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Abstract

The enumeration of polyominoes and lattice site and bond animals is a famous problem
in enumerative combinatorics. General polyominoes and animals of arbitrary size have not
been enumerated on any regular lattice in two or more dimensions; in fact after more than
40 years of intensive study there are still very few rigorous results. In light of the difficulty of
these problems it is not unreasonable to ask what we may do in order to make some progress
towards a solution. Three possible options we explore in this thesis are:

e analyse the problem numerically,
e determine properties of the solution without actually obtaining the solution, and

e solve similar problems.

Roughly speaking this thesis is divided into five problems falling across these three areas.

e We develop a method for the investigation of certain properties of anisotropic gen-
erating functions of families of bond animals on the square lattice, including many
important unsolved models. It has been suggested (on the basis of numerical evidence)
that some of these properties are intimately linked with the solvability of a model.
In the case of self-avoiding polygons we are able to use this method and refine its
results to prove certain facts about the analytic structure of the generating function.
These imply that the anisotropic generating function of self-avoiding polygons is not
differentiably-finite.

e The most elegant technique (to date) for the enumeration of directed animals is based
on a correspondence between these animals and certain heaps of dimers, called pyra-
mids. By extending this correspondence we are able to define and solve several new
classes of polyominoes on the square and triangular lattices that are exponentially more
numerous than any previously solved.

e The study of polyominoes has mainly focused on their enumeration according to their
most basic geometric properties — area and perimeter — and a large number of mod-
els have been enumerated according to both of these parameters. By contrast there
are very few results concerning the site-perimeter of polyominoes; site-perimeter is of
considerable interest to physicists since it plays an important role in the study of per-
colation models. Using a variation of the column-by-column construction known as the
“Temperley method”, we solve bargraph polygons according to their site-perimeter; all
previous site-perimeter results concern families of convex polygons.

e We investigate functional symmetries, known as “reciprocity” and “inversion rela-
tions”, in the generating functions of a number of families of polygons, including sev-
eral families of column-convex polygons, three-choice polygons and staircase polygons



with a staircase hole. In so doing, we establish a connection between the reciprocity re-
sults known to combinatorialists and the inversion relations used by physicists to solve
models in statistical mechanics. For several classes of convex polygons, the inversion
(reciprocity) relation, in conjunction with certain symmetry and analyticity properties,
completely determines the anisotropic perimeter generating function.

We investigate restricted self-avoiding walk models in three dimensions; in particular we
examine the effect that small changes to the model have on its asymptotic behaviour.
The two-dimensional case has been well studied and previously it has been argued
that the universality class (i.e. the dominant asymptotic behaviour) of the restricted
walk model is determined primarily by the symmetries of the restricting rule. In
order to search for a connection between the symmetries of the rules and possible new
universality classes in three-dimensions, we have chosen a number of different restricted
self-avoiding walk models and analysed them using computer enumeration and series
analysis. We argue that no such link exists in three dimensions and we conjecture that
there exists only one important universality class.
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1.1. Placing tiles

1.1

Placing tiles

Consider an infinite square grid®, and some unit square tiles.

Figure 1.1: A portion of the infinite square grid, and some square tiles.

This thesis (and a good number of other theses and articles) is motivated by the simple
question:

Question 1. How many ways can we place a finite number of tiles on the square
grid?

Rather than leaping in at the deep end, let us start with a simpler question:

Question 2. How many ways can we place a single tile on the square grid?

Figure 1.2: A placement of a single tile on the square grid.

'Due to limitations of space, we cannot show all of it here.
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Since there are an infinite number of cells on the square grid, and a single tile can be
placed on any of them, there are an infinite number of ways we can place a single tile. All
of these different ways, however, are equivalent under translation — there is only a single
way to colour a single cell (up to translation). In the same way, both of the arrangements in

Figure 1.3: These two arrangements of five tiles are equivalent up to translation.

figure 1.3 are equivalent under some translation. In light of this, let us modify question 1:

Question 3. How many ways (up to translation) can we place a finite number
of tiles on the square grid?

We know that there is only a single way to place a single tile (up to translation). What
about placing two tiles? Consider the three arrangements in figure 1.4. The tiles in the
first two arrangements (left and centre) touch, while in the last the tiles are separated by
at least a single lattice spacing. It is not difficult to see that there are only two connected
arrangements of two tiles. Let us define connectedness a little more carefully:

Figure 1.4: The first two arrangements are the only possible connected arrangements of
two tiles. Disconnected arrangements pose problems — there are an infinite number of
disconnected arrangements of two tiles.
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Definition 1.1.
We say that an arrangement of tiles, P, on the square grid is connected if for any two tiles
in P there exists a path (made up of unit steps north, east, south or west) from one tile to
the other, that stays completely within P (see figure 1.5).

If an arrangement of n tiles is connected, then we call it an n-celled polyomino, or
a polyomino of area n. Unless explicitly stated otherwise, we will consider polyominoes
defined up to translation (i.e. if polyomino #1 can be mapped to polyomino #2 under some
translation, then we will consider them to be the same).

The name, polyomino, was introduced by Golomb [74], and is the generalisation of domi-
noes.

Figure 1.5: The arrangement on the left is connected, while that on the right is not.

Lemma 1.1. For finite n, there is alwags a finite number of polyominoes of area n. More
specifically, there cannot be more than (’;) polyominoes of area n.

Proof. A polyomino of area n must always be contained within a square “box” of side-length
n; this box contains n? 2(:ells. Every polyomino is a choice of n cells from within this box and
so there are at most (T:L) polyominoes of area n. -

On the other hand, we can easily create an infinite number of disconnected arrangements
of two tiles — take the single arrangement of a single tile, and then place another tile n cells
to its right, where n is some integer strictly greater than 1. Using similar reasoning, it is not
hard to see that there will always be an infinite number of disconnected arrangements of n
tiles (for finite n > 2) .

Since there are always a finite number (up to translation) of polyominoes of area n, and
an infinite number of disconnected arrangements of n tiles, we modify question 3:

Question 4. How many different polyominoes (up to translation) of area n can
be constructed on the square grid?

Before we consider what is known about the number of polyominoes, let us first consider
what we would accept as a solution to question 4.

4
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Figure 1.6: The 6 possible polyominoes of area 3.

Question 5. What constitutes a solution to question 4%

Rather than delving into a deep discussion of computational complexity and mathematical
philosophy, we will attempt to answer this question in a heuristic? way.

Any answer to question 4 must be a two step process of the form:
1 — choose some n € N.

2 — put this n into some sort of machinery® and after some finite amount of time it returns
the number, ¢,, of polyominoes of area n.

This “definition” of a solution clearly allows a very wide range of possibilities — ideally
we would like to find the “best” possible solution, however this is really hard to define. It is
much easier to start with the “worst” type of solution. Perhaps the “worst” way* in which
we can compute ¢, is to use brute force to list all of the polyominoes with n cells; ¢, is then
the length of the list>. For many problems no better method is forthcoming and this “worst”
method is in fact the best available.

Any method that is “faster” than this “worst” approach (particularly when n is a large
number) is, in some weak way, a solution; combinatorialists consider a nice solution to be
one of the following:

e a closed-form expression for ¢, that is “easy to evaluate”,

e a closed-form expression for the generating function,

n

1@ =3 et or @)= curs

that is “easy to evaluate”®, or

2j.e. hand-waving,.

3Tt could be a mathematical, virtual, quantum. . .it really doesn’t matter.
4Other than giving up.

5 Any method that is “slower” than this really is worthless.

6Since ¢, = 2#7” $ qfn(—fﬁ)ldq, we can recover ¢, from the expression of f(gq) or e(q).

5
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e an algorithm or recurrence that computes ¢, “efficiently” (and may be equivalent to a
closed-form expression for ¢, or the generating function).

By an expression being “easy to evaluate” we mean that evaluating the expression should
be substantially faster than the brute force method — if we wish to compute all the elements
in a set S, then a solution of the form

1S1=>)"1,

TEeS

is equivalent to brute force and so is almost completely worthless.

Another slightly different way of “solving” a polyomino problem (which we do not explore
in this thesis) is to somehow map the original problem to a new problem that can be solved.
A solution to the new problem may not give us a means of calculating c,, but it may give us
exact values of other quantities of interest, such as growth constants and critical exponents
(see section 1.2.2 below).

As an example of the different forms of a solution, let us consider the simpler question
of permutations:

Question 6. What is the number, s,, of ways of ordering n objects?

The “worst” solution to this problem of computing s, would be to list all the possible
permutations using a computer program (or, heaven forbid, by hand). A better solution
would be to show that the numbers s,, satisfy the recurrence

So = L
S, = MNSp_1 for n > 1. (1.1)

Solving this recurrence gives a closed-form expression for s, that is very easy to evaluate:
Sp =n! (1.2)
Alternatively we could solve the recurrence for the (exponential) generating function,
q" _ n_ 1
D s =2 4" =1 (13)
n>0 n>0

Any solution to question 4 that took one of these three “compact” and “efficient” forms
(i.e. aclosed form expression for the coefficients or the generating function, or an efficient al-
gorithm) would be most welcome. In this thesis we will almost exclusively consider solutions
in terms of generating functions.
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Question 7. What do we know about the number of polyominoes?

In one dimension, it is easy to see that there is only a single n-celled polyomino for any
given n. As soon as one ventures into two or more dimensions, however, the answer is not
so simple; it may come as a surprise that the answer to question 4 remains elusive even
after more than 40 years of intensive study [75, 104, 151]. Arguably the strongest rigorous
result on the number of polyominoes concerns their asymptotics. Let ¢, denote the number
of polyominoes of area n on the square lattice. A concatenation argument [105] shows that

Cntm = Cn Cm Vn,m € N.

Combining this with a better upper bound than that given in lemma 1.1 implies that there
exists a constant u, sometimes called Klarner’s constant, or more generally growth constant
and connective constant, such that

1/n

lim (c,)
n—0o0

:/’L'

The exact value of p is unknown, though numerical studies [44, 99] have shown that p ~ 4.06.
The best published bounds’ for u [99, 107] are

3.9 < u < 4.65.

It is a measure of the complexity of polyomino enumeration that after more than forty years,
the rigorous bounds on p are so wide (we only know it to within around 20% of the value
predicted by numerical work).

The existence of u tells us that the number, c,, of polyominoes of area n grows expo-
nentially with n; for any i < p we have (for sufficiently large n) ¢, > g". There are lots
of them! Tt also allows us be a little more specific about what we would require of a good
solution to question 4.

Since the number of polyominoes grows exponentially, the time taken by a brute-force
approach must also grow exponentially (time = O(u")). Consequently, any method that
evaluates ¢, in either bounded time (time = O(1)) or polynomial time (time = O(n%),
for some o € R") would be a very good answer to question 4. Even an exponential time
algorithm (time = O(A"™), for some 1 < A\ < u) would be, in some weak sense, a solution. The
best “solution” to date (in two dimensions) is an enumeration algorithm based on the finite
lattice method [44] — this still requires exponential time and space®, but is exponentially
faster than brute force enumeration.

Since the enumeration of polyominoes (and related objects) in one dimension is trivial,
in this thesis we mostly consider enumeration problems in two dimensions (on the square,
triangular and honeycomb lattices).

"This topic is evolving rapidly; see Steve Finch’s web page on mathematical constants for up-to-date
information ( http://www.mathsoft.com/asolve/constant/constant.html )
84.e. the amount of computer memory required to compute ¢, also grows exponentially with n.
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1.2

If counting polyominoes is hard, what else can we do?
Ideally® we would like to be able to write in this introduction something along the lines of:

“In chapter k we give our polynomaial time algorithm for the computation of the number
of polyominoes of area n.”

The history of polyomino enumeration on the square lattice would suggest that our
attempts at finding a solution are likely to be frustrated!?, and indeed a quick look at the
table of contents will tell you that we cannot make any such claim (without lying).

Question 8. If we cannot solve the problem then what can we do?

Three possible options are:
e analyse the problem numerically,
e determine properties of the solution without actually obtaining the solution, and
e solve similar problems.

Roughly speaking, this thesis is divided into three different areas, each exploring one of these
possibilities.

1.2.1 Numerical analysis

Many problems are too difficult to be tackled analytically, and often the most appropriate
avenue to take is some sort of numerical analysis or random simulation. Even if we are unable
to solve a model, it is frequently possible to write a reasonably fast computer algorithm
to provide us with the first NV coefficients of the generating function, ¢y, cs, ..., cy, either
exactly'! or to a good approximation'2.

It is sometimes possible, from the first NV terms (if they are exact), to somehow “see” the
pattern in the coefficients and hypothesise a solution (which can then be proved by other
means). More usual is to use the data to explore the asymptotic behaviour of the model.
One can make some assumption about the asymptotic form of the coefficients such as

Cp ~ Au"n” as n — 0o,

9In a perfect world where our brains are larger. .. well even this may not be enough; no-one has proved
that a good solution exists.

10This is an understatement of the extreme difficulty that has been encountered by those venturing into
this area of enumerative combinatorics.

Tn which case N is probably a small integer, probably well under 100.

12Tn which case N is probably much larger, but the error bounds on the estimates of the coefficients also
become larger and larger with N.
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and then fit the data (exact or approximate) to this form and so obtain estimates of various
quantities such as the growth constant or the mean geometric size'® of the objects. Indeed
for many purposes the asymptotic behaviour of a model is arguably more interesting than
the existence of an exact solution (particularly if we are modelling some sort of physical
problem). Of course, an exact solution is more useful than a knowledge of the asymptotic
behaviour, since one can (usually) extract the asymptotic behaviour from a solution but not

vice-versald.

1.2.2 Properties of the solution

In many cases it is possible to determine various properties of the solution to the problem
we are interested in without actually obtaining that solution. Asymptotic behaviour is one
of the most important. For example, the existence of the growth constant, u, tells us that
the coefficients, ¢, must be of the form

cn = p"8(n), (1.4)
for some function #(n) that satisfies

lim A(n)Y/" = 1.

n—0o0

It is believed (but not yet proved) that ¢, should actually behave like
cp ~ Ap"n ! as n — oo, (1.5)

where 7 is called a critical exponent. This asymptotic form is expected to hold for polyomi-
noes and a great number of other models.

In the case of the self-avoiding walk (SAW)[121] the exact value of the exponent 7 is
known in two dimensions (but not rigorously) because of a connection, first observed by
de Gennes [47], with a magnet model called the N-vector model. In the limit N — 0
this magnet model (in d-dimensions) reduces to the self-avoiding walk (in d-dimensions).
Nienhuis [125] was able to calculate the exponents of the N-vector model in two dimensions
for general N, and found that v = g—g (when N = 0). This same technique also gives the
SAW length exponent v = 3/4 (see below), and the growth constant on the honeycomb
lattice as 1 = v/2 + /2.

Some knowledge of the analytic structure of the generating function may also be of
use; there exist many techniques for “discovering” solutions from the first few terms of the
generating function (such as NEWGRQD [80], GFUN and MGFUN [92]). These techniques
rely on the solution satisfying simple differential or algebraic equations. If we can show that
solution has certain properties that mean it cannot satisfy such an equation then we will
not be able to “guess” the solution using these techniques, no matter how many terms we
obtain.
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i.e. on average how wide are they? And how does this width change with n?

M Extracting asymptotic behaviour from a solution is not necessarily trivial — indeed for the problems
described in chapter 6, we expect the asymptotics to be rather simple, but the form of the solution makes
proving this rather difficult.



1.2. If counting polyominoes is hard, what else can we do?

1.2.3 Solve similar problems

Perhaps the most obvious thing that we can do when presented with a hard problem is to
first try to solve a similar, but simpler problem. By solving simpler models we develop tech-
niques and ideas that help us understand the original problem. In the study of polyominoes
(arguably) the most successful line of research has been the enumeration of simpler subsets
of polyominoes. By enforcing additional restrictions, such as directedness or convexity, the
set of polyominoes can be reduced until it is solvable. Many of these similar problems are
interesting in their own right. Consider, for example, directed polyominoes (we will describe
them in detail in chapter 4). Directed polyominoes must contain a single tile called the root
or source from which all the other tiles can be reached by paths taking only north and east
steps (see figure 1.7); this particular model has been solved. Directedness arises naturally
in models which are subject to strong forces such as gravity, and can also be used to model
time dependence (since objects cannot move backwards in time). Dhar [54, 55| showed that
certain directed polyomino models are connected to certain gas models. i.e. it is important
for reasons other than that it lets us solve the model — it is not just a consolation prize.

In the next section we list some variations of the basic polyomino problem that have been
studied. It should be noted that subclasses of general polyominoes (certainly all the solved
subclasses) have smaller growth constants (directed polyominoes have a growth constant
u = 3). Part of the challenge of enumerating subclasses is to enumerate large subclasses
with growth constants close to those of general polyominoes.

Root
Figure 1.7: If there exists a single root cell, from which all the cells of the polyomino can be
reached by a directed path, then the polyomino is a directed polyomino.

Let us now examine some of these objects related to polyominoes.

10
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1.3

A taxonomy of the animal kingdom
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Bond — Cell | L
Little pictures on grids
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Polyominoes Site animals Bond animals

Figure 1.9: Little pictures on grids give rise to polyominoes, site animals and bond animals.
Site animals and polyominoes are equivalent under a duality transformation.
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1.3. A taxonomy of the animal kingdom

Consider again the square grid (see figure 1.8). On this grid there are three basic graph-
theoretic objects — faces, vertices, edges. In the polyomino (and associated) literature, these
objects are usually referred to as cells, sites and bonds, respectively. Just as we constructed
polyominoes from cells, we can construct all sorts of connected objects on the grid from
combinations of cells, sites and bonds. Let us first consider objects constructed from just
one of these three things.

Definition 1.2.
In the same way that a polyomino is a connected union of cells, we define:

ea site animal is a connected union of sites, and

ea bond animal is a connected union of bonds.

Site animals and polyominoes are closely related objects — if we replace each cell of
a polyomino with a site at its centre, a polyomino is replaced with a site animal on the
dual lattice' (see figure 1.10). Consequently if a family of polyominoes can be enumerated
according to their area, then the corresponding family of site animals is also solved.

Figure 1.10: Polyominoes with square and hexagonal cells, and the corresponding site animals
on the dual lattices.

In this section we describe some of the most commonly studied site animals, bond animals
and polyominoes; self-avoiding polygons or SAPs (see [121] for example) take a special place
in this classification, since they are defined both as bond animals and polyominoes (see
figure 1.11). If we consider the perimeter of the polygon then:

Definition 1.3.
A self-avoiding polygon is a bond animal for which every vertex visited by the animal is
of degree 2. Alternatively it is the embedding of a simple closed loop into the square grid.

On the other hand, if we consider the interior of the polygon then:

Definition 1.4.
A self-avoiding polygon is a polyomino with no holes; all cells that are not a part of the
polygon, must be connected to oco.

12



1.3. A taxonomy of the animal kingdom

Bond animal Polyomino

Bond-cell animal

Figure 1.11: Polygons: If we consider only the perimeter, then a polygon is a bond animal.
If we consider the interior (area), then a polygon is a polyomino. If we consider both area
and perimeter, then a polygon is somehow a bond-cell animal.

Polyominoes, site-animals, bond-animals and self-avoiding polygons remain unsolved in
two dimensions and higher; the best solutions remain either brute-force methods or algo-
rithms that are exponentially faster than brute-force, but still require exponential time. It is
not certain that any of these models do have a “nice” solution; no-one has proved that ¢, can
be computed in polynomial time. Imposing topological restrictions on these models allows us
to make some progress; if we simplify the possible animal and polyomino “topologies” then
we can find solutions. Indeed all solved models have strict topological restrictions; with the
exception of only two'® all are either directed or conver or both (see below and chapter 2).

Below we give a taxonomy of these models, both solved and unsolved, which we have
divided into three parts:

e site animals and polyominoes — enumerated according to area (number of sites or
cells),

e bond animals — enumerated according to the number of bonds,

e polygon models — enumerated according to perimeter (number of bonds) and area
(number of cells).

Since polygon models can be considered both as polyominoes and bond-animals, it makes
sense to describe them separately. Further since there are a large number of polygon models

15The square grid is dual to itself, while the dual of triangular grid is the hexagonal grid (and vice versa).
16Spiral walks on the square and triangular lattices [90, 100, 157, 15, 101] and 3-choice polygons on the
square lattice [42].
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1.3. A taxonomy of the animal kingdom

to describe we have given the majority of their definitions in chapter 2. One could construct
more complicated objects, however we do not explore this possibility in this thesis.

By far the majority of polyomino and animal results are for the square lattice, and it
should be assumed (unless stated otherwise) that the definitions and results described below
are for the square lattice.

1.3.1 Site animals and polyominoes

L e
oo

o o
eeooe

----

. . .
Site animals

Polyominoes\q
,*'.

(
oo o PSR Polygon models
°

° o
°© o oo
eoo0o00
Directed site animals Directed polyominoes

Figure 1.12: Polyomino and site animal taxonomy. Directed site animals and polyominoes
have been solved. Polyominoes also give rise to polygon models.

There is only one solved family of site animals and polyominoes (that is not a family of
17.

polygons) — directed polyominoes'’:
Definition 1.5.

A polyomino is a directed polyomino if there exists a cell, called the root or source, from
which all other cells can be reached by a path (remaining inside the polyomino) that takes
only north and east steps. The definition of directed site animals is similar.

Directed animals enumerated according to area were first solved on the square and triangular
lattices'® by Dhar [54, 55] (using a formal connection with lattice gas models) and Gouyou-
Beauchamps & Viennot [76] (by more combinatorial methods). The proof was substantially
simplified by Bétréma and Penaud [12, 13, 129]; this proof has been extended to take the right
half-width into account (see chapter 4). The generating function of directed animals, counted

170One can also solve directed polyominoes whose cells lie on or below the line y = z; these arise in the
solution of directed polyominoes.
18Using lattice duality square and hexagonally celled directed polyominoes are also solved.
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1.3. A taxonomy of the animal kingdom

according to their area and number of cells only supported from below'® has been solved
(both on the square and triangular lattices) using the connection between two-dimensional
directed animals and one-dimensional gas models [25]. Directed animals on the hexagonal
lattice (and polyominoes on the triangular lattice) have not been solved (possible reasons
for this are discussed in [46]).

One of the few animal results in higher dimensions are directed site animals on a cubic
lattice. Dhar [55] showed that a model of directed animals on the cubic lattice (in which
nearest-neighbour and next-nearest neighbour steps are permitted) is equivalent to a statis-
tical mechanical model called the hard-hexagon model which was solved by Baxter [8].

As noted above almost all solved models are either directed or convex or both. The largest
families (in terms of their growth constants) with these properties — directed animals and
column-convex polyominoes? (see chapter 2) — have been solved. Consequently if we are
to find or invent larger classes of solvable animals and polyominoes, we must look beyond
convexity and directedness. In chapter 4 we define and solve three new larger classes of
triangular lattice animals (and two on the square lattice) that are neither convex nor directed;
the starting point for this is the beautiful mapping between directed animals and pyramids
of dimers first observed by Viennot.

1.3.2 Bond animals

Like polyominoes and site-animals, bond animals remain unsolved in two dimensions and
higher, it therefore makes sense to consider bond animals with simpler topologies (see fig-
ure 1.13):

Definition 1.6.

e Directed bond animals are bond animals in which all bonds can be reached from
the vertex at the origin by a path (remaining inside the animal) that takes only north
and east steps.

e Lattice trees are bond animals that contain no closed loops.

e Self-avoiding walks (SAWs) are bond animals with a linear topology. Alternatively
they are bond animals, such that every vertex visited by the animal is of degree 2,
excepting two vertices (the endpoints) which are of degree 1.

Unfortunately these restrictions have not been sufficient to lead to a solution in any dimension
higher than one. It is curious that directed bond animals are yet to be solved when directed
site animals have been solved for almost two decades; we discuss possible reasons for this in
chapter 3.

Self-avoiding walks (SAWSs) are of considerable importance as a model of linear polymers
(see below) and have been intensively studied for many years. Even though no exact solution

9A cell is supported only from below if there is another cell directly below it, but no cell directly on its
left.
20Column-convex polyominoes are always polygons.
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Figure 1.13: The bond animal kingdom — the only solved models (other than polygon
models) are spiral walks (on the square lattice, and one of the three possible models on the
triangular lattice), partially directed walks and directed walks.

has been forthcoming, a great deal is known about them, by both rigorous and numerical
methods (see [121] and references within) — for example, the connection between SAWs and
the N-vector model [47] gives (non-rigorously) both the critical exponents v and 7 in two
dimensions, and the growth constant on the honeycomb lattice [125].

Many modified walk models have been introduced to mimic various physical situations
and to allow for easier analysis. These modifications can lead to changes in the asymptotic
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1.3. A taxonomy of the animal kingdom

behaviour of the model. A large family of modified SAW models are two-step-restricted
walks (TSRWs). A TSRW is constructed by starting at the origin and adding bonds so
that the walk is self-avoiding and so that the possible directions of the n* bond (or step)
depend upon the direction of the (n — 1) bond according to some rule (consequently the
bonds of a TSRW are ordered). In two dimensions, a wide ranging study of TSRW [86]
found (using computer enumeration and numerical methods) that the asymptotic behaviour
of these TSRWs can be linked to the symmetries of the restricting rule. We describe this
survey in chapter 9. Some of the more interesting®! restricted walks are:

Definition 1.7.

e3-choice walks are TSRW for which clockwise turns are forbidden after steps in the
+x direction; i.e. after an east step it is not possible to step south, and after a west
step it is not possible to step north.

e2-choice walks are 3-choice walks that are forbidden to make more than one succes-
sive step in the 4y direction.

e Spiral walks are oriented SAWs in which all clockwise turns are forbidden; i.e. after
an east step it is not possible to step south, after a north step it is not possible to step
east, etc.

e Partially directed walks are SAWs whose intersection with any vertical line is
connected. Equivalently the walk is forbidden to step west.

e Directed walks are SAWs that consist entirely of north and east steps.

These walks are discussed in more detail in chapter 9. The only “non-trivial” walk
models to have been solved are partially directed walks, directed walks [136] and spiral
walks. Two different spiral walk models have been solved; spiral walks on the square lattice
[90, 100, 157, 15], and one model?? of spiral walks on the triangular lattice [101] (although
the asymptotics of the other two is known [150]). The growth constants of 3-choice and
2-choice walks are known [158].

In chapter 9 we examine the behaviour of three dimensional TSRW. There are 230 =
1073741824 TSRW models in three dimensions, and so we have taken only a wvery small
subset of these, chosen so as to examine the relationship between asymptotic behaviour
of the walk and the symmetries of the restricting rule. Given the extreme difficulty of
finding rigorous results for any bond animal models, we have used computer enumeration
and numerical methods in this study.

210n the square lattice there are 4 directions that each bond may take, and then 3 possible directions for
the following bond (since immediate reversal of direction would violate self-avoidance), and so there are 12
possible two-step configurations. The different TSRW models are obtained by allowing or disallowing each
of these 12 configurations. Hence there are 2!? = 4096 different TSRW models on the square lattice! Most
of these are essentially either zero- or one-dimensional.

22Gince there are both 60° and 120° turns on the triangular lattice, there are three possible models of
spiral walks (depending on which of these turns is allowed). — the solved model allows only 120° turns.
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1.3.3 Polygons

While self-avoiding polygons remain unsolved, a number of topologically restricted families
of polygons have been solved; these fall into three categories:

e 3-choice polygons,
e diagonally-convex directed polygons, and

e the many families of column-convex polygons.

Definition 1.8.

eA 3-choice polygon is a polygon whose perimeter obeys the 3-choice walk rule (see
above); i.e. the perimeter is constructed in the same manner as a 3-choice walk,
excepting that the walk must return to the origin (see figure 1.14).

oA polygon is diagonally-convez if its intersection with lines of the form, z +y = k
(with k € Z), is connected. A polygon is a diagonally-convez directed polygon if it is
diagonally-convex and also a directed polyomino.

e A polygon is column-convex if its intersection with any vertical line is connected. The
definition of row-convez is similar.

It is worth noting that while any column-convex polyomino is necessarily a polygon, a
diagonally-convex polyomino may not be a polygon (the polyomino on the left of figure 1.10
is diagonally convex but not a polygon).

3-choice polygon Diagonally-convex and directed Column-convex polygon

Figure 1.14: Examples of a 3-choice polygon, a diagonally-convex directed polygon and
a column-convex polygon. The perimeter of the 3-choice polygon is a 3-choice walk that
returns to the origin (which is highlighted).

In the next chapter we give the definitions of all the column-convex families of poly-
gons: column-convex polygons, directed column-convex polygons, bargraphs, fully convex
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polygons?®, directed convex polygons, staircase polygons, stacks, Ferrers diagrams and rect-
angles.

Diagonally convex directed polygons, 3-choice polygons and the many families of column-
convex polygons have all been enumerated according to their anisotropic perimeter (number
of vertical and horizontal bonds) and area (see tables 2.1 and 2.2 in the next chapter). Fur-
ther, they have been enumerated by both of these parameters simultaneously; for example,
we know that there are exactly 4 column-convex polygons with an area of 3, a horizon-
tal perimeter of 4 and a vertical perimeter of 4 (these are the “L” shaped polyominoes in
figure 1.6). Almost all of these solutions rely on the same two methods:

e by splitting a polygon into two smaller polygons at a point where it is especially thin,
one can construct equations for the generating function that can then (hopefully) be
solved — this method is sometimes referred to as “wasp-waist factorisation”. A similar
method consists of mapping polygons to words in algebraic languages and then using
the grammar of that language to determine the generating function.

e by using a column-by-column construction, one can find a (solvable) recurrence or
functional equation for column-convex polygons (diagonally convex directed polygons
can be constructed diagonal-by-diagonal). This method was used by Temperley to
enumerate the largest family of column-convex polygons according to their area [151]
and is sometimes known as the “Temperley method”; we describe this technique in
chapter 5.

While all solved polygon models have been enumerated according to their area and
(anisotropic) perimeter, there are very few results concerning the enumeration of polygons
according to other parameters. One parameter of considerable importance in the modelling
of random media is site-perimeter (see section 1.4.1 below). All the polygons which have
been enumerated according to their site-perimeter are both row and column convex; in these
cases the techniques used to take site-perimeter into account are the same as those used
to enumerate perimeter and so the perimeter and site-perimeter solutions are of the same
nature. When we consider polygons that are column-convex but not row-convex, we find
that the site-perimeter and perimeter behave differently, and we can no longer use the same
methods. In chapter 6 we use a variation of the column-by-column construction (which we
describe in chapter 5), to extend site-perimeter enumeration results to the simplest family
of non-convex polygons, bargraphs.

From the above discussion it should be clear that finding families of animals, polyominoes
or polygons that we can actually solve is a non-trivial exercise. Guttmann and Enting
[83] noticed that the anisotropic generating functions®* of most solved statistical mechanical
models have a very simple analytic structure, while those of unsolved models are considerably

Z3Polygons that are both row-convex and column-convex are called conver polygons — this is an ambiguous
convention.

24Tn the case of polygon models and bond-animals, this generating function enumerates animals according
to the number of vertical and horizontal bonds.
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more complicated (we will be more precise about what we mean by this in chapter 3). They
proposed that by examining the first few terms of the anisotropic generating function one
could test the “solvability” of a model; in particular one could test if the generating function
is likely to be expressible in terms of “nice” functions such as differentiably finite functions
(see chapter 7). Applications of this technique show that many bond animal problems we
would like to solve, including bond animals and self-avoiding polygons, are not solvable in
terms of these nice functions [82, 97].

In chapter 3 we describe a “squashing” technique, which we call haruspicy, that allows us
to examine aspects of the analytic structure of anisotropic perimeter generating functions of
bond-animals, regardless of whether the solution is known in closed form. For self-avoiding
polygons (see chapter 7) we are able to use this technique to sharpen the numerical results
of Guttmann and Enting’s test into proof — i.e. we prove that the anisotropic perimeter
generating function of SAPs is not a differentiably finite function. In chapter 8 we describe
a type of functional symmetry called reciprocity or inversion relations. We are able to
demonstrate that a number of solved and unsolved polygon models satisfy such symmetries
and we show that in certain favourable circumstances these symmetries can be used to solve
the model.

1.4

Why do we want to count them?

It is quite likely that almost everyone who has dabbled in polyomino and animal enumeration
has been asked by a friend or relative (or even asked themselves):

Question 9. Why count polyominoes and animals?

In the recent past the mathematics of counting, enumerative combinatorics, has under-
gone something of a renaissance; arguably the main force behind this has been the role of
combinatorics in many problems found at the interface between mathematics and other sci-
ences — particularly statistical physics, computer science and theoretical chemistry. Many
different types of animals and polyominoes can be found in abundance at this interface.

To give the flavour of the sorts of models and problems in which animals and polyominoes
can be found, we will describe how animal enumeration problems can be found in the theory
of integer partitions, and in the mathematical treatment of magnets, polymers and random
media.

1.4.1 Percolation models

Percolation theory was introduced by Broadbent and Hammersley [38] as a mathematical
model (or a collection of mathematical models) of random media. Consider the square
grid; let each site be “occupied” with probability p or “vacant” with probability (1 — p),
independently of all the other sites on the lattice. A “percolation cluster” on this grid is a
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collection of nearest-neighbour occupied sites — a site animal! The number of occupied sites
within a cluster is called its “mass” (see figure 1.15). Instead of occupying the sites on the
lattice, we can also consider occupying the bonds or a combination of both — giving rise to
site-percolation, bond-percolation and site-bond-percolation. Percolation clusters can (and
have) been used to model a wide array of phenomena; from oil deposits to forest fires (see
[148, 79] and references therein)

SRR IO % B
o0 0 o6
o e} e @]
et e el e
ool e
l®! Y '® @1

Figure 1.15: Percolation clusters: five clusters of mass 1, one of mass 2, two of mass 3 and
two of mass 4.

As the occupation probability, p, is increased from zero, the average or typical clusters
become larger (both in terms of the number of sites and geometric size). If we define P(p),
“the percolation probability”, to be the probability that the origin is part of an infinite
cluster, then we find that below a certain value p = p,, called the critical probability, P(p)
is always zero. As p is increased above p,, the percolation probability becomes non-zero (see
figure 1.16). This change in behaviour is an example of a phase transition.

P(p)

1 _“ (1,1)

-t > 7

Pe 1

Figure 1.16: The expected behaviour of the percolation probability, P(p).

As an example consider an orchard, in which all of the trees are arranged on the vertices
of a large square grid. Suppose that a tree will become infected with a nasty disease with
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probability p if one of its neighbours is infected. Say a few of the trees in the orchard
become infected and the disease spreads through the orchard. After a few days the disease
has stopped spreading and there are a number of clusters of diseased trees. Obviously, in
this scenario we wish to minimise the size of these clusters; if we know how p varies with
the distance between trees (presumably it decreases as we place trees further apart), how far
apart do we have to plant the trees to stop the epidemic from destroying a large portion of
the orchard? We could just place the trees a long way apart (a small value of p), but then
there would not be many trees in the orchard and we would go broke. For the orchard to
be viable we need lots of trees, and so we need to choose a large value of p, but not so large
that the orchard is endangered. If p is chosen below the critical probability, then we know
that the average cluster size will be quite small, and the disease cannot spread far. On the
other hand, if p is above the critical probability, then there is a non-zero probability that the
disease could spread to a significant part of the orchard. Hence we must choose p as close
to p. as we dare, while still ensuring that p is less than p..

The percolation probability, P(p), can be written in terms of site animals enumerated
according to their area and another parameter, the site-perimeter. The site-perimeter of a
site animal is the number of nearest-neighbour sites that are not part of the animal (see
figure 1.17). Let us write the generating function of all finite site animals, A, enumerated
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Figure 1.17: A site animal and its site-perimeter. This animal contains 15 sites, and has a
site-perimeter of 21.

according to both area and site-perimeter as

G(p,q) =Y pger (1.6)
A

where |A| and site.p(A4) denote, respectively, the area and site-perimeter of an animal A.
The probability that the origin is part of a given cluster A is equal to |A[pl4/(1 — p)sitep(4),
since |A| sites must be occupied, site.p(A) sites must be vacant, and there are exactly |A|
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ways of placing the animal over the origin. Consequently the probability that the origin is
part of a finite cluster is (expanding in ¢ = 1 — p about ¢ = 0)

3l g) e = (1 g) (0
A Op

and the percolation probability is the probability that the origin is not part of a finite cluster
(nor vacant):

(1.7)

p=1—q

P@)=1—q—(1—®<%g>

So a knowledge of G(p, ¢) would give us an expression for P(p). Unfortunately computing
the site-perimeter of polyominoes is a very difficult problem; to date, only polygons that
are fully convex (rectangles, Ferrers diagrams, stacks, staircase polygons, directed convex
polygons and convex polygons) have been solved by site-perimeter. In chapter 6 we find the
site-perimeter generating function of the simplest family of non-convex polygons — bargraph
polygons.

(1.8)

p=1—¢q

1.4.2 Partitions of integers and their generalisations

One of the simplest and most natural mathematical operations is the adding of integers.
Integer partitions describe the ways in which a positive integer can be written as the sum of
other positive integers. For example the number 4 can be written as

4’
341, 1+3,
4 = 2+ 2,
24+1+1, 1+42+1, 1+1+2,
1+1+1+1

So there are 8 ways of writing the number 4 as a sum of positive integers. These 8 different
sums are compositions.

Definition 1.9.
A composition of a positive integer n is an ordered finite sequence of positive integers
A1, ..., Ag such that Y., , A =n.

Implicit in this definition is that we care about the order in which the summands appear; the
composition 3 + 1 is not the same as 1 + 3. Since addition is commutative, this distinction
seems a little artificial, and it would be more natural to consider the compositions 3 + 1 and
1+ 3 to be the same object. One way of ensuring this is to require the summands to be in
non-increasing order — this leads us to partitions.

Definition 1.10.
A partition of a positive integer n is a finite sequence of non-increasing positive integers

Ai;..., Ap such that ., A =n.
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Using this we find that there are 5 partitions of the number 4.

. 4, 341, 242,

24+41+1, 1+14+1+1

There is a vast array of combinatorial and algebraic structure to be explored in the theory
of partitions, far more than we have time for here (see [4] for more on this subject). Instead
let us consider the graphical representation of partitions and compositions.

Let us represent a positive integer, k£, by a column of & cells. A sequence of positive
integers is represented by a sequence of columns. In this way every composition can be
uniquely represented by a sequence of columns of cells — the total number of cells is the
total of the composition (see figure 1.18). These sequences of columns are bargraph polygons

|I..Il|..|..|....

3+1 143 2+2 24141 14241 1+4+1+2 14+1+1+1

Figure 1.18: Representing the 8 compositions of the number 4 by sequences of columns.

and so the number of compositions of n is equal to the number of bargraph polygons of area
n.

Il.lh-

3+1 2+2 24+1+1 14141+1

Figure 1.19: Representing the 5 partitions of the number 4 by sequences of columns.

If we consider partitions instead of compositions, then the sequence of columns must be
non-increasing — this gives us Ferrers diagrams (see figure 1.19). Generalising this idea, we
consider other subsets with other conditions; for example, if we require that the sequence
be unimodal then we obtain stack polygons. Polyominoes can be seen as a generalisation of
these objects.

1.4.3 Polymer models

One of the most transparent?® applications of animals is to the modelling of polymers in

solution. A polymer is a large molecule that is made up of many monomers connected

25In the sense of being a very direct application of animals and polyominoes.
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1.4. Why do we want to count them?

together by chemical bonds; depending on how the monomers are connected to each other
polymers can have very complicated topologies.

Polymers in dilute solution undergo a phase transition known as the coil-globule transition
(see figure 1.20). At low temperatures (or in a poor solvent) the attractive interactions
between monomers pull the polymer into a dense ball-like configuration or “globule”. At high
temperatures (or in a good solvent) the interactions are mediated by the solvent molecules,
and the typical configurations are open coils. At a specific temperature, the #-point, the
polymers undergo a phase transition (much like when water boils into vapour).

These phases (coil and globule) are characterised by the asymptotic behaviour of the
average size?® of a polymer containing n monomers. If we consider the radius of gyration,
Ry(n), of a polymer (which is the average distance of a monomer from the polymer’s centre
of mass), then the average radius of gyration?” of polymers with n monomers is expected to
behave as

(Rg)n ~ An” as n — oo (1.9)

where the critical exponent, v, is expected to be the same for all (mathematical or real)
linear polymers. The value of v changes between the phases; for linear polymers in three
dimensions the best numerical estimates of v are:

e in the swollen phase: v = 0.588,
e in the collapsed phase: v =1/3.

It should be noted that if the polymer behaved like a random walk then one would have
v=1/2.

Dense globule Swollen coil

Figure 1.20: In the collapsed phase the polymer forms dense ball-like “globules”, while in its
swollen phase it forms more open coils.

Consider a linear polymer (each monomer is connected to only two others). In a real poly-
mer the monomers occupy positions in continuous space (R?), and the bonds between them

26Not the number of monomers, rather a measure of the space occupied by the polymer.
2TOther measures of the size of a polymer are expected to behave similarly.
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are constrained to have only certain angles (depending upon the nature of the monomers).
We can simplify this situation by embedding the polymer into discrete space (Z?), requiring
that the monomers exist at integer coordinates only a single lattice spacing apart. Since
the monomers cannot occupy the same space, the polymer embedded into discrete space is
in fact a self-avoiding walk. To account for interactions between monomers, one can study
the number of nearest-neighbour contacts (the number of points at which the walk passes
within one lattice spacing of itself); by favouring or disfavouring these contacts one can study
attractive and repulsive interactions — see figure 1.21. Lattice trees and bond animals can
be used to model polymers with more complicated topologies.

The self-avoiding walk model was introduced by Orr [127] to explore the geometric prop-
erties of linear polymers in a good solvent. At first glance it appears as though this model
is far too simple to have any hope of modelling such a complex situation, however the phe-
nomenon of universality tells us many quantities are not dependent on the specific details of
the system, rather they are determined only by its universality class. The universality class
is determined by the very general properties of the system, such as its dimension, and not
by the very specific details (such as the type of lattice). All systems (real or mathematical)
within the same universality class share the same dominant asymptotic behaviour close to
a phase transition — and so any member of the universality class can be used to determine
this behaviour. For example, the critical exponent, v, in any given phase is expected to
be the same for all linear polymers in three dimensions, regardless of precise details of the
system — v for SAWs is exactly the same as v for almost any 28 linear polymer! On the
other hand, other quantities such as the exact location of the #-point are not universal, and
can only be determined by experiment.
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Figure 1.21: Embedding a polymer into discrete space (Z3) gives an interacting self-avoiding
walk.

28 Any linear polymer that is flexible and has short-range interactions.
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1.4.4 The Ising model and counting graphs

The last example we will consider is the Ising model. Unlike the previous three examples in
which animal and polyomino enumeration arise quite directly, one must venture a little way
beyond the definition of the Ising model before the animals can be found lurking.

The Ising model is perhaps the most famous and widely studied model in statistical
mechanics. It models the effect of temperature and external magnetic fields on the properties
of a magnet. When a piece of iron is placed in a magnetic field it becomes magnetised. If the
magnet is then heated, the strength of the iron’s magnetic field weakens until it disappears
— the temperature at which this happens is called the Curie temperature. This change in
behaviour is much like the transition water undergoes when it evaporates, and is known as
a phase transition. Phase transitions are also observed in combinatorial models and exhibit
themselves as changes in their asymptotic behaviour.

The Ising model was solved in one dimension by Ising [93], but was shown not to undergo
any phase transition. Onsager [126] solved?® the two dimensional Ising model (in the case
of no external magnetic field), and it was shown to undergo a phase transition like those
exhibited by real magnets. The three dimensional Ising model remains unsolved.

Let us demonstrate how animals arise in this model. Consider a finite portion of the
square lattice with magnetic “spins” placed at the vertices. These spins could be vectors,
scalars or even quantum mechanical spin operators. The Ising model considers only the
simplest case; each spin is either spin up (o, = +1) or spin down (0, = —1) (see figure 1.22).

Figure 1.22: Ising model

29Tt has not been entirely solved; some properties of the model have been found — the free energy and
spontaneous magnetisation — while others — most notably the susceptibility — remain unknown.
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The interaction energy of a configuration {¢} is defined to be
E{o} = —JZO’PO'Q —HZO’P, (1.10)
PQ P

where 7}, denotes the sum over all pairs of nearest neighbour spins, P and Q*, J is
the “coupling constant” that defines the strength of the interaction between spins, and H
represents the interaction between the spins and the external magnetic field (if there is one).

The key to any statistical mechanical problem is the computation of the partition function
which is given by

Zy =Y exp(—BE(0)), (1.11)

where the sum is over all possible configurations, o, of the system, E(o) is the energy of
a given configuration, N is the number of sites in the lattice, 8 = 1/kT, k is Boltzmann’s
constant and 7T is the absolute temperature. A knowledge of the partition function of a sys-
tem is sufficient to find many other relevant thermodynamic quantities, such as the internal
energy and entropy.

Onsager’s solution of the two dimensional Ising model in zero external field (H = 0) is far
from trivial, and we will not discuss it in this thesis (except for a brief discussion of transfer
matrices in chapter 8). Van der Waerden [153] showed how the evaluation of the partition
function can be translated into a bond animal enumeration problem. We give an outline of
this approach.

When H = 0 the partition function becomes

ZN = ZHeXp Voo, (1.12)
{o} PQ

where v = J/kT and H};’Q denotes the product over all pairs of nearest-neighbour spins, P
and @. It is not difficult to verify that

_ e’ ifo, # 0,
exp(vo,0,) = { et if 0, = o,
= (coshv) (1 + 0,0, tanh 1/) . (1.13)

Using this we can rewrite the partition function as

Zy = (coshv) ZH (1+wo,o, (1.14)

{o} PQ

where w = tanh v, and B is the number of bonds in the lattice. From here it is not hard to
rewrite this as a sum over graphs on the square grid.

30Gince we consider only a finite portion of the lattice, the number of nearest-neighbour pairs is finite, and
so the sum is convergent.
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Figure 1.23: Typical graphs that contribute to the partition function — some of these graphs
are self-avoiding polygons. It is possible for the graphs to be disconnected.

Let us consider each bond on the grid to be either occupied or vacant, and let G be the
set of all possible combinations of occupied bonds (each combination forms a graph with
vertex set equal to the NV sites in the lattice). Note that though these graphs are similar to
bond animals, they are not bond animals, since they can be disconnected and they are not
translationally invariant. The partition function can be rewritten as

Zy = (coshv)B Zw'G‘H Z adegG , (1.15)

GeG P op=

where [[, is a product over all N sites, |G| is the number of occupied bonds in G and
degi(P) is the number of occupied bonds incident on the vertex P in the graph G. Now,

for any spin
Y o= { g ifn s odd (1.16)

if n is even
JP:il

and so when we sum over the possible spin configurations in equation (1.15), any graph, G,
that has a vertex of odd degree will contribute zero while all other graphs will contribute
2N Let us define G’ to be the subset of G such that for every G € G’ every vertex in G has
even degree. If we define n(r) to be the number of graphs in G’ that contain r bonds, then

the partition function is
o

Zy = 2V (cosh I/)BZn(r)w’", (1.17)
r=0
where n(0) = 1. So the problem has been reduced to finding the generating function of a set
of graphs, which are related to bond animals (though they are not restricted to be connected,
nor are they defined up to translation). These graphs (see figure 1.23) look like self-avoiding
polygons, or groups of overlapping self-avoiding polygons — in fact, self-avoiding polygons
were introduced by Temperley [151] as a special case of these graphs.
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Figure 1.24: Typical graphs that contribute to the correlation function — some may be
self-avoiding walks. The vertices of odd degree are highlighted.

Another quantity of interest is the pair correlation function, (o, 0,), which is defined by

(o0,0) =27y Z 0,0, H exp(vo,o,). (1.18)

{o} PQ

This function is a measure of the degree of order within the state of the system — if there
is long range order in the system, then separated spins will tend to be in the same state and
the pair correlation function will take a value bounded away from 0. Following the same
argument used for the partition function, we can rephrase the pair correlation function as the
generating function of a new set of graphs in which every vertex is of even degree excepting
k and [, which must be of odd degree (see figure 1.24). In the same way that self-avoiding
polygons arose in the partition function, we find that self-avoiding walks arise in the graphs
contributing to the pair correlation function.

The N-vector model discussed above is a generalisation of the Ising model, in which the
spins can take one of N states. These N states are equally spaced unit vectors in RY, and
the interaction energy of a configuration {o} is defined to be

E{oc} = —JZU} 0y, (1.19)
P,Q

and so when N = 2 we arrive back at the Ising model. In the limit N — 0 the N-vector
model is equivalent (in some sense) to self-avoiding walks [47].
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1.5

In this thesis

Now that we have given a brief introduction to the problem of polyomino and animal enu-
meration, let us describe the structure and contents of this thesis in more detail. In chapter 2
we review the many polygon models that have been solved; all of these models, with a single
exception, are convex in some way. We give a table of the first3! solutions of these models,
and comment on the analytic structure of these solutions. Material covered in this thesis can
be broken down into roughly four different themes; techniques, exact solutions, properties of
solutions, and application of numerical methods.

e Techniques:

— Chapter 3 — Haruspicy and anisotropic generating functions: We
present a new method for examining some of the properties of the anisotropic
generating function of many commonly studied families of bond animals. In par-
ticular if one considers the anisotropic generating function P(z,y), then the coef-
ficient of y™ is a rational function whose denominator is a product of cyclotomic
polynomials. The method can determine which cyclotomic factors can occur in
these denominators and also bound their exponents; we compute bounds for the
exponents of certain cyclotomic factors in several bond-animal models and find
that these bounds do agree with the available data. It also can be used to compute
the generating functions of bond animals with a small finite number of vertical
bonds. In chapter 7 we use these haruspicy methods to show that the anisotropic
perimeter generating function of self-avoiding polygons is not D-finite.

— First half of chapter 4 — Towards larger classes of polyominoes: The
general aim of this chapter is the definition (or invention) of new classes of square
lattice animals that would be both large and exactly enumerable. The starting
point for this work is a bijection between directed animals and certain heaps of
dimers, called pyramids, which was described by Viennot more than 10 years
ago. This correspondence greatly simplifies the enumeration of directed animals.
Roughly speaking, the first half of this chapter is a review of the theory of heaps (in
particular heaps of dimers), and the application of this theory to the enumeration
of directed animals.

— Chapter 5 — Building polyominoes incrementally: One of the most suc-
cessful methods of polyomino enumeration is the “column-by-column” construc-
tion which is sometimes known as the “Temperley method”. This method can be
split into two different steps: (i) finding a recurrence for the coefficients or an
equation satisfied by the generating function, and (7) solving this recurrence or
equation. In this chapter we review a number of the different approaches to this
technique and introduce one more.

314 e. a table of who solved what, and when.
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e Exact solutions:

— Second half of chapter 4 — Towards larger classes of polyominoes:
In the second half of this chapter we show how heaps of dimers can be used
to enumerate certain classes of polyominoes. We define two natural classes of
heaps that are supersets of pyramids and are in bijection with certain classes of
square lattice site animals; we are able to enumerate these classes exactly. The
first class has an algebraic generating function and a growth constant of 3.5,
while the other has a non-D-finite generating function and a growth constant of
3.58... The growth constants of directed animals and column-convex animals are
3 and 3.20... respectively, and so both the growth constants of these new classes
are considerably closer to that of general site-animals, which is expected to be
approximately 4.06. We obtain similar results for triangular lattice animals.

— Chapter 6 — The site-perimeter of bargraphs: Though many polygon
models have been enumerated according to their area and perimeter, very few
have been enumerated according to their site-perimeter, which is a parameter
that plays an important role in percolation theory. For fully convex polygons,
taking site-perimeter into account is not substantially more difficult than the
ordinary perimeter, and similar techniques can be used to find a solution. For
families of column-convex polygons (that are not convex), on the other hand,
extending perimeter enumeration techniques to take site-perimeter into account
is not trivial. In this chapter, we use a variation of the standard column-by-column
construction, the Temperley method, to extend site-perimeter enumeration results
to the simplest family of column-convex polygons that are not convex — bargraph
polygons. The generating function is of a form not previously seen in polyomino
enumeration problems.

e Properties of solutions:

— Chapter 7 — The solvability of self-avoiding polygons: We apply the
haruspicy techniques developed in chapter 3 to the self-avoiding polygon gener-
ating function, P(z,y). In particular we bound the exponent of any cyclotomic
factor occurring in the denominator of the coefficient of y™ (for any given n).
These bounds are in excellent agreement with existing numerical work. We are
then able to sharpen these bounds into equalities for certain cyclotomic factors
appearing in the denominators of coefficients of certain powers of y. This is suf-
ficient to show that the set of singularities of the coefficients of all powers of y is
dense on the unit circle, which in turn implies that the anisotropic SAP generating
function is not solvable in terms of D-finite functions.

— Chapter 8 — Reciprocity and inversion relations: We derive
self-reciprocity properties for a number of polyomino generating functions, in-
cluding several families of column-convex polygons, three-choice polygons and
staircase polygons with a staircase hole. In so doing, we establish a connection
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between the reciprocity results known to combinatorialists and the inversion re-
lations used by physicists to solve models in statistical mechanics. For several
classes of convex polygons, the inversion (reciprocity) relation, augmented by cer-
tain symmetry and analyticity properties, completely determines the anisotropic
perimeter generating function.

e Application of numerical methods:

— Chapter 9 — Two step restricted walks: In two dimensions the universality
classes (or asymptotic behaviour) of SAWs on the square lattice, restricted by
allowing only certain two-step configurations to occur within each walk, has been
argued to be determined primarily by the symmetry of the set of allowed rules. In
three dimensions early work tentatively found one (undirected) universality class
different to that of unrestricted SAW on the simple cubic lattice. This rule was
a natural generalisation of the square lattice ‘spiral’ self-avoiding walk to three
dimensions. In this chapter we use numerical techniques to examine a variety of
three-dimensional SAW models. These models are carefully chosen with different
step restrictions, so as to search for a connection between the symmetry of the
rules and possible new universality classes.

The work and manuscripts of chapters 4, 8 and 9 were originally papers with other authors
as indicated in the preface. The work of chapters 3 and 7 is wholly my own.
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Polygon models
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2.1

Polygon models

Little pictures on grids
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Polyominoes Site animals Bond animals

Self-avoiding polygons

Figure 2.1: Little pictures on grids give rise to polyominoes, site animals and bond animals.
Depending on which parameters are considered, self-avoiding polygons are both bond animals
and polyominoes.

In the previous chapter we gave a taxonomy of some of the most commonly studied site
animals, bond animals, polyominoes and self-avoiding polygons. In this chapter we focus on
the definitions of the solved families of polygons on the square lattice (see figure 2.2).
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2.1.1 Polygon models — definitions

Self-avoiding polygons were introduced by Temperley [151] in 1956. They have not been
solved either by area or perimeter. By studying only those SAPs that obey certain topological
restrictions, we obtain classes that can be solved. As noted in chapter 1, all solved subclasses
(except one) are either directed or convex or both.

Definition 2.1.

oA polygon is directed if its cells form a directed polyomino.

oA polygon is conver with respect to a direction ¢ if its intersection with lines in the
direction of ¥ is connected.

On the square lattice it is usual to consider column-convexity, row-convexity and diagonal
convexity; a little care must be taken with diagonal convexity, and we say that a polygon is
diagonally convex if the intersection of a polygon and lines of the form x+y = k (with k € Z)
is connected. It is also usual to refer to a polygon that is column-convex and row-convex as
being conver!.

Let us start with the only solved polygon that is not convex:

Definition 2.2.

A 3-choice polygon is a polygon whose perimeter is a 3-choice walk, i.e. the perimeter
is constructed in the same manner as a 3-choice walk — there are no clockwise turns after
a step in the +x directions. The walk must return to the origin (which is highlighted in
figure 2.2).

3-choice polygons have been solved by perimeter and area; more specifically, the area-
perimeter generating function is not known but there does exist a polynomial time algorithm
for the computation of its coefficients [42]. It is also trivial to alter this algorithm to obtain
an area / perimeter solution for 2-choice polygons (which are defined in a similar way to
3-choice polygons).

Column-convex polygons were introduced by Temperley [151] as an approximation of
self-avoiding polygons that could be solved. Families of column-convex or vertically convez
polygons have now been well studied, many subclasses have been enumerated according to
both their area and (vertical and horizontal) perimeter? simultaneously.

Definition 2.3 (Column-convex).

oA polygon is column-convex when a vertical line of the form z = &k + % (with
k € Z), either intersects the perimeter of the polygon in exactly two points or not
at all. Equivalently, considering the cells within the polygon, the intersection of the

! This convention is a little ambiguous — better to talk of fully conve polygons.
2The vertical perimeter is the number of bonds running north-south. orizontal perimeter is the number
of bonds running east-west,.
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Self-avoiding polygons
J} \ u Dlagonally convex

I I 3-choice polygons
CC polygons I \ Diagonally convex directed

Convex polygons

Staircase polygons
Directed CC polygons

l-

Directed convex polygons

nder a rotation

nh.-l..h..

Bargraph polygons Ferrers dlagrams

Rectangles

Figure 2.2: The polygon taxonomy. SAPs and diagonally convex polygons remain unsolved.
All the other classes have been enumerated according to their area and perimeter (simul-
taneously). The point at which the perimeter of the 3-choice polygon violates the 3-choice
walk rule (which is also the origin) is highlighted.
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polygon and any vertical line is either empty or connected. w- n erp lyg n are
defined similarly

oA polygon is trecte column-convex if it is both column convex, and every cell in
the polygon can be reached from the cell by a path taking only north and east
steps Equivalently it is a column convex polygon whose lower side takes only north
and east steps

oA polygon is a  rgr ph polygon if it is both column convex, and its lower side
consists entirely of horizontal steps .e. it is a composition

Enforcing convexity both horizontally and vertically gives fully n ex p lyg n

Definition 2.4 (Column- row-convex).
oA convex polygon is both row convex and column convex Equivalently its perimeter
is equal to the perimeter of its minimum bounding rectangle

oA recte convex polygon is both convex and every cell in the polygon can be
reached from the cell by a path taking only north and east steps

oA t ¢ -polygon is a convex polygon whose lower side consists entirely of horizontal
steps

oA t irc e polygon is a convex polygon whose lower and upper sides are paths
taking only north and east steps

eA errer i gr m is a stack polygon whose columns (from left to right) are non
increasing

oA rect ngle  this is reasonably obvious

Another (more difficult) family of convex polygons are convex with respect to the leading
diagonal (in the direction ¥ = 7+ 7):
Definition 2.5.

eA 1 gon lly convex polygon is convex with respect to the direction 7 = "+

-

oA 1 gon lly convexr irecte polygon is a diagonally convex polygon that is also
directed

Diagonally convex polygons have not been solved either by area or perimeter Polygons

that are both diagonally convex and directed, on the other hand, have been solved the area
and perimeter generating function is known
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2.1.2 Polygon models — solutions

Since polygons can be defined both as bond animals and as polyominoes, one can try to
enumerate them according to perimeter and area separately, as well as perimeter and area

ul me u ly We have listed in tables 2 1 and 2 2 the solutions by area, perimeter, and area
and perimeter simultaneously Multiple listing indicate effective simultaneous publication or
that the method and / or the form of the solution are different

A few remarks are in order:

e All these solved polygon models, with the exception of 3 choice polygons, have alge
braic perimeter generating functions® For example, the staircase polygon generating
function, (z), is given by

1 —
(m):——x2—§ 1 — 422, (21)

and so satisfies
r +(222-1) (2)+ (z)*=0. (22)

Rectangles, Ferrers diagrams and stacks actually have simple rational perimeter gen
erating functions All polygon models that have been enumerated according to their
perimeter have also been enumerated anisotropically  according to their vertical and
horizontal perimeter

e The polygon models that are column convex but not row convex (bargraphs, directed
column convex and column convex polygons) have rational area generating functions
This is somehow because the height of each column is independent of all the other
columns This independence is lost when row convexity is also enforced, and the area
generating functions of families of fully convex polygons are ¢ series, which have a
more complicated analytic structure (see chapter 7) For example the bargraph area
generating function, B(q), is given by:

q

B(Q) = ﬁ’

(23)

and so has a single pole at ¢ =
rectangles, R(q), is given by:

On the other hand, the area generating function of

N =

q’I'L
Ry =Y 1 (24)
—q
n 1
which has a natural boundary on |g| = 1 and so is not rational, algebraic or D finite
(see the proof of proposition 4 8 in chapter 4) Consequently it is far harder to “guess”
the generating function of rectangles than that of bargraphs from the first few terms
of their series expansions

34.e. if the generating function is denoted , then there exists some polynomial in two variables,

1 2 ,such that
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odel Who and What
Rectangles Obvious
Obvious
Ferrers diagrams uler
rellberg  Owczarek
Obvious
Stack polygons Auluck
rellberg  Owczarek
evine
olya
larner ivest
Staircase polygons rak uttmann
POyE in Tzeng
ous uet- elou iennot
rellberg rak
edou ouillon
ous uet- elou
in hang
Directed convex polygons ous uet- elou  iennot
ous uet- elou edou
ous uet- elou
elest iennot
im
in hang
essel
Convex polygons
ous uet- elou ,
in
ous uet- elou edou
ous uet- elou

able 2 1: Solutions to convex polygons
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odel Who and What
Obvious
Bargraph polygons eretic
Owczarek rellberg
rellberg rak
elest uluc
eretic
oyce uttmann

Directed column convex
polygons

oser, larner

rellberg rak
ous uet- elou

Column convex polygons

eretic
elest
rak, uttmann nting
in
eretic

exagonal in

exagonal eretic  Svrtan
heckerboard Tzeng in
Temperley

larner
olya

exagonal  larner
Triangular  hypercubic orgacs rivman
heckerboard eretic

rak uttmann

in Tzeng
eretic  Svrtan
ous uet- elou

exagonal eretic

Svrtan

3 choice polygons

elest, onway
lution is polynomial-time algorithm

uttmann SO-

Diagonally convex
directed polygons

elest edou
enaud
rivman  Svrakic
ous uet- elou
eretic

able 2 2: Solutions to column convex polygons, 3 choice polygons and diagonally convex

directed polygons
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e he combined area and perimeter generating functions for solved models are ¢ series
his is even true in the cases of bargraphs, column convex, and directed column
convex polygons whose area generating functions are rational and perimeter generating
functions are algebraic ~ the combined perimeter and area generating functions are
considerably more complicated

e he techniques that work in two dimensions generally do not continue to work in higher
dimensions, and consequently there are not very many higher dimensional results we
list them below:

— lane partitions by volume® ac ahon [120]

— Staircase polygons by perimeter on hypercubic lattices Guttmann and rell
berg 93 [85]

— Higher dimensional column convex polygons by area  Forgacs rivman 87
[71]

— hree dimensional (fully) convex polygons by perimeter ousquet  elou

Guttmann 97 [27]

In this thesis we do not add any new classes of polygons to tables 21 and 22 Our
addition to the world of solved polygon models is the enumeration of bargraph polygons
according to their site perimeter (in chapter 6) All of the classes of polygons in the above
tables have been enumerated according to their area and (anisotropic) perimeter, but only
families of fully convex polygons (rectangles, Ferrers diagrams, stacks, staircase polygons,
directed convex polygons and convex polygons) have been enumerated according to their
site perimeter For families of convex polygons the site perimeter can be enumerated using
the techniques used for ordinary perimeter, but this approach breaks down for families of
column convex polygons In order to take the site perimeter into account, we use a variation
of the column by column construction (which we describe in chapter 5)

Even though we do not add many entries to these tables, we will make use of the polygons
we have defined above  hey will arise as examples of applications of the haruspicy techniques
in chapter 3, and also as examples of reciprocity and inversion relations in chapter 8 In
chapter 5 we will discuss column by column constructions by which all families of column
convex polygons can be enumerated

Though the area and perimeter generating function of -choice polygons is not known in closed form, it
may be possible to show that it is not -finite using the techni ues described in chapters and .
5 lane partitions are a generalisation of errers diagrams to three dimensions — they are arrangements of
columns of cubes in the first uadrant of the plane, such that the heights of the columns are non-increasing
in the and directions.
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