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Abstract

In this paper we describe the basic idea of a semi-analytical approach for computing the temperature
and thermal stress inside an Indium Antimonide (InSb) crystal grown with the Czochralski technique. An
analysis of the growing conditions indicates that the crystal growth occurs on the conductive time scale. A
perturbation method for the temperature field is developed using the Biot number as a (small) expansion
parameter whose zeroth order solution is one-dimensional (in the axial direction) and is obtained for a
cylindrical and a conical crystal. For the growth conditions of InSb a parabolic temperature profile in
the radial direction is shown to arise naturally as the first order correction. As a result, the thermal
stress is obtained explicitly and its magnitude is shown to depend on the zeroth order temperature and
Biot number linearly. Some issues relevant to growth conditions are also discussed.

1 Introduction

The Czochralski method is the most popular technique for growing single large crystal used by the semi-
conductor and related industries. By dipping a small seed crystal into a pool of molten material in the
crucible and carefully controlling the heat balance inside the grower, a large crystal can be grown by pulling
the crystal away from the melt in a slow and steady fashion. The pulling rod and the crucible are normally
rotated in the opposite directions during the growth period. Delicate control is often needed to maintain
the crystal quality and a slight change of growth condition may result in defect formation inside the crystal.
With care, a pure (‘defects free’) crystal can be obtained routinely when the size of the crystal does not
exceed a critical size.

Due to the seemingly complex nature of the thermal, structural and dynamical coupling of the molten
material, the crystal, the crucible, the gas chamber and other parts of the growth, considerable efforts have
been devoted to the laboratory experiments and to modelling and simulations of the growth environment over
the past several decades. As a result, there exist an extensive literature, mostly in engineering fields. These
studies cover a wide spectral of areas, from decoupled one or two dimensional simulations to fully coupled
three-dimensional computations [15, 16, 17, 18, 19, 20, 21]. Most of the studies rely heavily on computer
simulation since the fully coupled system can not be solved otherwise. These investigations have generated
useful information including temperature distribution, crystal-melt interface shape, and melt flow patterns
inside the crucible. By comparison, until recently much less attention has been paid to the modelling of
defects inside the crystal and main factors which determine the formation of defects [10].

In this paper, we present a semi-analytical approach to study the temperature field inside the crystal and
related thermal stress. It is believed that the defects formation can be related to the excessive thermal stress
above some critical value (see [3, 11, 12, 13, 14, 21, 22] and references therein). Therefore, some analysis on
the growth factors which determine the stress level will be extremely useful for crystal growers using different
operating conditions for less well-known crystals such as InSb.
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The purpose of the paper is two-fold. By identifying the main physical features and using suitable
mathematical models, we hope to gain further understanding of this complex manufacturing process. By
deriving semi-analytical solutions, we also wish to provide useful insights which can be used to search for
suitable growth conditions to improve the manufacturing procedure for InSb crystals.

By examining the physical process and parameter values of the growth environment closely, we are able
to identify the main features associated with InSb crystals. In particular, we found that the temperature
field is dominated by the lateral flux through the crystal-gas surface, characterized by the non-dimensional
Biot number. The value of the Biot number is small under the growth condition for InSb crystals, which
suggests an asymptotic expansion of the solution with respect to the Biot number. As a result, analytical
solutions could be obtained for the pseudo-steady case, which is another main feature of the temperature
field inside the crystal. This is similar to the growth of other crystals where the pseudo-steady assumption
has been discussed in detail [23]. More detailed discussion related to the growth conditions for InSb will be
given in Sections 2 and 5. Even for the fully unsteady case, the asymptotic expansion results in a system
of one-dimensional equations and the thermal stress can be obtained explicitly in an analytical form, under
the plane strain assumption. To simplify the presentation, we have used a simplified model for the melt
and gas flows. However, the asymptotic solution developed here is still valid and can be incorporated with
more realistic models for the melt and gas flows. Compared to most of the previous work, the results of this
study are different since an explicit form for the stress is obtained. Formulated in a non-dimensional form,
the dependence of the stress level on the Biot number is useful for crystal growers when larger crystals are
grown. Since the Biot number is proportional to the product of the heat transfer coefficient and the mean
crystal radius, it is obvious that one should try to reduce the heat flux via the lateral surface when a crystal
of larger radius is grown.

The rest of the paper is organized as follows. In Section 2, we will present the mathematical model and
dimensional analysis. Asymptotic solutions are given in Section 3. Thermal stress is discussed in Section 4.
In Section 5, results are presented for both pseudo-steady and unsteady cases. We will conclude the paper
with a brief summary and discussion on future directions in Section 6.

2 Mathematical Model and Dimensional Analysis

The overall aim of the paper is to derive a realistic but simplified model of InSb crystal growth. Figure 1
illustrates the profile of a typical crystal. The coordinate system is fixed to the top of the growing crystal
at z = 0 and the final length of the crystal is denoted Z and the crystal radius is denoted R(z). The growth
starts with a seed crystal with radius of order R,... = 5x 1073 m and length Z..., = 3 x 1072 m. The crystal
grows outwards in a slowly developing cone eventually reaching a radius R(Z) ~ 5 x 10~2 m, after a length
Z ~ 0.3 m. A crystal can take 10-20 hours to grow. Thus, at the outset we observe firstly, that crystal
growth is characterised by a large aspect ratio. Secondly, it is evident that any transients in the system,
unless caused by rapidly changing boundary conditions, are very slow. These two features will be used to
derive our eventual model.
Within the crystal €2, the temperature T'(x, t) satisfies the heat equation

oT 0T
psCsEstzj:a—m? xeQ, t>0 (1)
where pg, ¢s and kg are the density, specific heat and thermal conductivity of the crystal, (i.e. the solid
phase), respectively. The lateral surface of the crystal is denoted I'y and is subjected to cooling from the
circulating chamber gases and radiative heat loss. Although radiation is not insignificant, for simplicity we
model both effects through a simple Newtonian cooling law:

oT
fksain = hgs(T' = Ty), xely. (2)
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Figure 1: Shown is a typical crystal at some time ¢ during a growth run with a newly solidified portion
at z = S(t). The coordinate system is chosen so that the top of the crystal remains at z = 0 and the
solidification front grows downwards in the positive z direction. The radial profile is given by R(z) and the
crystal length is S(¢). Finally, the heat transfer coefficient h,s(%) may be a function of the axial position z.

Here we assume that the heat transfer coefficient, hy,, incorporates both convective and radiative heat
transfer, (the latter via linearisation). The top of the crystal is fixed at z = 0 where we also invoke a

Newtonian cooling law

oT
ks% - hch (T - Tch)7 (3)

in the case that the radius at z = 0 is assumed to be non-zero. Here h., represents the heat transfer
coefficient for the seed-chuck connection and T, is the chuck temperature.

The crystal-melt interface is denoted I's and is where T = Ty, the solidus temperature. The solidus
isotherm is thus implicitly defined from the temperature field. Explicity we denote the solidus isotherm by

z—S(x,t) =0, xelg. (4)
The motion of the solidus isotherm is governed by the Stefan condition

oS or

sLiZ s~
Ps™ by on

—q (5)

z—S~

where L is the latent heat and ¢; is the heat flux from the melt. The speed 95/0t above is the speed at which
the solidus moves in the direction of the outward normal n. The Stefan condition can also be rewritten in
terms of S(x,t) for x=(z, y), as follows:

a8 oTr 0S90T 0S90T
psL = ks —q
z—S—

ot 9z Oxdx  dydy

2.1 Typical scales in InSb crystal growth

Although possible to treat the three-dimensional case above, it is somewhat unwieldy and hence we instead
attempt to simplify the model first. Table 1 specifies a typical set of thermophysical and process data.



Data Symbol  Value
Growing Properties

Mean crystal radius R 0.03 m
Final crystal length A 0.30 m
Characteristic growth rate v 3x107% m/s
Ambient gas temperature T, 600 K
Solid Properties

Solidus temperature T, 798.4 K
Density Ps 5.64 x 10% kg/m?
Thermal conductivity ks 4.57 W/m K
Heat capacity PsCs 1.5 x 10% J/m3 K
Latent heat of fusion L 2.3 x 105 J/kg

Heat Transfer Coefficients
Crystal-Gas hgs 1-4W/m?K

Table 1: A summary of the thermophysical and typical growth parameters of InSb.

Consider a time t, after any initial growth transient, when the crystal has length S onto which a thin layer of
crystal of radius R has just solidified. Utilizing (1) and the characteristic values in Table 1, the conduction
of heat across a crystal cross-section and the time taken to grow a length R of crystal have the following
time scales: .
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Thus, the conductive time scale is typically much shorter than that for growth, (i.e. over similar length-
scales). The growth time scale for the entire crystal is still longer, and given by t ~ Z/v. It is over this latter
growth time scale that significant changes in either the radius or area occur, which are related to significant
changes in the cooling capacity and heat capacity, respectively.

Therefore, apart from imposed rapid changes in the growth, (e.g. at the start of the process and at the
end as the crystal is withdrawn from the melt), all other thermal changes are slow and occur on the growth
time scale. Since there is no process change that occurs on the conductive time scale, the process is likely
to be pseudo-steady on the growth related time scale.

Turning now to the thermal gradients, the magnitude of the radial variation in the temperature is
maximized at the lateral surface where the crystal comes into contact with the surrounding gas. From (2)
and Table 1,

oT
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(Ts — T,) ~ 175 K/m.

The magnitude of the axial temperature gradient is maximal at the solidus where the Stefan condition (5)
is satisfied. Assuming a nearly flat interface (which will be justified later), an estimate for 9T /0z|g- is
obtained by neglecting the heat flux in the liquid phase:
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The sides of the crystal are predominantly vertical and the solidus isotherm predominantly horizontal.
Thus, we see that the vertical gradients dominate, at least in some neighbourhood of the solidus isotherm.
However, we must note that the vertical gradients arise mostly due to heat loss to the cooling gases, which
occurs in the radial direction. Since the cooling effects are weak, this implies that a long crystal is needed to
get a significant temperature drop along the crystal length and suggests that we will need to scale the axial
and radial directions differently.



2.2 Non-dimensionalization

The above discussion motivates our scaling below. For simplicity, we start by assuming an axisymmetric
model, although the crystal cross-section is not in fact circular. The other assumptions that we make here,
for simplicity only, are that the heat transfer coefficient hys and the gas temperature T, are constant. In
reality there will be local variations along the crystal surface, but in any case these require a more detailed
analysis of the gas flows in order to be properly evaluated.

We define the Biot number by

‘=L (6)

and using the parameter values in Table 1, we find € ~ 0.026 < 1. We seek an asymptotic expansion in
terms of e. With this in mind we adopt the following scalings:

r=Rr, €/22=R: R(z)= ER(%), e'28(r,t) = Rg(f, t),
T=T,+ATO, AT=T,-T,
_ St}_%stcs . L
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Here variables with hats (") are the non-dimensional ones. In terms of these variables the heat equation in
the crystal (1) becomes

1
i@t =—(r0;), +€0,,, xeQ, t>0 (7)
St r
with boundary conditions (2)-(4)
-0, +€0.R'(z) =€ |1+ e(R’(z))Q]l/2 o, x €Ty,
e =1, x €T, (8)
0. = 6(6 — Ou), 2 =0,

where § = €/2h,, / hgs. The hats have been dropped for brevity. The solidus advances according to the
Stefan condition (5) which in non-dimensional coordinates becomes

1 52 1/2
e, — ESr@r = (1 + ;) (v+St), (9)
where "
= — 10
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which is the non-dimensional heat flux in the liquid across the solidus. Note that we have chosen the
rate of solidification to define the characteristic time scale. The Stefan number, S;, gives the ratio of this
characteristic solidification time scale to the time scale associated with conductive heat loss through the
crystal side surface. Based on the parameter values in Table 1, we have S; ~ 4.3, which suggests that the
conductive scale is small and the temperature inside the crystal is steady on the growth time scale.

2.3 Growth Conditions

Under general growth conditions the process may be pseudo-steady. However, near the end of the process,
transient effects may become important. To investigate both possibilities, this subsection describes two
situations:

1. The growth of the crystal is characterized by an externally chosen value of ¢; (or the non-dimensional
flux 7), constant for the duration of the simulation.



Figure 2: Shown here are the three velocities related to the extraction of the crystal. The crystal solidifies
at a rate 95/0t and due to mass conservation, the surface of the fluid drops at a rate v,,. To ensure that
the crystal melt interface remains at the surface of the liquid the crucible is dropped at a rate v,. The three
surfaces are, lighter line: old melt surface position; darker line: new melt surface position; broken line: melt
level before extracting crystal (dropping crucible).

2. Using the temperature of the furnace as a control parameter, ¢; is determined implicitly by an effective
heat transfer coefficient of the furnace to the crystal through the melt.

In the second scenario we use a simple model to couple the heat fluxes inside the grower based on the fact that
system is almost at thermal equilibrium. Starting with dimensional variables, we consider crystal growth in
an axisymmetric setting where the rate of growth is small. We assume that the melt (liquid) in the crucible
is well-mixed and the temperature of the melt, Tj(t), is uniform in space except in the thin layers near the
crystal-melt and melt-ambient gas interfaces. We also assume that the ambient gas is well mixed and the
temperature of the gas is a constant T,;. Furthermore, we will neglect the shape of meniscus and assume that
the crystal-melt and gas-melt interfaces are flat. ! Therefore by adjusting the pulling speed vp, the positions
of the crystal-melt and melt-gas interfaces can be described by a single function z = S(R,t). Finally we
assume that the crystal radius R(z) varies slowly in the z direction, |0R/Jz| < 1. The coordinate system is
fixed to the top of the growing crystal at z = 0, as described previously.

Let A = 7R? denote the cross sectional area of the crystal and A. = 7R2 be the cross section area
of the crucible with R. being the inside radius of the crucible at the current interface position. From the
conservation of mass

0
PLA, = pSAaS(R7 t),

so that the rate at which the interface drops due to the change in density upon solidification is

_ psA D
Vg = A BtS(R’t)
resulting in a pull rate of
98 plAc - psA 0
== —, = BT 2 S(R1).
= Y od,or )

1For InSb crystals under consideration here, the typical length scale is R=0.03 cm, the surface tension coefficient between
2
the melt and gas is 04;=0.457 (unit), and the melt density is 01=6.47x103 kg/m3. The Bond number, Bo = Il—pllg ~10%, is

large. Thus the meniscus is dominated by the gravity effect and the meniscus only changes shape near the three-phase contact
point with a small capillary rise.



This is detailed in Figure 2. Note that if the radius of the crystal is much smaller than the radius of the
crucible A < A, then v, ~ 0, or v, ~ 05/9¢t. If the actual pull rate of the crystal exceeds v, by a moderate
amount then the surface tension of the melt will cause the radius of the crystal to decrease. Similarly, pulling
at a rate slower than v, will cause the radius to increase.

Using these velocities, the position of the crystal-melt interface is S(t) = up(t) 4+ wy(t) + Z.cca Where

up(t):/o vp(t) dt, uw(t):/o Uy () dt

are the displacements due to the growth of the crystal and the loss of melt during the solidification respec-
tively. Assuming the crucible is initially full, the depth of the crucible, Z., is also the initial depth of the
melt.

During the growth period, the heat balance inside the melt yields

3 (eiTiVe) = —@ A+ (A — (T, ~ Ti) + Aha(T T, Ti(0) = T,

where q; = hg(T; — Ts), pi and ¢; are the density and specific heat of the melt, V} is the total volume of the
melt, T is the melting/solidification temperature, and hg and hg; are the heat transfer coefficients between
the melt-crystal and melt-ambient gas respectively. The last term is the heat flux from the crucible to the
liquid, which is assumed to be a control parameter with the temperature of the crucible T, as the control
parameter. Here A; is the area of the crucible covered by the melt and h.; is the heat transfer coefficient
between the melt and the crucible. Since the shape of the crucible is known, A; and V; can be obtained as

Z o —Uqy (1) Zco—Uqy (1)
m:/ 2 R,(€)(1+ R(€)V/2 de, wz/ TR2(€) d.
0 0

These integrals are computed with respect to a local coordinate system fixed to the bottom of the crucible,
which will be used for the rest of this section. Z.y is the height to which the crucible should be filled so that
once the crystal reaches its final mass, and the growth stops, there is a given proportion, p, of melt mass left
in the crucible. This condition can be expressed as

Zco
Ps o )
o View = (1 = p) /0 TR2(€) de.

By defining
R Rc PICl )\BRC
A = = = — = —_— —_
RC, IU’ ZC ? ¢ pscS? ﬁ 61/2Zc
substituting
A= R2A7 Rc = RCRCa Ac = EiAcv Al = EchAAl»
‘/l = Rich/}» ZCO = ZCZCO7 61/2“17 = E'El’pv el/guw = )‘3Ecaw7
Ti =T, + ATO,, T. =T, + ATO,,

and dropping hats one obtains the following heat balance expression

¢ d Tg 3 hsl hgl 2 hcl
—— | == = A(1-6))— A.— XA —A — =1 (11
oo [(Z5+e)u] = wepan-en gt oozt ae.e).  e)=1ay
with geometric factors
Zco—Puw(t) 5 Zeo—Puw (t)
A | 2 R(€)(1 + W ()2 de, i/ RS (12)
0 0



melt surface displacements

¢
A

U (1) = / PsA O g p vy at, up(t) = S(R,t) — S(R,0) — Auy(t), (13)

and velocities n e

Ps 2 Ps
w = ar s b))y =(1- ar [ 14
v plAcatS(R t) Up ( A pzAc> (%S(R t) (14)
This implies the relationship v, = 85/9t — A?v,, at 7 = R. For this second scenario equation (10) becomes
v = —elﬂﬂ(l—@l). (15)
hgs

3 Perturbation solution

We now seek to approximate the scaled model in Section 2.2 via a straightforward perturbation expansion.
In turn, this perturbation model will form the basis for a numerical solution. Since S; is neither small nor
too large under the current growth conditions it is retained as a parameter. Equations (7) & (8) strongly
suggest that the temperature © is independent of r to leading order. If true then the solidus isotherm S is
also independent of r to leading order, and we see that this is consistent in (9) with the growth being driven
primarily by the vertical gradients. These observations motivate the following approximations:

O ~ Og(2,t) +€O1(r, 2, ) + €2Oa(r, 2, ) + ...

S ~ So(t) + €S1(r,t) + €2Sa(r,t) + ... . (16)

We substitute them into the scaled model, expand in powers of ¢, simplify and collect terms. The resulting
field equations to first order are:

1 10
—0pt=———(r01,) + 0.2z, Q, t>0, 17
g, ot r@r(r 1,r) + Oy, X € > (17)
Lo, 21200, +0 xEQ t>0 (18)
St 1,t — r 87’ 2,r 1,zz» 9 )
where the boundary condition on the lateral surface becomes
@1,7“ — Rl@O,z = —@0, T = R(Z), (19)
1
Oz, — RO, + 53’2@0 = -0, r=R(z). (20)
Continuing this procedure for the remaining conditions, at the top of the crystal one has
60,2 = 5(60 - @Ch)7 z2=0,
0. = 36, 2=0,
and at the solid-liquid interface
60:17 Z:SO(t)a
5100, + 01 =0, z = So(t).
Finally, the evolution of the interface is governed by
v+ SO,t = 60,z|Z:SO(t) , SO(O) = Zeods (21)
163,
Sl,t = @172 + 51@0,2,2 + — : R Sl(T, 0) =0. (22)
2 @O z
2=5So(t)

We note that Z,..4 is the non-dimensional length of the seed. In addition there will be symmetry conditions
at r = 0 for @k, Sk, k}:O,l



3.1 Resolution of the zeroth order model

Integrating (17) once and imposing the symmetry condition 01, = 0 at r = 0, we have:

r (1
5 (St@o,t - @O,zz> = 91,7”7

and applying (19) at » = R gives the zeroth order problem:
1
Sy

2
R
O, = 6(0y — Oup), 2=0, (24)
Q) = 1, 2= So(t) (25)

Ot =00+ = (RO, —0p), 0<2z<So(t), t>0, (23)

where the advance of Sy(t) is coupled to the thermal gradients via (21).

Equation (23) is parabolic and involves only the heat fluxes along the length of the crystal. With the
chosen expansion we see that at zeroth order the temperature field has no radial dependence. In addition,
we can see that the thermal gradients, as discussed previously, are caused by cooling effects at the surface.
In Section 5.1 we solve the time dependent system (21), (23)-(25) on (0, So(t)) for a suitable set of initial
conditions. Also notice that expression (21) illustrates that the chosen time scale balances the growth. The
resultant appearance of 1/S; < 1 in (23) suggests that thermal transients in the bulk of the crystal are not
as important as the growth transient. Although this is explored further in Section 5.1, the limit at S; — oo
leads naturally to a pseudo-steady leading order model, in which time dependency only enters the thermal
model through the growth, i.e. we also solve:

@07,2,2 + % (R/@()’Z — @0) = O7 0<z< So(t) (26)
with the boundary conditions (24) & (25) with the growth of Sy(t) given by (21) as the pseudo-steady limit.

We note that properly it is necessary to close the model by relating growth in S to that in R. To do this
we must model the crystal withdrawal from the crucible, formation of the meniscus in the holm region and
coupling of S and R. It has been shown in [9] that the growth angle is related to the capillary height for large
Bond number growth. In principle, crystals with desirable shapes can be grown by adjusting the pulling
rate. Therefore, to simplify the computation, we impose a geometry R(z) on the model. This approach
has the advantage of allowing us to investigate the thermal fields and associated stresses that develop for a
particular observed shape. We start by exploring two special cases for which an analytic solution may be
computed to the pseudo-steady model.

3.1.1 Constant radius crystals

In this case we take R(z) =1 and (26) becomes simply
0:@oyzz*2@07 0<Z<S0(t)
with boundary conditions (24) & (25). Solving for © gives:

V2 cosh v/2z + & sinh /22 + §0.p, sinh \/5(5’0 —2)
V2 cosh V25, + §sinh v25S,

The crystal grows at a rate governed by the Stefan condition (21):

\/Eﬂsinh V28, + § cosh /2S5y — 60, .

+ Sot =
7 ot V2 cosh v/2Sy + & sinh v/25,

We consider the following two limits:



o Insulated chuck (6 =0):

cosh v2z
cosh v/25, ’
v+ S0 = \@tanh \/550

o Cold chuck (©., = 0):

/2 cosh /22 + § sinh /22
V2 cosh v/25; + § sinh v25, ’
5 5 cosh /2S5y + v/2sinh /25,
V2 cosh /25, + & sinh v/2Sy

@o(z)

v+ So,t

3.1.2 Conical crystals

One source of ambiguity in the constant radius model above is the need to specify the chuck temperature
and heat transfer coefficient. In the case of a conical crystal, (which is closer to reality), this ambiguity is
less prominent. We assume R(z) = R,..q + @z where o ~ O(1) is one-half the opening angle of the crystal
when using non-dimensional units. In this case we solve

2
0= @an + 5(@0777 — @0), R...q < a2n < Roeeq + Sy, t >0,
0.y = (0 — Oy, 021 = R, (28)
60 - 17 a2n:Rseed+a507

where a2n(z) = R...q +az. In this case the solution takes the form of linear combinations of modified Bessel
functions

g(n) [f' (o) — adf(no) + adOen f(ns,)] — f(0) [g'(n0) — adg(no) + adOcng(ns, )]

= [ C)g(ns,) — F s, )7 (n0)] + 8l (ns, (o) — £ (mo)g sy ) 29
where
mo =n(0), ns, =n(S), fn)= Il(ﬁ)’ g(n) = Kl%%)
and

V2= L(/8)) V2 K1 (v/57)
f'(n) = 710( 8n) — VPR g'(n) = _VKO(\/877) - W
The corresponding expression for the growth rate is

ot Sop = L9 (150) [F'(m0) = a9 (o) + 008enf ()] = F' (1) [9'(m0) = 09(mo) + @08 cng(ns, ]
T a [f'(n0)g(ns,) — f(nsy)9'(0)] + ad[f (1s,)g(n0) — f(10)g(ns,)]

Two limiting cases are considered. To compare with the cylindrical case one sets R.., = 1 and ex-
pands (29) in a power series of « yielding

Op(z,t) = % {1 - % [6(,2 — S0) + V8(2% — U) tanh v2z — V/8(S2 — U) tanh \/55’0} } +0(a?)

with 3
U=32+2 (1 — O, cosh ﬁso)

which should be compared to equation (27). Since R,... < 1, a simple form of (29) can be obtained by
expanding the solution in R,..q, as

8 LBz R [ [2 D(V82/a) [ 2 Do(v8S/a) 1 1
)= [ h(/SSofa) | o <\/;11<¢%) \/asoll(\/—SSo/a) z+So>
10

+O(R2,,).
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Figure 3: Effect of v on growth of cylindrical crystals.

3.1.3 Comments

We note that the model for a one-dimensional temperature variation in the axial direction is not new. For
example, it has been used in [9] as the model allows for simple analytical solutions. However, the model has
not been formally justified in the crystal growth literature.

From the explicit solutions for cylindrical crystals one can observe that the rate of interface growth
(therefore the rate of crystal growth) is asymptotically (for large So) /2 — 7, when ~ is constant. For small
Sy, on the other hand, the speed is approximately 4S5y — v for insulated chunk or § — ~ for a cold chunk.
This suggests, for both cases, that initially a small v is necessary to establish the growth. In addition, the
value of v will also affect the total time required for growing crystals of certain sizes. We have experimented
with the value of 7, in Figure 3 Sy and its time derivative are plotted for three different v values. The effect
of v is obvious.

The solution for conical crystals is more complicated and we will defer the discussion to Section 5.

3.2 Radial variations: resolution of the first order model

Having solved the zeroth order model, to give ©g and Sy, we can resolve the radial variations in temperature
which occur at first order in ©; and also consider the shape of the solidus as it evolves, through S;. From
resolution of the zeroth order model we have that

r (1
el,r - 5 (590,15 - ®O,zz> )

which integrates with respect to r to give

r? /1
©1(r,2,t) =01(0,2,t) + — | 5O0t — 600,22 | »

4 \ S,
or
@1(’1",2’715) = @?(Z,t) —H“Q@i(z,t), (30)
where 09(z,t) = ©1(0, 2,t) and using equation (23)
1 _ 1 / —
O1(z,t) = SR() (R'(2)©0,.(2,t) — Og(z,1)). (31)
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Note that the function ©1(z,t) is known from the data and the zeroth order solution. By adopting the same
procedure as for the zeroth order model we can find ©9(z,t), i.e. integrating (18) with respect to  and using
the boundary condition at r = R to eliminate ©3,. We derive:

L oo 0 2 a0 0 R (1 1 ol 1 R
§t61’t - @l,zz - E(R @172 - 61) = _7 E(_)Lt - @1,,22 + 2R(R G)1,z - @1) - FGO’ (32)
0Y(z,0) =0, 0<z< Sot), (33)
07, =00f, z=0, (34)
09 (z,t) = =57 (1)O0 - (2, 1), z=So(t) (35)
where S(¢) = S1(0,¢) and its value is determined by the Stefan condition (22) at r = 0 as
SY. = (8%, +5760,2) _ So®)? 59(0) = 0. (36)
The evolution of the interface shape is governed by (22) which reduces to
2 1\2
Sie= 07,4 8160, +7* (O], + ©1) , Si(r,0) =0 (37)
7 ’ 7 T G0 Jlose

in which r appears as a parameter.

We note that (32)-(37) has the same structure as the zeroth order problem (21), (23)-(25), but is inho-
mogeneous, i.e. the zeroth order solution provides the forcing (or heating). A further key difference is in the
coupling with the solidus position S;. Equation (35) provides the lower boundary condition for ©; and S;
advances through (37), which is consequently a first order pseudo-linear partial differential equation.

In general, the coupled system (32)-(37) must be solved numerically. For the pseudo-steady case, the
formula can be simplified as follows.

From the definition of ©1 and using the pseudo-steady condition O ,, = —461 reduces expressions (32)
& (37) to
2 1 1
ey..+ E(R’@‘f’z -0Y) = Z(—RR”’ +5R' R+ 2RO, — E(5RR” —4R"” + 2R)0, (38)
and
0 2 / Tz / 1" /2 1
Sl,t = ®1z+_(1_R@0,Z)Sl+—2 R +(RR — 2R _R)G)O,z+ . (39)
’ R 2R 9072 Z:SO(t)

3.2.1 Constant radius crystals

Here R(z) =1 and Oy, = 20¢. From the definition of ©1 we have

ol = -

1
1= QR(R/QO’Z — Q) = —560

giving ©1 , = —0g./2 and O _, = —6y. Consequently (38) becomes

1
0).. - 260 = 6.

1,2z
Solving for ©Y in the case that § = 0 yields

ol — 1  cosh/2z
%™ 4/2 cosh v/2S,

from which S; can be obtained with equation (37).

(SO tanh v2Sy — 2 tanh v/2z — 85 tanh \/iso)
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3.2.2 Conical crystals
Here R(2) = R,..q + az and we have

1 1
el = E(R’Go,z —0p) = = (aB_. — Op)

T 2R
with the identity ©1 = —0y /4 from (26). Using these we derive
30?2 1 3o 6a®  3a 602 1
1 _ 1
O1, =~ <2R * m) Q0+ 55 % O1z2 = <R3 * R> o.x - <Rs + R) S
and finally simplify (38) to:
2 2 « 1
@(l),zz + fe(lj,z - E@(l) = geo,z + ﬁ%(Qaz — R)@O (40)

In general numerical methods will have to be used to find a solution to either case above. Even for the
pseudo-steady solution. Further discussion is deferred to Section 5. In the following we turn our discussion
to thermal stress inside the crystal.

4 Thermal Stress

The thermal stress experienced by the crystal during its growth leads to the generation of structural defects
in the crystal [8]. If we want to eliminate these undesirable defects then one must control the thermal stress.
We begin with a brief introduction to the case of an isotropic body. Although InSb is anisotropic with
respect to its elasticity, this will be dealt with in a subsequent section.

4.1 Fundamentals

Consider the crystal as an isotropic body with deformations due to both a body force b and changes in
temperature. In general the temperature changes could be either a result of the deformation itself or applied
through an external source. The un-deformed state of the body in the absence of body forces is associated
with the ambient temperature T,. In this case the expression for the stress tensor, oy, of the deformed body
is given by [7]
E Ev Eay(T —Ty)
udik — —
(1+v (1+v)(1—2v) (1—20)

where we have once again begun with the dimensional form of (41) to clarify the concepts. In this expression,
T — T, denotes the increment of the temperature over the reference temperature T, and u;; is the strain

tensor defined as
_1 au1+auk _}( + )
Uik = 2\ 0z, Ox; )] 2 Ui T ki) -

Notice that g is a 3 X 3 symmetric matrix and as such has three real eigenvalues counting multiplicities.
These eigenvalues are denoted o1, 02 and o3 and if 0, is diagonal, the eigenvalues are simply the diagonal
elements. In addition, E is the Young’s modulus, v is the Poisson’s ratio, and «g is the coefficient of
thermal expansion of the given material. The quantities F, v and «( are assumed to be constant since any
allowance for their temperature dependence would lead to correction terms of higher order. Assuming that
E is constant will tend to overestimate the amount of stress that is predicted. The overall behaviour of the
stress will also be affected, but to a lesser extent.

Substituting the above expression for o, into Cauchy’s first law of motion, oy 1 + pb; = pa;, results in
the equilibrium equation

Oik = )Uzk + ik (41)

V(v.ﬁ)vavXﬁ(f_U))VTWp@&) (42)



which defines the displacement vector 4 where p is the mass density, b is the body force per unit mass and
a is the acceleration vector of an element of the body.

Once the displacement vector has been determined the components of the strain tensor are simply various
combination of derivatives. In cylindrical coordinates (r, 0, z) with @ = (u, v, w) one has [4]

ou 10v wu ow
urr:E; UGGZ;%‘F;a uzz:aa 43
g LW B0 0w 0w o0 v 1o )
T r 00 02’ 79z or ! or r 100

From the elements of the stress tensor the characteristic amount of stress at a particular position can be
given by the von Mises stress which satisfies

202, = (01 — 02)? + (01 — 03)* + (09 — 03)? (44)

where o1, 09, 03 are the eigenvalues of the stress tensor. Being a function of the eigenvalues, the von Mises
stress is invariant under coordinate transformations. Expressions (41)-(44) form the fundamental equations
of linear thermoelasticity in cylindrical coordinates.

In general, the set of equations are coupled and a numerical method will be needed to solve the displace-
ments before thermal stress can be computed. However, it is instructive to consider the special case where
the displacement occurs in one of the three directions, due to the nature of temperature variation. In the
following, we will address the thermal stress that arises from temperature variation in the radial direction.
We want to emphasize that this situation corresponds to a worst case scenario since in reality the stresses
are related and the overall affect will be a combination of radial and axial temperature variation.

4.2 Thermal stress due to radial temperature variation

Assuming that the displacement vector is of the form @ = (u(r),0,0) and converting to non-dimensional
units reduces the expression (42) to

0 |:]. 0 ):| _ (1+V)® u(O) < 00, Jrr(R) =0.

ar rar"™| T =) o

Note that the stress has been non-dimensionalized by g AT E/(1—v). We have assumed here that 90 /9z ~ 0
since we want to focus on the sole effect of any radial temperature variations. The solution satisfying the
boundary conditions is

4w
u(r) = =

I ro ("
;/0 el(s)sds+(1—2v)ﬁ/o @1(s)sd8]

and the corresponding nontrivial stresses are

1 (R 1"
Orr =€ | 73 ; ©1(s)sds — =l ©1(s)sds| ,
1 (R 17
00 = € | 2 ; O1(s)sds + 2 O1(s)sds —O1(1) |, (45)
- 2 R
Oy = € ﬁ/ O1(s)sds — O1(r)
i 0

with ¢,, modified using St. Venant’s principle.
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From (30) we obtain
1 1 1
Opp = Ze@%(z,t) (R(2)> =1?), ogp = Ze@%(z,t) (R(2)? =3r?), 0..= 56@%(2’,75) (R(z)* —2r%). (46)
Using (44) to compute the von Mises stress gives
r o\’ r\* 12
1-4(—=—— T = . 47
(7)) * (R(z))] (7
The object in the square brackets is a shape factor which ranges from a value of 1/3/7 at a radius of

r = +/3/7TR(z) to a maximum value of two at the outer edge of the crystal. For 1/4/7R(z) < r < R(z) this
factor is greater than one.
In the pseudo-steady case ©1 is given by expression (31) and (26) so that equation (47) becomes

(i) () |

1
Ovm = 71661(27 t)R(Z)2

1
Oyy = Ee@o’wR(Z)2

indicating that the stress level is a characteristic of the concavity of the temperature in the axial direction.
It should be noted that the stress is also linearly proportional to the Biot number e. This indicates that
the an increase in the crystal radius will also increase the stress level, other conditions being equal. It also
indicates that the increase of radius can be off-set by reducing the heat transfer coefficient hy,, suggesting
that a possible way for reducing the stress by changing the local heat flux from the crystal lateral surface.

As other stress, such as the total resolved stress is often considered more relevant for causing defects, it is
important to point out that the same characteristic remains for different representation of the thermal stress,
or the crystals being pulled in different directions, which will be the topic of the following two sections.

4.3 Resolved stress

InSb crystallizes in a zincblende or 43m structure. The structure description is two interpenetrating face-
centered cubic (f.c.c.) sublattices of In and Sb separated by the displacement vector a(l,1,1)/4. Each In
(Sb) atom is tetrahedrally coordinated with an Sb (In) atom. An alternative description of the structure is a
f.c.c. sublattice of Sb atoms with one half of the tetrahedral sites filled with In atoms. The nearest neighbour
distance is \/ga/ 4 and the lattice parameter is a = 0.6476 nm.

The preferred method of dislocation generation in InSb, as in all III-V semiconductors, is through the
generation of slip defects. In particular the {111}, (110) slip system [3]. This system consists of four glide
planes within which atoms can slip in one of three directions. For example, in the (111) plane the slip
directions are [101], [110] and [011]. Figure 4 looks down the z-axis of the tetrahedral structure of the crystal
and shows each of the twelve permissible glide directions classified into five different categories.

The amount of stress in a particular slip direction § within a given glide plane with normal 7 is known
as the resolved stress, orgs. If one assumes that the crystallographic axes coincide with the coordinate axes
then ogrg is computed by finding

ors = 71 QoQT 7 (49)

where @ is the coordinate transformation matrix that takes (r,0,z) — (z,y,2) and o is the stress tensor in
the (r, 6, z) coordinates:

cosf@ sinf 0 o O 0
Q= —sinf cosf 0 |, o= 0 ogge O
0 0 1 0 0 o,

15



[010]

V:[101] IV:[10T]

[To0] [100]

Iv:[101] V:[101]

[01o]

Figure 4: Illustrated are each of the twelve slip directions in the {111}, (110) slip system. The roman
numerals refer to the functional form of the stress in the direction of the appropriate slip plane.

For example, consider the stress in the (111) plane in the [110] direction. Using expression (49) yields

1 cosf —sinf 0 om0 0 cosf sinf O 1 1
o = —(—1,1,0) | sinf cosf O 0 og9 O —sinf cosf 0 | — | 1
V2 0 0 1 0 0 o, 0 0 1 V3 1
1
= *%(Uw — 0pp) cos 26.
Summarizing the five categories as classified in Figure 4 yields?
1
Ohs = 776(0M — 0pp) cos 20,
1
Ops = (022 — 009) — (Orr —ggg)(Sin29+SiH9COSG)L
oM = [ (022 — 090 + (72 — 0790) (51n% 6 — sin O cos 0)), (50)

[—(022 —099) + (07 — 099)(0052 0 + sin 6 cos 0)],

oY = —=[(0:2 — 009) — (07 — 099)(cos® § — sin 6 cos 0)].

S

Plastic deformation of the crystal occurs if the stress in any of the twelve slip directions exceeds the
critical resolved shear stress, o.,... To first order, the actual density of dislocations suffered by the crystal is
proportional to the total excess stress at any given point within the crystal. In this sense, an estimation of
where dislocations are likely to occur is given by the distribution of the total absolute stress given by

|oror| = 4ogs| + 2(|ons| + ors| + [oxs] + |ows])-

An additional complication is that in general, the elastic constants depend on the pulling direction since the
thermal and crystallographic axes are not aligned. However, for crystals that belong to the cubic classes this
effect does not play a role [1].

?Note that § = —¢ where ¢ is the angular coordinate used by Jordan et al. [3].
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4.4 Crystal extraction in an arbitrary direction

The previous subsection supposes that the crystal is extracted from the melt in a direction coincident with
the crystallographic axes. To consider a misalignment in these coordinate systems, let (i,j,k) denote a
frame with its z-axis coincident with the pulling direction and (i’,j’,k’) denote a frame coincident with the
crystalographic axes. In the (i, j, k) frame we need to represent 77 and g, the normal vector to the stress plane
and the glide direction, in the unprimed coordinates. These direction must change because they are with
respect to the crystallographic axes which is no longer the unprimed frame. This is easily remedied with a
coordinate transformation U, depending on the pulling direction which takes vectors in the primed frame
to the unprimed frame. If one denotes the rows of U, as 71, 7o and 73 then possible representation would
be to let 75 = ¥, 72 = j — U} U,/||0,|?, 75 = 72 X 75 and then computing the unit vectors. For example, if
one pulls in the [111] direction a possible representation for U, is

Sl
[l W)

Uny=1 —

s
Sl-gle o
“5l- sl

Sl
S

As a result, expression (49) must be modified to
ons =G Uy QoQT U, ii. (51)

Another difficulty when pulling in an arbitrary direction is that in general the symmetry of the five classes
of resolved shear stress will be broken. As a result,

12
|oror| = Z |k (52)
i=1

where the twelve indices correspond to the twelve different g, @ combinations that project the pulling direction
into each element of the {111}, (110) slip system.

5 Numerical Results and Discussion

We now present some typical numerical results obtained using the formula derived earlier. We first discuss
the temperature solutions for the decoupled growth, i.e., the heat flux from the melt to the crystal is assumed
a known (constant) value. In particular, we compare the pseudo-steady and the unsteady solution. Even
though the Stefan number is not much bigger than unity, the results show that the pseudo-steady solutions
are in good agreement with the unsteady calculation. This indicates that the thermal stress can be computed
using the pseudo-steady solution, which greatly simplifies the calculation. The case for coupled growth is
also investigated and we show that the transient effect in the melt is only important towards the end of
the growth. During the growth, the heat flux from the melt to the crystal changes slowly, suggesting that
the temperature solutions for the decoupled case are good approximations. The thermal stress is computed
based on the pseudo-steady solution using decoupled growth condition for simplicity.

5.1 Temperature solutions

Table 2 displays the various quantities used in the simulation and not found in the previous table. The
crucible shape is given as z = r®, b > 1 where 7 and z are non-dimensionalized by R, and H.. The seed
radius refers to the solution for the cone. For the case of the cylinder the seed radius is the same as the
mean radius.
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Data Symbol  Value
Growing Properties

Ambient temperature T, 600 K

Seed radius R.oou 0.005 m

Seed length Z oo 0.03 m

Crucible depth H, 0.0875 m

Crucible radius R, 0.0875 m

Thermal expansion ag 5.5 x 107% /K

Liquid Properties

Density o1 6.47 x 10 kg/m?

Thermal Conductivity ky 9.23 W/m K

Heat Capacity picl 1.7 x 10 J/m3 K
Heat Transfer Coefficients

Crystal-Liquid ha 3700 W/m? K

Gas-Liquid hgi 2 W/m? K

Crucible-Liquid hei 2470 W/m? K

Table 2: Remaining liquid and growth parameters used in the simulations. The values of the heat transfer
coefficients hg and h; are based on estimated boundary layer thickness due to Ekman layer (rotations of
crucible and the crystal at 5 rpm) and natural convection (Grashof’s number ~ 2.0 x 10°> and Reynolds
number ~ 550).

5.1.1 Decoupled growth

To begin we assume as a worst case scenario that v = 0 so that the melt in the crucible is essentially
decoupled from the crystal we attempt to justify that the growth of the crystal is pseudo-steady. Figure 5
illustrates the time dependent growth of the position of the solidus, Sy(t), for a cylindrical and a conical
crystal. For each situation, €; corresponds to hgs = 1 and ey corresponds to hys = 4 in expression (6). Note
that the solutions are also applicable to different conditions. For example, the results for e5 can also be
viewed as a combination of hgs = 1 and R = 0.12 meters. This pseudo-steady behaviour is also observed for
the first order perturbation. Figure 6 shows the radial dependence of the crystal a the end of the growth
cycle. In both the case of a cylindrical and a conical crystal the growth interface is convex (viewed from
inside the crystal). For the conical crystal the interface is flatter even though the curvature grows with time
for both cases.

The temperature contours are plotted in Figures 7 & 8 for the cylindrical and conical crystals respectively.
It can be seen that the pseudo-steady and unsteady solutions are in close agreement. The temperature
gradients are larger for larger values of €, as suggested by the formulas derived earlier. The implication on
thermal stress will be discussed in Section 5.2.

5.1.2 Coupled growth with melt in the crucible

We focus on the possible transient effect of the crucible temperature on the growth. We are interested
in the pulling rate, v,; the heat flux from the melt to the crystal, v and the melt temperature itself, 7}.
For simplicity, only results for the cylindrical case are presented. Initially we set the crystal temperature
distribution to be that given by the solution for the pseudo-steady model (27) with Sy = Z...q and 6 = 0. As
well, the initial melt temperature was taken to be 0.05 K and 0.075 K above T and the crucible temperature
was chosen to be T,=0.118 K and 0.141 K above the melting temperature so that the melt pool inside the
crucible is close to thermal equilibrium.

In Figure 9, we have plotted the non-dimensional melt temperature 77, heat flux from melt to the crystal
~ as well as the displacement of the interfaces for crystal/melt Sy and melt/gas u,,, using 7,=0.118 K and
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Figure 5: Comparison of Sy as a function of time for the cylinder and the cone.
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Figure 6: S = Sy + €57 for various € at the final time.

0.141 K above Ts. It can be seen that for these choice of the parameters, the small amount of heat flux ~
slows the initial growth. As a result, it takes much longer for the crystal to reach the final length. However,
the value of v and T; do not change dramatically over the growth period, indicating a stable growth.

5.2 Thermal stress

For an anisotropic crystal the values of E and v depend on the direction the stress occurs. However, we
are only interested in the resolved stress in the slip-strain system and crystals that belong any of the cubic
classes these values are invariant [1]. For InSb one has

E B 4(C11 +2C12)(C11 = C12)Cua
(111} =
(C11 +2C12)(Cr1 — Cr2) +2C11Cua

=6.18 x 10* MPa,

(C11 +2C12)(Ch1 — Cr2) — 2C44(Cry — 4Ch2)

1
- = 0.364
3 (C11 +2C12)(Cr1 — Cr2) +2C11C s

Vii11}
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Figure 7: Non-dimensional temperature contours cylinder at the end of the growth.

where C11 = 6.70 x 10%, Ci2 = 3.65 x 10%, Cys = 3.02 x 10* are crystal stiffnesses in MPa and consequently

E _ 4(C11 4+ 2C12)Cay
1—v (111} Ci1+2C19 +4Cyy

=9.72 x 10* MPa. (53)

As a result, the dimensional constant for the stress calculations is a9 ATE/(1 — v) ~ 106 MPa.

Figure 10 shows the stress contours of the von Mises stress in units of MPa for the cylinder and the cone
at the end of the growth. For a fixed value of € the stress in the conical case is about one-half that of the
cylindrical case. Also, increasing e increases the stress level dramatically. By growing a conical crystal the
stress can be reduced significantly. For a given temperature the amount of stress at which crystal deformation
begins to occur is known as the critical resolved shear stress, o.,... In the case of InSb, o.,., varies from 0.245
MPa [5] to 4.90 MPa [2] as the temperature varies from T = 798.4 K to 491 K respectively indicating that
the conical crystal remains below this critical stress level.

An additional method of reducing the stress level in the crystal is to use the anisotropic nature of the
crystal to our advantage by changing the direction in which the crystal is pulled. From expressions (51)
and (52) one can see that for a fixed vertical position in the crystal the total absolute resolved stress is a
complicated function of the angular coordinate. Figure 11 shows the stress pattern for a cylindrical crystal
just inside the crystal-melt interface when the crystal is pulled in the directions [001], [111], and [211]
respectively. The [211] direction is a preferred growth direction [6] and the other two directions are for
comparative purposes. Notice that the isostress contours are square for the [001] direction and hexagonal for
the [111] direction while the [211] direction generates distorted rectangular isostress curves. If one assumes
that the crystal will solidify in a manner consistent with minimizing the surface stress then these curves should
somewhat approximate the actual cross-sectional shape of the crystal as it is pulled from the melt. Although
changing the pulling direction does have a small bearing on the total amount of stress, these variations are
small compared e variation. Changing the pulling direction is much more effective in redistributing the stress
within a particular cross section. One final complication is that not all growth directions are amenable to
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Figure 8: Non-dimensional temperature contours for the cone at the end of the growth.

crystal growth [6]. We plan to address the issue of optimizing the growth direction in a subsequent paper.

6 Conclusion

In this study, we present a semi-analytical approach for the temperature and thermal stress inside an InSb
crystal. An important feature of the approach is that it allows us to derive explicit relationship between
the thermal stress and relevant physical and geometrical parameters. This is achieved by using asymptotic
expansion of the solution in the Biot number, characterizing the lateral heat flux. The asymptotic solution is
obtained by solving essentially one-dimensional problems. The results show that the stress induced by radial
temperature variation is related to the size of the crystal (radius) and heat flux through the side surface. On
the other hand, the effect of the crystal radius on the stress induced by the axial temperature variation is
much weaker. The heat flux through the side surface is an important factor for reducing the overall thermal
stress inside the crystal.

The other advantages of our semi-analytical approach is that it can be extended to cases with more
complicated models for the melt and gas flows. For example, the effect of the gas flow on the lateral heat
flux between the crystal surface and the gas can be modelled by a non-constant heat exchange coefficient h y.
The motion of the melt can also be modelled by a similar approach, using a boundary layer argument [25].
These will be the subject of a subsequent paper.

As pointed earlier, we have assumed that the pulling rate can be adjusted to grow a crystal with desirable
shape. In practice, this may not be easy to achieve. Models and computations have been carried out to
capture the motion of the three-phase contact point [9, 24], which can be incorporated with the current
model in a straightforward fashion. This work is currently underway.

Finally, we note that we have not discussed the validity of the plane strain assumption. We believe that
an asymptotic argument similar to that used for the temperature can be employed to derive the plane strain
solution as part of the asymptotic series. We plan to address this issue also in a subsequent paper.
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Figure 9: Coupled growth (a) 7. = 0.118 K and (b) T, = 0.141 K. Plotted are (from top to bottom) melt
temperature and heat flux -, displacements and interface speeds and pulling rate.
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Figure 10:

von Mises stress in MPa for the cylindrical and conical crystal cases.
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