on M070(P", d) and U on C. Of
course, U maps to V and W under Dm and D f, respectively. We are concerned
with finding V.

In this section we will show that V and U are determined uniquely, simply
by the fact that Dw(U) = V and Df(U) = W. The same is then true for the
étale Mo o(P", d)-scheme T: we know that we have found V|T if we can find a

vector field U on C' that simultaneously lifts V|T" and W.
Proposition 4.1 The derivative Df: Tc — f*Tpn induces an isomorphism of

vector bundles
mTe — T [ Tpn .

We will prove this proposition below.

Corollary 4.2 We have a diagram

L(P", Tpn)
|
I(C, Tg) —5 > T(C, f*Ten)

(T, Tr) —=T(C,7Tr) .
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By inverting the isomorphisms we get a homomorphism
F(Pn7 %") I F(Ta TT) )
which maps W to V.OO

To prove Proposition 4.1 we start by recalling a few general facts about
tangent complexes.

Lemma 4.3 Let
f

X—Y
W —— 7

be a cartesian diagram of smooth stacks. Letr = qop = go f. Then the diagram

K.S.
Ty < IR 1] =Tz w1
K.S.(q)
P Ty 41 =Tz, (1] T (1]

anti-commutes in the derived category of Ox-modules. Here ‘K.S.’ stands for
‘Kodaira-Spencer’ map.

PROOF. Note that the composition

K.S.(r)

T*TZ Tx/z[l] Otﬁ'fx[l]

is zero. On the other hand, we have

Tx/z[1] = Tx)y 1] © Tx/wll]

and under this decomposition we have K.S.(r) = K.S.(q) ® K.S.(g9). Applying
o, we get
0=aoK.S.(r)=acK.5.(q) + ao K.5.(g).

This is what we wanted to prove. [

Lemma 4.4 Again, considering a cartesian diagram as in the previous lemma,
there is a canonical homomorphism of distinguished triangles

ey [Ty f*g*T' &g Ty,
T
P — Ty [ =2 7 1).

42



The upper triangle is the pullback under f of the distinguished triangle associated
with g, the lower triangle is a shift of the distinguished triangle associated with

f-

ProoF. We have to show that the three squares commute. The last one is
Lemma 4.3.

In any cartesian diagram as the one under consideration, there is a homo-
morphism from the distinguished triangle for p to the pullback under f of the
distinguished triangle for g. Similarly, for f and g. Picking out appropriate com-
mutative squares from these homomorphisms of distinguished triangles proves
the commutativity of the other two squares. O

Consider the morphism of stacks
h: Mo}o(ﬂbn, d) i m()’o .

Here 9y o is the Artin stack of prestable curves of genus zero. The morphism h
is given by forgetting the map, retaining only the prestable curve (and not sta-
bilizing). The fiber of h over a prestable curve C' is equal to an open subscheme
of Mor(C,P™), the scheme of morphisms from C to P™.

Deformation theory for morphisms shows that Mor(C,P™) is smooth with
tangent space H(C, f*Tpn) at the point f : C' — P" of Mor(C,P"). Tt follows
that h is smooth with relative tangent bundle

Titjm = 7. Ton.

We shall now apply Lemma 4.4 to the cartesian square

C > M o(P", d)
L k
¢ % Moo

where € — 9 o is the universal curve over My g. We obtain the homomorphism
of distinguished triangles

W*Tﬁ/ﬂﬁ W*TM W*h*Tg}t —>7T*TM/WI[1]
Tc I3 Té/ﬁ[l] Tc[1]

and by adjointness, the homomorphism

Rm,Ic — R Typ — Bm 15 11l —— Rm, 7o (1.
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By the projection formula we have Rm.m*T5; = T5; ® Rm.O¢ = T3;. Therefore
¢’ is an isomorphism. We also have that RW*Té/M[l] = W RT.T$ 95 (1] Thus ¢”
may be viewed as the pullback under h of the Kodaira-Spencer homomorphism
Toy — R%*Té/m[l], which is an isomorphism by the deformation theory of
prestable curves.

Since both ¢' and ¢” are isomorphisms, so is ¢ : Ty s — Bmdc.

Finally, let us consider the composition of homomorphisms of vector bundles
on C

7Tz o = Toge — To 25 [*Tpn

Again, by adjointness, we get an induced homomorphism in the derived category
of M()’o (]Pm, d)

Tz — RmTe % Rro f*Tpn

We just saw that ¢ is an isomorphism, and the composition 1 o ¢ is an isomor-
phism by the deformation theory of morphisms. Therefore, v is an isomorphism.
Since R, f*Tpn = 7y f*Tpn, we deduce that Rm,7Tc = m.7c, and that we have
an isomorphism of vector bundles

1T — o f* Tpn

which is induced by the derivative Df : Tc — f*7Zpn. This finishes the proof of
Proposition 4.1.

4.2 The degree 3 case

We will now use Corollary 4.2 to determine the vector field V' on T in the case
of d =3.

So let d = 3. Then Moﬁ = SpecC. The universal curve C over Moﬁ is
isomorphic to P!, with 3 marked points x1, 22,23 € P'. The vector bundle T
over My 3 = SpecC is just a vector space. We have canonically

T=(CoLoLoL)eCac)™ ",

where L; = Tpi(z;) is the tangent space of P! at a marked point.

Every vector space F has a canonical vector field on it, namely the vector
field that takes the value e € E at the point e € E. This makes sense, because
every tangent space of F is canonically identified with E. If we choose a basis
(ei) for E, then this vector field is given by . xiaix,; =), xie;, where (x;) are
the coordinates on E induced by the basis (e;). We denote the canonical vector
field on L; by 7;, for i = 1,2, 3. Because of the product decomposition of T, we
can also think of the 7; as canonical vector fields on T.

Recall that the first coordinate of every quadruple of coordinates on T is
called b,, where v =1,... ,n. The latter three coordinates in the latter n — 1
quadruples of coordinates are called (r,;)y=2... n i=123. Recall also that we
write r1; = 1, ¢ = 1,2, 3, for notational convenience. For further notational
convenience we write r, 9 = b,, for v = 1,... ,n. This then defines r,; for
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al v = 1,... ,nand all ¢ = 0,1,2,3. For every v = 1,... ,n we combine

Tuo ... ,Ty3 into the column vector r,. Thus
bl bu
1 Tv.1
ry = and r, =" forv=2...,n
1 Tv,2
1 Tv,3

Because of the product decomposition of T', every vector field on T is in a
canonical way a sum of 4n components. All but three are canonically identified
with regular functions on T. We combine groups of four components into one
as follows.

Vi =Viog- +ZVU,

and forv=2,... ,n

Vo =Viog- JFZVVz

117,

It will be convenient to introduce the following abbreviations:

0® =TI

J#i

9(#) ani 1 i

J#i
(so that the upper indices denote the degree). Here the 7;; are the canonical
regular functions on 7' introduced in (23). Finally, let

and for all p >1

gi =T — 2b1 - 4951) y
fori=1,2,3.

Proposition 4.5 With this notation, the vector field V on T is given by

0\ (e s
‘/1 =79 — E’I"l + 517—1 — 617—1 ,
272 lomy
U373 {373
Vo=ry11—FEr,, forv=2,...,n—1,

Vo,=—-FEr,.
Here E is the 4 x 4 matriz
b 4507 P s 45657

s | 1 t+birse o1 131
1 M2 lo+ by + 39§1) 732
713 723 ls+ b1 + 39;”
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In the case n = 1, the formula for Vi is used, not the formula for V,,. Moreover,
ba and ra; are set equal to 0 in this case.

ProOF. It suffices to check these formulas on a dense open subset of T'. So we
shall restrict to the subscheme of T' where none of the 7; vanish, so that we may
assume that C = Cp = T x P'. Then all we have to do is exhibit a vertical
vector field U for the projection 7' x P! — T such that Df(V +U) = W. Then
the vector field U on C is given by U = V + U, over this open subscheme of C.

The relative vector field U is very easy to describe. For every point t of T,
we have given 3 tangent vectors on P!, namely the 7;(t) € Tp1(z;). On P! there
is a unique vector field U(t) taking this prescribed value 7;(t) at the point ;,
for i = 1,2,3. This defines U.

The details follow below. [J

Lemma 4.6 Let T be a scheme and 7; € T'(T, L;), for i = 1,2,3 a section of
L; over T. Then the formula

U—i H<1—%;j)) Tidsi(fﬂi)%,

defines a relative vector field U € T(T xPY, Tyypr ) = D(T P, Tpr), which has
the property that U(x;) = 7;, fori = 1,2,3. Here s; is a degree one meromorphic
function on P*, which vanishes at x; (i.e., a parameter at ;).

Let f; = hi(;), for i = 1,2,3 be the meromorphic function on T x P!
considered above (see Corollary 3.2). Then we have

U(f:) =20 + 0 + 200" f; - f2,
for everyi=1,2,3.

PROOF. It is not difficult to see that the formula for U defines a vector field
on P!, no matter the choice of the s;, even if s;(x;) = oo, for some j # i. The
verification that U(z;) = 7; is then easy.

The calculation of U(f;) is somewhat tedious. It can be done by choosing a
coordinate s for P!, which does not take the value co at any of the z;. Then
write a; = s(z;) and s; = s — a;. Finally, write ¢; = 7ids;(z;). With these
choices we have

_ 3 s—a; \ 0
U:;%‘ Hai—ajj %

and

fi

qi
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Thus

3 . .
Tf) == a (] ;k _a(jj G _qzai)g

k=1 j#k

and this can be compared to the given formula for U(f;). O

Lemma 4.7 With the same notation, we have for i # j
fify = mgifi +miz [+ 3ninji -

In particular, summing over all i and j such that i # j,

Zfifj = Qanifi + Sijmi :

i#] i#] i#]
PrOOF. This can be proved similarly. O

In view of the formula for W given in Example 1.3, the following corollary
now finishes the proof of Proposition 4.5.

Corollary 4.8 If we were to define a vector field V- on T by the formulas of
Proposition 4.5, then we would have

Vew) +U(%) = Qu+1 — P1Pv,

forv<n and

V(gn) +Ulpn) = —p10m -

Here the ¢, are the components of the morphism f : C —pn given as in (27)
3
by Pv = bl/ + Zi:l Tu,ifi-

PRrROOF. We note that 7;(f;) = 0;; f; (Kronecker delta). Moreover, V(f;) = ¢; fi.
Therefore, we need to prove the following formulas. First

Vio+ 2 Gfit D U(f)=ba+ Y rasfi = (b + D2 1)
then for every 1 < v <n
Vo + Z roilifi + Z Viifi+ Z ry,iU(f;)
z § byt + Zfry+1,ifi = (e D)+ Do)

and finally,
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Voo + Z Tn,ili fi + Z Voifi + Z TniU(f2)
=—(b1 + Zfz) (bn + Zrn,ifi) :

All of these formulas follow easily from Lemmas 4.6 and 4.7. [J

To make the relationship between vector fields and regular functions on the
L; explicit, we identify the universal curve C with P!, with affine coordinate
s. Then we choose for x1, o and z3, the points 0, 1 and oco. We choose local
parameters %s at 0, % at 1 and 27—125 at oo. This trivializes L1, Lo and Lg,
and we write, as usual, the induced coordinates on L; as ¢;. With this notation

the universal map is given by

- s+1
Pu(s) =b, +ma1q + T2 e +7ru3q3(1 —2s),
for all v =1,... ,n. Moreover, we have 7; = ¢; and
M2 = q1 ms = —q1
M1 = —q2 23 = q2
31 =43 N32 = —q3.

The matrix F then takes the following shape:
b qi(qn—5(q2+q3)) q2(q2—5(q1+4a3)) ¢3(gs —5(q1 + q2))

B 1 l14+b+3(g3—q2) —q2 q3
1 q1 ly+b+3(q1 — q3) —q3 ’
1 -1 q2 l3+b+3(@2 —q1)

where we have dropped the index on b;.

Corollary 4.9 We have
H(T, Ky) = Clb, q1, ¢2, g3, (1, L2, £3]/ (q11, 2l2, q303, Ring1)
where Ry, 11 denotes the quadruple of relations given by the matriz equation
Rpt1=E"r .

The degree of all generators b, q;,¥; is one. The degrees of the components of
Ry41 are n+1, n, n and n, respectively. The group Ss acts as follows: ob =b,
0q; = sign(o)qo(iy, oli = Ly(), for o € S3. Note that Sz acts by a similar
pattern on the seven relations.

ProoOF. We have
H(T, Ky) = Cb, (q1)i=1,2,3, (T,1)v>2,i50]/ (Vi) -

The first four relations, Vi = 0, give the relations (g;¢;);=1,2 3 and ro = Eri. The
latter is only one relation and can be used to eliminate by, but not the 7o ;, for
i =1,2,3. Then the other relations V,, = 0, for 2 < v < n, recursively eliminate
all r,;, for v > 3. The last quadruple of relations can then be expressed as
R, 11 = 0. Finally, we have replaced the generators ry ; by ¢;, for i =1,2,3. O
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4.3 Chern classes

Recall the diagram

C

|

MO,O(]Pma d)

]P)’n

involving the universal curve and the universal map. For every m > 0 we
consider the vector bundle

E,, = m.f*O(m)

on the stable map stack Mg o(P",d). Our goal in this section is to show how to
determine the characteristic classes cg € H(T, K3,) of Ep, (see Section 1.3).

We restrict ourself to the case that d = 3. First, let us show that F,, is
trivial over T'.

Lemma 4.10 Let f; = E(ﬂ), 1 = 1,2,3, be the canonical sections
of O@(Zif)i) constructed in Section 8. Via the canonical identification
[O0p(1) = Oz, D;) (see the definition of f in Section 3.4) we con-
sider the f; as global sections of m,f*O(1)|T. Then the family (1, f1, f2, f3)
trivializes this bundle.  Moreover, the family (1, f1, fa, fa, .. [ £33
of global sections of O@(Zimf)i) trivializes the bundle F,|T.  Finally,
(1, f1, fo, f3, oo 5 I 57, F37) is a G,-eigenbasis and we have M f¥ = N\ f;, for
alli=0,... ,m.

PRrOOF. We have to show that for every geometric point ¢ of T the family
(1, f1, f2, f3) induces a basis of the fiber (W*f*O(].))(t) = HYC,, 03, &)
But this is true, because f;(t) has a pole of order one at Z;, by construction.
The ‘moreover’ follows similarly. [

Recall that the vector field W on P acts on O(m) (see Examples 1.11
and 1.15). Via Lemmas 1.17 and 1.18 we get an induced action V of V on

E,,, for all m. Of course, all these actions V' are G,,-equivariant. To find the

characteristic class cg (Em)|T (where @ is an invariant polynomial function on

(3m + 1) x (3m + 1)-matrices), we only need to compute the matrix of V with
respect to the basis of F,,|T given by Lemma 4.10, and then evaluate @ on
this matrix. This matrix can be computed from the following lemma, using
Lemmas 4.6 and 4.7.

Lemma 4.11 Let V be the action of V. on E,,. Then we have, for all u =
0,...,m

V(1) = (mb+ pl) f + pf T TS) +m i +m Y 1.
m#i
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ProOF. It suffices to check this formula on a dense open subset of T. So we
may assume that C' = C' = T x P!, and that the vector field U on C splits as
U=V+ U, where U is the relative vector field defined in Lemma 4.6. Denote
by U the action of U on f*O(m). Then we have, by Lemmas 1.17 and 1.18

V(=T
=U(f'1)
=U(fI1+ fLU(1)
= pflUR) + AUl
= wfl V) + uf TS + (W)
= ufl+ pff U (f) + F S (maf = W (2o))

Il
-

because, as we noted in the proof of Corollary 4.8, we have V (f;) = ¢, f:,

= b fI' + pff () + FLF (may )
= pli f* + puf UL + mfr ()
= plif + pf TS +mfl 0+ 1)
7
= plifl + pflTU(f) + mbfl +mfl T+ m >
JFi

which is what we wanted to prove. [

Corollary 4.12 The matriz of 1% acting on E,,, with respect to the basis
(17 flv f2a f37 cee 7fima f2mv fgn) is determined by

‘7(1) = mb—|—m(f1 _|_f'2 +f3),
V(f)) = (3Bm+ 2)9§2> + n@)

+m Y i fi + (G +mb+ (m+2)0.7) fi + (m — 1) 7,
i
and for all p > 2,

(fll) _ 3m9(u+1) + mZm]fg +4m Z 0! (b= 0t+1)fa
J#i

+(2u4+4m)0 + i) 1171+ (il +mb+ (m42p)08) £+ (m— ) f1

PROOF. We just need to plug in the formula for U given in Lemma 4.6 and the
formula

p—1
FEL =i fl Al 4l fi 4 30

which holds for ¢ # j and pu > 1, and is proved by induction from Lemma 4.7. [J
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Remark Note that the matrix for V on E; is the same as the matrix F,
above, determining V' itself. This is due to the following phenomenon. We may
interpret the vector bundle E; as an open substack of Mg o(P"*!, d). That gives

us two vector fields on Ey. One is the reinterpretation of the action V' as a vector
field on E; (see Remark 1.10), the other is the vector field V on Mg o(P" "1, d),
restricted to E7. These two vector fields are almost, but not quite, equal.

Corollary 4.13 We have
1
c1(BEm) =m@Bm+1)b+ im(m +1)>4

PRoOOF. The first Chern class of F,, is the trace of the matrix of V on E,,.
Also note that ), 9§1) =0. O

Corollary 4.14 Let M, be the matriz of‘7 described in Corollary 4.12. Then
we have

(c(Em) — tr(My,))

l\9|’—‘

CQ(Em)
and
tr(M2) = m2(3m + 1)b? +m?(m + 1)b> ¢, + %m(m +1)(2m +1)>¢7
1
m(3m + 1)(3m + 2) (Zm@ + ZL‘)EQ)) + gm(m +1)(Tm + 2)2&91(1) .

PROOF. We use the formula

BCEEEINIED W

)

throughout. [J

4.4 The cohomology of M, (P>, 3)

Introduce coordinates (g;) as in the discussion leading up to Corollary 4.9.

Let us denote by T, the étale M070(P", 3)-scheme constructed in Section 3.
For 1 < n < m we consider P" as a subvariety of P™ as in Section 2.2. We get
an induced commutative diagram

Tm E—— MQQ (Pm, 3)

T | (30)

Tn —— M070(Pn, 3)
The vector field V on M o(P™, 3) restricts to the vector field V on Mg o(P™, 3),

so there is no ambiguity if we use the same later V' to denote the vector field on
these two stacks.
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The diagram (30) induces the commutative diagram of C-algebras

HO(Tm, K"/) < HO (M07Q(Pm, 3), K{/)

| |

HO(T,,, Ky,) <—— HO (M 0(P", 3), K3

In terms of the explicit description given in Corollary 4.9, the vertical arrow on
the left hand side of (31) is given by the canonical map

(C[b7 q1,492,43, 617 627 63]/@1617 q2€2; QB£37 Rm—i—l)
— C[b, q1, g2, 3, 1, €2, €3]/ (141, q202, q303, Ry 1)

and is therefore visibly surjective and moreover an isomorphism on the part of
degree less than n. The vertical arrow on the right hand side of (31) is an iso-
morphism in degrees less than n by the comparison with Hpgr (Moyo(]P’m, 3)) —
Hpr (M(),O(IP’”, 3))7 which enjoys these properties by the results of Section 2.2.
Just as in Section 2.2, we may therefore define limit algebras as follows:

H (T, Ky) = @D lim HO(T,, 7))y

p n

and
H® (Mo,0(P>,3), K/) = €D lim H® (Mo 0(B", 3), K¥/) |
p n

where the subscript p denotes the homogeneous component of degree p. As
above, the limits stabilize as soon as n > p. For every n we have a commutative
diagram of C-algebras

H(Ts, K}) <— HO (M070(P°°, 3), K{/)
| |
H(T,, K}) <— HO(MQO(P", 3), K{,)
Theorem 4.15 The canonical morphism

Hpr(Mo,o(P>,3)) = H(Mo,o(P>,3), Ky)
— H)(Tw, Ky) = Clb, q1, g2, g3, {1, b2, £3]/ (q1 61, q20a, g303) . (33)

s injective. Moreover, we have
HDR(MO,O(]Poov 3)) = (C[bv 01,P,02,T, 03]/((7—2 - pa?)a TO3, PU3) )
where, via (33), we have the following identifications:

o1 ="0+ 0+ 3,
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p=di + 6+ —2(q142 + 0143 + ¢243) ,
o9 =03+ 03+ 02— 2(0105 4 0103 + Lal3),

T =101(q3 — q2) + la(q1 — q3) + €3(q2 — q1) ,
o3 = {10303

Note that p =7 7752) +> 952) and T =7 &951) are the functions that appeared
in Corollary 4.14.

PROOF. Let A be the graded C-subalgebra of H (Hoyo(]P’oo, 3), K{,) generated
by the Chern classes ¢1(FE1), ¢1(Es2), ca(E1), c2(Ea), ca(F3) and c3(Fy). Let B
the the image of A in H°(Tw, K3,). Then using Corollaries 4.13 and 4.14 and a
direct calculation of ¢3(F1) one shows that B is generated by

bv 01,p,02,T,03 € (C[bv q1, 92,93, glv 62; 63]/(Q1£1a qQ£27 q3£3) .
Now in [9] it is proved that the limit

lim dim H%R (M&Q (Pn, 3))

n—oo
exists, and is equal to the coefficient of ¢? in (34). So from the purely algebraic
Lemma 4.16, we conclude that
dim H%R (M070(POO, 3)) Z dim Ap
> dim B,
= lim dim H},,(Mo,o(P",3)).

n—oo

Hence we must have equality throughout, which proves the theorem. [J

Lemma 4.16 The homomorphism of graded C-algebras

(C[b7 01,p,02,T, U3]/<(T2 - pUQ)a TO3, PUB)
— Clb,q1, G2, 3,01, 02, 03]/ (q141, q202, q303)

defined by the formulas of Theorem 4.15 is injective. Moreover, the Hilbert
series of Clb, 01, p, 02,7, 03]/((7'2 — pag),Tag,pag) s given by

14+t 4 2t2 +2t3 + 2t

D0 -2P1—6) (34)

PROOF. Even a computer can prove this lemma, using Macaulay 2, for example.
See [10]. O

Remark Using the results of Section 4.3 it is possible to express the character-
istic classes of the bundles E,, in terms of the generators given in Theorem 4.15.

For the first two Chern classes we get

1
c1(Bm) =m@Bm+1)b+ im(m +1)oy,
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Co (Em) =

3 3 1
§m3(3m + 1)+ §m3(m + 1) boy + ﬂm(m +1)(Bm?+m—1)0?
1 1 1
- 5m(3m—|— DH@BmMm+2)p— ﬂm(m—l— H@2m+1)os — Em(m—l— D(Tm+2)7.

Corollary 4.17 For every finite value of n there exists a natural morphism of
C-algebras

(C[b7 01,p,02,T, 0-3]/((7-2 - pUQ)a TO3, p03) I HDR(MQO(P"7 3)) ) (35)
which is an isomorphism in degrees less than n.

Corollary 4.18 For every n, the cohomology ring HDR(MQ7O(P”,3)) s gen-
erated by the characteristic classes of the bundles E,,, m > 1 (In fact the first
three E,, and the first three Chern classes suffice).

PROOF. Here we use Remark 2.5, from which we know that (35) is an algebra

epimorphism. [J

4.5 A conjectural presentation for finite n

Let A be the 5 x 5-matrix

b+ oy 0 9p+i(02—012)+37 0 03

0 b—l—%al 4p—|—%7’ P —%Ulp
A= 1 0 b 0 0

0 1 0 b 0

0 0 1 1 b

and G the column vector

bor+18p+ (oa+03)+ 67
9p+171
G = 2b+ 0
b
3

Conjecture 4.19 We conjecture that
Hpr(Moo(P",3)) = Clb,01,p,02,7,03]/((T° — po2), 703, po3, Gni1) ,

where Gp41 = A™G1. Note that the degrees of the moving relations given by
Gpy1 aren,n+1,n+1, n+2 andn+2.
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Lemma 4.20 There exists a morphism of C-algebras

(C[bv 01,P,02,T, 03]/((72 - pUQ)a TO3, P03, Gn+1)
— C[b,q1,92,q3, 01,02, 3]/ (@141, 4202, q3¢3, Rny1)  (36)

defined by the formulas of Theorem 4.15.
ProoOF. Consider the 5 x 4-matrix H given by

o1 p+0—q M +5001 p+ 03— qoda+5010s p+ L3 —q3hs + 50103

0 3p+ 4161 3p + L20- 3p + €36,
2 ly + 264 Uy + 204 U3 + 203
1 01 02 03
0 1 1 1

where Ay = f3 —la, Ag = {1 — 3, A3 = fo — {1 and 01 = q3 — q2, 02 = q1 — q3,
03 = g2 — ¢1. This matrix satisfies

AH = HE mod (q141, g202, q3¢3)
HRy = G mod (q101, g202, q303) .

By induction, this implies
Gry1 = HRy 1 mod (q141, q202, g303)
which implies the lemma. [

We have the following evidence for our conjecture:

Proposition 4.21 Conjecture 4.19 holds for n < 5.

PROOF. The following two (purely algebraic) conjectures imply Conjecture 4.19.
Conjecture 1. The Hilbert series of the graded ring

C, =Clb, 01, p, 09, T, 03]/((7'2 — po2), 703, po3, Gny1)
is given by

(1—t")(1 -t
(1—t)(1—12)2(1 —13)

232 4 2t 4+ 267 13 + 1) (37)
— "1 4 3t 4 4% 4 413 4 3t - 1°)

+(1 4+t + 262 + 263 4 2t4)

Conjecture 2. Let B, be the image of the ring morhpism (36). Then for all
p < n + 2 the dimension of the graded piece of degree p of B, is given by the
coefficient of ¢? in Formula (37).
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Both conjectures can be verified algorithmically for any given value of n. The
authors did this using Macaulay 2 (see [10]) for n < 5. In fact, the calculations
indicate that p < n + 2 is not the best possible bound.

It is proved in [9], that (34) is the Poincaré polynomial of Mg o(P", 3).

Thus, using Conjecture 2, the morphism of C-algebras

Hpr(Moo(P",3)) — By

is an isomorphism in degrees p < n + 2. Consider the epimorphism (36) C,, —
B,,. By Conjecture 1, it is also an isomorphism in degrees p < n + 2.

Cn

Hpr(Moo(P",3)) — B,

Since all relations in C),, are of degrees p < n + 2, we see that C,, — B,
lifts as indicated in the diagram. Now that we have an algebra morphism
C, — HDR(M(),O(]P’”, 3)), we note that it is surjective by Remark 2.5 and hence
an isomorphism, because both rings have the same Hilbert series. [

4.6 The degree 2 case

Recall that the coordinates on 7 = A% x (Al x A%)""! are called
(b,q,...,by,r1,72,...). Accordingly, the vector field V' has components

n

0 0 . )
V:%%+‘/{13_q+;(agu 2 d.)'VVv

where V;, and V are regular functions on 7', and V,,, for v = 2, ... ,n is a column
vector thereof.

Proposition 4.22 With this notation, the vector field V on T is given by

Vi = by — b% — 4q,
Vg = q(ro1 + ro2 — 4b),

VV:TV+1_ETV7 fO’I"V:2,...,n—1
V), =—Er,,
where forv=2,...,n
by
v = | Tv1
Tv2
and
b 2q 2q



PROOF. Let T C T, be the locus over which we have not blown up, so that
the universal curve over T’ is equal to T’ x P'. It suffices to exhibit a vertical
vector field U € T'(T' x P!, Tp1), such that, if we define V' by the formulas of the
proposition, then Df(V +U) = W, where W is the vector field on P" described
in Example 1.3. This means that

V(ew) +U(py) = vt1 — P10,

for v < n and o
V(en) +Ulen) = —019n .

Here o1 = b+ % +gs and ¢, = b, + 7“1,1% + 7,298, for v > 1. One checks that

U—&—i—(%—rm)s%—qs s

solves this problem. [J

b
Let us write Ry = [ 1
1

Corollary 4.23 With this abbreviation, we have
HO(Ta K\./) = (C[b7 q,7T1, 7”2]/(61(7“1 + ro — 4b)a Rn+1) )

where R, 11 = E™ Ry and we have dropped the first index of the ra;.

The degrees of b, T1, T2 are 1, the degree of q is 2 and the degrees of the
three components of Rp41 are n+1, n and n. The symmetric group Sa acts by
switching r1 and ro and switching the last two components of Ry+1.

Now we determine the Chern classes of the vector bundles E,, = m, f*O(m).
Proposition 4.24 We have
1
Cc1 (Em) =-—mb+ Em(m + 1)(701 + TZ) )

and
(c1(Em)? — tr M2),

N =

C2 (Em) =

where
2 _ 2 2 2 1
tr My, = gm(m +6m +2)b* — gm(m + 1)(m + 2)b(r1 +r2)

1
+ 6m(m +1)(2m +1)(8q + 72 +12).
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ProoF. We can trivialize F,, over T with the basis (1, f1, fo,..., 1", f3"),
where f; € I‘(CT, O(El)) and fo € I‘(CT, O(Eg)) are the meromorphic functions
fi= %, and fo = gs. Then we have for the action of V' on this basis:

V(1) =mb+ fi + fo),

V) = (u+m)aff™ + ((m —2p)b+ pr) f + (m — p) f1
V) = (w+m)afs™" + ((m = 2p)b + pra) f5 + (m — ) f4+

This leads directly to the formulas of the proposition. [J

We are now ready to compute cohomology rings. Let us begin with the case
n = oo. Denote by H° (T, K3-) the limit of H(T, K7) as n goes to co. Thus

H(Tw, Ky) = C[b,q,71,72)/ (q(r1 4+ 12 — 4b)) .
Proposition 4.25 The canonical morphism
HO (Mo,0(P>,2), K7) — H'(To, K7) (38)
1s injective. We have
Hpr(Mo,o(P*,2)) = Clb,t, k],
where, under (38), we have b b, t — r1+r2—2b and k — 4q— (b—r1)(b—r2).

PROOF. This is proved the same way as Theorem 4.15. One uses that the Betti
numbers of Mg o(IP",2) stabilize to the coefficients of

1
(1—)(1 -1

(see [9]). O

Corollary 4.26 For every finite n, the cohomology ring of Moyo(]P’”, 2) is gen-
erated by the Chern classes of the bundles E,,. In fact, c1(F1), c1(Ea) and
ca(Fy) will suffice.

PrOOF. It follows from Remark 2.5 that the cohomology ring of Mg o(P",2)
is generated by b, t and k, which translates easily into the claim about Chern
classes, by virtue of the formulas of Proposition 4.24. [

Now we are ready to determine the cohomology ring of M o(P", 2) for finite
n.

Proposition 4.27 We have

Hpr(Mo,o(P",2)) = C[b,t, k]/(Gn1) -
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Here G411 stands for three relations in degrees n, n + 1 and n + 2, defined
recursively by the matriz equation G,,+1 = A"G1, where

b 0 0
A=11 0 %k
0 1 ¢t
and
b(2b —t)

Gi=| 2b-t
2

PrOOF. The Poincaré polynomial of M o(P",2), which we glean from [9] is

(1 —t)(1 — tnH) (1 — 7 +2)
(t—1)2(1-12)

(39)

Now the proof proceeds in the same way as the proof of Proposition 4.21, except
for that we can prove the two requisite facts. They follows as lemmas. [

In the following, we will abbreviate the three components of G, 1 as u,41,
Vpt1 and wy,y1. In particular, u,; = b"T1(2b — t). Similarly, the three com-
ponents of R, 11 are Tpy1, Ynt+1 and zp41.

Lemma 4.28 The Hilbert series of the graded ring C[b,t,k]/(Gny1) is given
by (39).

PrOOF. First note that the only common zero of the three components of G, 1
is 0. One way to prove this follows. Assume that u,y; = 0, v,41 = 0 and
wnpy1 = 0. By the explicit description 0*(2b — t) of u, we see that we get
uy, =0, for all 44 > 1. Then we have v,11 = kw,, for all i, and the assumption
that k # 0, forces w, = 0. The conjunction of w,+1 = 0 and w,, = 0 forces
v, = 0. Proceeding inductively, we see that wy; = 0, which contradicts the fact
that wy; = 2. Thus we can conclude that k¥ = 0. Then all v, = 0 and we have
Wyt1 = twy, and so w, = 2t#~1. This implies that ¢ = 0. Finally, u,4; = 0
then implies that b = 0.

We conclude that dim C[b, ¢, k]/(Gpt+1) = 0, which implies that G41 is a
regular sequence. Thus we can use the Koszul complex of G,,4+1 to compute the
Hilbert series of this quotient ring. We get (39). O

Lemma 4.29 The formulas of Proposition 4.25 define a C-algebra morphism
Clb, t,k]/(Gry1) — Clb, q,r1,72)/ (q(r1 + 12 — 4b), Rppr) -

This morphism is injective in degrees < n + 2.
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PRrROOF. The matrix

4b—T1—T2 0 0
H: 2 b_TQ b—rl
0 1 1

satisfies HE = AH mod ¢q(r1 + r2 — 4b) and HR; = G;. By induction, we
conclude that HR;,+1 = Gp4+1 mod g(r; + ro — 4b). This proves the existence
of the morphism. It is injective in degrees less than n, because C[b, ¢, k] —
C[b, q,71,1r2]/q(r1+72—4b) is injective. It remains to prove injectivity in degrees
n,n+1and n+ 2.

The invariant subring will be helpful. It is given by

(Clb, q,71,72]/ (q(r1 + 72 — 4D), Rn+1))52

= (C[bv t, ka Q]/(Q(2b - t)v Tn+1) Un+1, Wn+1 -

The proof that this is indeed the ring of invariants proceeds as follows. Fist
note that the invariant subring of C[b, g, r1, 72| is the polynomial ring C[b, ¢, k, g].
Then, using the abbreviation B = C[b, ¢, 71, 72], we consider the exact sequence

B' — B — B/q(r1 +re —4b), Tni1,Ynt1, Zny1 — 0

of B-modules. Taking invariants of this sequence, gives us an exact sequence of
B%2-modules. Since the invariants of B* are generated by (1,0,0,0), (0,1,0,0),
(0,0,1,1) and (r; — r2)(0,0,1,—1), we conclude that the invariant subring of
B/q(r1 + 12 — 4b), Tpt1, Ynt1, 2nt1 is equal to Clb, ¢, k, q]/q(20 — t), xpt1, (r1 —
72)(Yn+1 — 2n+1)s (Yn+1 + 2nt1). That this is equivalent to the above presenta-
tion, follows from HR, 11 = Gp41.

So we are now reduced to proving that

Clb, t, K]/ (b"12(2b — t), vpp1, Wnt1)
I (C[ba tv ka Q]/(Q(Qb - t); Tn+1;Un+1, wnJrl)
is injective in degrees n, n+1 and n+ 2. In the presentation C[b, t, k, q]/(q(2b —
t), Tnt1, Unti, wn+1), we may replace x,,1 by b"! + ¢Z,1, where 2,1 €
C[b, t, k] and is recursively defined by Z; = 0, Zp+1 = bZ,, + 2w,. Once we have
done this, the proof proceeds as follows.

Let a € Cb,t,k] be an element mapping to zero in (C[b,t,k;,q]/(q(% -
1), 0" + T 11, Vnt1, Wni1. Thus

a=e(q)q(2b—t) + f(@) (0" + qFns1) + 9(@)Vns1 + h(@)wni1 - (40)

We may assume that every term in this equation is homogeneous. Let us expand
in powers of q. The constant term gives us

a = fobn—H + goUn+1 + hownJrl .
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If deg a = n, then for degree reasons it follows that fo = 0, go = 0 and hg € C.
Thus a € (wp41), and we are done.
If dega = n + 1, then for degree reasons fy € C. Let us consider the linear
term of (40).
0= 60(2b — t) + fo,fn—i-l .

Since (2b — t) does not divide Z,41 (see below), this implies that fo = 0. Thus
a € (VUn+41,Wn+1), and we are done.

Finally, let deg a = n+2. Then deg fo = 1. This time the linear term of (40)
is

0=1e9(2b—1t)+ foTnt1 + P1wnt1,

where hy € C. Since Z,,+1 does not divides w1 modulo 2b—t, this implies that
hy = 0. This, in turn, implies that (2b — ¢) divides fo. Hence a € (b""1(2b —
), Vnt1, Wnt1), and we are done.

It remains to check our two claims to the effect that if ¢ = 2b, then Z,, 11 # 0
and does not divide w,4+1. These can easily be proved by further setting k& = 0,
to solve the recursions. [

Remark 4.30 It might be instructive to consider the case d = 1 in this context.
Recall that Mo o(P", 1) is the Grassmannian of lines in P". We let T' = A?"~2
with coordinates (b2, 72, ... ,bn,7,). The universal curve over T is T' x P!. Let
s be an affine coordinate on P', then the universal map f : T x P! — P" is given
by
s (1,8,ba +128,... by +1rps).

The auxiliary vertical vector field Uis (bo+ros— 82)%. This leads to the vector
field V on T in the following form:

Vl,—<b"+1)—<0 b2> <b"> , forv=2,...,n—-1
Ty+1 1 7o Ty

(0 by (ba
=) ()

Here V, is the column vector of functions on T defined by

The only zero of the vector field V is the origin of T. Thus we have

H*(Moo(P",1),C) = H*(Mgo(P", 1), K3,)
= F(Ta O)/VF(Tv Q) = C[b27 TZ]/RnJrl )

(0 B\ (0
= (13 ()
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Note that the degree of by is 2 and the degree of 9 is 1. To find the geometric
significance of ry and by, we calculate the action of V' on the vector bundles
E,, = pr.f*O(m) over T. A basis is provided by (1,s,...,s™) and V acts by

V(S“) — MbQS”_l + prgst 4+ (m — u)8”+1. This leads to
1
c1(Bm) = Em(m +1)ra.

Moreover, ¢1(E1) = ro and ca(E1) = —ba.
In this case, there is a nice interpretation of the relations R, 41 in the coho-
mology ring. On Mg o(P™, 1) there is an exact sequence of vector bundles

0—K-—O0""' S FE —0,

simply obtained by pushing forward and pulling back the tautological sequence
on P". The relations R, 11 are equivalent to the equation

Ct(K)Ct(El) =1

among total Chern classes, which follows from the above short exact sequence.
This short exact sequence does not generalize to the cases of higher degree, and
we know no such simple motivation of our relations.
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