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Abstract

We study a kind of ‘restoration of isotropy’ on the pre-Sierpinski carpet. Let RZ(r) and
RY(r) be the effective resistances in the  and y directions, respectively, of the Sierpiniski
carpet at the n-th stage of its construction, if it is made of anisotropic material whose
anisotropy is parametrized by the ratio of resistances for a unit square: r = Ry / Rs. We
prove that isotropy is weakly restored asymptotically in the sense that for all sufficiently
large n the ratio R%(r) / RZ(r) is bounded by positive constants independent of 7. The
ratio decays exponentially fast when r > 1. Furthermore, it is proved that the effective
resistances asymptotically grow exponentially with an exponent equal to that found by
Barlow and Bass for the isotropic case » = 1.

1 Introduction.

In this article we study a kind of homogenization, or restoration of isotropy of anisotropic
diffusion, on the pre-Sierpifski carpet [5]. The present work develops ideas arising in two
series of recent studies on the diffusion on fractals. One is a study of asymptotically one-
dimensional diffusions on Sierpinski gaskets in [9, 10, 8], which contains the discovery of the
mechanism on finitely ramified fractals. The other is a detailed study of isotropic diffusion
on Sierpiniski carpets in [1, 2, 4, 3].

The most interesting aspects of asymptotic behaviors of diffusion (e.g. the spectral di-
mensions) are embodied in the asymptotic behaviors of effective resistances. A physicist may
find it easy to interpret the results on resistances in terms of diffusions. Note (as we will



summarize below) that electrical resistance is the rate of heat dissipation caused by electric
power. As we will actually use in the proofs, the resistance can be defined as an H; norm of
electric potential (see (1.1) below), and the potential is a solution to the Laplace equation (a
harmonic function) with corresponding Neumann-Dirichlet boundary conditions. Thus it is
natural that resistances and diffusions are strongly related. In this paper, rather than going
into the relation of the two phenomena in general, we will focus on the behavior of electrical
resistances. See [1, 2, 4, 3] on how resistances play an essential part in the construction of
diffusions on the Sierpinski carpet, and derivation of their properties.

The Sierpiriski carpet is an example of an infinitely ramified fractal [14, 13]. For n € Z
the pre-Sierpiniski carpet Fj, is the open subset of the unit open square Fy = (0,1) x (0,1)
obtained by iterating the operation for constructing the Sierpinski carpet, until squares of
side length 37" are reached, where we stop, so that smaller scale structures are absent. The
operation is a generalization of that in the construction of the Cantor ternary set: given
a square of side length 3™™, we divide it into 9 squares of side length 3=™~!, remove the
middle square (with its boundary) and keep the other 8 squares. Thus Fj, is an open set in
R2, composed of 8" squares of side 3=, and has square shaped holes of side length varying
from 3™ to 37!. It will be convenient later to write F,, = Fy for n < 0.

Figure 1: The pre-Sierpinski carpet Fj.

Let 7 € (0,00), and consider a function v € C(F,) N H'(F,), where C(F,) denotes the
set of continuous functions on F,, and H!(F,) the set of square integrable functions whose

v

v
partial derivatives — and — (in the sense of distribution) are square integrable. Put
T )

1) et = [ ((52) e+ (30) ) i

In physical terms Ef, (v, v) is the rate of energy dissipation for the potential (voltage) distri-
bution v if F, is made of a material with a uniform but anisotropic electrical resistivity, with



anisotropy parameter r. For a unit square made of this material, the total resistance is 1 in
the z-direction and r in the y-direction, and the principal axes of the resistivity tensor are
parallel to the z and y axes.

Define R?(r), the effective resistance of F), in the z direction, by the following (principle
of minimum heat production):

1 .
(1.2) 0] =inf{€F, (v,v)} ,
where the infimum is taken over all the functions v € C(F,) N H(F,), satisfying boundary

conditions
(1.3) v(0,y) =0, v(l,y) =1, 0<y<1.

The effective resistance in the y direction R} (r) is defined in a similar manner, with boundary
conditions

(1.4) v(z,0) =0, v(z,1) =1, 0<z <1
Obviously,
(1.5) Ri(r)=1 and Rj(r)=r.
Set ¥(r)

R;(r
1. H), = Dzl
(1.6 "=

thus H,, (r) measures the effective anisotropy of F, if it is composed of material with anisotropy
parameter r. It is easy (see Lemma 3.1 ) to verify that

Ry(r) = rRy(1/r),  Ha(r) = Ha(1/r)"".
We have the following conjecture:
Conjecture. (‘Strong Homogenization’).

(1.7) lim H,(r) =1, for each r € (0,00).

In this paper, we prove the following weak homogenization property:

Theorem 1.1. There erists a constant 1 < K < co such that

K ! <liminf H,(r) < limsup H,(r) < K  for each r € (0,00).
n—oo

n—oo

Our proof gives explicit bounds: we can take K = 6333, which may be compared with the
conjectured value K = 1in (1.7). (Our bounds, and proof, have improved since we announced
them in [5].)

Theorem 1.1 does not give information on the asymptotic behavior in n of R%(r) and
R} (r). However, we have the following result:

Theorem 1.2. For eachr > 0,

0<infp "Ri(r)<supp "Ri(r)<oo, z=u,y,
n n

where p is the growth exponent for the isotropic case r =1 given in [2, 4].



Thus the effective resistances R*(r) and R%(r) both grow asymptotically like p", and so
the growth exponent p found in [2] is universal in the sense that it is independent of the
anisotropy 7.

We see from (1.5) and (1.6) that Ho(r) = 7. Thus Theorem 1.1 implies that if r > 1,
H, (r) should be relatively small when n is large. In fact, we have the following estimate for
the decrease of H, in n.

Theorem 1.3. There exist constants ¢ € (0,00), s1 € (0,1) such that
(1.8) 1< s H,((9/7)"s) < exp(es¢), n>1,s> s,
where £ =log2/log 7. In particular

lim liminf s~ H, ((9/7)"s) = lim limsup s *H,((9/7)"s) =1.

$—00 M—00

Thus when s = (7/9)"r is large, H,(r) = (7/9)"r. A similar result holds for small s:

lim lim sup s~ 1 H, ((7/9)"s) = lim liminf s 1 H, ((7/9)"s) = 1.
s—0 nooo s—0 n—oo
We can also obtain scaling relations of this kind for the effective resistances RZ(r) and
RY(r) — see the proof of the theorem. Our proof also implies that lim R.(r) = (3/2)"
P—00

and lim r 'RY(r) = (7/6)™. (See (3.22) and (3.20).) Therefore

(1.9) lim r~1H,(r) = (7>n n > 0.

7—00 5
We have no proof of the existence of the scaling limit

h(s) = lim s~ H,((9/7)"s),

but Theorem 1.3 implies that if h does exist then lim h(s) = 1. For further comments and

conjectures on the form of h see [5]. o

Proofs of Theorem 1.1 and Theorem 1.3 are given in Section 3. The basic tools to
prove Theorem 1.1 are Propositions 3.2 and 3.3, which are recursive inequalities for the
effective resistances, which give good bounds in the anisotropic regime, that is when H,(r)
is very different from 1. If H,(r) > 1, then, roughly speaking, these inequalities state that
the smaller effective resistance RZ(r) grows as (3/2)", while the larger effective resistance
R (r) grows as (7/6)"r. So as long as H,(r) > 1, we have H,(r) ~ (7/9)"r, and thus
H,(r) approaches 1 exponentially fast. Theorem 1.3 shows that we can make precise this
argument on the exponential decay of H,(r). In fact, the estimates in Propositions 3.2
and 3.3 are precise enough to allow us to prove that H,(r) is bounded for all large n, so
proving Theorem 1.1.

We prove Theorem 1.2 in Section 4, by giving another recursive inequality (Proposi-
tion 4.1), analogous to those given in [2] for 7 = 1. Section 2 is devoted to basic estimates
used both in Section 3 and Section 4.

A strong homogenization result similar to (1.7) is proved in [9, 10, 5] for the pre-Sierpinski
gasket, using explicit renormalization group recursion relations for quantities analogous to



R%(r) and Rj(r). As the Sierpinski gasket is finitely ramified, these recursion relations
are finite dimensional, and so exact calculations are possible. We expect that this kind of

restoration of isotropy will occur on a wide class of fractals — see [5]. That this is difficult to

prove for the Sierpinski carpet reflects the fact that it is an infinitely ramified fractal, and

so the renormalization group recursion acts on an infinite dimensional space. The rigorous

inequalities in Propositions 3.2, 3.3, and 4.1 provide a version of the renormalization group

relations.

We conclude this section with some remarks.

1.

With the change of the coordinate y' = /7 y, the defining equation (1.2) has an isotropic
expression, so our results also apply to rectangular boards made of isotropic material.

. F,, is contained in the unit square and the unit structure is of order 3~". But the scale

invariance of resistance in two dimensions implies that the effective resistances are the
same if we defined F), as a figure with unit structures of order 1 and of total size 3™ x 3";
i.e., constructing the figure outward instead of inward. The results in this paper hold
as they are, with only minor notational changes.

. Analogous results can also be obtained for the cross-wire networks G,, introduced in [2].

The network G, is obtained from F, by replacing each of the 8" squares of side 37" in
F, by a horizontal and vertical crosswire of four linear resistors (joined at the center of
the square), where each horizontal resistor has resistance 1/2 and each vertical resistor
has resistance r/2. (See [7] for basic facts about resistor networks.) The results in this
paper hold as they are, with similar proofs.

Our proofs should also be effective for the class of ‘generalized Sierpinski carpets’ con-
sidered in [2, Eq. (3.1)]. In particular, with only minor changes, they apply to (k,[) —
Sierpinski carpets. Here the sets F), are constructed recursively by dividing each square
of side k(1) in F,_; into k2 squares, and throwing out a block of /2 squares at the
center. (We take £ > 3 and k& > £.) The numbers appearing in the results, such as
the exponents 7/9, 7/6, 3/2, and p, will of course in general be different for different
figures.

. The proof of the conjecture (1.7) seems to us to be quite hard. We suspect that it is

similar in difficulty to the problem of improving the inequalities
Lo < R%(1) < 4p" >
Zp = n( ) >3, nZz Oa

given in [2], to proving the existence of the conjectured limit

Lim p "Ry (1).
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2 Basic estimates on energy of harmonic functions.

Throughout this section, we fix r > 0 and n € Z.

The first two Propositions deal with the principle of minimum heat production in terms
of potentials and currents, respectively. They are straightforward extensions of the isotropic
case 7 = 1 in [2], to which we refer for a proof.

Proposition 2.1. There exists a unique function v = V,2(r) (or Vi (r)) in C(F,) N H(F,)
with Vv € L2(0F) which attains the infimum of (1.2) with the boundary condition (1.3) (or
(1.4), respectively);

(2.1) Ry(r) = ER, (Vi (r), Vi (1), RL(r)' = ER(VI(r),V(r)).
The functions satisfy the following Laplace equation on F,

v 1 9%v
(2'2) w(xay)+;a—:’lg(may)—07 (way)EFna

with boundary conditions (1.3) (or (1.4), respectively), and Neumann boundary conditions
Ov

— = 0, on the rest of OF,, except at the corners of the squares in OF, . In particular, for
n

Z2=T,Y, _

(2.3) 0<Vi(r)(=,y) <1, (2,9) € Fy.

Note also that the symmetry of F, implies

Vi (r)(e,y) = Vi(r)(z,1-y), 0<z<1,0<y<1,

(24) VE(r)(e,y) + VE((1—2,y) =1, 0<e<1, 0<y<l,

with similar relations for V,Y(r).

There is a dual formulation of resistance in terms of currents. Denote by C(F,), the set
of R? valued square integrable functions j € BV (F,) (integrable functions whose derivatives
in the sense of distribution are measures with finite total variations [15]), satisfying current
conservation divj = 0 (in the sense of distribution). We call an element j = (j,jy) of C(F,),
a current on F,,. Remark. Note that as j is defined on the open set F,, the values of

j on OF, are not defined. However, we will need to express the resistance R%(r) in terms
of the minimum energy of a current j with total flux 1 across F},, and to define the class
of feasible currents for this optimization problem we need to consider boundary values for
currents j € C(F,). If j € BV (F,) then by [12, p.325] the rough trace j* exists on JF,. For
the precise definition of j* see [12] — but note from [12] that if (zg,yo) € OF, then

j*(o,y0) = lim  j(z,y)
(2,y)—(20,0)
whenever this limit exists. Thus, essentially, for a well behaved function the rough trace
is simply a continuous extension to the boundary. A general version of the Gauss—Green
formula [12, p.340] expresses an integration of j over the domain F, by a contour integration
of j* along OF,. The currents we will consider in this paper have analytic continuations to
OF,, except at a finite number of points. (See the proof of Lemma 2.8 in Appendix A.) Thus
we can consistently extend j to the boundary 9F;,, and from now on we will do so whenever
necessary without further comment.



For a vector field j = (jq,jy) € L?(F,), and B C F,, define

Emm=4ﬁ@wwﬁmmmw.

Proposition 2.2.

(2.5) R (r) =inf{EF,(5,5)} ,

where the infimum is taken over all j = (jz,jy) € C(Fy) which satisfy j-n =0, a.e., on the
boundary of F,,, except at two edges ¢ = 0 and x = 1, where we tmpose

1 1
(2.6) /ij(O,y)dyZ/O Je(1,y)dy = —1.

Here n s the unit normal vector at the boundary of F,, and j - n denotes inner product of
vectors. The function j = J3(r) which attains the infimum of (2.5) exists and is unique, and
is given by

OV, (r)

Cmm ™).

(2.7) T (r) = (Jua(r), Jay(r)) = — (R,”i(r) ay

Similarly, there ezists a unique function JJ(r) € C(F,) which satisfies

(2.8) R} (r) = inf{EF, (5,7)} = Er, (J3(r), J3(r)),

where j satisfies similar conditions as before, with

1 1
(2.9) /0 iy(z,0) dw:/O jy(e,1) do = —1.
in place of (2.6).

Remark. The minus sign in (2.7) comes from the sign conventions in the boundary conditions
(1.3) and (2.6), which are the traditions in the study of electricity. It is a well-known historical
misfortune that not only do we need minus signs here, but the electrons in reality move in
opposite direction to the currents when they are defined in this way.

Remark. We can regard Proposition 2.1 and Proposition 2.2 as giving RJ, (r) in terms of an

optimization problem and its dual. In view of this, we will use the language of optimization
theory and refer, for example, to a flow which satisfies the conditions of Proposition 2.2 as a
feasible flow.

Remark. If n < 0, then since F,, = Fy, we have V¥ = V¥, J7 = J§, etc.

Note that (2.3) and (2.7) imply that ’
Jne(r)(0,y) 20, 0<y<1,
while the symmetry of F,, implies
(2.10) T (0,y) = T (L) = T (0,1 —y) = Jo (1,1 —y), 0<y <1,

with similar relations for Jj (r).

Next we turn to a couple of basic estimates of the energy in terms of potentials and
currents.



Definition 2.3. For G C F,, define the bilinear form

[ (9509 1050 -
eatro) = [ (Gha+ 1 5eg) ded, .9 €CE)NHG)

Thus £¢g is the Dirichlet form associated with the self-adjoint operator

2 10

=2 4=
8w2+r3y2

on the space L?(G, ut). (Here p is Lebesgue measure).
The following Lemma is an application of Cauchy-Schwarz. We write 15 for the indicator
function of G, and || - || for the L* norm.

Lemma 2.4. Let f, g € C(F,) N H'(F,). Then

Ec(fag,f9) <2llglcll% Ec(f. ) +2||flcll% Eclg,9)-
of

Proof. Write (just for now) f, = e Note that ((fg9)2)? = (fg= + f29)® < 2f%g2 + 2¢*f2.
z
So,
el to) < 2 [ Plat+rg)dsdy+2 [ 2+ D dedy
< 2l|f1cl% €alg,9) +2llglelli Ea(f, f).

Definition 2.5. Letn >0, m > 0. Set

Br: = [0,1]x[37™,(E+1)37™], 0<:<3™ -1,
By, = [37™,(i+1)37™]x[0,1], 0<i<3™ -1

We now estimate the energy associated with the potential V,*(r) in the thin strip B?

m,0?
which lies adjacent to the z-axis. To avoid too many subscripts we will sometimes write

EIGI(f, f,) for Eg(f, f,) in what follows.
Lemma 2.6. Form,n >0,

(2.11) (B N Fu](Vy (1), Vi (r)) 2 "R (r) Y,
(2.12) E[Bh o NFa](VY(r), VE(r)) < 27 "Ry(r)™".

IA

Proof. Write
Em,i = E[By,; N F)(V,), V),

set
Bz ;=101 x [i2 '3 ™ (i+1)2 13 ™) i=0,1,

and let
B = E[BE; N FJ(V2,VE), i=0,1.



Thus we have ) )
Eno= Z Eni1= ZEm—l—l,j-
i=0 i=0
For m € Z, define a potential v € C(F,) N H(F,) by

V':(T)(ma?’_m - y) ) (‘va) € Bfn—l—l,ﬂa

v(z,y) = VE(r)(z,y), (z,y) € Fu \ B’fnﬂ,o.

As v satisfies the boundary condition (1.3), (2.1), (1.2), and the definition of v imply that

gm+1_7 3m+1_ 7
(2.13) > Bmii=Ri(r) ' <Ep(v,0) =2Bmiin+ Y, Emiis.

Therefore Em+]_’0 < Em+1,1, and so 2Em+1,0 < Em+1,0+E~m+1,1 = Epm, . As Bfn+1,0 C B,‘”nﬂ,o
this implies that
Emi10 < Eny1po < %Em,o-

Iterating, and using the fact that Ego = RZ(r)" !, we obtain (2.11). (2.12) follows by inter-
changing z and y axes. O

We have a corresponding result for currents.

Lemma 2.7. Forn,m >0,

(2.14) E[B,, o N Fa](J5(r), J5(r)) < 27"Ry(r),
(2.15) E[By o N F](J5(r), Ji(r)) < 27" R3(r).
Proof. Let

B,; = E[B, ;N F|(J;(r),J5(r)),

By, = [273 ™ (i+1)27 8 x [0,1], i=0,1,

E,; = E[B}, ;N F](J5(r), J5(r).
So, as before, we have
2 1
m0 =2 Bri1j =D Fnirj
3=0 j=0
For m € Z, define a current j € C(F,) by
(Jrafa:("'): —Jffy(T))(?fm - a:,y) ’ (way) € B?n+1,0>

J,“f('r')(:c,y), (cc,y) EFn\éfryn—i—l,O‘

It is straightforward to check that j € C(F),) and satisfies (2.6). Therefore

iz, y) =

3m+1_1 3m+1_1
(2.16) Y B =Rir)<EG,) =2E, .+ Y. B,
1=0 =3



and the remainder of the proof proceeds as in Lemma 2.6. O

The next lemma will play a crucial role when we obtain an upper bound on quantities like
RZ(r) by constructing a ‘feasible flow’ j € C(F,) and using the energy-minimizing principle
(2.5). Except in the simplest cases, this construction requires estimates on the energy of a
current which can ‘turn corners’.

Fix (for now) n,m > 0, r > 0, and let G = BZMO N F,. Let Rg be the resistance of
G between the lines y = 0 and y = 1. We define (and calculate), Rg by the methods of
Propositions 2.1 and 2.2. Thus

(2.17) Rg = inf{Eq(j,j)}

where the infimum is over currents j on G satisfying the boundary conditions

3—m™ 3—m™
/ Jy(z,0)dz = / Jy(z,1)de = -1,
0 0

and j-n =0 a.e. on the remainder of the boundary of G. As G consists of 3™ scaled copies
of F,,_,,, it is easy to see that the infimum in (2.17) is attained by the current J obtained by
piecing together 3™ scaled copies of JY_, (7):

J(@,y) = 3" J_ (32, 8™y — [3™y))(r), (,y) € G,
Here [3™y] is the largest integer less than or equal to 3™y. Therefore
Rg=Eg(J,J) =3™RY_, (r).
The following result is proved in the Appendix.

Lemma 2.8. There exists L = L\™™) ¢ BV (F,) N L*(F,) satisfying

(2.18) div(L) = 0 (as a distribution) on G,

(2.19) L = 0 onF,-G,

(2.20) L = J;(r) in a neighborhood of {x =0,0 <y < 1},

(2.21) L = —J in aneighborhood of {0 < z <3 ™,y =0},
L

(2.22) g—n = 0 a.e. on the remainder of the boundary of G,

such that

EG’(L>L) EG(Jﬁ(r)7J:(T))+EG(j7j)

<
< 27™Ry(r)+3™RY_ (r).

The current L constructed in Lemma 2.8 provides a current which has total flux 1 across G
coming in from left edge x = 0 and going out at bottom edge y = 0. L will be considered as
a part of a current in the larger domain in such a way that the boundary condition (current
conservation at the boundary of G) specified by (2.20) and (2.21) must be satisfied.

10



3 Recursion relations effective in the anisotropic regime.
3.1 Basic tools.
We begin with some elementary observations.
Lemma 3.1. Forr € (0,00) andn € Z,
Ry (r) =Ry (1/r),
H,(r)= H,(1/r)" L.

Proof. Fix n, and write S%(a,b) for the resistance in the z direction of Fy,, if it is composed
of anisotropic material with resistivity a in the z direction, and b in the y direction, and
define S¥(a,b) analogously. Then S*(a,b) = S¥(b,a), R%Z(r) = S*(1,r), Ru(r) = S¥(1,r),
S%(Aa, Ab) = AS%(a,b), and so

RE(r)=8"(1,r) = 8¥%(r,1) =rS¥(1,7 ) =rRY(+ 1).
Also,

_S8¥(1,r)  S8%(r,1) 1
©S%(l,r)  S¥(r,1)  Ha(r 1)

H,(r)
O

The following two propositions give the recursion relations which are the essential tools
for this section.

Proposition 3.2. Letr >0, n>1, and m > 2. Then

3 _
(3.1) () S RIS (L4 SR ()T 4+ AT R, ()
(32) RIS SR S (L g B ()7 AR ()7

where a1 = 8/3, A1 = 4/9.
Proposition 3.3. Letr >0,n>1, and m > 2. Then
6 as
(3.3) n-1(r) < 2 By(r) < (1 50) Ry (r) + A23™ Ry (7))
6 a
(34) Rl () < 2 RY(r) < (L+ 5 0) BY (1) + A3™RY_ (7).
where ag = 16/7, Ay = 4/21.

Remark. (3.1) and (3.3) are good bounds when H,(r) > 1, while (3.2) and (3.4) are good
when H,(r) < 1.

While we have, for clarity, given four separate inequalities, (3.2) and (3.4) are immediate
consequences of (3.1), (3.3) and Lemma 3.1. So we need only prove (3.1) and (3.3).

Definition 3.4. Denote the eight scaled copies of F,_1 which compose F,, by

Ai = ([¢/3, (i+1)/3] x [7/3, G +1)/3) N Fa, (i,4) € {0,1,2}°\ {(1,1)}.

11



The left hand side inequalities in Propositions 3.2 and 3.3 are easy — this is essentially
just a standard argument involving shorts and cuts. See [7], [6].

Proof of the left hand side of (3.1) . Define a potential v € C(F,) N H(F,) by
%Vrf—l(r)(?’m’?’y_j)) (may) EAO]" J=0,1,2,
o(z,y) =q 2+3Ve (r) Bz~ 1,3y —j), (a,9) € Ay, j=0,2,
% + %Vnw—l(’r)(?’w - 273y _]) ) (way) € A2j7 .7 = 07172'
Then v is continuous, and using (1.2) we have
Ri(r)™t < E(v,v)
5, V() 2V ) + 285, GV, 2, 0)

IA

6, .
7Rn—1(7') 1'

Proof of the left-hand side of (3.3) Define a current j € C(F,) by

.7(-'1: y): %szl(r)(3x_i73y_j), (xay)EAZ]v i:O71727 j:072,
’ 0, (z,y) € Ag1 U Ay .

Then it is easy to check that j satisfies the current conservation and the boundary conditions
given in Proposition 2.2, so that by (2.5), and the fact that A;; = 371F,_1, we have

. - 1, 1, 3
Ri(r) < B(,j) = 055, (575 1(r), 3 751(r) = 5 Ra1(r).

O

The proofs of the right hand side inequalities in Propositions 3.2 and 3.3 are more involved.

Proof of the right hand side of (3.1). As r will be fixed throughout this proof, we will
simplify notation by writing V,? = V. (r), J¥ = JZ(r), etc. Fixn >0, m > 2,set k=n—m
and recall our convention that V;¥ = V¥ if k < 0.

Set

90(377y) = ganl(?’a: - Za?’y _J) + ga if ("I:7y) € Aij7 (7’,]) 7é (171)

Note that ¢ € C(F,) N H'(F,) and

E145 N Fal(p,0) = g (R for (i) # (1,1).
Now let

1 (z,y) € Fo \ (Ap1U 421) ,
0, ($>y) € (Al)l U A21) \ (B;’gm—l U B;’zgm—lfl) )

z, = m m m z
¢( y) V'r?—m(?’ T = [3 $]73 (y - %))7 (:E, y) € (A(]l U A21) n Bm,gm—l )
V'n;y—m(?’mw - [3mw],3m(% - y))a (wv y) € (Aﬂl U A21) n -B::l’23m—1_1'
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We can check that ¢ is continuous, and so ¢ € C(F,)NH'(F,). Note that ¢, 1 are symmetric
about the line y = %, and that

(35) go(:c,y)+(,o(1—a:,y):1, ¢($,y):¢(1—$,y)
et (z,y) ¥(z,y) 0 <l o<y<i
_ T,y Z,Y), <$__> SY 9
(VR R A RPN DSt Bk

Continuity of v follows from that of ¢ and %, and (3.5); thus v € C(F,) N HY(F,). It is also
easy to see that v satisfies the boundary conditions (1.3). Noting that A;; = 371F, 1 and
using the symmetry of v, we have

(3.6) (R®)™' < &R, (v,v) = 4E[Agg N Fy](v,v) + 2E[Ag1 N Fy](v,v) + 2E[A10 N Fy](v,v).

As ¢ =1 on Ago U A1p we have for 7 =0,1,
1
(3.7) E[Aoj N Fy](v,v) = E[Aoo N Fu](p, ) = §R§_1(7‘)_1-

Now set G = [0, %] X [%, % +3™. Asyp=0o0n (41— G)N{y < %}, by the symmetry of G
and Lemma 2.4,
(3.8) E[Aw](v,v) = 2Eq(e¥, )

< 4llplcll%Ea(p, ¢) + 4lelclEa (¥, %)

= 4€a(p,0) + 5Ealh )

Using scaling and Lemma 2.6,
217m

(B

1 z z z
(39) 56'(907 ‘P) = §€[Bm—1,0 n Fn—l](Vn—b Vn—l) <

3m—1

while as G consists of segments, each congruent to 37" F,,_,,,

(3.10) Ea($,9) =3"TE(WV 1, Vil ) = 87N (R, )
Combining (3.6), (3.7), (3.8), (3.9), and (3.10) we deduce that
2\ —1 2 2 -1 4 —m+1 @ -1 4 m—1 Y -1
_ g z -1 § —m é m( pY -1
= S(@mo gt
O

Proof of the right hand side of (3.3). This proof uses similar ideas to the one given above,
but as we have to work with currents rather than potentials, it is a bit more complicated.
Define a vector field K! on F, by

J';f(?’w_i)?’y_j)a («'B,y)EAij,’l::O,Z,OSjSZ,

Kl A = . . )
(z,y) gjg(3m - 1,3y —j), (z,y) € A1;,7=0,2.

13



Then K! is piecewise continuous, and div(K') = 0 on int(4;;), for (i,5) # (1,1), but K! has
a jump discontinuity on the line z = %, Tz = % Thus, we have

3
Ki,(%—,y) = Jfrnz}a:(]-a?’y)v K::cl(%_hy) = 5J23(173y): NS [07 %]

We now modify K to obtain a current satisfying the conditions of Proposition 2.2. Essen-
tially, we use the current L, defined in Lemma 2.8, to move the excess current arriving at the
left hand edges of the squares Ajg, A12 to the right hand edge of Ag;.
Let L € BV (F,_1) N L?(F,_1) be L(®~1™=1 defined in Lemma 2.8. Recall that L = 0
except on B?n—l,o NF, 1. Put
Lo(way) = L(]- —z,1- y)7
Lz(xay) = (Lz’(l - :B)y)) _Ly(l - a:,y)),
LYe,y) = —-L°—I2
Since div(L) = 0 on B:JL—I,O N F, 1, we have div(L!) = 0 for 0 < i < 2. Define a vector field
K2 by
%L](3$73y_.7)7 (xvy)€A0]>OS]S27
K2($,y): 07 (Ji,y)EAlj,jZO,z,
%(ng(l - 33:,3?/ - .7)) _L§(1 - 311?,3:1,1 - J)): (a:,y) € A2j:0 S ] S 2.
Now let K = K' 4+ K?; then K € C(F,). To see this, note that for 0 < y < %,
KX (3-y) = 3Lb(1-,3y) = 3L.(0+,1 - 3y)
so that 3
K;(%_7y) + Kz(%_vy) = 5‘]1?1(1»3?/) = K;(%+7 y)

With a number of similar calculations, this shows that div(K) = 0. Therefore, using the
symmetry of F,, and K,

(3.11) R* < E(K,K) = 4E4,,(K,K) + 2E4,,(K,K) + 2E4,,(K, K),

and it remains to estimate the terms in (3.11).
Note first that

1 1 3 21 x 1 x
EA]O(K7K) = EA]o(K , K ) =\5 aftn—1= 741,
2 9 4
and 1
EAnl(KlaKl):EAoo(KlaKl): § 2—1-

Let H = [0,% -3 ™ x[0,1], and G = [% — 3*m,%] x [0,1]. As K? = 0 on H we have for
J=0,1,

Ea,,(K,K) = Euyna(K',K')+ Eay;nc(K' + K*, K' + K?)
Ea,, (K", K') + Eayync(K', K') + 2E4,,(K?, K?).

IA
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Using symmetry, and Lemma 2.7, for j = 0,1
Bagno K KY) = gB{Faa B JUF 1,72 1) < 2 ™ VRS .
From the definition of K2,
E 4. (K?, K?) = %EFR_I(L,L),
and

1
EAO] (K27 Kz) = %EFn—l (leLl)

1
%(ZEFn—I (Lov LO) + 2EFn—1 (L2> Lz))
1

= §‘EFn71 (L7L)'

IA

Finally, by Lemma, 2.8,
Ep, ,(L,L) <2 (m VR, 43m 1Ry

Therefore, substituting in (3.11),

IA

2
GEAUU (KlaKl) + GEAOOWG(K17K1) + gEFn—l (L7L) + 2EA10 (KlaKl)

IA

7 8 2

sRii+ 32 " Ri_+ 5(2—<m—1>R:;_1 +3m1RY_
7 16 4

—— 1 _2—m z _~ ompY )

which completes the proof of Proposition 3.3. O

3.2 Proof of Theorem 1.1.

Fix 7 > 0. The left hand inequalities of Propositions 3.2 and 3.3 imply, for n > k£ > 0,

n—k n—k
(3.12) T(r)7t < (g) R:(r)™', and RY(r) < (g) RY(r),
hence
(3.13) Hy(r) < 3 Hia(r), k20,

Since, by (3.12), we have RY_ () < (6/7)™ 'RY_,(r), for n > m > 1, it follows from
(3.3) that for n > m > 2,

7 RY_ (’r)>
Ri(r) < o (1“22’”*1423"”;7” Ry ()
6 Rz (r) !
7 —m 7 m T
< E 1+ ao2 + 8A202 Hn—l(T) Rnfl(”')a
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where 6 = 18/7. Similarly, we have
2 2 _
) <2 (14 a4 L H ) ) R0 a2 w2,

where 6; = 9/2. Combining these inequalities, we obtain

Hn—l(r)

3.14 Ho(r)> =210 pn>m>2,
where 7 N .

Now let m be large enough so that G,,,(0) < 1, and let 6, > 0 be such that G,,(6,,) = 1.
Let n be an arbitrary number satisfying 0 < 7 < é,,, and put @« = 1/G,,(n). We have
Gm(z)™'>a >1for 0 < z < 7. Hence, by (3.14),

(3.16) H,1(r) > aH,(r), whenever H,(r) <.

It follows immediately that there exists an integer ng > m such that H, (r) > n. Now if
k > ng and Hy(r) > %n, then if Hy(r) <n, by (3.16) Hp11(r) > Hy(r) > %'r]. On the other
hand, if Hy(r) > n then by (3.13) Hyy1(r) > %Hk('r) > %17. Thus in either case Hy41(r) > %'r],
and so, by induction, we deduce that

H,(r) > gn, for n > ny.
This holds for any n < é,,, hence
Hﬁgfﬂn(r) > gém .
Since this holds for any r > 0, and H,(r) = H,(1/r) "}, we also deduce that

lim sup H,(r) < g (6m) 1,

n—oo

proving the Theorem. O

Remark. A numerical bound for the asymptotic values of H,(r) is obtained by computing
6m- If we use the explicit values for the constants in G,,, we find G,,(0) < 1 for m > 5, and
that &5 > 2.03039 x 10~4, which leads to the numbers given in Section 1.

3.3 Proof of Theorem 1.3.

We begin with a lemma.

Lemma 3.5. Let f,(r), r € [0,00), n > 0, be a sequence of functions satisfying, for con-
stantsa >1,6>0,0 >1, ¢; € (0,00),

(3.17) Bfn-1(r) < fa(r) < Bfn-1(r)(L+ c127™ + rcoa™0"),

for allm > 1 and m > 2. Then if £ = log2/log(2a) there exist constants sg,c5, depending
only on «,8,c; such that

L BT (07)

<——~ <ex 655‘5 0< s<sg,n>1.
fo(a_ns) P( )7 ?
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Proof. Let n > 1 be fixed, and choose m; > 2 for 1 < i < n. Then iterating (3.17) we obtain
forr >0

n

B" < fu(r)/ fo(r) < B H(l +c127™ 4+ rczam"Oi) .

=1

So, setting r = 07 "s, k; = mp_;, ] = n — © we have
n—1 n—1
0 <log(B™"fn(87"s)/fo(67"s)) Se1 D> 27" + s Y akigTi.
i=0 i=0

Choose b > 0 such that 27% < 1 and a® < 6 (so b depends only on «a, ), let

_log(1/s)
log(2ar) ’

and let k; satisfy
a+bj<kj<l+a+bj, 0<j<n-—1

Then k; > 2 provided s < sg = (2a)~2. Thus

0 <log(B " fa(67")/fo(67"s)) < 1 27" ¥ +eosa®tT D (aP671)

i=0 i=0
= c3(a,0)27 + ca(e,0)a’s
= c5(a,0)s.

Proof of Theorem 1.3.
The left hand side inequalities of Propositions 3.2 and 3.3 imply that, for z = z,y

(3.18) Ry(r) ' < (6/T)"R§(r) ', Ri(r) < (3/2)"Rj(r).
It follows that (treating the cases m < m, m > n separately)

Ry _p(7) n
m < (7/6)(9/7)*r, n>1,m>1.

Therefore (3.3) implies that for n > 1, m > 2,
7 €T Z 7 T —m nom
ERn—l(T) < RI(r) < anfl(fr)(l + a2 ™+ 1r(7/6)A2(9/7)"3™).

So, by Lemma 3.5, taking f,(r) = Rx(r), 8 =17/6, 6 = 9/7, o = 3, &1 = log2/log 6, we
obtain
(3.19) 1< (6/7)"R2((7/9)"s) < exp(es®), n>1,s< sq.

Here sy =1/36 and ¢ € (0,00).
Using Lemma 3.1 and (3.19), we obtain, replacing s by s 1,

(3.20) 1< (2/3)"RY((9/7)"s)s ! < exp(es™©), n>1,s> sp .
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In a similar fashion we have, if n > 1, m > 1, k = max(n — m,0),

Bl < @/ 6/ < 160/ 1/
So, using (3.1), and replacing » by 1, for n > 1, m > 2,
SRy _1(1/r) ' < Ry(1/r)!

(3.21) < ZRE (1/r)7H1 +a127™ + 7 (241/3)(9/7)M(7/2)™) .

Taking f,(r) = RE(1/r)"Y, B = 2/3, 8 = 9/7, a = T7/2, &2 = log2/log 7, we obtain by

Lemma 3.5,

(3.22) 1< (3/2)"RE((9/7)"s) ! < exples ), n>1,5> s,

Using Lemma 3.1 this implies that

(3.23) 1< (7/6)"RY((7/9)"s)"1s < exp(es®?), n>1,5< sg.

Multiplying together (3.22) and (3.20) gives the theorem. O

4 Asymptotic behavior of effective resistances.

4.1 Statement of the results.
For the isotropic case r = 1, it is proved in [2] that there exists a constant p > 1 such that
(4.1) 47" <R, <4p", n>0,

where R, o RZ(1) = R%(1). (It is also proved there that 7/6 < p < 1.27656; calculations of

R,,1 < n <7 suggest that p ~ 1.25149. See [2] and [4]). The proof uses the inequalities
4 'R Ry < Ryym <4Rp R,, n>0, m>0.

The following proposition extends this result to the anisotropic case » # 1. Theorem 1.2
follows at once if we put m = 0 in Proposition 4.1.

Proposition 4.1. Forz==z,y,r>0,n,m € Z,

(4.2) Ry m(r)™' < 16p " (Ry(n) T + R ()7,

(4.3) Bipn(r) < 8" (RE(r) + RY(r).

Remark. The proof below also implies the bounds with R, in place of p” in both (4.2) and
(4.3).

To prove the Proposition, we first recall results proved in [2], which relate R, to the effective
resistances for crosswire resistance networks. For: =0,1,---,3" —1,and 7 =0,1,---,3" -1,

let A;; be the closure in R? of
(37" G+1)3 " x 537", (j+1)3"]) NFa,
and let
Sn = {(1’7]) € {0,17_-_,311,_1}2 :Aij 3&0}

18



Givena:{ai,j ;7::0,]_’...’3'"', j=0,1,'--,3n}, set

1 1
(4.4) aj=4"1) ) airajip

a=03=0
and define L1
KP@) = Y Y (aitajrs—ai)?.
(4,)€8 a=03=0

Define RY by
(4.5) (RPY™ = inf{KP(a) | a0; =0, aznj =1, j=0,1,---,3"}.
a

The notation RY is consistent with that of [2], and denotes the effective resistance of the
wire network obtained by replacing each board of side 37" in F,, by a diagonal crosswire of
4 unit resistors. Next let A;; and S, be as above. Assume that a set of numbers

J= {J’L]‘l] |7’2071773n _17 j:O717"'73n - 17 n= 172a374}
satisfies the following conditions:

Jijn =0, (4,7) €{0,1,---,3" —1}*\ S, n=1,2,3,4,

4
. -

Jizr,i1+ Jij3 =0, (4,5) € {0,1,---,3" — 1}%,
Jijr1,2+ Jija=0, (4,5) € {0,1,---,3" — 1}2 .

We regard J;;, as being the current flowing in the wire network G, obtained by replacing each
board of side 37" in F,, by a horizontal and vertical crosswire of 4 wires, each of resistance
%. With this interpretation (4.6) are the equations of current conservation.

We impose the following ‘boundary conditions’:

Jiog = Jign 14=0,1=0,1,---,3" — 1,
3n_1 3n_1

4.7
(4.7) E Joj1 = — Z Jan_1,3=1.
i=0 i=0
Put .
KS(J)= 1 JZ
D=5 D2 2 T
(4,5)€S =1
and

RE = iI}f{KG(J) | J satisfies (4.6) and (4.7). }.

The notation RS is consistent with that of [2], and denotes the effective resistance of the
network G,,.
From [2] (see Theorem 3.3, Proposition 4.1, Theorem 4.3 and (5.4)) we have

Lemma 4.2. Forn >0,

(4.8) RY < 4min(p", R,) < 4max(p", R,) < 8RD.
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4.2 Proof of Proposition 4.1.

It is sufficient to consider the case z = z, as the case z = y then follows immediately by

Lemma 3.1. We first prove (4.2). For ¢ =0,1,---,3" — 1, and j§ =0,1,---,3" — 1, let B;; be

the closure in R? of ([137™, (i +1)37"] x [j3™™, (j + 1)37"]) N Fyim. Then Fyyp = UBija
ij

and each non-empty B;; is congruent to 3 ™ F),,. Define four functions Yap,a=0,1,8=0,1,
on F,, by

s011($,y) = Vi(T)(w,y)V%(T)(w,y),

por(z,y) = (L=Vg(r)(z,y)) Vi(r)(=z,y),
p10(z,y) = Va(r)(z,y) (1=Vi(r)(=z,y)),
woo(z,y) = (L=Vg(r)(z,y)) (1-Va(r)(z,y)).

Note that Lemma 2.4, (2.3), and (2.1) imply

(4.9) Erp(Paps Pap) < 2 (Riy(r) ™' + Ry, (r) 7).

Given a set of real numbers {a;; | 0 < 7,5 < 3"}, with @;; defined by (4.4), define
v € C(Fpim) N HY (Fpym) by:

1 1
def _ ) . _
'U(m7y) :e a:ij + Z Z(ﬂlz+a,3+ﬂ — aq]) (pa,@(3n33 _ Z,Sny _ J) 7
a:Oﬁ:O
(z,y) € Bij, (3,5) € Sn-

Note that if (a;;) satisfy the ‘boundary conditions’ in (4.5) then v satisfies (1.3). Continuity
of v at the boundaries of the B;; follows from (2.4). Recalling that B;; is congruent to 3 "F,
for (3,j) € S, we have

an-{-m (v,v) = Z ‘SBU (v,v)
(,5)eS

= Y > (Gitajis i) (@it — 8 ER (Pap, Parp)
(i1)ES aBial B

1
< > X 5 {(@ita 8- 6i) € B (Paps Pap)
(i’j)esa’ﬂ7al’ﬂ'
+ (@itarjip — 8if) R, (Papr, Papr) }
= 4 > (Gitaj+s — 8ij) ER, (Pap; Pap)
(’i,j)ES aaﬁ
< 8 ) ) (aitajis— a;j) 2 (R%(r) "+ R%,(r) )
(’i,j)ES aaﬁ
< 8KP(a)(RE(r) '+ RY(r)Y),

where we used (4.9) in the last line. Hence, taking infimum over {a;;} and using (4.5) we
have

Ry m(r) ™ < 8(RD) (R ()T + RE(r)7Y),
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and (4.2) now follows immediately using (4.8).

We now turn to a proof of (4.3). Let B;; and S, be as above. Define currents I,,,
1< 7,7 <4, on F,, as follows. First, let

I3 = —I31 = Jo(r), Ioa = —Ipa = J3 (7).
Let Ii = (122, I12y) be the current L(m0) defined in Lemma 2.8, and let
Ly(z,y) = —In(z,y) = (Ii2e(z,1 — y), —T12y(z,1 - y)),

Isz(z,y) = —Ir3(z,y) = (—h2.(1 — 2,y), T12y(1 — 2,y)) , )
Ii3(z,y) = —Iza(z,y) = (I12:(1 — 2,1 — y), [igy(1 — 2,1 — y)), (z,y) € Fp

Finally we put I, = 0,7 =1,2,3,4. From Lemma 2.8 we have,
(410) EF ( 'y 7]') < an("') + Rgln(r) ) 77777’ € {1a 2) 3a4}
Note also that from (2.10) we have the boundary conditions
Il'r],w(O,y) = _Iﬂl,w(()?y) = J’rfzz("‘) (O7y)7 n= 27 3747
1277,1/(“370) = _In2,y($>0) = J'ryrzy(r)(mao)) n=1,3,4,

Ipe(1,y) = —Ip3e(1,y) = —JIne(r)(L,y), 71=1,2,4,
14777?!(:177 1) = "74ay(m71) = —J#Ly(r)(m;l), n=12,3,
while for the remaining combinations of the suffices, the corresponding quantities vanish.

Given {J;j,} satisfying (4.6), write Jf;n = 27 (|Jijn| £ Jijn)),

4

Z wjn Z tjn

and define a current I on F,,,, by

def 1 . .
I(z,y) = Z Z Jz-;ﬂjzm oy (3" — 1,3y — ),
77 01] =0
Then I € C(Fpim), so if {Jij,} satisfy (4.7), then by (2.6) we have
(411) n—l—m(T) < EFn+m(I I)
Recalling that B;; & 3 "F,,, (i,5) € S, we have
EFn+m(I7 I)

= Z EBij(I7I)

(i.5)€s

= Z hZJ2ZZ ijn zm' zJ£JZJ£'E( Ly Ieer)

(1,5)€S ' £¢'

-1 2 +
< 2 Z hi; ZZ iinTiin ijeTiie (B Fm (Lyyts ) + B, (Legrs Ieet))
(i,4)es m' €€
< (Bp,(r)+ RiL(r) Y A,
(1,5)€8
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where we used (4.10) in the last line.
Now by the Cauchy-Schwarz inequality,

hij =5 > il < O T2
n n

Hence
Ry n(r) < Ep, ,(I,1)
< (an("’)+R§’n("°))ZzJi2jn
< 2(Rp(r) + R%(T))I]{G(WJ)
< 2(Rp,(r) + Ry, (r)RY,
and using (4.8) gives (4.3). O

A Proof of Lemma 2.8.

In this Appendix, we will give a proof of Lemma 2.8. In fact we prove a more general result:

Lemma A.1. Let0 <k, <1 and0 < ky <1, and let B = ((0,k;) X (ky,1)) N F,, and

B = ((0,k;) x (0,1)) N F,,. Let vy < w1, vy < v} be constants, and let v* be the harmonic
€T

= 0 at the boundaries (in R?) of

n
B, except at ¢ = 0 and © = k., where the Dirichlet boundary conditions, v*(0,y) = v1 and
v*(kz,y) = vo are imposed. Define a current j* = (jg,jy) on B by j* = —R" Vv™, where the

function on B, with Neumann boundary conditions

constant R* s defined by the normalization condition f,:y J2(0,y) dy = 1. Similarly, let v¥ be

the harmonic function on B, with Neumann boundary conditions, except aty =1 and y = 0,
where Dirichlet boundary conditions v¥(z,1) = vy and v¥(z,0) = v] are imposed. Define

7V = (3¥,7Y) = —RY V¥, where RY is defined by / Jg(®,1)dz = 1. Then, there ezist two
0
disjoint open subsets of B, B® and BY, satisfying the following:

1. the boundary of B® contains ({0} x [ky, 1]) U (([0, k] x {ky}) NOB), and has no common
points with ((0,kz] x {1}) U (({k2} x (ky,1]) NOB),

2. the boundary of BY contains ([0, k;] x {1})U (({k2} X [ky,1])NOB), and has no common
points with ({0} x [ky,1)) U (([0, kz) x {ky}) N OB),

3. The vector field J defined by

i“(z,y), (=,y) € B®,
(A1) J(z,y) =4 j¥(=,y), (=,y) € BY,

0, otherwise,
is in C(B).
It follows, in particular, that

(A.2) Ep(J,J) < EB(5°,5%) + EB(5*,7%) -
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Proof. Note that with a linear transformation of the coordinate y' = y+/r, (2.2) becomes
the Laplace equation in the standard sense. Hence, the potential functions V,;* and V,} are
harmonic functions in the usual sense, with this change of coordinate. We assume this change
of coordinate in the following. With the change of coordinate, the domain F,, may no more
be a square, but it is still a rectangle shaped object, with rectangular ‘holes’ inside. To avoid
the clumsiness in the notation, we will keep the notations F, and assume that it is a square
[0,1]? with square holes inside. We will not use any symmetries specific to squares in the
proofs, and the results are directly applicable to the original problem.

Put v = R®*v® — RYvY. Since v is harmonic, there locally exists, around each point in
B, an analytic function u(z + yv/—1) def v(z,y) + v—1w(z,y), where w is the conjugate
harmonic function of v.

Note that for any closed path C in B, we have

]{ gradw - dz = f @ds =— @ds,
C C on 8'B on

where n is the unit normal vector and &' B is the boundary of B in the interior of C. In the
last equality, we used the fact that v is harmonic. Because of the boundary conditions on v
we see that this quantity is zero, hence w is single valued.

Denote the boundary of B by dB. (By a boundary of a set, we always mean, in the
following, that as a set in Rz.) Decompose 9B into the ‘external’ boundary of B defined by

OextB=0BN({z=0}U{z =k }U{y=k,}U{y=1}),

and the ‘internal’ boundary defined by 9;ntB = 0B \ ezt B. Decompose 0intB \ OcornerB =
0%, B, where OcornerB is the (finite) set of corner points of square ‘holes’ in B C F,,. By the
reflection principle of analytic functions (see the arguments in the Appendix of [2] for F,, with
boundary conditions dealt with here), we see that u(z) can be analytically continued to a

neighborhood of each point in B\ Ocorner B = Gext BU 05, B, and that at each zp € Ocorner B,
there exists an analytic function U in a neighborhood of 0, such that u(z) = U((z — 29)?/?).
We regard, in the following, u (and also v, w) as a continuous function on the closed set B,
analytic on B \ OcornerB.

Note also that similar considerations hold for v* on B and v¥Y on B O B in place of
v. We define w® on B and w? on B which are conjugate harmonic functions of v* and v?,

respectively, and put
u* (o + VTy) = v* (2,9) + VT 0*(2,y)
and
u?](w + v _1y) = vy($7y) + v _1,w2'l($’y) .
Obviously, we can fix constant ambiguities of conjugate harmonic functions to satisfy w =
R*w® — RYwY and v = R*u® — RYuY.

Decompose Oc,: B into 4 parts and put ey = 9eae B N {z = 0}, €2 = Gear BN {y = ky},
€3 = 6e:ctB N {:11 = kw}7 €4 = aeth n {y = 1}

Define 2 disjoint open subsets B*, BY of B by B” def {(z,y) € B | w(z,y) > w(0,1)} and
B {(z,y) € B |w(z,y) < w(0,1)}. We will prove that B* and BY satisfy the statements
of the Lemma.

A point (z,y) € B\ OcornerB is said to be a critical point of v* if Vv®(z,y) = 0, or
equivalently, u*'(z) = 0. By the uniqueness theorem on analytic continuation, we see that
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there are at most a finite number of critical points in B \ OcopnerB. (The possibility of
accumulation of critical points to a point in OcopnerB is ruled out by considering the uniqueness
theorem on U?®, the function corresponding to U defined above.) Denote the (finite) set of

x
crit”

critical points by A
a T
Note first that, by assumption, we have v*(z,y) < wv1, from which follows %(O,y) <

8 T
av (0,y) = 0. These results and the
Y

fact that the number of critical points is finite imply, with the Cauchy—Riemann relation,

0. The boundary condition v*(0,y) = v; implies

ow®
that a—(O,y) < 0 except for at most finite number of ys’. Note also that we have, for
Y

o
vY, the boundary condition aL(O,y) = 0. With the Cauchy—Riemann relation we have
z
ow? ow”® ow?
- 0,y) - R —
dy dy dy
at most finite number of points on e, consequently, w(0,y) > w(0,1) for ky <y < 1. wis a
continuous function on B, hence we see that e; is contained in the boundary of B® and has

(0,y) = 0. Therefore we have g—w(O,y) = R" (0,y) < 0, except for
Yy

no common points with that of BY except for a point (0,1). The positivity of R* and RY are
consequences of the fact that the assumptions imply that R and j* (or RY and j¥) satisfy a
relation analogous to (2.6) and (2.7).

Similarly we deduce that ey is contained in the boundary of BY and has no common points
with that of B* except for a point (0,1).

To prove that e3 is contained in the boundary of BY, first note that, by the Cauchy-
Riemann relations and the boundary conditions on v* and vY and the normalization condition
on j¥, we have

ks
w(ky,1) — w(0,1) = / 9 o 1) da
0 823

ke x v kg
=/ —Rwai(:v,l)—i—RyaL(a:,l)da::—/ j¥(z,1)dz = —1.
0 dy Ay o 7

Y

v
Then we have, using Cauchy-Riemann relations and the assumption that B 0 on eg,
z

w(kw7y1) - w(O,l) = w(kzay) _1 w(kwa 1) -1

ov
=— | (ks,y)dy—1= 2 (ko y) dy — 1.
; Bx( y) dy /y]( y) dy

Using divj® = 0, the Gauss—Green formula, and the boundary conditions on v%, we see that

1
/ Ja (kayy) dy = / J2(0,y) dy = 1. Therefore,

ky ky

Y
(A.3) w(ke,y) — w(0,1) = - / 52 (ks y) dy.

ky

8 T
By assumption, v*(z,y) > vg, from which follows %(kw,y) < 0. The boundary condition
z

v® (ky,y) = vo implies aai(kz, y) = 0. These results and the fact that the number of critical
Yy

T

ov
points is finite imply, j3(ks,y) = —Rma—(kw,y) > 0, except for at most finite number of
x
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points. With (A.3) we see that w(k,,y) < w(0,1) on e3\(kz, ky), implying that e3 is contained
in the boundary of BY, and has no common points with that of B* except for (k;, ky).

To prove that ey is contained in the boundary of B*, (and has no common points with
that of BY except for (k,,ky),) it suffices to prove w(z,k,) > w(0,1) on ez \ (kz, ky). By an
analogous argument to those above we obtain

1 aw 1
w(O,ky)—w(O,l)Z—/k 6—y(0,y)dy=/ Jz(0,y)dy=1.

Yy k’y

T

0
Noting the boundary condition ai(:c, ky) = 0 on ez, we therefore see, with the Cauchy—
Yy

Riemann relations, that

* ow

€T
w(z,ky) —w(0,1) = / —(z,ky)dz+1= —/ Jy(@,ky)dz + 1.
o Oz 0
Hence w(z,ky) > w(0,1) on e2 \ (kz, ky) holds if we can show

(A.4) / Jy(@ ky)dz <1, 0<z<k,.
0

B2
Suppose / jy (@, ky) dz > 1 for some (zo, ky) € €2 \ (ke, ky), and put
0

= {(a,y) € B|w(,y) = (z0, ky)}

Since w? is a harmonic function on B, £Y is a smooth curve (or a set of smooth curves) in
B, whose tangent is proportional to Vv¥Y, which implies that vY is strictly monotone on £¥,

hence it is not a closed orbit, and separates B in domains with w¥(z,y) > w®(z¢, k) and
ovY
with w¥(z,y) < w®(zg,ky). The boundary conditions 9% — 0 on the edges ¢ = 0 and

z = k, imply that w¥ is constant on these edges, so that Zywca.nnot have endpoints on them.
Therefore there is an endpoint of £¥ on the edges {(z,0) |0 < z < k,}U{(z,1) |0 <z < k,}.
Let (z1,1) be an endpoint of #¥, satisfying 0 < z1 < k;. (The case that the endpoints are only
on the edge y = 0 can be handled similarly.) There is a connected piecewise smooth curve
¢! C ¥ U 8¢, B which connects (2o, ky) to (z1,1). Consider the subset of B bounded by #',

int
e2, e1, and eq. Applying the Gauss—Green formula and the current conservation divj¥ = 0,

and noting that j¥ - n =0 on £¥' and e;, where n is a normal vector, we see that
1 0
(A.5) /0 jy(z,1)dz = /0 Jy (@, ky)dz > 1.

Y Y
On the other hand, v¥(z,1) = vj < v¥(z,y) implies %L(a:,l) > 0, and %L(a:, 1) = 0. This
y T

implies (with an argument similar to one which led to w(0,y) > w(0,1) for ky <y < 1) that
jfj(x, 1) > 0,0 < z < k,, except for at most finite number of points. Hence

] kz
/ jg(a:,l)d:czl—/ jy(z,1)dz < 1.
0 z

1

This contradicts (A.5). Hence (A.4) is proved.
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We are left with the statements on J defined in (A.1). Since j* and j¥ are in C(B),
it follows at once that J is square integrable and of bounded variation. To prove that
divJ = 0, let f be an infinitely differentiable function on B with compact support. Using
(A.1), divj® = divy¥ = 0, and the Gauss—Green formula [12, p.340] in turn, we have

/fdiv]da:dy:—/(Vf)-dedy

B B

—- [ (@nqdedy- [ (95 sy
Be BY

=—/ div(fjm)da:dy—/ div(f j¥) dz dy
z BY

=— fi% -nds— f7¥-nds,
doB*® dBY

where n is the unit normal vector to the curves 0 B® or 0BY, in the outward directions of the
domain B® or BY. Since f has compact support on B, the contribution to the line integration
from OB is zero. On the other hand, the function w is analytic in B, hence,

¢ ¥ (8B*)\ (8B) = (8BY) \ (8B),

and w(z,y) = w(0,1) on the curve £. Note that Vv = —RYVvY + R*Vv® = j¥ — j*. By
Cauchy-Riemann relations we know that Vv - Vw = 0. Hence we have (¥ — %) -n = 0 on
£, where n is the unit normal vector to £, with same sign as n for §B®. The normal vector n
has opposite signs on dB* and dBY. Therefore,

/fdidea:dy:—/f(jz—jy)-nds:O,
B l

which proves divJ = 0.
The estimate (A.2) now follows since

Er,(J,J) = Ep=nr,(J,J) + Epvnr, (J, J) < B, (5°,5%) + Er, (5%, 5%) -
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