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On three-dimensional linear stability of Poiseuille flow of Bingham fluids
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Plane channel Poiseuille flow of a Bingham fluid is characterized by the Bingham nuBniadrich
describes the ratio of yield and viscous stresses. Unlike purely viscous non-Newtonian fluids, which
modify hydrodynamic stability studies only through the dissipation and the basic flow, inclusion of
a yield stress additionally results in a modified domain and boundary conditions for the stability
problem. We investigate the effects of increasBign the stability of the flow, using eigenvalue
bounds that incorporate these featuresBAs« we show that three-dimensional linear stability can

be achieved for a Reynolds number bound of form=R¥¢B>“), for all wavelengths. For long
wavelengths this can be improved to-R@(B), which compares well with computed linear stability
results for two-dimensional disturbandds Fluid Mech.263 133(1994]. It is also possible to find
bounds of form Re:O(BY?), which derive from purely viscous dissipation acting over the reduced
domain and are comparable with the nonlinear stability bounds in J. Non-Newt. Fluid W@gh.

127 (2001). We also show that &quire-likeresult can be derived for the plane channel flow.
Namely, if the equivalent eigenvalue bounds for a Newtonian fluid yield a stability criterion, then
the same stability criterion is valid for the Bingham fluid flow, but with reduced wavenumbers and
Reynolds numbers. An application of these results is to bound the regions of parameter space in
which computational methods need to be used.2@3 American Institute of Physics.

[DOI: 10.1063/1.1602451

I. INTRODUCTION Squire’s theoremimplies that three-dimensional infinitesi-
mal disturbances are more stable than two-dimensional dis-

Shear-thinning yield stress fluids have many industriakurbances for all wavenumbers. Accurate numerical solution
and process applicationss with Newtonian fluids, for hy-  of the corresponding Orr—Sommerfeld problem gives the lin-
draulic flows it is often necessary to determine the flow re-ear stability limit of R& =5772.24, see Ref. 3. Here Rés
gime. Consequently studies of stability have remained @&ased on the maximum axial velocity and half width of the
problem of practical interest over the years. Here we conchannel. The fully nonlinear energy stability limit is
sider the three-dimensional linear stability of plane PoiseuilleRe* =99.207, see Refs. 4 and 5. Experimental observations
flow of a Bingham fluid. These fluids provide the simplestof instability occur at RE~1000. Early attempts at consoli-
model of a shear-thinning fluid with a yield stress. That is, ifdating the discrepancy between different critical Reynolds
the deviatoric stress somewhere within the fluid does nohumbers focused on weakly nonlinear stability theory, e.g.,
exceed a certain yield value then the rate of strain is identiRefs. 6 and 7. More recently, it has been again linear analy-
cally zero at that point; unyielded regions behave effectivelyses, in various forms, that have been successful in explaining
as rigid bodies, undergoing only linear motion and rotation transitional phenomena, e.g., Refs. 8—12. This partly ex-
The Bingham model is both widely studied and widely usedplains the persistent interest in linear stability for understand-
in various industrial applications. ing a subcritical phenomenon.

In the limit of zero yield stress, one recovers a Newton-  Bingham fluids fall also into the broad category of gen-
ian fluid. For Newtonian fluids, linear stability analyses of eralized Newtonian fluids. Such fluids are inelastic but have
Poiseuille flows are quite classical. Historically, much of thean effective viscosityy(u) that varies with the second invari-
interest in studying these flows has come from the large disant of the rate of strain tensoy(u), i.e., the deviatoric stress
crepancies that exist between the critical Reynolds numbeignsor is
computed for linear instability, for fully nonlinear stability

and those observed experimentally. For a plane channel flow, 7 (U) = ﬂ(u)ifij(u)-
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(3) Unyielded and unyielded layer&)) U(y).

for suitably defined dimensionless variables, where Re is the
Reynolds number. For a given flow domain and boundarywumber,B, which is the ratio of yield and viscous stresses.
conditions(1)—(3) are used to define an eigenvalue problemThe nonconstant viscous terms also depend parametrically
for the phase velocit€ of a normal mode of the disturbance, only onB. The dependence ddis smooth and the physical
each component of which has form way in which a Bingham fluid modifies the linear stability is
_ i (ax+ Bz—Ct in these ways completely analogous to that of other purely

d(xy,2,t) = p(y)el T FmEr, viscous fluids. However, the stability problem for a yield
wherea and B are wavenumbers. Thu€=C(Reg,B), and  stress fluid also exhibits two striking differences to that for a
if the imaginary part of the phase velocity I@)(is positive,  purely viscous fluid.
the disturbance grows exponentially in time.

If the fluid is a purely viscous generalized Newtonian
fluid (i.e., meaningy is a continuous positive bounded func-
tion of ye[0»)), the departure from Newtonian fluid be-
havior is captured physically in two ways only.

(1) The basic shear velocity(y) is yielded only in two
layers close to the walls of the channel, bounded by two
yield surfaces ay= +y*, see Fig. 1. When considering
a linear perturbation, the yield surfaces are also linearly
perturbed. In common with other problems where inter-

(1) The basic shear velocity (y) can be different from the facial perturbations occur, the interface perturbation is
Newtonian velocity, and thus the inertial terms on the linearized onto the basic flow domaily| e (y*,1), for
left hand side of1)—(3) will be changed. The termU, the linear stability problem. Thu¢l)—(3) and the result-

represents transfer of energy from the basic flow to the ing eigenvalue problems for stability are solved on a

disturbance and is of primary importance, whereas the modified domainly| e (y*,1), although the basic flow is

other terms are purely advective and play a lesser role.  defined o —1,1]. The position of the yield surfaces is a
(2) The change in viscous dissipation is represented by the function only of B.

terms on the right hand side ()—(3) that are additional (2) In performing the linearization leading td)—(3), it is

to the Newtonian terms\u; . These terms are generally necessary also t@i) Linearize the equations that define

nonlinear iny(U). The terms multiplied by »(U)—1] the yield surfacefii) linearize the integral momentum
lead physically to a dissipation rate which is isotropic equations for the motion of the unyieldptug region. A
with respect tou, but we note that there are also addi- combination of these linearizations leads to boundary
tional terms in thex- andy-momentum equations. Thus, conditions for the perturbation that are to be satisfied at
the effects of nonconstanj on the viscous dissipation y==*y*. Since for a yield stress fluigg—> at a yield

are in general anisotropig.e., we do not simply have surface, some care is required in deriving the boundary
[ 7(U)—1]Au; as thenon-Newtoniardissipation. conditions aty= *+y*, as explained for example in Ref.

13.

Apart from the subtlety of the anisotropy, one could say that
the above features are self-evident. One might conjectur&hus, the effect of a yield stress on the flow stability is
that the stability characteristics of different fluids for which complex, both physically and mathematically, even at an in-
the respective functiong are close would be similar. It is tuitive level. Although it is true that aBB— 0 the Newtonian
almost certainly possible to prove such continuity resultgproblem is recovered, this is of little practical interest for
mathematically, for restricted classesmgfsince these repre- fluids with a significant yield stress. For such fluids.,
sent perturbations of the spectra of linear operators. finite B>0), the stability eigenvalue problem is posed on a
If we now consider a generalized fluid with a yield stressdifferent domain and with different boundary conditions to
(and for simplicity, the plane Poiseuille flow Bingham flyid its Newtonian counterpart. This is not true of purely viscous
the above two features evidently hold true. The basic shearon-Newtonian fluids.
velocity is characterized dimensionlessly by the Bingham  The above explains some of the physical interest in
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studying this type of stability problem. Although mathemati- which is perhaps intuitive. We note that the non-Newtonian
cally there is a single paramet®r and the only aim is to terms in(1)—(3) will be singular at the channel center for a
define the influence oB on the critical Reynolds number, shear-thinning power-law fluih<<1. It is unclear how this
this influence arises from four different effects) Variation  has been addressed in Ref. 20. Other than Ref. 20, we have
of the inertial termsyii) variation of the dissipative terms; been unable to find any treatment of linear instability of a
(i ) variation of the domain over which the competition be- single power-law fluid. For multilayer flows the situation is
tween energy transfer and dissipation can take pléwe; quite different. For example, Refs. 21 and 22 consider two-
variation of the boundary conditions for the perturbation. Itlayer Couette flow, Refs. 23 and 24 consider two-layer Poi-
is evidently of interest to understand how these individualseuille flow and Ref. 25 considers two-layer boundary-layer
effects contribute. flow. Additionally, Ref. 26 considers two-layer Poiseuille
Stability of plane Poiseuille flow of a Bingham fluid to flows of Carreau—Yasuda fluids. Each of these stability stud-
two-dimensional linear perturbations has been studied ifes is of course quite different from that of a single fluid
Ref. 13, via solution of the Orr—Sommerfeld problem. Asshear flow, since the interface can become linearly unstable
B—c, the critical Reynolds number for linear stability ap- at relatively low Reynolds numbers.
pears to approach a linear increase with the Bingham num- In contrast to the above class of non-Newtonian fluids,
ber. For Bingham fluidg§and other nonlinearly viscous flu- the stability of Poiseuille flow of viscoelastic fluids has been
ids), there is no general result equivalent to Squire’s theorengonsidered by several authors. We do not intend to fully re-
(although results of this nature can be established by makingiew this work here, for a number of reasons. First, visco-
somewhat unphysical restrictions on the type of perturbatiorglasticity is quite different from visco-plasticity. We have
see, e.g., Ref. 24Thus, three-dimensional stability remains explained above what are the unique physical features of a
a relevant and unsolved problem for the plane channel flowvisco-plastic hydrodynamic stability problem, and intend to
Recently, the authors have approached the problem of norkeep this focus. Second, reported results for visco-elastic flu-
linear stability of Poiseuille flow, using energy methods.ids come from a wide range of different constitutive models,
Nonlinear stability bounds have been derived for both planavhich is rather confusing to interpret. Indeed, where one
channel and Hagen—Poiseuille flows. In these bounds thénds generality in different visco-elastic constitutive models
critical Reynolds number behaves like Re(BY?) as B is for slow, nearly steady low shear rate flows, e.g., every
—o, see Ref. 15. (simple visco-elastic fluid model becomes a second-order
This paper deals with the three-dimensional linear stabilfluid asymptotically in these limits. Obviously, such flows
ity problem. The aim is to derive bounds on the disturbanceliffer from high-speed, high shear rate flows that are charac-
growth rate ImC) that depend on the parameters of the ei-teristic of Newtonian transition. As far as we may make gen-
genvalue problem, (RB,a,8). For Newtonian fluids, B  eral statements, it appears that visco-elastic flows are stable
=0), an upper bound for the growth rate @)(for a two-  at low Reynolds numbers, but that elasticity can be strongly
dimensional linear disturbance was given for the first time bydestabilizing at high Reynolds numbers, see e.g., Refs. 27—
Synge® This result has been improved in Refs. 17 and 1831. Finally, we remark that a whole range of different insta-
and the method extended to other flows, e.g., the paralldiilities (of a structural natupemay occur with visco-elastic
boundary layer flow in a round pipe is derived in Ref. 19. Influid models, e.g., extrusion instabilities. Thus, the reader is
the present paper we follow essentially Synge’s method, witthest advised to look elsewhere for a comprehensive review
the additional complication of the Bingham fluid, and we of this area.
also consider three-dimensional disturbances. The purpose of
these bounds is threefold. First, these bounds are extremely
valuable when undertaking computation of the three-ll. THE EIGENVALUE PROBLEM FOR PLANE
dimensional linear stability problem to determine actual val-POISEUILLE FLOW
ues for marginal instability, since they allow one to eliminate o )
large regions of (R&,a,3)-parameter space as being stable. Thg confs,tltutlve mpdel that we consider throughout the
Second, although such bounds are conservative when corf@P€r is a Bingham fluid. These fluids are characterized by a
pared with numerical solution, they do give an analyticaldenSityp, a yield stressr, and a plastic viscosity,. The
expression for the parametric dependency of the marginaﬂeometry of the plane P0|seu_|llg f_Iow is a threg-dmensmnal
stability curves. Third, since we may include in our methodP@ne channel formed by two infinite flat platesyat - L. It
each of the four ways in which the Bingham fluid modifies 'S @ssumed that there is an imposed dimensional pressure
the Newtonian problem, there is some hope that the parame@radient in thex-direction, sayp= — Pox, with an appropri-
ric dependency we derive will be sharp, even when thedte choice of coordinate origin. We nondimensionalize the
bound itself is not. Navier—Stokes equations using a length-sdalea velocity
Linear stability studies of purely viscous generalizedscaleU,, a time scaleL/U,, and a pressure—stress scale
Newtonian fluids are surprisingly few. Gupiahas investi- [)US. The velocity scaléJ, is chosen to be the mean speed
gated the two-dimensional linear stability of power fluids asof the basic flow in th&-direction, averaged across the chan-
a particular case of a shear-thinning electrorheological fluichel.
model. Numerical results are given for behavior flow index  Using this nondimensionalization, and omitting the hat
n=0.7, 0.9, 1, 1.1, 1.3, and indicate that the critical Rey-notation for dimensionless variables, scaled constitutive laws
nolds number increases with shear thickening of the fluidfor the fluid are
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1 . B V-u=0. (13
= Re TN YET= R0 4 _ _
e e To derive the eigenvalue problem, we assume that the solu-
tion can be represented in terms of normal modes, of form
y=071<—, 5 axt Br—
YOS T Re O (uuwp ) =(u(y),0 () W(y).p(y) hel e 20,
) B where« and B are the wavenumbers ai@=C, +iC; is the
n(y)=1+ > (6)  complex wave speed. The linearized disturbance equations

) (1)—(3), (13), and boundary conditions have been derived in
where y and = are the rate-of-strain and deviatoric stressRef. 13. In the case that=8=0, the perturbation is one-
tensors, respectively, with second invariaptand 7, respec-  dimensional and the mode can be shown to be linearly stable,
tively. These are defined by see Ref. 13. Thus, we ignore this special case. Dendding
=d/dy, the linearized equations for the normal modes are
found by substituting intg1)—(3), (13):

O=i[au+ Bw]+Duv,

=037 %14 (7)
where 'yij =U;;+Uu; ;. These flows are characterized by two
dimensionless groups, the Reynolds number, Re, and Bing-

_ /
T_[%TijTij]lzv

(14

ham numbeB:

- - - 1
—iCu=—iaUu—vDU—iap+ %[DZ—(aerﬂz)]u

R pUOL Toﬂ (8)
e=——, == . .
Mo #oUo B —(a®+B%)u—iaDuv (15
In the configuration described there exists the following Re DU
steady Poiseuille flow solution,P(U)=(P(x),U(y),0,0), 1
of the full Navier—Stokes equations: —iCv=—iaUv—Dp+ R—e[Dz—(aszﬁz)]v
B _
P(X)=— 5% X, (9) B[ (2Dv)| —pB%v—ipDwW
Rey + Re D DU DU , (16)
B(1-y*)? i
- - < 1
oy O=hl=yn —iCw=—iaUw—iBp+ —[D2—(a?+ B)]w
U(y): B(l_y*)Z |y|_y* 2 Re
2y [1_( = ) YT slI=L , B[ [iBv+Dw| iBDu+(a®+FAw
(10) Re DU DU ‘
wherey* =7,/7,, is the position of the yield surface ang, (17)
denotes the wall shear stress. Thus, the basic Poiseuille flox‘yh bound diti t th I
(10) consists of an unyielded regidg| <y* in the channel € boundary conditions at the wafl are
center, see Fig. 1, where the viscosity is effectively infinite, u(1)=v(1)=w(1)=0, (18
bounded by two yielded regions fg* <|y|=<1, in which . )
there is a nonlinear variation in the effective viscosity. Theand at the yield surface:
position of the yield surfacey; <1, is found as the solution u(y*)=0, Du(y*)=-hD?U(y*), (19
of
) v(y*)=0, Duv(y*)=0, (20
(y*)*=3y*| 1+ 5|+2=0, (11 w(y*)=0, Dw(y*)=0. (21)

which depends only on the Bingham numbg, This is
straightforward to find numerically, see, e.g., Ref. 15. Late
we shall be interested in the stability behavior of the flow for
largeB. In the limit B—«, the following expression may be
derived:

V2

2
_ —

-3/
ETRET: +0(B~%2).

y*(B)~1-— (12)

Normal mode equations

We consider an infinitesimal disturbanca,|§) to the
primary flow (U,P) described by(9) and (10) above. The
disturbance is assumed periodic in botland z-directions.
The linearized momentum equations far,|§) are (1)—(3),
which are supplemented with

While (18) is fairly obvious,(19)—(21) are not so. The

IDiric:hlet conditions in(19)—(21) come from consideration of

the linear momentum of the unyielded plug region. The Neu-
mann conditions come from linearization of the condition
'yij(U+ u)=0, at the perturbed yield surface, onto the unper-
turbed yield surface position. It may at first appear to the
reader that the problem is over-specifié@., we have nine
boundary conditions for a sixth-order problenHowever,
this is not the case. The condition @u in fact defines the
amplitude of the yield surface perturbatidm i.e., it is a
condition forh, not foru. The conditions oDv andDw are
necessary due to the singular behavior|pU| ! in the
non-Newtonian part of15)—(17), i.e., these conditions en-
sure that(15—(17) are well-defined ay—y*. As is well
known, for eigenvalue problems with singular coefficients it
is possible to find eigenfunctions that are both regular and
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singular at the singular pointg.g., Bessel's equatiopnThe Our aim now is to boun®; , and our primary concern is
conditions onDv andDw simply specify that it is the regu- to understand how such bounds vary wghrather than to
lar eigenfunctions that are of interest. obtain sharp bounds. The reason for this bias is mainly due to

Note that problemg14)—(21) is only defined on the the fact that bounds obtained from expressions sud23s
yielded portion of the half-channgle [y*,1]. Physically, an  tend to anyway give conservative predictions of the marginal
infinitesimal linear perturbation does not succeed in perturbstability curves(this is at least the case for Newtonian flu-
ing an infinitely long unyielded region of fluid with finite ids). Although not sharp, when considered in comparison to
Wid.th. Hgnce, the linear stability problc_-:‘ms in the two yi?IdEddirectly computed values, there is however some hope that
regions in fact d_ecouple completely, i.e., we inay define e parametric dependence of the bounds may be sharp, i.e.,
equivalent (and independeptproblem on[—y*,—1]. A because the inaccuracy comes from the use of functional

complete derivation of14)—(21) is given in Ref. 13, to . o . ) .
: ) : inequalities, not from neglecting terms representing different
which the reader is referred for further details. . .
physical (parametri¢ effects.

IIl. AN UPPER BOUND ON THE GROWTH RATE More' specifically, in 'the introduction.we have explqined
) _how the influence oB arises from four different effectsi)
To obtain our growth rate bound, we proceed essentially yriation of the inertial termsii) variation of the dissipative
as in Ref. 16. We multiply the normal mode equationsuior (o mg: jii) variation of the domain over which the competi-

. : : .
v 2”?1? by tpeg rtespectlve golrm_)rlﬁx conjlljtgate"s, v t,' W, tion between energy transfer and dissipation can take place;
and integrate e_weeyf‘ and 1. The resuiting equations are ;y y ariation of the boundary conditions for the perturbation.
summed. On using the continuity equation and after som

. - . . 8 o n solving the actual eigenvalue problem, as in Ref. 13, all
minor manipulations, we obtain the identities: - - .
four effects are present explicitly. In derivirig3) we incor-
porate directly(i)—(iii) in the bound. Foi(iv), the effect of

2\ _ 2

Cr(lul% = VUl +((vit —v,u)DU) 22 having different boundary conditions on an eigenvalue prob-

and lem is harder to gauge. Here we will use rather general func-
) tional inequalities in our analysi&.g., triangle inequality,

Ci[ul%)=Z(u) = W(u) = B(w), (23 cauchy—Schwarz inequality, Poincairequality, etd. As

whereZ(u), V(u), and B(u) denote the inertial, viscous and previously explained, thadditional boundary conditions in

Binghamterms, defined by our problem are simply to ensure regularity of the eigenfunc-

tions and do not over-specify the problem. Thus, although

Z(u)=—{((u,v, +ujv;) DU), (24)  the additional boundary conditions may modify the constants

in these inequalities, the inequalities themselves are un-

1 changed. Thus, we believe that our analysis contains all the

V(u)= R—e(|Du|2+(a2+/g2)|u|2>, (250  physical features of the problem and should be able to pro-
duce parametrically sharp bounds. This is our goal.

B <3|Dv|2+(a2+ﬂ2)(|u|2+|W|2)> A. Preliminary bounds
B(u)= —
(W= Re IDU The overall aim here is to reduce each of the terms in
B /|Dw+iBu|? (23) to an expression involving only integrals of. To do
+ R_e<|D—U|> (26)  this we employ the Cauchy—Schwarz, Poincanel triangle

inequalities, all of which may be found in standard refer-
with notation|u|?=u?+u?, |ul?=|u/?>+|v|>+|w|?, and(-)  ences, e.g., Ref. 32. We bound the inertial tern(d8) as
=f)1,*(~)dy. follows:

B (1 - - B (1 - -
I(U)=—y—*f*(y—y*)ur(y)ft[aui(y)wwi(y)]d?dy——*f*(y—y*)ui(y)ﬁ[aur(y)wwr(y)]@dy
y y y© ly y

B(1-y*)3[ 1 1 1 1 1 1
\y—*_ZQJO |Ui(§)|d§fo |Ur(§)|d§+ﬁfo |Ui(§)|d§f0 |Wr(§)|d§+:8f0 |Ur(§)|d§fo |Wi(§)|d4
_ B(l_y*)S' 1 5 1 X 1/2 1 ) 1 ) 1/2 1 ) 1 5 1/2
<20 2ol [l [ lodce] gl [ ol [ e o] [ e[ i) |
B(1-y*)3[_ [t 1
g(Ti/) 2afo|u|2d§+ﬂfo|u|2+|w|2d§}. (27
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In the above on successive lines, we have substituted for y* v ) . ) )
DU, used the continuity equation, mapped to=(y B(UPmL 3[Dv|*+ (a®+ B ([u]*+|w|?)
—y*)/(1—-y*), used the Cauchy—Schwarz inequality, used
the triangle inequality. Using the same mapping yee & +|Dw+iBuv|?dy. (29
and the Poincarmequality, the viscous terii(u) is bounded Now transform|Du|? using the continuity equation:
as follows: 3|Dv|?=3[ a?|u|?+ B?|w|?+ aB(UW* +u*w)]
2
Wu)= (1-y*) fl(a2+,32)|u|2+ d_u multiply out the last term, integrate by parts to transfer the
Re Jo (1—y*)2|d¢g| derivative tov, then use the continuity equation

2 _ 20 2 2 (28) y* ) y*
_ Ay (et B l|u|2+|w|2d f |DW+|,8v|2dy=f |DW|2+ B2|v|?
Re1-y) o ¢ 0 ;
For the yield stress teri8(u), we first insert an upper bound — aB(uw* +u*w)—28%w|?dy.
for |DU|: Finally, apply the mapping— ¢ and insert the above:

B(u)= é—ejols[a2|u|2+ B2 w|?+ aBuw* +u*w) ]+ (a?®+ B2)(Ju|?+|w|?)

2
+ B2v|?— aB(uw* + u*w)—282|w|?dé

f(amyn) 2
d

* 1
=2 | (a0 g ulP (7 27w A+ e
0

y* ! 2 2 2 2 2 1 2 2
BRefo(Z[Z Nla?+ B+ a2 1- 5| |, (30)
|
for any A e(1,2). The latter is simply completing the square. fé|u|2+ w|2dé
B. Uniform bound for all wavenumbers Jolul*d¢
We now seek a bound o; that is independent of the B(1-y*)%k,8 2
. . . F(8) = —
wavelength of the perturbation. To this end, we define (9) oy RA1_y*)?
a=6c0sp, B=6singd:. $e[0,7/2]. (3D ) 5_2 2y*k, -
Inequalities(27), (28), and(30) become Re 1-y* |’
B(1—y*)3%k,4 (1 The (margina) linear stability bounds for whick (5) =0 are
()< oy jo [u|2+|w|?dé, (32)  shown in Fig. 2, for different values d. It is interesting to
772+(1_y*)252 1
Vuz—J ul?+ |w|?dé, 33
(W= e =yey— ), Ul wid (33
, 107}
2y* %K,y (1, 5
B=2 [ i s (3) .
where 1o
ky=2 cogtan (%))+sin(tan (%))=2.36068..., (35
1074
3—+5
k,= \/— (36 ‘ ‘ ‘
2 10° 10! 10 Re 10° 104
The value ofk, is obtained by choosing?=(1+ \/E)IZ. FIG. 2. Linear stability bounds for the plane Poiseuille flow of Bingham
Combining all the above we have fluid: (1) B=0; (2) B=1; (3) B=10; (4) B=100.
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10° ‘ ‘ ; ; C. A “Squire-like” comparison result

Returning now td23) and neglecting the Bingham term,

16 we have the inequality

Q
[4

. Ci(|ul®y=<Z(u)—W(u). (42
1 L

Linear stability

We make the mapping fromto ¢é=(y—y*)/(1—y*) giving

Global stability e [Y 12y, B(1=y*) (1
A Ci(1-y*) . |ul dng . 2&(uv, +Upv)dé
OOE ‘ ‘ ‘
: 107! 10° 10t g 10 10° 10* 1 1/dul2
FIG. 3. Critical Reynolds number Rg as a function oB. B Re(]_—y*) Jo d_f d§
. . (1_y*) l 2 2 2
observe that there is not a cut-off value &fabove which “ " Re (a®+ B%)|ul°dé.
there is always linear stability. This is contrary to the case 0
with actual computed marginal stability curves, for two- (43
dimensional disturbances, at each fixed valuB,0fee Ref.
13. As remarked previously, the two yielded regions for this sta-
The functionF () is maximized wherd= dpay: bility problem completely uncouple and may be treated sepa-

rately. By virtue of the boundary conditioi$9)—(21), if we
—. (39) apply a similar mapping to the yielded regigre [ —y*,
2y kz} —1], i.e., &=(y+y*)/(1—-y*), we construct a velocity
1-y* function u(¢) that is continuous até=0, in fact u(¢)

Thus, choosing RE(8)<F(8,,,)<0, we have linear stability e[H}(0,1)]3. Deriving the identical integral expressions
for ali wavelengths if ma ' over the second yielded region and summing leads to

k, ReB(1—y*)?
max:—

4y* |1+

. 2y~k k2 1/2 1
] o cia-y*) | lulde
le(l—y*)3 anl-
B(1—-y*) (1 1
Figure 3 shows the evolution of Rg as a function oB. We < Tf 2&(urvrtujvi)dé— Re(1-y*)
have also shown the result obtained from the nonlinear sta- -t
bility analysis in Ref. 15. 1 |dul? (1-y*) (1 PR
—| dé— + dé. (44
Behavior at large B f_l dé Re f_l(“ B7)|ul*dg. (44

For computational purposége., principally in order to
limit the parameter space in which one has to search folf we now consider the analogous linear stability bound for a
unstable solutionswe are more interested in the behavior of Newtonian fluid (using the mean velocity as the velocity
Rea;,1 for largeB than at smalB. Using(12) we observe that scale, rather than the peak centerline velg¢itye would

o34, %/2 derive the identity
R@in1 ~ k—B3’4 as B—, (41)
! Lo, 31 1 (1 ]dul?
which is independent of wavenumber. For each fiBeave Cif_1|u| dy=3 f_lzy(urerFUiUi)dy_ @j_l dy
can also usd38) directly to give sufficient conditions for
linear stability, in the(Re d)-plane: + (a2+ B2)|ul?dy, (45)
2y* 2 2y*k, _
Re< 5 >+ 6[1+ - *D wherea,, B, are the wavenumbers for the Newtonian nor-
kiB(1—y*)"\ 6(1-y*) y mal mode and Rgdenotes the analogous Newtonian fluid
5 B2 Reynolds number. We note thB{(1—y*)/y*=<3 for all B
~ i k221’281’2]+§ as B—o. (this is the ratio of centerline velocity to mean velogity
1 Therefore, we have the following result.
Thus, although our bound Rg is valid for all wavelengths, Lemma 1: Suppose th&e,<Reyewd @n,Bn) gives suf-

for long wavelength perturbatiorismall 5), we can also find  ficient conditions for the right-hand side of (45) to be nega-
a stability bound that increases linearly wiBr For short tive, whereRe.{«@,8) is any bound derived from (45),
wavelengths(large ), the linear stability bound increases using only the properties of fUﬂCtiOlﬂSUE[H(l)(O,l)]s, that
like BY2. satisfy also the following divergence free condition
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dv 10°
O=i[au+ Bw]+ @

Then it follows that the Bingham fluid flow will be linearly
stable ata=a,/(1—-y*), B=B,/(1—y*) if «*
*
Re< RQ\lewt(C:B) 3y _ (46) 10}
1-y*  B(1-y*)

Thus, at a shorter wavelength the Bingham flow will be
stable for larger Reynolds numbers than have been estab-
lished for the Newtonian flow. In particular, if a bound is
derived that is independent of the wavelengths, ,(3,), 10° ‘ ‘ ‘
then the Bingham fluid flow will be stable at a lower Rey- 10° 10' 10° g 10° io*
nolds nu-mber. Although a_pparent]y strong, this resqlt IS aci:IG. 4. (1) Smayx versusB, at the critical Reynolds number R&®e;,; ; (2)
tually quite weakibut consistent with the nature of this type axial wavenumber at the minimal critical Reynolds number for two-
of analysis. In particular, this result does not imply that the dimensional disturbances, see Ref. 13.
Bingham fluid flow is necessarily “more stable” than the
analogous Newtonian fluid flow, since both these bounds are
likely to be quite conservative. On the other hand, all avail-<Q(B"*?). Thus, if »>1/2 it is even possible to find
able analytical and numerical results, as well as practicahounds that exceed the linear dependence RitBince this
experience with visco-plastic fluids, indicates this to be theyould contradict the results in Ref. 13, we conclude that the
case. Our result is “Squire-like” only in that it derives from most unstable wavenumber cannot grow faster (hgB*?).

O] e

a mapping of the wavenumbers. The variation of the wavenumbes .., at Re=Rg,;, is
plotted in Fig. 4 curve(1)]. Also plotted in Fig. 4curve(2)]
IV. DISCUSSION AND CONCLUSIONS is the computed wavenumber at the minimal critical Rey-

nolds numbers for two-dimensional disturbances, as com-
The existing computational results on linear stabifity puted in Ref. 13. First, it is clear from Fig. 4 that we do in
show an almost linear increase in critical Reynolds numbefact have a larger growth rate in the critical wavenumber for
with B. On the other hand, the fully nonlinear stability two-dimensional disturbances, than dy,,,, i.€., this is the
theory'® gives an increase lik8%2 Hence, it is to be ex- source of conservatism in our bound. Second, the near linear
pected that our bounds will lie betwe€n(B) and O(B?). dependence of the critical Reynolds number in Ref. 13 cor-
From this perspective our results are both fully consistentesponds tar<1/2 asB—», as can be observed in Fig. 4.
and satisfactory. Since we cannot achieve a bound, uniform over all
In obtaining a bound of forn®(B*?) we are using sim- wavenumbers, that grows linearly with, our results fall
ply the purely viscous dissipation term. The effect of theslightly short of confirming analytically the numerical results
yield stress is felt in reducing the width of the yielded regionof Ref. 13, although we have explained above the results of
(1-y*). We can see this by straightforwardly balancingRef. 13 in the context of the growth rate of the critical wave-
purely viscous(Newtonian) terms with the inertial terms in  numbers withB. Of course, the redlquantitative difference
(23), and finding the optimal wavenumber to minimize theis that although we do have a linear dependence on the Bing-
right-hand side. We note that thmurely viscoushalance is  ham number in our inequalities, we still bound our integral
also thebalancethat is used in Ref. 15 for deriving the expressions using quite general properties of functions, i.e.,
nonlinear stability bounds. rather than requiring our functions to be eigenfunctions of
Our bound ofO(B*4% has come from using the Bingham the appropriate eigenvalue problem. In Ref. 13 the Bingham
term in order to influence thenaximal wavenumbers,y, number appears directly in the Orr—Sommerfeld equation,
but having found this maximal wavenumber, it is still a and hence can directly influence the solution.
viscous-inertial balance that gives the bound. We note that We might ask if anO(B) uniform bound could be
our most unstable wavenumbef,,,, behaves liked, ., ~ achieved for a simpler problem, e.g., a two-dimensional in-
=0O(ReBY?) asB—x, i.e., Sma=0(BY¥ for our marginal  stability. Setting eitheu=0 or v =0 results in an uncondi-
bound, indicating that the short wavelengths cause mogtonally linearly stable problem. Setting=0 returns us to
problems. Indeed for any bounded wavenumbers we can finthe Orr—Sommerfeld problem of Ref. 13. Using the same
a bound that is linear iB, but this still uses a viscous-inertial method as above, i.e., bounding integral inequalities, we
balance. This indicates that our bounds involve somethingpave not been able to improve @(B). With similar treat-
additional to those for the nonlinear theory. ments, the Orr—Sommerfeld problem leads again to an
It is interesting to note that it is not the fact of having O(B*“) uniform bound. Although the constant can certainly
short wavelengths that is problematic, but rather the growthbe improved over our estimat@l), only two-dimensional
rate of 5= 85 With B. For example, if the most unstable perturbations are covered. We conclude th&B%*) is prob-
wavenumbers vary liké~O(B”) for v>1/4, inspection of ably the best possible with this method. Perhaps a less rigor-
(32—(34) reveals that the dominant dissipative term is in factous method could lead to a(B) bound, and perhaps also
the Bingham term, and we can derive a bound of form Rdo a much sharper estimate that could be used to guide com-
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