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Uniqueness and Non-uniqueness in the Steady Displacement
of Two Visco-plastic Fluids

We study steady miscible displacements of two visco-plastic fluids in a long plane channel. If the yield stress of the
displacing fluid is less than that of the displaced fluid, uniform static residual layers can be left attached to the walls of
the channel as the displacement front propagates steadily. We investigate this steady finger propagation and the prob-
lem of finger width selection. The problem is fully two-dimensional, with the two fluids separated by a sharp interface.
For a given fixed interface, chosen from a wide class of physically sensible interface shapes, we show that there exists a
unique solution. As well as flexibility in the exact shape of the interface, the residual static layer thickness is also non-
unique. Typically layer thicknesses h 2 ðhmin; hmaxÞ admit a physically sensible static layer solution, where hmin and hmax

are easily computable functions of the dimensionless problem parameters. The dependency of hmin and hmax on the
dimensionless problem parameters is explained and example solutions are computed for different static residual thick-
nesses.
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1. Introduction

This paper considers the mathematical theory underlying a particular type of viscous-fingering, namely the formation
of static residual layers on the walls of a plane channel during the displacement of two visco-plastic fluids. This phe-
nomenon results when the yield stress of the displaced fluid is not exceeded at the wall of the channel, which can occur
only when the yield stress of the displaced fluid is larger than that of the displacing fluid. In those displacements for
which a static residual wall layer results, it has been observed that the displacement front advances steadily down the
slot, leaving behind a more or less uniform layer, [3]. An example of this is given in Fig. 1a (taken from [3]), which
shows the concentration profiles taken from the results of a fully two-dimensional computation at successive times.
This observation of steady propagation prompts one to directly consider a steady state model, with moving coordinates
fixed to the displacement front. This is the focus of this paper.

The displacement problem described above provides an idealised model for the formation of a wet micro-annulus,
due to poor mud removal during the primary cementing of an oil well. Drilling muds, spacer fluids, and cement slurries
are often visco-plastic. The static residual wall layers that we investigate correspond to layers of gelled or unyielded
drilling mud that are not removed from the well during a laminar displacement. These layers are important for two
reasons. Firstly, as a source of potential contamination, the mud can adversely affect the eventual mechanical proper-
ties of the cement. Secondly, after the cement has set residual wall layers of mud provide a potential channel between
different fluid-bearing regions of the rock formation. The permeability of the residual mud layer is likely to be much
less than that of the set cement (which is placed there to isolate the fluid-bearing zones of the formation). Any commu-
nication between zones can lower the pore pressure in the formation and have a detrimental effect on the productivity
of a reservoir. As illustrated schematically in Fig. 1b, oil wells are generally long and thin, primary cementing takes
place in narrow eccentric annular ducts and these ducts may be approximated locally by a plane channel (or slot).
This is the underlying industrial relevance and motivation for this paper. Further details of the primary cementing
process are given in [8, 13].

The main practical questions in the situation described above are, firstly to determine whether or not a static
residual layer can exist, and secondly to determine its thickness. These two questions have been partially answered in
[3], but many points remain unclear. In [3] a lubrication approximation was used to show that sufficient conditions for
the non-existence of a static wall layer can be given in terms of two dimensionless parameters: the Bingham number
for the displacing fluid (Bc) and the ratio of the yield stresses of the two fluids (jY ). When these conditions are not
met, it is possible to compute the maximum possible static wall layer thickness hmax, which depends on Bc, jY , and on
a third dimensionless parameter jB, which is a buoyancy to yield stress ratio. On computing displacements using the
lubrication approximation, the interface was observed to asymptotically approach the maximum static layer thickness
as t!1. However, results from fully two-dimensional transient displacement computations (as in Fig. 1a), indicated
that the static layer residual layers h were usually significantly thinner than hmax. A simple explanation for this is that
the fully two-dimensional flows generate larger shear stresses than the lubrication model flows. A second observation
made in [3] is that the actual static layer thickness h is very close to that layer thickness at which the displaced fluid
begins to recirculate ahead of the displacement front, when viewed in a frame of reference moving with the steady
finger velocity. An heuristic explanation of why this should approximately select the layer thickness was given in [3], in
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terms of minimising the visco-plastic energy dissipation rate. However, exact selection of the actual layer thickness
remains unclear.

The problem we have explained is one of the class of finger width selection problems typified by the well known
Saffman-Taylor problem (see for example [11,12] or the recently studied miscible version, [10]). However, the problem
considered here differs in two important respects. First, the displacements considered are not Hele-Shaw displace-
ments. Second, the non-Newtonian nature of the fluids is wholly responsible for the phenomenon which we study, i.e.
the static layer. In considering miscible displacements with Newtonian fluids in long thin geometries, but without the
Hele-Shaw simplifications, the studies which are closest to ours are [4, 15], both of which investigate the high Peclet
number (Pe) limit characteristic of passive scalar advection with a sharp interface. These papers are reviewed in [3]
and here we mention only that similarities are few, mainly since the analogous Newtonian displacements do not exhi-
bit properly static layers and steady states. The Saffman-Taylor fingering problem for a bubble passing through a
Bingham fluid in a Hele-Shaw cell has been considered in [2] (see also the brief discussion in [14]), and shows that the
fluid not displaced can be properly static between the propagating fingers. Although here we do not adopt the simpli-
fications of the Hele-Shaw approach, the twin phenomena of static residual layers and steady finger propagation are
analogous.

An outline of the paper is as follows. In § 2 we introduce the dimensionless model equations for a steady-state
displacement between two Bingham fluids, in particular focusing on the boundary conditions that allow static wall
layer solutions. Section 3 derives preliminary results needed for later development of the theory. We show that under
suitable conditions the problem is elliptic and that for suitable rheological parameters and interface, we are able to
construct a divergence free vector which satisfies all boundary and interface conditions. This allows us to homogenise
the problem. The principal existence and uniqueness results are proven in § 4, using a fixed point method. Section 5
presents numerical results showing that for a wide range of finger shapes and layer thicknesses we are able to compute
a solution to the steady problem. In general, we show that steady velocity solutions are computable for h 2 ðhmin; hmaxÞ
and the parametric variation of hmin is explored.
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Fig. 1. a) A two-dimensional time-dependent iso-density displacement through a slot cðx1; x2; tÞ ¼ 1 is red,
cðx1; x2; tÞ ¼ 0 is blue. Rheological parameters are ðt1;Y ; t2;Y ;m1; m2Þ ¼ ð0:2; 0:5; 0:01; 0:05Þ; times (right to left):
t ¼ 0:001, t ¼ 3:8, t ¼ 7:92, t ¼ 11:7, t ¼ 15:8, t ¼ 20:0, t ¼ 25:0. b) Schematic of the industrial process of primary ce-
menting of an oil well, illustrating the relation of eccentric annular displacements to slot displacements



2. Steady state displacements

Consider the steady displacement of two visco-plastic fluids in a long plane channel, i.e. a slot. The displacement is
modelled as being miscible, but with a vanishingly small diffusion coefficient, i.e., the limit of infinitely large Peclet
number is considered. This assumption results in the two fluid regions being separated by a sharp interface, which is
formally equivalent to an immiscible displacement with insignificant surface tension. The flow is two-dimensional and
steady, when viewed in a frame of reference moving with the steady speed of the displacement front, say S. We denote
by fluid m the fluid that is being displaced and by fluid c the fluid that is displacing. Nominally these denote a drilling
mud and a cement slurry, respectively, although the cement slurry might commonly be replaced by a visco-plastic
spacer fluid. The region occupied by fluid k is denoted Wk. Coordinates ðx1; x2Þ are fixed to the moving displacement
front, such that the x1-axis is aligned with the slot centerline, see Fig. 1b. For simplicity, the problem is formulated
with the assumption that the displacement front is symmetric with respect to the x1-axis. The methods and results can
be extended to steady displacements that are not symmetric. Physically, the symmetry assumption is likely to be valid
only in iso-density displacements or in buoyant (density-stable) displacements with the slot aligned vertically.

The dimensionless field equations for the above situation are
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The velocity vector is u 
 ðu1; u2Þ, pk is the modified pressure, and tk; ij is the deviatoric stress tensor in fluid k. The
velocity has been made dimensionless with the mean displacement velocity ÛU0 and the scaling used for the stresses is q̂qmÛU

2
0 ,

where q̂qm is the density of the displaced fluid. The pressure pk is measured relative to the static pressure gradient of fluid m.
All lengths have been scaled with the slot half-width D̂D. The fluid domain is therefore x 
 ðx1; x2Þ 2 ð	L;LÞ � ð	1; 1Þ,
where the dimensionless length L is assumed finite, but large. The two dimensionless parameters in (1)––(5) are the
density ratio and buoyancy parameter:
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The buoyancy parameter compares the relative importance of buoyancy and inertial stresses. Iso-density displacements
correspond to the limiting values: r ¼ 1 and b ¼ 0. The fluids are assumed to be Bingham fluids, with constitutive laws
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The rate of strain and deviatoric stress second invariants, _ggðuÞ and tkðuÞ respectively, are defined by
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and in (8) we have adopted the usual convention of implicitly summing over repeated coordinate indices, e.g.
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This convention will be used throughout the paper, except for the fluid index k, which we shall always state explicitly.
The parameters in (7) are the dimensionless plastic viscosities and yield stresses:
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q̂qmÛU0D̂D
; k ¼ c;m ; ð10Þ

Frigaard, I. A. et al.: Steady Visco-plastic Displacements 101



where the dimensional plastic viscosities are m̂mk, k ¼ c;m, and the dimensional yield stresses are t̂tk; Y , k ¼ c;m. We
assume that the rheological parameters are strictly positive.

2.1 Boundary conditions

In the steadily moving frame of reference, the walls of the slot are translated in the negative x1-direction with the
propagation speed S. Boundary conditions on the walls of the slot are given by the no-slip condition, i.e.

u1ðx1; �1Þ ¼ 	S ; u2ðx1; �1Þ ¼ 0 : ð11Þ

Far-field boundary conditions at x1 ¼ �L are derived from one-dimensional models. These describe a steady axial flow
driven by a pressure gradient. Since the mean velocity has been used as the velocity scale, the inflow and outflow
velocity profiles must also satisfy an integral constraint (i.e., so that the average velocity in the non-moving frame of
reference is equal to 1). The flow rate constraint is explained later, see (23). A derivation of the axial model and a
discussion of the velocity profiles that we impose at the inflow is given in [3].

Downstream at x1 ¼ L, only fluid m is present. The velocity field is one-dimensional and the axial velocity compo-
nent adopts the familiar profile of plane Poiseuille flow of a Bingham fluid, translated by the propagation speed S.

u1ðL; x2Þ ¼ ULðx2Þ ; u2ðL; x2Þ ¼ 0 ; ð12Þ
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This function ULðx2Þ consists of a parabolic segment and a constant segment. These segments join at jx2j ¼ Ym;Y

which represents the positions of the yield surfaces in fluid m. The parameter Ym; Y is given by

Ym; Y ¼
1

xðBmÞ
; ð14Þ

where Bm 
 tm; Y =mm is the Bingham number for fluid m, and xðBÞ is the only root of the parametric cubic equation

2x3 	 3þ 6

B


 �
x2 þ 1 ¼ 0 ; ð15Þ

that satisfies xðBÞ > 1 for B > 0. The function xðBÞ is easily found numerically and 1=xðBÞ has been plotted in Fig. 2c.
The Poiseuille flow profile for a Bingham fluid is derived in many introductory texts and the only notable difference
here is in the scaling adopted and in the fact that (23) is satisfied, which leads to (15).
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Fig. 2. Example boundary conditions ULðx2Þ and U	Lðx2Þ for an iso-density displacement; rheological parameters are
ðtc; Y ; tm;Y ; mc; mmÞ ¼ ð0:2; 0:5; 0:01; 0:05Þ: a) propagation speed S ¼ 1:25, b) propagation speed S ¼ 10=9, c) the function
1=xðBÞ plotted against 1=B. The dashed vertical line in a) and b) illustrates the position of the interface upstream at
x1 ¼ 	L



Upstream at x2 ¼ 	L, the inflow profile is slightly different since there are two parallel fluid layers. We define
the inflow velocity U	Lðx2Þ by

u1ð	L; x2Þ ¼ U	Lðx2Þ ; u2ð	L; x2Þ ¼ 0 ; ð16Þ
where
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Note that the position of the interface at x1 ¼ 	L is given by x2 ¼ �Y	L and that the fluid for jx2j 2 ðY	L; 1� is
moving with the (constant) speed of the wall. Thus, by static, in this frame of reference we mean that the fluid is fixed
to the wall, i.e., it is static relative to the walls of the slot. The occurrence of axial velocity profiles of type (17) is
explained fully in [3]. The positions jx2j ¼ Yc; Y in (17) are positions of the yield surfaces in fluid c, with Yc; Y defined
by

Yc; Y ¼ Y	L=xð ~BBcÞ ð18Þ

where Bc 
 tc; Y =mc is the Bingham number for fluid c and ~BBc ¼ Bc=S
2.

We shall demonstrate presently that Y	L ¼ 1=S in a steadily propagating displacement flow. Thus, apart from
rheological constants, the boundary conditions are parameterised solely by the propagation speed S. Examples of the
far-field velocity functions are illustrated in Figs. 2a and 2b for two different front propagation speeds. In both cases
an iso-density displacement is considered with rheological parameters ðtc; Y ; tm; Y ; mc; mmÞ ¼ ð0:2; 0:5; 0:01; 0:05Þ. Pro-
pagation speeds are S ¼ 5=4 (Y	L ¼ 0:8) and S ¼ 10=9 (Y	L ¼ 0:9).

2.2 Interface conditions

The interface is denoted G and is defined by x2 ¼ �Yiðx1Þ. We are interested only in steadily propagating interfaces
that are both physical and that might sensibly correspond to an interface that propagates steadily along an infinitely
long slot. Thus, we suppose that there exists a constant l 2 ð0; LÞ such that

Yiðx1Þ ¼ Y	L : x1 2 ½	L;	l� ; 8L� l as L!1 : ð19Þ

That is, we assume that the interface becomes strictly parallel to the x-axis before x ¼ 	L and that this limit is
independent of L as L!1. In fact this compactness condition is not needed for anything that follows, but seems to
be needed to extend the existence results to an infinite domain. The static layer thickness h is defined by

h 
 1	 Y	L: ð20Þ

The steady state kinematic equation for the interface motion is

u1
dYi

dx1
¼ u2 ¼) u � nk ¼ 0 ; ð21Þ

where nk ¼ ðnk; 1; nk; 2Þ is the outward normal vector from within Wk. Thus, the interface is a streamline for the steady
flow. It is worth noting that if a steady miscible flow is considered (with vanishingly small diffusivity), the iso-concen-
tration lines are also streamlines for the flow.

As remarked previously, the propagation speed S and the layer thickness h (i.e. Y	L), are not independent.
Integrating eq. (5) over Wc, using the divergence theorem and (21), implies that

ÐYiðx1Þ

	Yiðx1Þ
uðx1; x2Þ dy ¼ 0 : ð22Þ

However, due to the velocity scaling with the mean inflow velocity (in the non-moving frame of reference), we also
have Ð1

	1

½uðx1; x2Þ þ S� dy ¼ 2 : ð23Þ

Since uðx1; x2Þ ¼ 	S in the static layer, combining (22) and (23) for x1 < 	l gives

	2Sð1	 Y	LÞ þ 2S ¼ 2¼) Y	L ¼
1

S
: ð24Þ

Thus, the static layer thickness h is fixed by the steady propagation speed S. In the sequel we shall use S, h, and Y	L
interchangeably. Note that with the assumption of symmetry along x1 ¼ 0, as well as (22) and (23), we also have the
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conditions

Ð�Yiðx1Þ

0

uðx1; x2Þ dy ¼ 0 ;
Ð�1

0

½uðx1; x2Þ þ S� dy ¼ �1 : ð25Þ

The physical conditions that should be satisfied on G are that both components of the velocity and traction
vector will be continuous across the interface. The traction vector sG ; k is defined on each side of G by

sG ; k ¼ ðsG ; k; 1; sG ; k; 2Þ : sG ; k; i ¼ ½	pkdij þ tk; ijðuÞ� nk; j ; k ¼ c;m : ð26Þ
We denote by ½ � �jG the jump in a quantity across the interface. We have the following continuity conditions:

½ui�jG ¼ 0 ; i ¼ 1; 2 ; ð27Þ
sG ; c; i þ sG ;m; i ¼ 0 ; i ¼ 1; 2 : ð28Þ

Apart from the physical conditions (21), (27), and (28), we wish to impose a number of restrictions on the shape
of the interface. The first such restriction is (19) and we suppose that the following conditions are also satisfied by the
interface parameterisation YiðxÞ:

Yiðx1Þ 2 C½	L;L� \ C1½0; L� \ C2½	L; 0Þ \ C1½	L;	l� ; ð29Þ
Y 0i ðx1Þ � 0 ; 8x1 ; ð30Þ
Yiðx1Þ 
 0() x1 � 0 ; ð31Þ
lim

x1!0	
Y 0i ðx1Þ 6¼ 0 ; ð32Þ

Yiðx1Þ 2 ½Yc; Y ; 1=S� ¼) jY 00i ðx1Þj þ jY 00i ðx1Þj <1 : ð33Þ
Conditions (19) and (29)––(33) amount to saying that the interface is a smooth symmetric finger, with no cusp at x1 ¼ 0;
the set Wc will be a smooth finger-shaped region lying in x1 < 0 and touching the x1-axis at x1 ¼ 0. Eq. (29) is the
necessary smoothness. Eqs. (19) and (29)––(31) imply that Yiðx1Þ 2 ½0; Y	L� 8x1. Eq. (32) avoids a cusp at x1 ¼ 0 and
eq. (33) states that if the interface becomes perpendicular to the x1 axis, then it does so only for Yiðx1Þ 2 ½Yc; Y ; 1=S�,
the meaning of which will become clear later.

3. Preliminary results

We start with some notation. For the remainder of this paper let W ¼ ð	L;LÞ � ð	1; 1Þ, with Wc and Wm two open
subsets of W:

Wc \Wm ¼ ; and Wc [Wm ¼ W : ð34Þ
The interface G ¼ EWWc \ EWWm is assumed to satisfy (19) and (29)––(33). We denote the boundaries of each individual
subset by @Wk, k ¼ c;m, and the boundary of W by @W. We denote by u@W the boundary velocity function that is
defined on @W by the conditions (11), (12), and (16). Let
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be the space of vector valued functions, with which we associate the semi-norm
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Moreover, let

V0 ¼ fv : v 2 DðWÞ2; r � v ¼ 0 in W; v � n ¼ 0 on G ; and v ¼ 0 on @Wg :
In the above, DðWÞ denotes the set of C1 functions with compact support on W. The spaces EVV0 and EVV are now defined by

EVV0 ¼ closure of V0 with respect to the norm k � kH1ðWÞ ; ð37Þ
EVV ¼ fv 2 H1ðWÞ : r � v ¼ 0 in W; v � n ¼ 0 on G ; and v ¼ u@W on @Wg : ð38Þ

We note that EVV is an affine space, i.e. EVV ¼ u*þ EVV0 for any u* 2 EVV. A second remark is that on the interface G , the
functions v 2 EVV and v0 2 EVV0 do not necessarily satisfy r � v0 ¼ 0, r � v ¼ 0 pointwise. By the definition of the spaces
EVV0, EVV this condition must hold only almost everywhere on W. The restrictions of a functions v, v0 on G as well as the
data at the boundary are to be understood in the sense of traces.

Now, we show that k � k EHH1 is a norm on EVV0, which gives an equivalent characterisation of the space EVV0:

EVV0 ¼ closure of V0 with respect to the norm k � k EHH1ðWÞ : ð39Þ
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Clearly k � k EHH1 provides a semi-norm on EVV0. It remains to show that v0 
 0 for any v0 2 EVV0 satisfying kv0k EHH1 ¼ 0. Let
Wþ and W	 be the partitions of W into the sets with positive and negative x2 components, respectively. Let v0 2 V0.
Then, from the Cauchy-Schwarz inequality it follows that for i ¼ 1; 2
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Using the fact that EVV0 is the closure of V0, these arguments show that
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for all v0 2 EVV0. This shows that k � k EHH1 and k � kH1 are equivalent norms on EVV0, with
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Moreover, EVV0 associated with the inner product
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is a Hilbert space.

3.1 Variational formulation

The classical formulation consists of eqs. (1)––(5) and (7), with the associated boundary and interface conditions. In
order to surmount potential problems associated with the interface and with computing yield surfaces in each fluid
domain, a variational formulation is adopted. For v;u 2 EVV, the following inequality is derived from the classical formu-
lation (e.g. following the methods in [5]). The solution u satisfies
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The derivation of (41) is as follows. We take the scalar product of (1)––(4) with v 	 u, integrate over the different fluid
domains and sum to give

bðu;u; v 	 uÞ ¼
P

k¼c;m

ð
Wk

@

@xj
ð½vi 	 ui� ½	pkdij þ tk; ijðuÞ�Þ 	

1

2
_ggijðv 	 uÞ tk; ijðuÞ dW	 b

ð
Wc

½v1 	 u1� dW :

ð45Þ

Letting nk denote the outward normal to Wk, the first term on the right-hand side of (45) transforms via Green’s
theorem into P

k¼c;m

Ð
@Wk

½vi 	 ui� ½	pkdij þ tk; ijðuÞ� nk; j ds ¼
P

k¼c;m

Ð
G

½vi 	 ui� ½sG ; c; i þ sG ;m; i� ds ¼ 0 ð46Þ

since vi 	 ui vanishes on the walls, inflow and outflow, and the interface integral cancels between the two domains,
using (27)––(28). The last term in (45) vanishes using (22), which must also hold for v 2 EVV. For the remaining term,
the inequality

1

2
_ggijðv 	 uÞ tk; ijðuÞ ¼ mk

1

2
_ggijðv 	 uÞ _ggijðuÞ þ tk; Y

1

2

_ggijðvÞ _ggijðuÞ
_ggðuÞ 	 _ggðuÞ

� �
ð47Þ

� mk

1

2
_ggijðv 	 uÞ _ggijðuÞ þ tk; Y ½ _ggðvÞ 	 _ggðuÞ� ð48Þ
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follows from the Cauchy-Schwarz inequality when _ggðuÞ > 0, and trivially when _ggðuÞ ¼ 0 since then we have
tkðuÞ � tk; Y and again apply the Cauchy-Schwarz inequality. Therefore, eventually

0 ¼ bðu;u; v 	 uÞ þ
P

k¼c;m

Ð
Wk

1
2
_ggijðv 	 uÞ tk; ijðuÞ dW � aðu; v 	 uÞ þ bðu;u; v 	 uÞ þ jðvÞ 	 jðuÞ : ð49Þ

3.1.1 Properties of a (. , .)

We are primarily interested in the continuity and ellipticity of the bilinear form að�; �Þ. From the definition of að�; �Þ it
follows that

aðv;wÞ � maxfmkg
Ð
W

1
2

_ggijðvÞ _ggijðwÞ
�� �� dW � 8 maxfmkg kvk EHH1

kwkj EHH1
: ð51Þ

For the ellipticity of að�; �Þ on the space EVV0, we first note that

aðu;uÞ � minfmkg
P

k¼c;m

Ð
Wk

1
2

_ggijðuÞ _ggijðuÞ dW :

For the sake of simplicity, let u 2 fC2ð EWWcÞ � C2ð EWWmÞg \ EVV0, then we have

P
k¼c;m

ð
Wk

1

2
_ggijðuÞ _ggijðuÞ dW ¼

P
k¼c;m

ð
Wk

@ui

@xj

� �
@ui

@xj

� �
þ @ui

@xj

� �
@uj

@xi

� �
dW : ð52Þ

We show that the second term on the right-hand side above vanishes. Let Wþ
k be the subset of Wk with positive x2 and

W	
k the subset of Wk with negative x2. We consider first Wþ

c and use Green’s theorem in the plane:ð
Wþ

c

@ui

@xj

@uj

@xi
dW ¼

ð
Wþ

c

@

@xi
uj

@ui

@xj

� �
dW ð53Þ

¼
ð0
	L

u1
@u2

@x1
þ u2

@u2

@x2
	 dYi

dx1
u1

@u1

@x1
þ u2

@u1

@x2


 �� �
ðx1; x2Þ¼ðx1; Yiðx1ÞÞ

dx1 : ð54Þ

Now we use the identity u � n ¼ 0 to write

u2 ¼
dYi

dx1
u1 ; ð55Þ

and we differentiate the identity u � n ¼ 0, with respect to x1, to give

0 ¼ d

dx1
u2ðx1; Yiðx1ÞÞ 	

dYi

dx1

d

dx1
u1ðx1; Yiðx1ÞÞ 	 u1ðx1; Yiðx1ÞÞ

d2Yi

dx2
1

; ð56Þ

where d=dx1 denotes the total derivative with respect to x1, and where in both (55) and (56) the limits in approaching
the interface are taken from within Wþ

c . Combining these, we get

ð
Wþ

c

@ui

@xj

@uj

@xi
dW ¼

ð0
	L

u1
@u2

@x1
þ dYi

dx1

@u2

@x2
	 dYi

dx1

@u1

@x1
þ dYi

dx1

@u1

@x2


 �� �
ðx1; x2Þ¼ðx1; Yiðx1ÞÞ

dx1 ð57Þ

¼
ð0
	L

u1u1
d2Yi

dx1
2

� �
ðx1; x2Þ¼ðx1; Yiðx1ÞÞ

dx1 : ð58Þ

Now we integrate over Wþ
m:ð

Wþ
m

@ui

@xj

@uj

@xi
dW ¼

ð
Wþ

2

@

@xi
uj

@ui

@xj

� �
dW ð59Þ

¼ 	
ð0
	L

u1
@u2

@x1
þ u2

@u2

@x2
	 dYi

dx1
u1

@u1

@x1
þ u2

@u1

@x2


 �� �
ðx1; x2Þ¼ðx1; Yiðx1ÞÞ

dx1 ð60Þ

¼ 	
ð0
	L

u1
@u2

@x1
þ dYi

dx1

@u2

@x2
	 dYi

dx1

@u1

@x1
þ dYi

dx1

@u1

@x2


 �� �
ðx1; x2Þ¼ðx1; Yiðx1ÞÞ

dx1 ð61Þ

¼ 	
ð0
	L

u1u1
d2Yi

dx1
2

� �
ðx1; x2Þ¼ðx1; Yiðx1ÞÞ

dx1 ; ð62Þ
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where we have again used the identities (55) and (56), but have now evaluated the limits by approaching the interface
from within Wþ

m. Thus, on summing (58) and (62), the boundary integrals cancel. The same is true for the integrals
over W	

c and W	
m. The following lemma is an immediate consequence of the above considerations.

Lemma 1: The bilinear form að�; �Þ is continuous on EVV � EVV0 [ EVV0 � EVV and for all u; v 2 EVV
jaðu; vÞj � 8 maxfmkg kuk EHH1 kvk EHH1 : ð63Þ

The bilinear form að�; �Þ is relative elliptic on EVV0, i.e., for all u 2 EVV0

minfmkg kuk
2
EHH1 � aðu;uÞ : ð64Þ

3.1.2 Properties of b(. , . , .)

We consider the trilinear form bð�; �; �Þ on EVV � EVV � EVV (or any other combination of EVV and EVV0).

Lemma 2: For all u; v;w 2 EVV or EVV0, the trilinear form bð�; �; �Þ satisfies
jbðu; v;wÞj � CbkukH1 kvkH1 kwkH1 : ð65Þ

The trilinear form bð�; �; �Þ satisfies
bðv;w;wÞ ¼ 0 ; ð66Þ

for any of the following cases: (i) v 2 EVV and w 2 EVV0; (ii) w 2 EVV and v 2 EVV0; (iii) v;w 2 EVV0.
The trilinear form bð�; �; �Þ satisfies

bðu; v;wÞ ¼ 	bðu;w; vÞ ; ð67Þ

for any of the following cases: (i) u 2 EVV and v;w 2 EVV0; (ii) v;w 2 EVV and u 2 EVV0; (iii) u; v;w 2 EVV0.

Proo f : From the Cauchy Schwarz inequality it follows thatð
Wk

uj
@vj
@xi

wj dW

������
������ � kujkL4ðWkÞ kvjk EHH1ðWkÞ kwjkL4ðWkÞ :

Now, we use a Sobolev embedding theorem (see e.g. [1]) which states that

k � kL4ðWkÞ � CSk � kH1ðWkÞ : ð68Þ

This shows (65). For property (67), integrating by parts and using the divergence theorem gives

bðu; v;wÞ ¼ r
Ð

@Wc

½ujviwinc; j� dsþ
Ð

@Wm

½ujviwinm; j� ds

 �

	 bðu;w; vÞ :

The surface integrals vanish in the cases specified. Property (66) follows immediately from (67).

Lemma 3: Let un 2 EVV0 converge weakly to uþ with respect to the EHH1-norm. Then for any v 2 EVV,
bðun;un; vÞ ! bðuþ;uþ; vÞ ; bðv;un;unÞ ! bðv;uþ;uþÞ ; and bðun; v;unÞ ! bðuþ; v;uþÞ :

Proo f : We use the Rellich-Kandrachov compact embedding theorem (see [1]) which in particular states that
the embedding of H1 into L4 is compact. Let fung be a sequence, which is weakly convergent to uþ with respect to
the H1-norm. Then from standard results on weak convergence it follows that kunkH1 is uniformly bounded. From the
compactness of the embedding of H1 into L4 we can deduce the existence of a subsequence uk, which is strongly
convergent to uþ in L4. Thus

jbðuk;uk; vÞ 	 bðuþ;uþ; vÞj � r
P

k¼c;m

ð
Wk

ðun; j 	 uþj Þ
@un; i

@xj
vi

������
������þ r

P
k¼c;m

ð
Wk

uþj
@un ;i

@xj
	 @uþi

@xj


 �
vi

������
������ : ð69Þ

Using Sobolev’s embedding theorem (cf. (68)) it follows that the first term of the sum on the right hand side can be
estimated by CSkun; j 	 uþj kL4 kun; ik EHH1 kvikL4 , which converges to zero as k tends to infinity. To prove that the second
term tends to zero, too, we apply Green’s formula and getð

Wk

uþj
@un; i

@xj
	 @uþi

@xj


 �
vi ¼ 	

ð
Wk

@uþj
@xj

ðun; i 	 uþi Þ vi 	
ð

Wk

@vi
@xj

ðun; i 	 uþi Þ uj þ
ð

@Wk

viðun; i 	 uþi Þ uþj nj :

Since u 2 EVV and v 2 EVV0, the boundary integral vanishes. The absolute value of the first integral on the right hand side
of the above identity can be estimated by kujk EHH1 kun; i 	 uikL4 kvikL4 , which tends to zero for n!1. Moreover, the
second term can be estimated by kujkL4 kun; i 	 uikL4 kvik EHH1 , which tends to zero, too. The other convergence results
are proven similarly.

&

&
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3.1.3 Properties of jð�Þ

We verify that the functional jð�Þ is continuous on EVV with respect to the H1-norm.

Lemma 4: For all u0; v0 2 EVV0, u* 2 EVV

jjðu*þ u0Þ 	 jðu*þ v0Þj � Cj u0 	 v0kH1 :
�� ð70Þ

Proo f : We denote u ¼ u*þ u0 and v ¼ u*þ v0. Using the Cauchy-Schwartz inequality,

jðuÞ 	 jðvÞj j ¼
P

k¼c;m
tk; Y

ð
Wk

_ggðuÞ 	 _ggðvÞ dW

������
������

8<
:

9=
; ¼

P
k¼c;m

tk; Y

ð
Wk

_gg2ðuÞ 	 _gg2ðvÞ
_ggðuÞ þ _ggðvÞ dW

������
������

8<
:

9=
;

¼
P

k¼c;m
tk; Y

ð
Wk

1
2

_ggijðu0 	 v0Þ _ggijðu þ vÞ
_ggðuÞ þ _ggðvÞ dW

������
������

8<
:

9=
; �

P
k¼c;m

tk; Y

ð
Wk

_ggðu0 	 v0Þ _ggðu þ vÞ
_ggðuÞ þ _ggðvÞ dW

8<
:

9=
;

�
P

k¼c;m
tk; Y

ð
Wk

_ggðu0 	 v0Þ dW

8<
:

9=
; � maxftk; Y g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
measðWÞ

p ð
W

_gg2ðu0 	 v0Þ dW

" #1=2

� maxftk; Y g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
measðWÞ

p
u0 	 v0

�� ��
H1

which shows that (70) holds with Cj ¼ maxftk; Y g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
measðWÞ

p
.

3.2 Homogenisation of the variational problem

It is more convenient to consider the test space EVV0 rather than EVV. Thus, we homogenise (41) by constructing u* 2 EVV.
This construction has some implications for the type of interface which can be considered; see § 3.2.1. Here precisely,
we look for a function u* ¼ ðu*1; u*2Þ 2 EVV such that

u*1ðx1; x2Þ ¼ gðx1Þ U	Lðx2Þ þ ½1	 gðx1Þ� ULðx2Þ ; ð71Þ

where gðx1Þ satisfies the following far-field conditions:

gðx1Þ ! 1 ; g0ðx1Þ ! 0 ; for x1 ! 	l; ð72Þ
gðx1Þ ! 0 ; g0ðx1Þ ! 0 ; for x1 ! l : ð73Þ

Recall that l < L describes the limit at which the interface is assumed to become parallel to the x-axis, upstream. The
condition r � u* ¼ 0 is satisfied if

u*
2ðx1; x2Þ ¼ 	

ðx2

0

@u*

@x1
ðx1; ~xx2Þ d~xx2 ¼ g0ðx1Þ ½YLðx2Þ 	Y	Lðx2Þ� ; ð74Þ

where YLðx2Þ and Y	Lðx2Þ are the far-field stream-functions, defined by

YLðx2Þ 

Ðx2

0

ULð~xx2Þ d~xx2 ; Y	Lðx2Þ 

Ðx2

0

U	Lð~xx2Þ d~xx2 : ð75Þ

From (71), (72), and (73) it is clear that u*1ðx1; x2Þ satisfies the boundary conditions for u1 in (11), (12), and (16),
both for x1 ¼ �L and for x2 ¼ �1. It is a matter of simple algebra to verify that YLð�1Þ ¼ Y	Lð�1Þ, so that from
(72), (73), and (74) it is evident that the boundary conditions for u2 in (11), (12), and (16) are also satisfied, i.e.

u* ¼ u@W on @W :

We note that u* is symmetric about the x1-axis. For the remainder, to simplify algebra we confine our attention only
to x2 � 0; the extension to x2 � 0 by symmetry, being straightforward. For a given interface G : x2 ¼ Yiðx1Þ, we denote
by Aðx1Þ the function

Aðx1Þ 

ÐYiðx1Þ

0

½U	Lð~xx2Þ 	 ULð~xx2Þ� d~xx2 ¼ Y	LðYiðx1ÞÞ 	YLðYiðx1ÞÞ :

In order for u* � n ¼ 0 to be satisfied on G , we require that

A0ðx1Þ gðx1Þ þ Y 0i ðx1Þ ULðYiðx1ÞÞ þ g0ðx1Þ Aðx1Þ ¼ 0 ;

which can be written as

d

dx1
½Aðx1Þ gðx1Þ þYLðYiðx1ÞÞ� ¼ 0 : ð76Þ

&
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Using (25) and (72), this equation is integrated from x1 ¼ 	L to finally define gðx1Þ by

gðx1Þ ¼ 	
YLðYiðx1ÞÞ

Aðx1Þ
¼ YLðYiðx1ÞÞ

YLðYiðx1ÞÞ 	Y	LðYiðx1ÞÞ
: ð77Þ

Note that (77) depends only on x1 only through Yiðx1Þ. We define

Gðx2Þ 

YLðx2Þ

YLðx2Þ 	Y	Lðx2Þ
ð78Þ

and suppose that

U	Lð0Þ 	 ULð0Þ > 0 : ð79Þ

We have the following subsidiary result on the properties of Gðx2Þ.

Lemma 5: Suppose S > 1 and that ð79Þ is satisfied. Then Gðx2Þ 2 C2½0; 1=S� \ C1½0; 1Þ.

Proo f : The proof is in five stages:

(i) Condition (79) with the definitions (13) and (17) implies that

Ym;Y 	 Yc; Y > 2ð1=S 	 1Þ > 0 :

Thus, for x2 2 ½0; Yc; Y �,
YLðx2Þ 	Y	Lðx2Þ ¼ ½ULð0Þ 	 U	Lð0Þ� x2 < 0 ; x2 2 ½0; Yc; Y � ;

Gðx2Þ ¼
ULð0Þ

ULð0Þ 	 U	Lð0Þ
¼ const. ; x2 2 ½0; Yc; Y � :

Therefore, for x2 2 ½0; Yc; Y �, we even have Gðx2Þ 2 C1.
(ii) We note that ULðx2Þ 2 C1½0; 1� and U	Lðx2Þ 2 C½0; 1� \ C1½0; 1=S� \ C1½1=S; 0�. Thus, YLðx2Þ and Y	Lðx2Þ have

the necessary smoothness; the proof requires only that

YLðx2Þ 	Y	Lðx2Þ < 0 ; x2 2 ½Yc; Y ; 1Þ : ð80Þ

(iii) From definitions (13) and (17), U	Lðx2Þ 	 ULðx2Þ < 0 for x2 2 ½1=S; 1�, and since YLð1Þ 	Y	Lð1Þ ¼ 0,

YLðx2Þ 	Y	Lðx2Þ ¼
Ð1
x2

½U	Lð~xx2Þ 	 ULð~xx2Þ� d~xx2 < 0 ; x2 2 ½1=S; 1Þ :

(iv) Thus, YLðx2Þ 	Y	Lðx2Þ < 0 at both endpoints of the interval ½Yc; Y ; 1=S�. Furthermore, YLðx2Þ 	Y	Lðx2Þ is C1

on ½0; 1�: strictly decreasing at x2 ¼ Yc; Y and strictly increasing at x2 ¼ 1=S. Necessary condition for there to be a
zero of YLðx2Þ 	Y	Lðx2Þ in ½Yc; Y ; 1=S� is that

d

dx2
½YL 	Y	L� 
 ULðx2Þ 	 U	Lðx2Þ ¼ 0 ; ð81Þ

has three solutions in ½Yc; Y ; 1=S�.
(v) Since ULðYc; Y Þ 	 U	LðYc; Y Þ < 0 and ULð1=SÞ 	 U	Lð1=SÞ > 0, eq. (81) has at least one solution. For (81) to have

three solutions would require that

d

dx2
½ULðx2Þ 	 U	Lðx2Þ� ¼ 0 ð82Þ

has three solutions on ½Yc; Y ; 1=S�. However, for x2 2 ½Yc; Y ; YM;Y Þ, the function ULðx2Þ 	 U	Lðx2Þ is strictly increas-
ing and for x2 2 ½YM;Y ; 1=SÞ, the function ULðx2Þ 	 U	Lðx2Þ is linear. Consequently, (82) can have at most one
solution, (81) has only one solution, and (80) holds.

3.2.1 Restrictions on Yiðx1Þ

We would like to find conditions such that the first partial derivatives of u* exist pointwise on Wc and Wm. In the
above construction of u*, there are few restrictions made on gðx1Þ for x1 > 0. At x1 ¼ 0, we have that

gð0Þ ¼ ULð0Þ
ULð0Þ 	 U	Lð0Þ

;

and all that is required is that gðx1Þ be twice continuously differentiable across x1 ¼ 0 and gðx1Þ 2 C2½0; L�, with the
limit conditions (73) satisfied. The choice of gðx1Þ : x1 2 ½0; L� is therefore fairly arbitrary. It is worth noting that if we
take any such suitable gðx1Þ in the definitions (71) and (74), the partial derivatives of u* are continuous everywhere
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for x1 2 ½0; L�, except on the line x2 ¼ 1=S. The problem at x2 ¼ 1=S is only with

@u*

@x2
ðx1; x2Þ ¼ U 0Lðx2Þ þ gðx1Þ ½U 0Lðx2Þ 	 U 0	Lðx2Þ� ;

which will have a discontinuity across x2 ¼ 1=S, due to the discontinuity in U 0	Lðx2Þ across x2 ¼ 1=S. However, at
least r � u* ¼ 0 pointwise for x1 2 ½0; L�.

Considering now x1 2 ½	L; 0�, from the definitions (71) and (74), we see that

@u*

@x1
ðx1; x2Þ ¼ 	Y 0i ðx1Þ G0ðYiðx1ÞÞ ½ULðx2Þ 	 U	Lðx2Þ� ; ð83Þ

@u*

@x2
ðx1; x2Þ ¼ U 0Lðx2Þ þGðYiðx1ÞÞ ½U 0Lðx2Þ 	 U 0	Lðx2Þ� ; ð84Þ

@v*

@x1
ðx1; x2Þ ¼ ½Y 00i ðx1Þ G0ðYiðx1ÞÞ þ ½Y 0i ðx1Þ�2 G00ðYiðx1ÞÞ� ½YLðx2Þ 	Y	Lðx2Þ� ; ð85Þ

@v*

@x2
ðx1; x2Þ ¼ Y 0i ðx1Þ G0ðYiðx1ÞÞ ½ULðx2Þ 	 U	Lðx2Þ� : ð86Þ

In Lemma 5 we have shown that Gðx2Þ is C2 for x2 2 ½0; 1=S�. Conditions (19) and (29)––(33) are assumed to be
satisfied by the interfaces under consideration. Note that (19) and (29)––(31) are sufficient for the partial derivatives of
u* to exist pointwise in each of Wc and Wm, except potentially at x1 ¼ 0. Eq. (33) ensures that when the interface
approaches the x1-axis perpendicularly then it can only become perpendicular to the x1-axis for x2 < Yc; Y . The signifi-
cance of this is that for x2 < Yc; Y , assuming the conditions of Lemma 5, Gðx2Þ is constant and consequently u* is also
constant in this range of x1 (i.e. this range of Yiðx1Þ). Therefore, conditions (19) and (29)––(33) are sufficient for the
partial derivatives of u* to exist pointwise in each of Wc and Wm for x1 2 ½	L; 0�. Indeed, the partial derivatives of u*

will be continuous everywhere except across x2 ¼ 1=S where there is a jump discontinuity in (84), due to the disconti-
nuity in U 0	Lðx2Þ across x2 ¼ 1=S. In particular r � u* ¼ 0 pointwise for x1 2 ½	L; 0� and hence throughout Wc and
Wm. We have proven the following result.

Lemma 6: Suppose S > 1, that ð79Þ is satisfied by the far-field velocities and that the interface satisfies
ð19Þ––ð33Þ. Then there exists u* ¼ ðu*; v*Þ 2 EVV, that can be constructed by ð71Þ, ð74Þ with gðx1Þ defined by ð77Þ.

4. Existence and uniqueness results

In § 3.2 we have shown by construction that there exists u* 2 EVV. We use this to homogenise the inequality (41). We
write the solution to (41), u 2 EVV and also arbitrary v 2 EVV as follows:

u ¼ u*þ u0 and v ¼ u*þ v0 ;

where u0; v0 2 EVV0. In place of (41) we will consider

~aaðu0; v0 	 u0Þ þ bðu0;u0; v0Þ þ jðu*þ v0Þ 	 jðu*þ u0Þ � Lðv0 	 u0Þ ; u0 2 EVV0 ; 8v0 2 EVV0 ; ð87Þ

where

~aaðv0;w0Þ 
 aðv0;w0Þ þ bðu*; v0;w0Þ þ bðv0;u*;w0Þ ; ð88Þ

Lðv0Þ 
 	aðu*; v0Þ 	 bðu*;u*; v0Þ : ð89Þ

More formally, since aðv0;w0Þ, bðu*; v0;w0Þ, and bðv0;u*;w0Þ are continuous bilinear forms on EVV0 (in v0 and w0), it
follows from the Riesz representation theorem that there exist operators A;Bc;Bm which satisfy

hAv0;w0iH1 ¼ aðv0;w0Þ ;
hBcv

0;w0iH1 ¼ bðv0;u*;w0Þ ;
hBmv

0;w0iH1 ¼ bðu*;w0; v0Þ :

We introduce the operator ~AA ¼ Aþ Bc þ Bm and the associated bilinear form

h ~AAv0;w0iH1 ¼ ~aaðv0;w0Þ 
 aðv0;w0Þ þ bðv0;u*;w0Þ þ bðu*; v0;w0Þ :

For all v0 2 EVV0, v* 2 EVV it follows that

ðminfmkg 	 2Cbkv*kH1Þ kv0k2
EHH1 � aðv0; v0Þ 	 jbðv0; v*; v0Þj 	 jbðv*; v0; v0Þj ð90Þ
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(note that jbðv*; v0; v0Þj ¼ 0). In the following we assume that

a ¼ minfmkg 	 2Cbku*kH1 > 0 ð91Þ

which is a condition on the plastic viscosities mk, i.e., that they be sufficiently large. From (63) and (65) it follows that
for all v0 2 EVV0

jaðu*; v0Þj � 8 maxfmkg ku*k EHH1 kv0k EHH1 and jbðu*;u*; v0Þj �
ffiffiffi
2
p

Cbku*kH1 ku*kH1 kv0k EHH1 ;

which shows that Lðv0Þ, defined on EVV0, is bounded and satisfies

kLk � ð8 maxfmkg þ
ffiffiffi
2
p

Cbku*kH1Þ ku*kH1 : ð92Þ

From (87) (taking v0 ¼ 0), on using (70), (90), (91), and (92) it follows that

aku0k2
EHH1 � ~aaðu0;u0Þ � Lðv0Þ þ jðu*Þ 	 jðu*þ u0Þ � ðkLk þ Cj

ffiffiffi
2

p
Þ ku0k EHH1 :

Therefore,

ku0k EHH1 �
kLk þ Cj

ffiffiffi
2

p

a

 R : ð93Þ

For z 2 EVV0 let

~LLzðv0Þ 
 bðz; z; v0Þ :

Note that ~LLz is a linear operator on EVV0 and satisfies

k ~LLzk � Cb

ffiffiffi
2
p
kzk2

H1 :

Let z 2 EVV0 \B ~RR be fixed and let q, ~RR be given positive numbers. Then we consider the auxiliary problem of solving the
following inequality for w0 2 EVV0:

hw0; v0 	 w0iH1 þ q½jðu*þ v0Þ 	 jðu*þw0Þ� � 	qð ~LLz 	LÞ ðv0	w0Þþ hz; v0	w0iH1 	 q~aaðz; v0	w0Þ ;

w0 2 EVV0 ; 8v0 2 EVV0 :
ð94Þ

For arbitrary z 2 EVV0 \B ~RR this inequality has a solution w0 2 EVV0 (cf. Theorem 4.1 in [7]). We denote by F the map-
ping from z 2 EVV0 \B ~RR to the solution of (94).

Lemma 7: For q sufficiently small and a > 4
ffiffiffi
2

p
Cb

~RR, the mapping F is a contraction.

Proo f : Let z1 6¼ z2 2 EVV0 \B ~RR, and denote by w0
1 and w0

2 the corresponding solutions of the variation inequality
(94), then

hw0
1;w

0
2 	w0

1iH1 þ q½jðu*þw0
2Þ 	 jðu*þw0

1Þ�
� 	qð ~LLz1

	 LÞ ðw0
2 	 w0

1Þ þ hz1;w
0
2 	w0

1iH1 	 q~aaðz1;w
0
2 	w0

1Þ ;

hw0
2;w

0
1 	w0

2iH1 þ q½jðu*þw0
1Þ 	 jðu*þw0

2Þ�
� 	qð ~LLz2

	 LÞ ðw0
1 	 w0

2Þ þ hz2;w
0
1 	w0

2iH1 	 q~aaðz2;w
0
1 	w0

2Þ :

Taking the sum of both inequalities gives

kw0
1 	w0

2k
2
H1 � qk ~LLz2

	 ~LLz1
k kw0

1 	w0
2kH1 þ kðI 	 q ~AAÞ ðz2 	 z1ÞkH1 kw0

1 	 w0
2kH1 ;

and therefore

kw0
1 	w0

2kH1 � 2qCb

ffiffiffi
2
p

maxfkz1kH1 ; kz2kH1g kz2 	 z1kH1 þ kðI 	 q ~AAÞ ðz2 	 z1ÞkH1 : ð95Þ

Now we take q to satisfy

0 < q � a=k ~AAk2 ; ð96Þ

giving

kI 	 q ~AAk2 � 1	 2qaþ q2k ~AAk2 � 1	 qa � 1	 qa=2ð Þ2 ;

and eventually, since ~RR > maxfkz1kH1 ; kz2kH1g

kw0
1 	w0

2kH1 � 1	 qa

2
þ 2qCb

ffiffiffi
2
p

~RR
� �

kz1 	 z2kH1 ; ð97Þ

which is obviously a contraction if a > 4Cb

ffiffiffi
2
p

~RR. &
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Theorem 8: If a > 32
ffiffiffi
2

p
CbR, then the mapping F which maps a function z 2 EVV0 onto the solution w0 of the

variational inequality ð94Þ has a fixed point. The fixed point is the unique solution of ð87Þ.

Proo f : We take z0 ¼ 0 and zn :¼ Fðzn	1Þ. Then it follows from (94), by putting v0 ¼ 0 and z ¼ 0, that

kz1kH1 � qðCj þ kLkÞ < qaR :

Thus for sufficiently small q we have kz1kH1 � 4R. Now, we show by induction that kznþ1kH1 � 4R. Assuming
kznkH1 � 4R and using (97)

kznþ1kH1 ¼ kznþ1 	 z1 þ z1kH1 � kznþ1 	 z1kH1 þ kz1kH1 � 1	 qa

2
þ 8q

ffiffiffi
2
p

CbR
� �

kzn 	 z0kH1 þ kz1kH1

� 1	 qa

2
þ 8q

ffiffiffi
2
p

CbR
� �

4Rþ kz1kH1 � 1	 qa

4
þ 8q

ffiffiffi
2

p
CbR

� �
4R ;

which shows that kznþ1kH1 � 4R under the condition a > 32CECbR. This shows that zn is uniformly bounded in H1,
and thus it has a weakly convergent subsequence zk in EVV0. We denote the weak limit by z. Now, we show that zn is
strongly convergent to z. From the weak lower semicontinuity of the norm it follows that for all n 2 N

kzn 	 zkH1 � 4R 1	 qa

4
þ 8q

ffiffiffi
2
p

CbR
� �n

: ð98Þ

Thus zn converges strongly to z. From the definition of znþ1 it follows that

hznþ1; v
0 	 znþ1iH1 þ q½jðu*þ v0Þ 	 jðu*þ znþ1Þ�

� 	qð ~LLzn 	 LÞ ðv0 	 znþ1Þ þ hzn; v0 	 znþ1iH1 	 q~aaðzn; v0 	 znþ1Þ :

Since zn ! z in H1 and LzðzÞ ¼ 0, we get

~aaðz; v0 	 zÞ þ bðz0; z0; v0Þ þ jðu*þ v0Þ 	 jðu*þ zÞ � Lðv0 	 zÞ : ð99Þ

Thus we have shown that z is a solution of (87), which is also a fixed point of the mapping F .
For uniqueness, we suppose that (87) has two solutions u0

1 and u0
2, then

~aaðu0
1;u

0
2 	 u0

1Þ þ bðu0
1;u

0
1;u

0
2Þ þ jðu*þ u0

2Þ 	 jðu*þ u0
1Þ � Lðu0

2 	 u0
1Þ ;

~aaðu0
2;u

0
1 	 u0

2Þ þ bðu0
2;u

0
2;u

0
1Þ þ jðu*þ u0

1Þ 	 jðu*þ u0
2Þ � Lðu0

1 	 u0
2Þ ;

and on summing

~aaðu0
2 	 u0

1;u
0
2 	 u0

1Þ 	 bðu0
1;u

0
1;u

0
2Þ 	 bðu0

2;u
0
2;u

0
1Þ � 0 : ð100Þ

Now, using Lemma 2,

bðu0
1;u

0
1;u

0
2Þ þ bðu0

2;u
0
2;u

0
1Þ ¼ ½bðu0

1;u
0
1;u

0
2Þ 	 bðu0

1;u
0
2;u

0
2Þ þ bðu0

1;u
0
2;u

0
1Þ 	 bðu0

1;u
0
1;u

0
1Þ�

þ ½bðu0
2;u

0
2;u

0
1Þ þ bðu0

1;u
0
2;u

0
2Þ 	 bðu0

1;u
0
2;u

0
1Þ 	 bðu0

2;u
0
2;u

0
2Þ�

¼ 	bðu0
1;u

0
2 	 u0

1;u
0
2 	 u0

1Þ 	 bðu0
2 	 u0

1;u
0
2;u

0
2 	 u0

1Þ
¼ 	bðu0

2 	 u0
1;u

0
2;u

0
2 	 u0

1Þ :

Therefore,

ða	 Cb

ffiffiffi
2
p

RÞ ku0
2 	 u0

1k
2
EHH1 � ~aaðu0

2 	 u0
1;u

0
2 	 u0

1Þ 	 jbðu0
1;u

0
2 	 u0

1;u
0
2 	 u0

1Þj 	 jbðu0
2 	 u0

1;u
0
2;u

0
2 	 u0

1Þj
� ~aaðu0

2 	 u0
1;u

0
2 	 u0

1Þ þ bðu0
1;u

0
2 	 u0

1;u
0
2 	 u0

1Þ þ bðu0
2 	 u0

1;u
0
2;u

0
2 	 u0

1Þ � 0 :

Remark 1: Actually we have a stronger estimate than (95):

kw0
1 	w0

2kH1 � 2Cq maxfkz2kH1 ; kz1kH1g kz2 	 z1kL4 þ kðI 	 q ~AAÞ ðz2 	 z1ÞkH1 ;

with a generic constant C. Since the embedding of H1 into L4 is compact, the inequality (95) may be very crude in
practical applications.

Remark 2: We note that the condition a > 32
ffiffiffi
2
p

CbR is satisfied if

ðminfmkg 	 2Cbku*kH1Þ2 > 32Cb

ffiffiffi
2
p
ðCj

ffiffiffi
2
p
þ ðmaxfmkg þ

ffiffiffi
2

p
Cbku*kH1Þ ku*kH1Þ : ð101Þ

This condition is satisfied if the plastic viscosities are large enough, but is also significantly harder to satisfy if the
plastic viscosities differ too much.

Remark 3: We note that for L ¼ 1 the above result cannot be proven using identical arguments. The main
difficulty arises from the fact that in this situation the functional b is not well-defined on EHH1. Under the assumptions

&
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already made on the interface, the space EHH1 is a Hilbert space, but may contain elements which are not in L2. Actually
EHH1 is a Hilbert space of functions with quadratically integrable derivatives on ð	1;1Þ � ð	1; 1Þ and on each compact
set the function is in H1.

5. Limiting static layer thicknesses and example results

The main theoretical result of the paper is theorem 8, which shows that there exists a unique velocity solution to (87)
for rheological parameters that render the problem sufficiently elliptic (see the conditions of theorem 8). Theorem 8
will also imply a unique solution to (41) if the conditions of lemmas 5 and 6 can be satisfied. Sufficient conditions for
there to exist a unique solution to the steady problem are therefore

a > 32
ffiffiffi
2
p

CbR ; ð102Þ

conditions (19) and (29)––(33) on the shape and smoothness of the interface and condition (79). A further necessary
condition for a static wall layer solution is to be able to define the upstream velocity U	Lðx2Þ with a static layer.
Necessary conditions on the far-field velocity U	Lðx2Þ for there to be a static layer of the type described above are
that

h 2 ð0; hmaxÞ ; ð103Þ

where hmax � 0 is the maximum static layer thickness. That there should exist a maximum possible static layer thick-
ness is perfectly intuitive. According to our choice of scaling, the total areal flow rate passing through x2 2 ½0; 1� is
unity. However, when there is a static wall layer, the unit flow rate must pass through x2 2 ½0; 1	 h�. The variation in
shear stress is linear in both fluids, with the maximum shear stress found at the wall. As h increases, a progressively
larger axial pressure gradient is needed to produce the same flow rate through a progressively smaller gap. The shear
stress increases with the axial pressure gradient and eventually the stress at the wall exceeds the finite yield stress of
fluid m and the wall layer is no longer static. The maximum static layer thickness hmax has been defined and computed
in [3], which we do not repeat here. In short, the thickness hmax depends parametrically on the fluid c Bingham num-
ber, Bc 
 tc; Y =mc, on the yield stress ratio, jY 
 tc; Y =tm; Y , and on the buoyancy to yield ratio, jB 
 b=tm;Y . It is
shown in [3] that jY < 1 is a necessary condition for hmax > 0. Examples of the variation in hmax with jY for different
Bc and for an iso-density displacement (jB ¼ 0) are plotted in Fig. 3a.

Hence, sufficient conditions for the existence of a unique solution to the steady problem with a static wall layer
are: conditions (19) and (29)––(33) on the shape and smoothness of the interface, condition (79), condition (102), and
condition (103). We note that the condition (102) is very unlikely to be sharp. Moreover, conditions (19) and
(29)––(33) place no constraints on the fluid rheologies and leave a broad range of potential interface configurations.
Thus, provided that interfaces do not contravene (79) and (103), we can reasonably expect a unique solution to the
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Fig. 3. Maximal and minimal static wall layers, hmin ¼ 0 in shaded regions. a) hmax for jB ¼ 0:0 for Bc ¼ 1000 (solid),
Bc ¼ 100, Bc ¼ 10; b) hmin for Bc ¼ 1000: contours are Dh ¼ 0:01; c) hmin for Bc ¼ 100: contours are Dh ¼ 0:01; d) hmin

for Bc ¼ 10: contours are Dh ¼ 0:01; e) hmax for jB ¼ 1:0 for Bc ¼ 1000 (solid), Bc ¼ 100, Bc ¼ 10; f) hmax for jB ¼ 2:0
for Bc ¼ 1000 (solid), Bc ¼ 100, Bc ¼ 10



steady state interface propagation problem posed in § 2, at least in a weak sense (i.e. for each fixed interface). Thus
the result follows: uniqueness of solution but non-uniqueness of interface, as is commonly found for steady multi-fluid
flows, see e.g. [9] for a discussion.

For practical purposes, we are not particularly interested in the exact shape of the interface, but only in possible
limitations to there being a static layer thickness. The first constraint on the static layer thickness comes from (103),
which is well understood: if h > hmax a solution may still exist, but the wall layer cannot be static. The second con-
straint comes from (79), which we now show is also a constraint on the static layer thickness h. If we define
F ðBc;Bm; Y	LÞ by

F ðBc;Bm; Y	LÞ 

1

Ym; Y þ 2
	 1

Yc; Y þ 2Y	L
; ð104Þ

we see from (13) and (17) that F ðBc;Bm; Y	LÞ ¼ ½ULð0Þ 	 U	Lð0Þ�=3 and that (79) corresponds to F ðBc;Bm; Y	LÞ < 0.
The dependency of F ðBc;Bm; Y	LÞ on Bc, Bm, and Y	L is defined in § 2.1. Differentiating with respect to Y	L,

@

@Y	L
Yc; Y ¼

1

xð ~BBcÞ
þ Y	L

@

@Y	L

1

xð ~BBcÞ

" #
¼ 1

xð ~BBcÞ
	 2

xð ~BBcÞ
dx

dB
ð ~BBcÞ > 0 ; ð105Þ

implying that

@

@Y	L
F ðBc;Bm; Y	LÞ > 0 : ð106Þ

We note also that F ðBc;Bm; Y	LÞ ! 	1 as Y	L ! 0. Therefore, we have the following two possibilities:

1. If F ðBc;Bm; 1Þ < 0 then F ðBc;Bm; Y	LÞ < 0; 8Y	L 2 ½0; 1�. In this case there is no restriction on the layer thickness h.
2. If F ðBc;Bm; 1Þ > 0 then there exists exactly one solution to F ðBc;Bm; Y	LÞ ¼ 0 for Y	L 2 ð0; 1Þ. We define the

minimum layer thickness hmin via

F ðBc;Bm; 1	 hminÞ ¼ 0 : ð107Þ

Note that condition (79) is satisfied only for h > hmin.

The critical condition is F ðBc; Bm; 1Þ ¼ 1, and it is easily seen that

F ðBc;Bm; 1Þ ¼ 0()Bc ¼ Bm : ð108Þ

Eq. (107) is confined to Bc > Bm and we define hmin ¼ 0 if Bc � Bm.
The above is a mathematical derivation of hmin, the physical meaning of which will become clearer only after the

computation of some numerical examples. Before this however, we are able to compare parametric variations in hmin

with those in hmax. To this end we write

Bm 

tm;Y

mm

¼ tm; Y

tc; Y

tc; Y
mc

mc

mm


 jm

Bc

jY

; ð109Þ

where jm is the ratio of plastic viscosities: jm 
 mc=mm. For fixed Bc, the condition (108) is given by jm ¼ jY . For
different fixed values of Bc, the variation in hmin with jY and jm is plotted in Figs. 3b––3d. These can be compared
directly with the variations in hmax from Fig. 3a. Whilst in general hmax > hmin, it is clear that for sufficiently small
values of jm and sufficiently large values of jY , the condition hmax < hmin can also be attained. This parameter regime
is that in which the displacing fluid becomes progressively plastic by comparison with the displaced fluid, i.e., the ratio
Bm=Bc is small. The ðjm;jY Þ-parameter space, in which hmax < hmin is possible also appears to become progressively
large as Bc decreases, due to the decrease in hmax, which appears slightly contradictory. Note however, that a decrease
in Bc for fixed yield stress tc; Y corresponds to an increase in mc, increasing the shear stress throughout the flow and
reducing hmax. In general, the conditions defining hmax and hmin come from completely different physical considerations
and it is not surprising that these conditions are not more closely coupled. The definition of hmin does not depend on
the buoyancy-yield stress ratio jB ¼ b=tm; Y , but that of hmax does. Fig. 3e and Fig. 3f plot the variations in hmax that
correspond to two different values of jB. Increasing jB reduces hmax and therefore increases the ðjm;jY Þ-parameter
space in which hmax < hmin.

Still unclear is whether the condition h > hminðBc;BmÞ is necessary as well as sufficient for there to exist a
steady state solution and if so, what is happening physically as h! hminðBc;BmÞ. To this end, we have computed veloc-
ity solutions for fixed rheological parameters, ðtc; Y , tm; Y , mc, mmÞ ¼ ð0:2, 0:5, 0:01, 0:05Þ, and for different h. The flow is
assumed to be iso-density. These computations have been carried out with W : ðx1; x2Þ 2 ð0, 1Þ � ð	10, 10Þ, with symme-
try conditions imposed along x2 ¼ 0. The interface is chosen parallel to the x1-axis at the inflow and perpendicular to the
x1-axis at x1 ¼ 0, joined by the (discretised) arc of a circle of radius Y	L=2, between ðx1; x2Þ ¼ ð	Y	L=2; Y	LÞ and
ðx1; x2Þ ¼ ð0; Y	L=2Þ. A finite element method is used with linear basis functions on quadrilateral elements. An example
mesh is shown in Fig. 4a, for h ¼ 0:35. In place of the exact Bingham fluid constitutive equations, we have used a
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regularised viscosity model. Eq. (7) is replaced by

tk; ijðuÞ ¼ hkðuÞ _ggijðuÞ ; x 2 Wk ; ð110aÞ

hkðuÞ ¼ mk þ
tk; Y

Eþ _ggðuÞ ; x 2 Wk ; ð110bÞ

where E$ 1 is a regularisation parameter, fixed at E ¼ 10	3 for the computations presented. Use of this type of viscos-
ity model has become fairly standard for computing viscoplastic fluid flows, although it is also not problem-free. For
the chosen rheological parameters, hmin % 0:0323 and hmax % 0:3364. We have computed velocity solutions for different
h and the streamlines for the velocity solutions are shown in Figs. 4 and 5. The stream function Y is defined here by

Yðx1; x2Þ ¼
Ððx1; x2Þ

ð0; 0Þ
uð~xx1; ~xx2Þ dx2 	 vð~xx1; ~xx2Þ dx1 : ð111Þ

Only a part of W close to the displacement front x1 ¼ 0 is shown. The computations were carried out using the compu-
tational fluid dynamics code FIDAP, version 8.01; see [6]. This code is quite flexible, allowing the different viscosity
functions hkðuÞ to be defined on each Wk by means of user-defined subroutines, likewise the far-field boundary condi-
tions (13) and (17), and the condition u � n ¼ 0 can also be specified on the interface. Convergence usually takes some-
where between 30––60 iterations.

Figs. 4b––4f show the streamlines for layer thicknesses h � 0:15. The interface is given by the streamline Y ¼ 0
and indeed, in Figs. 4b––4f, the line Y ¼ 0 follows the interface fairly well. Even though we don’t manage to get the
line Y ¼ 0 to intersect the x1-axis at x1 ¼ 0, adjacent streamlines do remain in the different fluid domains. We are
reasonably satisfied that it is purely due to numerical error that we do not get the separating streamline to intercept
the x1-axis. It should be noted that a primitive variable formulation has been used in the computation, whereas per-
haps a stream function-vorticity formulation would have been preferable for this flow feature. Qualitatively, the
streamlines in fluid c recirculate in Wc, whilst those in fluid m enter Wm upstream and exit through the static layer,
after flowing around Wc. We remark that h > hmax in Fig. 4b, whereas h < hmax in Figs. 4c––4f. This computation
h ¼ 0:35 has been included to illustrate that steady solutions do exist for h > hmax. There is no noticeable qualitative
difference in the streamlines between Fig. 4b and Figs. 4c––4f, i.e., the parametric variation in streamline behaviour
across h ¼ hmax is smooth. It is simply that, for h ¼ 0:35, it is not possible to impose the upstream boundary velocity
profile with a static wall layer.

At smaller layer thicknesses than those shown in Fig. 4, fluid m begins to recirculate in Wm. The value of h at
which recirculation starts is denoted hcirc and can be easily computed from a knowledge of the far-field downstream
boundary condition, (13). For these rheological parameters, hcirc % 0:1258. Although not clear in Fig. 5b, there is in
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Fig. 4. Example computations for ðtc; Y ; tm;Y ; mc; mmÞ ¼ ð0:2; 0:5; 0:01; 0:05Þ, showing the streamlines of the solution for
different interface positions (left to right; top to bottom): a) Y	L ¼ 1=S ¼ 0:65, example of finite element mesh; b)
Y	L ¼ 1=S ¼ 0:65, contours DY ¼ 0:01; c) Y	L ¼ 1=S ¼ 0:70, contours DY ¼ 0:01; d) Y	L ¼ 1=S ¼ 0:75, contours
DY ¼ 0:01; e) Y	L ¼ 1=S ¼ 0:80, contours DY ¼ 0:01; f) Y	L ¼ 1=S ¼ 0:85, contours DY ¼ 0:01



fact a weak recirculation downstream of the region shown in fluid m. This feature is more evident in Figs. 5c and d.
When the recirculation zone exists in Wm, a second streamline Y ¼ 0 enters Wm at the downstream boundary x1 ¼ L.
It appears that both this streamline and the upstream Y ¼ 0 (i.e. the interface), intersect the x-axis. The significance
of the emerging recirculation zone is that when hcirc < hmax, the static layer thickness that is observed to result from
fully transient two-dimensional displacement computations is found to be given approximately by h ¼ hcirc. For exam-
ple, h % 0:145 % hcirc for the computation shown in Fig. 1a. This approximate prediction of h has been observed for a
great many computational results and the prediction also follows parametric variations remarkably well, see in [3].

In Figs. 5d––5f, we straddle the limit h ¼ hmin % 0:0323. For progressively thin static layers below h ¼ hcirc, we
appear to attain a critical thickness at which the streamline Y ¼ 0 entering at x1 ¼ 	L exits at x1 ¼ L, without
intercepting the x1-axis, see Figs. 5e and 5f. At the same time, a second Y ¼ 0 is observed in Figs. 5e––5f to bifurcate
from the x1-axis and then rejoin it. It would appear that in this range of layer thicknesses, although the solutions
converge numerically, the streamlines Y ¼ 0 that are computed do not represent a physically plausible fluid-fluid inter-
face. It is also worth noting that we are unable using the numerical code, to check how well the condition u � n ¼ 0 is
satisfied on the interface.

Although not predicted particularly well by the numerical results, we believe that a second critical layer thick-
ness is defined by hmin, i.e., that we cannot typically find a physically sensible steady solution with a static wall layer
for h < hmin. The direct physical interpretation of (79) is that the unyielded region of the far-field displacing fluid flow
is moving faster than the unyielded region of the displaced fluid, far downstream. In the case when (79) is satisfied,
fluid m is being pushed by fluid c. In contrast, when (79) is not met (i.e. h < hmin), the unyielded region of fluid m far
downstream is pulling that of fluid c, which makes it less likely that a steadily propagating interface can exist, separat-
ing the two fluids. In the case presented it appears this critical layer thickness has been attained for h slightly larger
than hmin. We believe it is quite hard to resolve this limit with the numerical methods that we have used. Our choice
of numerical methods has been intended mainly to provide example computations fairly simply and there is much room
for improvement. The main numerical difficulty here seems to be that the layers are becoming thin relative to the
mesh size and that hmin is also typically quite small. To get larger hmin we would need to consider small ratios of jm,
but from our existence results, these limits are also likely to give the most problems in terms of computing the solu-
tion. Our tentative conclusion is that physically sensible velocity solutions with a static wall layer should be computa-
ble for h 2 ðhmin; hmaxÞ, but not outside this interval.

6. Concluding remarks

We have considered the steady propagation of a finger of one Bingham fluid through another thicker Bingham fluid,
filling the space between two parallel plates. It has been shown that fully two-dimensional steady solutions to this
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Fig. 5. Example computations for ðtc; Y ; tm;Y ;mc; mmÞ ¼ ð0:2; 0:5; 0:01; 0:05Þ, showing the streamlines of the solution for
different interface positions (left to right; top to bottom): a) Y	L ¼ 1=S ¼ 0:87, contours DY ¼ 0:005; b)
Y	L ¼ 1=S ¼ 0:88, contours DY ¼ 0:005; c) Y	L ¼ 1=S ¼ 0:90, contours DY ¼ 0:005; d) Y	L ¼ 1=S ¼ 0:95, contours
DY ¼ 0:005; e) Y	L ¼ 1=S ¼ 0:97, contours DY ¼ 0:005; f) Y	L ¼ 1=S ¼ 0:98, contours DY ¼ 0:005



problem exist, in cases where a uniform static residual layer of the displaced fluid is left on the walls of the slot. The
type of interface for which such solutions have been shown to exist are those which are parallel to the slot axis at the
inflow, are sufficiently smooth, and are those which, if they approach the slot axis perpendicularly, become perpendicu-
lar to the slot axis only sufficiently close to the slot axis. For each such suitable interface, subject to certain conditions
on the ellipticity of the problem, the solution will be unique. However, the interface position is not unique. First of all,
considerable variation is allowed in the shape of the interface close to x1 ¼ 0. Secondly, the far-field static layer thick-
ness h can be selected arbitrarily in ðhmin; hmaxÞ. Numerical results have been presented that indicate the variation of
hmin and hmax with the rheological parameters and we have shown a series of steady state solutions that have been
computed for h 2 ðhmin; hmaxÞ.

These results, of uniqueness of the steady solution for specified interface, but non-uniqueness of the interface
specification, are quite commonplace for multi-fluid flows. A number of examples of nonuniqueness of steady solutions
to two-fluid flows are given in [9]. Here we have the additional complications of the Bingham rheologies, but the
problem remains essentially the same. One conclusion is that the steady problem alone, does not determine the static
layer thickness that is selected by a transient displacement. However, much insight has been gained by studying the
steady problem, in particular the identification and interpretation of the limit hmin.

In [3] it has been shown that the limiting layer thickness at which fluid m begins to recirculate, hcirc, gives a
good approximation to the static layer thickness selected by fully transient displacements that have a static wall layer.
This is a largely empirical observation in [3]. By way of explanation in [3], it is argued that static layer thicknesses
close to hcirc are likely to approximately minimise the visco-plastic dissipation, close to x1 ¼ 0, over the set of all
feasible interfaces. Arguments such as this in fact only make sense when we are able to prove the existence of solutions
to the steady propagation problem for a range of interface configurations, as done here.

There are a number of interesting extensions of this work. Firstly, it would be possible to compute the steady
solution over a range of admissible interface shapes and attempt to minimise a suitable viscous dissipation functional.
This could be compared with the results of transient computations. Secondly, it would be interesting to use this steady
problem as the basic solution in investigating instability of the displacement front. For both these applications, it
would be advisable to modify the numerical method used, for both greater flexibility and accuracy.

In proving the results of this paper, we have not attempted to derive functional analytic bounds that are sharp,
nor do we always consider the best function spaces. This is certainly possible, but we feel also that it would be a
slightly fruitless exercise. Firstly, by analogy with Newtonian fluid flows it is usually found that the bounds derived for
existence and uniqueness results are quite conservative. Secondly, in deriving bounds such as those in lemmas 1 and 4,
quantities such as minfmkg, maxfmkg, and maxftk; Y g appear. Thus, regardless of the sharpness of the functional
bounds that we use, we must expect our results to be weaker when the fluid rheologies are distinctly different.
Whether or not this represents an underlying problem with these flows is not clear, but we believe that this is so.
Finally, we note that the bounds we derive for the ellipticity constant a will depend upon the function u* that we
have constructed, and thus on the interface shape and far-field boundary conditions (parametrically, on h, Bc, and
Bm). Although we have found one particular u* 2 EVV, with which to homogenise the variational problem (41), we have
no insight into whether or not other v* 2 EVV might be better with respect to our bounds.

A final comment here concerns the assumption of symmetry of the interface. Non-symmetric interfaces will be
the norm in channels that are inclined and for which the fluid densities are different, e.g. in most situations that
approximate the primary cementing of a casing into an oil well. The same problem can be straightforwardly formu-
lated for these situations. For a steadily propagating interface we will now have a lower and an upper static wall layer
thickness, say hl and hu. We can impose an upstream boundary conditions with two static wall layers, provided only
that maxfhl; hug < hmax, where in an inclined slot hmax depends parametrically on jB cos b in place of j; b denotes the
deviation from vertical. We are also able to use essentially the same construction of u* 2 EVV, and expect therefore to be
able to prove existence and uniqueness of solutions. The physical meaning of (79) is the same for a non-symmetric
steady displacement and this will lead to the condition hl þ hu > 2hmin. Further quick insight is not forthcoming and
this is an area for ongoing research.
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