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Abstract

We consider numerical solution of duct flows of multiple visco-plastic fluids using both regularisation techniques and the augmented
Lagrangian method. Using single fluid test problems, we demonstrate that there are certain classes of problems for which the augmented
Lagrangian method is superior. These problems include those of determining the critical Bingham numbers and pressure gradients for which the
flow stops, i.e. the yield limit. We then apply this method to two practical problems involving multiple fluids in ducts: multi-layer lubrication
flows and counter-current exchange flows. Again we demonstrate the effectiveness of the augmented Lagrangian method for this type of
problem.
© 2004 Elsevier B.V. All right reserved.
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1. Introduction Here the duct has cross-sectiany) € 2 = £2,, | 2., and
thez-axis aligns with the direction of the flow, along the duct.
In suitable dimensionless form, the axial flow of two visco-  The mathematical problem consists of finding the axial veloc-
plastic (Bingham) fluids along a duct is modelled by the fol- ity w(x, y). Dirichlet conditions are assigned at the boundary

lowing system of equations: of 2, the stress and velocity are continuous at the interface. It

9 5 is assumed that each sub-domain has a Lipschitz continuous
PR + o, Tmzy = A (x,y) € 2, (1) boundary. The parametegug andB;, are the plastic viscosity

* Y and yield stress of flui#t, respectivelyf denotes a modified

d 0 axial pressure gradient ads a buoyancy parameter.
—Teaxt T Tezy = b—1f (x,y) € 2, ) P d y yp

Single phase flows of this type of materials were first con-
sidered by Binghan{;l], and later studied more extensively
by Oldroyd[2], Pragerf3], Mosolov and Miasnikovj4,5],
and by Duvaut and Lion®]. Slightly more complex models
are the Herschel-Bulkley and Casson models. These fluids
occur both naturally and industrially; a range of different
materials and description of many of the known analytical

d0x ay
where the deviatoric stresseg ,; are defined fork =
c,m;j=x,yby:

By
% > By <= t) = (Th 2xs Tk,zy) = |:,uk + w} Vw (3)

IVw| =0+ 7 < By, ) solutions of these equations is given in the revigi,

with The first motivation for studying the type of flow described
) > 4172 by (1)-(4) is that there are a humber of practical industrial

T = [T+ Tk,z,y] : (6) examples of such multi-fluid flows. In particular, in oilfield

cementing (both plug cementing and primary cementing) it is

* Corresponding author. Tel.: +1 604 822 0297; fax: +1 604 822 6074, POSSible to find axial flows of two (largely) visco-plastic flu-
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superscript denotes a cement slurry or spacer fluid. Flows  To close, we mention that regularisation and augmented
of this type have been considered[8+13]. Another class Lagrangian methods are not the only methods that have been
of interesting flows from an industrial perspective are multi- used for computational solution of visco-plastic flows. Dif-
layer Poiseuille flows, such as occur in certain co-extrusion, ferent hybrid methods have also been developed, which often
lamination and coating processes. Whereas for most viscous-are very successful at capturing both yielded and unyielded
viscous fluid combinations, such fluids suffer from linear in- fluid regions, but have limited scope for general application.
terfacial instabilities, it has been recently shown that use of Examples here are th@ug-formingalgorithm in[27], and
yield stress fluids as lubricants can eliminate these, leadingthe method if31].
to both linear stability14] and nonlinear stability15]. A brief outline of the paper is as follows. I18ection 2
The second motivation for considering the problem we address single fluid duct flows, for which the theory of
(1)—(4) is that it represents one of the simplest non-trivial ex- determining the zero flow limits is well established. We show
amples of a multi-fluid visco-plastic flow. Such flows occur using the simplest example possible, a Poiseuille flow in a
in displacement flows, in bubble propagation, in multi-layer pipe, how the augmented Lagrangian method differs from
flows, and a range of practical processing situations. Thesethe regularised methods in solving this type of flow problem.
general flow scenarios bring in numerous computational We then extend the computational method to more complex
challenges, which are not only specific to visco-plastic fluid geometries and show how difficulties can arise Skrtion
flows, e.g. interface tracking, surface tension effects. The 2 we consider multi-fluid problems in ducts. After a brief
formulation (1)—(4) is sufficiently simple to avoid many of overview of how the augmented Lagrangian method extends
the complications of multi-dimensional multi-phase flows, to such problems, we tackle two test problems of practical
but retains the key feature of a visco-plastic fluid, namely importance. First we consider a lubrication flow, wherein we
that of the yielding behaviour. Thus, in studying (1)-(4) wishto establish how farfrom symmetry we can departbefore
we are able to observe whether the yield stress in itself the plug region is broken. Second, we consider a zero-flow
presents any additional problem to the numerical solution of limitfor multiple fluids. Here the problem comes from oilfield
a multi-fluid problem. plug cementing. The paper ends with a brief discussion.
The method that we use in this paper is the augmented La-
grangian method, as first introduced for this type of problem
by Fortin and Glowinski[16—18] This method hasbeenused 2. Single fluid problems
occasionally in applications for computations of visco-plastic
flows, e.9.[19,20], but in our opinion remains strangely For a single fluid, (i.e£2; = @), the background theory
under-utilised. The more popular alternative to the augmentedrelating to existence and uniqueness of solutions and quali-
Lagrangian method is to simply regularise the effective vis- tative behaviour is developed #-6,17] This class of flows
cosity in (3) and (4), to remove the singularity at zero rate includes some of the simplest known analytical solutions, e.g.
of strain. This approach was first advocated numerically in Poisedille flow in a circular pipe and in a plane channel. The
[17]. Probably the two most popular regularisations used are variational formulation of these single fldi®uct flow prob-
those of Bercovier & EnglemdR1], and Papanastasi{2e]. lems, consists of finding the unique minimisere H&(Q)
These two regularised models have been implemented by aof the functional/ (u):
range of authors and for many different problems. A partial 1
list of applications of viscosity regularisation#13,23—-30] J(u) = / Z|Vul?+ B|Vu| — fudx, ue Hg(Q), (6)
There are certainly advantages of the viscosity regularisation 2?2
methods. A key one is their ease of application in commer- e are interested firstly in finding the solution of (6), which
cially available computational fluid dynamics (CFD) soft- iy general will be a computational tasi§éction 2.2elow),

ware and other standard partial differential equation solvers. ang secondly in using this solution to determine the yield
The thesis that we wish to advance in this paper is not that jimit of a given flow, Section 2.}

the augmented Lagrangian approach is uniformly better than
the regularisation approach, but rather that there exists a wid
class of problems for which it is distinctly superior. The type
of problem for which the augmented Lagrangian approach
is advocated are those in which the yielding behaviour of
the fluid(s) is critical. This class includes: (i) determining the
critical yield limits of both single and multi-fluid flows; (ii)
computing multi-fluid flows for which one (or more) of the
fluids is unyielded, either at the interface or close to a wall.
We shall encounter examples of these flows later. Also we
SI‘!Q” ShO_W thgt I_n c_omple_x_geometrles th_e determination of "1 For the single fluid problems in this section, we omit the subsdript
critical yield limits is a difficult computational task, beset genoting the fluid. We also rescale so tha 11, = 1. Note that Dirichlet
with pitfalls. conditions are satisfied on the duct walls.

©.1. Numerical solution methodology

It is known that there exists a unique solution to (6), as
proven in[4,6]. However computationally, the main prob-
lem with the minimization (6) is the non-differentiability of
J(u) at|Vu| = 0, i.e. in unyielded regions. Thus, some form
of relaxation or regularisation is needed. The main method
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that we implement to circumvent this is the augmented La-
grangian method, (although we also implement a regulari-

sation method for comparison). The augmented Lagrangian

method is fully described i1 6,18] wherein convergence
and other results are also proven. Here we give only a brief
outline, in order to describe its implementation and advan-
tages. In place of (6) we consider the equivalent prodlem:

min J(u, Q)

ueH}(£2),9€[L2(£2)]2:q=Vu

()

1
—/ 51al* + Bla| — fudx.
2
The idea now is to relax the constramt= Vu, by use of a
Lagrange multiplier. Thus, we define the Lagrangian func-
tional L(u, g, A):

L(u,q,A) = J(u,q) —I—/;zl -(q — Vu) dx,

u € HY($2),q. 1 € [LX(2)]%, (8)

and for r > 0 the augmented Lagrangian functional
L,(u,q, A):
Lr(u,q,/\)zL(u,q,x)~|—£/ Iq — Vu|2dx. (9)
2

The original minimisation problem (6) corresponds to finding
a saddle point oL.(«, g, A). Since (6) admits a unique solu-
tion, there is a saddle point éf(, g, A) for whichq = Vu,
and this will also be a saddle point of the augmented La-
grangianL,(u, q, A).

The algorithm that we adopt to find the saddle of
L.(u,q, ) is described as ALG2 ifiL6]. In outline, given
u, q", A"

e Fixg¢", A", and minimise with respect toin the following

functional,
/ —fu—l—%lvmz—(rq” +A") - Vudx (20)
Q
to find u" 1.
Fix »**1, A, and minimise with respect i over 2 the
following functional:
1+r
| SR+ Blal = (vt i) gds @)
to findg" 1.

Fix ¢"t1, u"*1, and maximise with respect foto give
A"+1 via the following update

X"+l ="+ p(vun+l _ qn—&-l). (12)

2 Loosely speaking, the spaég(s2) consists of functions that are square
integrable over?; [ L2(52)]? is the space of vector functions, each of whose
components are ih2(£2). The space4(s2) consists of functions ih.2(s2)
that vanish on the boundary 6f and whose first partial derivatives are also
square integrable ove?. More precise definitions can be found in any text
on applied functional analysis.

3

Repeat above steps until convergence is achieved. Under
the condition, (sel6]):

BEREC (13)
2
we have the following convergence:
u" — w  strongly inH(2), (14)
q" — q stronglyin[L?(£2)]?, (15)
AL A" 0 stronglyin [L2(£2)]% (16)
A" isboundedinL?(£2)]%. (17)

To explain informally the strong points of this method,
note that in the first step of the algorithm, we are in fact
solving the following linear Poisson equation:
0= f4+r(V"T1 =V .¢q") =V -A",

x € £, (18)

for the velocityu*1, with homogeneous Dirichlet boundary
conditions. For this we use the finite element method, with
piecewise linear elements on triangles for the velocity and
piecewise constant approximations gt and A". For the
minimisation with respect t@, in the discrete setting we
solve on each element

r

I&:

whereM = A" + rVu"*1. The solution is simply:

min
qn+l

) " + Blg"*H — M - q”+l} ’

If IM|<B=¢""1=0 (19)

If |IM| > B= ¢""'=6M, (20)
where6 = (1 — B/|M|)/(1+ r). Thus, our nonlinear non-
differentiable minimisation is converted into an iterative se-
quence of linear Poisson equations and locally nonlinear
equations, (in this case quadratic), both of which can be eas-
ily solved. Whilst the above are general advantages of this
method, consider now the converged solution (purely for-
mally), wheng = Vu. We see that (18) becomes:

VA=—f

Thus, the convergexdis an admissible stress-field. Returning
to the iteration forg, we see that ilg = Vu, then where
Vu = 0 the functionaM = A. Thus, the criterion (19)—(20),
distinguishing wherg = 0, converges to a yield criterion for
the stress field.

For the regularisation method computations that we make
comparisons with later, we simply replace the constitutive
relation with

Tij(u) = ne(y(@))yijm) : € <1 (21)
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wheren(y(u)) is a regularised effective viscosity function,
1

given here by
W+WWJ'

This particular choice is due to Bercovier and Engelnfat,

n€:1+3< (22)

We can see that the subyield stress behaviour is replaced

in (22) by that of a very viscous Newtonian fluid as—
0. Using (21) and (22) the duct flow problem is simply a
quasilinear Poisson equation to be solvedsanWe again
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domains? if

B|Vu| — fudx >0 (28)

forallu e H&(Q). From[4], if uis a smooth function satis-
fying the boundary conditions, then

/
K// |Vu|dxz/ udx: K = sup meas(Z)
2 2

— (29
2 Mmeasfs’) (29)

where$2’ is an arbitrary sub-domain of the domainh with

use piecewise linear triangular elements and a straightforwardboundary ds2’, i.e. effectively the largest ratio of area to

Picard-type iteration, computing the nonlinear part, {8,
using function values from the previous iteration.

2.2. Critical yield stresses and pressure gradients

Physically, itis obvious that for a fixed pressure gradient, if
theyield stress is large enough then a single fluid will not flow
in a duct, (or equivalently, a fixed yield stress requires a finite
pressure gradient in order to initiate motion). For example,
Hagen—Poiseuille flow in a pipe of radius 1 has the following
simple analytical solution:

B 2
ﬁ(l—r*)

B
5l =2 == <r<1,
r

k
O<r=<r¥,

w(r) = (23)

perimeter for a sub-domain @?. It is also shown ifj4] that
there exists a subdomadel C $2 that definek”’ exactly. The
boundaryo$2’ of the optimals2’ either coincides with that of
£2, or is the arc of a circle that is tangent widk at com-
mon points. Thus, according 4] the yield condition, for a
non-zero flow ing2, is that:

<58

=%
It would appear thak = K’, although a proof of this is lack-
ing.

It is helpful to follow the methodology if4] in order to
get at least an intuitive feel for the relation between (26 and
29), and hence for what a Bingham fluid is “trying to do” in
the zero flow limit. For this one should consider functions
that approximately minimise (26). These functions are con-
stant on as large a subdomain as is possible, but must drop to

(30)

r* denotes the position of the yield surface. The expressionzero in a narrow ring close to the boundary. For such func-

(23) is valid only whernv* < 1. Forr* > 1 the solution is

w(r) = 0. The yield surface position is related directly to the

pressure gradiefand Bingham numbes, by the following:

_ 2B
f b

*
r

(24)

tions, the quotient in (26) can be approximately evaluated
and is seen to relate to the geometric ratio in (29). The reader
is referred tg[4,6] for further details. In particulaf4] and

the later papef5] contain a wealth of interesting qualitative
results concerning the shape and size of unyielded regions.
For complex geometries, it is however impossible to obtain

and hence we see that there exists a minimal pressure gradianalytically the bounds oB (or f) for which the flow stops.

ent, (f > 2B), or maximal Bingham numberB(< f/2), in
order for the fluid to flow.
General consideration of this type of flow/no-flow thresh-

Instead computation is needed. In this paper we examine the
feasibility of adopting a naive approach of simply computing
the axial flow at fixed Bingham, then increasing the Bingham

old in a mathematical framework has been undertaken in number iteratively until the flow is observed to stop.

[4,6]. Following [6], from the variational inequality associ-
ated with (6), it can be shown that the solutiorsatisfies

2 Q
from which, if
dx
K = sup L’ (26)
ueH&(Q);u;&O fﬂ [Vu| dx
we see that we have no flow provided that:
B
K’ 27
=% (27)

A more geometric approach is takerjdi. Straightforwardly
from (25), there is no flow (i.e. a non-trivial solution) in the

2.3. Stopping criteria for the Hagen—Poiseuille flow of a
Bingham fluid

This is a classical and well known problem, the analytic
solution of which has been given in (23) and the yield condi-
tion for flow to occur is,f > 2B. As illustration, we attempt
to compute this yield boundary for the two different scenar-
ios: (i) f = 1, B increasing; (ii)B = 1, f decreasing. Note
that this is a one-sided limit, i.ew = O for a finite range of
parameters below the yield limit(s), so that it is natural to
approach this limit from the flowing side; > 0.

Thefirstresults thatwe presentare the variatiog @f) =
[ wdx with increasingB, (respectivelyf). These are pre-
sented for both the augmented Lagrangian computations and
the regularised viscosity method, (here wite: 10-°), see
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Regularised method
ot i 2 Regularised method
- -
““F‘Q-‘;__H_‘_ + | oo oo oo
Augmented Lagrangian method

or Augmented Lagrangian method 0

0.45 0.5 0.55 . . .
(a) B (b) 045 { 05 0.55

Fig. 1. Typical variation inQ(w) as the yield limit is approached: (#)= 1, increasind; (b) B = 1, increasind; regularisation parameterés= 10~°.

Fig. 1 These results illustrate immediately the drawback of with other regularisations and values ©fIn contrast, the

the regularised method for this type of problem, i.e. for low augmented Lagrangian method comes sharply to zero.
shear the regularised method models a very viscous fluid, In order to illustrate clearly what the solutions look like,
which therefore does not stop. Indeed, as we pass the zerave presentifrig. 2a sequence of computed velocity profiles
flow limit, the regularised viscosity method computes a flow for increasingB, with fixed f = 1. ForFig. 2a and b, we are
with viscosity B/ and we expect tha®(w) « €f/ B, which still quite far from the yield limit. AsB increases, the yield
appears to approximately represent the behaviotign 1 surface moves outward towards the wall. These results are
We note that this trend is found (to lesser or greater degrees) computed using the augmented Lagrangian method, but at

Wixy)

Wixy)

Wixy)

“"Hn'lﬁ}l’l'u“' "‘
M4

Fig. 2. Computed solutioW (x, y) for f = 1 and with varyingB: (a) B = 0.3 (augmented Lagrangian method); )= 0.4 (augmented Lagrangian method);
(c) B = 0.489 (augmented Lagrangian method); &= 0.489 (regularised method;= 107).
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*
0.498} 1 107} 4
© o o

€
8 049 ° 5 10 1
=3 o Regularised method
o =
8 ¢
0.494 o 2 40
0.492} 1 16°F
10°F
0.491 7 Augmented Lagrangian method
o
O 488 L L L L 1 1 1 1 10_7 1 1 1 1 1
| 2 3 4 5 6 7 8 9 10 0 20 40 60 80 100 120
(B.) Element maximum Area x 10° (b) Number of iterations

Fig. 3. (a) Computed zero flow limit8, (o) for the flow in a pipe with different maximal mesh sizes; comparison with the theoretical bojdH ¢9); (b)
comparison of convergence rates for the regularised method and augmented Lagrangian method.

these values dB, the regularised solution is also very close, differentmeshes. Tofind the zero-flow rate Bingham numbers

both quantitatively and qualitativelizig. 2c and d show the  we iterate with respect tB using the secant method with a

velocity profiles just above the numerically computed zero tolerance of 10°, we find the zero-flow rate approximately

flow limit, at the same Bingham number, for augmented La- when Q(x) ~ 10~18. The horizontal axis plots the maximal

grangian and regularised methods respectively. The differ- element sizémax. The error appears to b@(hmay). In Fig.

ence is very clear, whereas the augmented Lagrangian solu3b we present for illustration the number of iterations of the

tion converges uniformly to zero, the regularised solution is two algorithms for convergence.

purely viscous. Figs. 1 and 2 demonstrate clearly why the

augmented Lagrangian method is the method of choice for2.4. More complex geometries

such problems. Itis unclear if the regularised method can be

used at all for these problems. Although it is possible to bound above and below the crit-
Itis also noticeable ifrig. 1la that the stopping value Bfis ical Bingham numbers (pressure gradients) for zero flow in

in fact below the theoretical valug = 0.5, (and similarly in arbitrary geometries, (see eld] for such bounds), exact

in Fig. 1b). This is due to the discretisation used. In the finite evaluation requires computation. Here we present examples

element method, the solution is obtained on a triangulation of two such computations for more complex geometries.

polygon which is an inner approximation to the circle. For

this type of problem, this meshing error can be a significant 2.4.1. Square duct

factor, since the flow/no flow bounds are related directly to ~ The first problem considered is that of flow in a square

the geometry. In fact we can straightforwardly compute the duct, of side 1. The centre of the flow contains an unyielded

area to perimeter ratio of our mesh, and hence compute aplug region. As the Bingham number is increased from zero,

new exact limit for each mesh geometry.Hig. 3a we show we find that fluid becomes stuck in the corners of the duct. At

the comparison of computed numerical and exact zero-flow still higher Bingham numbers the flow stops. For our compu-

Bingham numbersB,, and B,, respectively, for a range of tations, we fixf = 1 and increas8. In Fig. 4 we show the

0.015 0.015

0.01 0.01

W(x.y)
W(x.y)

0.005- 0.005

(b) 05 -05

Fig. 4. Computed velocitie® (x, y) for the flow in a square duct & = 0.2: (a) augmented Lagrangian method; (b) regularised method.
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0.25+ Kk ¥ * * * *-
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(a) Element maximum Area (b)

Fig. 5. (a) Computed zero flow limit8, (o) for the flow in a square duct with different maximal mesh sizes; comparison with the theoretical b¢dhd*of
(b) The critical sub—domailﬁz(’imax on which the limiting solution of4] is obtained.

flow at B = 0.2 for both the augmented Lagrangian and reg-  Apart from being in error, it may seem strange that dif-
ularised methods. As with the pipe flow, as long as one is far ferent zero flow limits are found for different discretisations
from the zero flow limit, both methods produce reasonable when the flow domain is regular. Note however, that the tri-
(and consistent) approximations to the solution. For slightly angular discretisation of the square does not well approxi-
largerB stagnant zones appear in the corners. The regularisedmate the shape of the critical sub—doma?gmaX for which
method shows these as slowly moving whereas the aug-the flow stops. It is this discretisation error that accounts
mented Lagrangian method computes the regions as static. for the variation in computed,,, (as well as solution er-
The critical pressure gradient for a square duct flow is rors of course)Fig. 5o shows the critical subdomam;lmax.

considered iff4], who give the limit: At the points of tangency of the circular arcs with the sides
of the square, it is impossible to discretise the regions exter-
B — ~ 0.2650. . . naltos2, ~ with a triangulation, without violating the cone
2+ m conditions.

Since the limiting flows consist of static regions external
to .lemax, itwould appear that the limiting solutions satisfy the

consist of the square with corners replaced by quarter circlesP!"chIetproblem ?n%max' In other words, the critical Bing-
of radiusd, i.e. arounded-ofquare, sag2/, . InFig. 5awe hgm numbers .forzdmax. a.ndQ are |-dent|c.:al-l. Asiillustrated in
show for a range of different mesh sizes our attempts to attainFig. 50, there is no difficulty in discretising;, . We can

the critical limit numerically,B = B,. The limit appears to  therefore solve the duct flow problem @} __ and determine
converge taB, ~ 0.33..., which is far above that d#]. the zero flow limit ons?;max. In Fig. 6a we show an example

This value is easily found by considering the maximum over
d of the ratio of area to perimeter for subdoma®j that

Wi(xy)

= ‘0‘5

(a) 05 os (b) 05 -05

Fig. 6. (a) Computed solutioW (x, y) on 'Q/dmax at B = 0.25. (b) Computed solution of? at B = 0.25
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Wix.y)
Wixy)

0.1~

0.05 0.05

(a)

Fig. 7. Computed velocitie® (x, y) for the flow in a maple leaf shaped ductiat= 0.3: (a) augmented Lagrangian method; (b) regularised method.

of a velocity profile computed ofe, _ atB = 0.25, and in 2.4.2. Maple leaf
Fig. 8o we plot the solution computea onthe fullsquare. Soon  To emphasise the above points, we include one further
above this value, the solution drops to zero. The difficulty of complex example. The duct that we have chosen has a cross-
discretisation on the square domain, to approxinfafe section in the form of a maple leaf. Although there is some
from outside, is self-evident. symmetry in the duct, there are a number of corner regions in
Thus, the results of this section illustrate that even for rela- which the fluids are likely not to flow. Determination of the
tively simple domains determination of the critical Bingham zero flow limit analytically would be difficult. IrFig. 7 we
numbers is a non-trivial problem. Use of the augmented La- show for comparison, two velocity solutions computed using
grangian method does at least mean that flows do actuallythe augmented Lagrangian and the regularisation method, at
stop, but there are still significant problems in approxima- a Bingham number far below that for which the flow stops.
tion. The latter are related to the discretisation itself, rather We can see that the velocities are similar and that in certain
than the choice of algorithm with which to solve the equa- constricted regions of the maple leaf there is essentially no
tions. In practice of course, for a general regi@one does  flow.
not know the critical sub-domain. Thus, although here we  Asweincrease the Bingham number, using the augmented
have been able to verify the results[d], in general for a Lagragian method, the velocity decays to zero. However, the
complex domain we are unlikely to be able to successfully limitis very difficult to determine and is very sensitive to the
determine the zero flow limits in the way we have, i.e. some mesh. InFig. 8 we show an example of one of the meshes
a priori knowledge or intuition regarding the yield surfaces and of the different numerical yield limits computed for dif-
is still required. ferent meshes. For the duct shapeFig. 8a the re-entrant

_ 1 I L L I | ) 1 L L
3, 15 1 05 0 05 1 15 2 0 0.01 0.02 0.03 0.04 0.05 0.06

(a) X (b) Element maximum Area

Fig. 8. (a) An example mesh for the maple leaf geometry. (b) Variations in the computed yield limit with maximal mesh size.
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corners are problematic for approximation. It is likely that 3.1. Augmented Lagrangian algorithm for multi-fluid

the optimal shape will consist of a sequence of arcs, tangentproblems

to the perimeter in each leaf of the maple leaf. Each of these

will be impossible to approximate using triangular elements  As in Section 2.1we relaxJ(«) by settingq = Vu, and

satisfying a cone condition. This partly accounts for the large incorporate this constraint via a Lagrange multiplier term and

variability in computed yield limit. Certainly, computational a quadratic penalty term. In brief, we solve the saddle point

results with the variability of those iRig. 8 can not be re-  problem:

lied upon. It is unclear how problems such as this should be ] _ 1 2 s

tackled computationally. maxmin Li(u,q,X): ue Hy(£2), q.% € [L7(£2)]°, (32)
Before progressing to multi-fluid problems, we note that

for problems of the type considered here and in Section 2.4.1,Where

adaptive meshing techniques are certainly advisable. Here we T

refer in particular to the recent work of Roquet and Saramito, Lr(u,q,%) = Z /Qk 7|‘1| + Brlg| dx

[32] k=c,m
— fOm(u) — (f = b)Qc(u)
T,
3. Multi-fluid problems + Z /Q Ek|q —Vul?+x- (g — Vu)dx.
k=s,m "~k
For multiple fluids duct flows, the variational formulation (33)

can be obtained in analogous fashion to that for a single fluid.
The momentum equations are multiplied by a test function We solve this using the same iterative Uzawa algorithm as
and integrated over each fluid domain separately. Use of thein Section 2.1(i.e. with the above modifications). ALG2 for
divergence theorem and summing over the two fluid domains our problem is:

to cancel out boundary integrals leads to the following vari-

o am e . . .
ational inequality: e Fix ¢", A" minimise with respect tai in the following

functional,

Uk Z/ Vw - V(v —w)+ Bx|Vv| — [Vw]| dx / —fu+r7m|Vu|2—(rn1q+l)~Vudx

m

> fOm(v—w)+ (f —5)Qc(v—w), +[ —(f—b)u+%|Vu|2—(rcq+k)~Vudx
Qe

Vv e Hy(82), we Hy($2) (34)
see e.g[9]. This problem is equivalent to finding the unique to find utt, S
minimiserw € H3($2) of the functional/ (u): e Fix 4", A" minimise with respect tq over £2,, | 2.
the following functional:
Mk 2
Sy = 30 [ B vul? o+ B vul b - 0, 14 r, 1 an
k=2c',:m 25 2 /_Q T|4|2+Bm|q|—(VmVu +1_)")'qu
—(f = b)Qc(u), ue HLR), 31 147,
(f = B)0c(w). u e HYR) (31) I A L U
where §2
(35)
Ox(u) =f udx, ue HYR), k=c m. to find g *1.
2

e Fix ¢"*1, u"*1 maximise withA to give A"*1, via the

. . ) iterative update:
Results related to existence and uniqueness of solutions

are derived if9]. The functional/(«) has similar properties AL = A 4 (VT — g, (36)

to that of the single fluid problem. Thus, many of the methods

applicable to the single fluid problem may be generalised. In ~ We observe thatthe above algorithmis essentially the same
particular, the augmented Lagrangian method can be readily@S for the single fluid problem iSection 2.1 The classical
applied, as we outline below. Thereafter, we consider two form of the velocity problem is to find from:

multi-fluid problems of practical importance. 8ection 3.2

we consider visco-plastically lubricated flows, an&iction O=f+rm(V2u—V-q)—V-A xe€,

3.3 we consider exchange flows. An overview of the back-

ground to each problem is given in each section. O0=(f=b)+r(V?u—-V-q)—V-1A xe€82
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with continuity ofu at the interfacd™ and also Imposed ¢ Core fluid
r+ flow rate — " s

[r(Vu — ) -n—A-n]|;" =0, (37) R
- Pipe wpy Rlbpeating

('t andI"~ denoting the two sides of the interface). From Cross-saction u

the above we see again the interpretation of the converged

A as an admissible stress field, now with normal component

continuous across the interface, as would be expected physi-

cally. Velocity profile

Different penalty weightsry, k = ¢, m are included
above, and in updating different over-relaxation parame- Fig. 9. Schematic of the visco-plastic lubrication configuration.

terspr, k = ¢, m, can be used. It is worth noting that the the
convergence conditions are analogous to those for the singleone dimension if45], will also be unstable at the interface
fluid case, which may seem surprising. However, this is sim- in multi-dimensions. Very recently, the linear stability results
ply because they are based upon the minimisation of (31),in [14] have been extended ji5] to nonlinear stability, in-
which is one of a general class of functionals for which the cluding motion of the central core region fig. 9. Critical
method can be applied. These results also relate to conditionso these later results is the argument that a small perturba-
for convergence, rather than speed of convergence. As withtion of the basic flow from its axisymmetric position will still
the single fluid case, this is found to be sensitive to choice of preserve an unyielded plug region around the central region.
rk, k =c,mandpg, k =c,m.Itis notclear how to do this  Although this can be established from continuity arguments,
optimally. After several tries, a robust choice fgrand o, the degree of asymmetry at which the outer plug breaks is
appears to be. = r,, = 1 andpx = r. easier to compute directly. Also if one wishes to establish
Insofar as numerical details go, we discretise on triangular sharp estimates for stability, it is necessary to evaluate these
finite elements, using piecewise linear basis functionsifor  plug-breaking limits more exactly than can be done analyti-
and piecewise constant basis functionsifandg. The mesh cally
is aligned with the fluid-fluid interface, ensuring continuity of In Fig. 10a—c, we show a sequence of velocity profiles
u directly. The condition (37) becomes a natural condition at computed using the augmented Lagrangian method. The in-
the interface, (i.e. itis handled automatically within the finite ner fluid region has radius = 0.3, and we take both flu-
element method). Solution of theproblem at each iterate  ids to be Bingham fluids with Bingham numbeBs = 0.5
involves solving a Poisoon equation. The matrix inversionis andB,, = 4 (outer fluid). The modified pressure gradient is
handled using a Gauss—Seidel iteration. For the minimisation f = 11.9445 and the buoyancy parametemis= 5.97225.
with respect tag, we proceed as i®ection 2.1 by solving After rescaling we can set; = 1 andu,, = m, wherem
an algebraic equation on each element, (essentially (19) ands the plastic viscosity ratio, which we set equal to 1. The

(20) with subscripts). Thi update needs no explanation.  fully concentric solution can be computed analytically, but
as symmetry is broken numerical solution is necessary. We
3.2. Visco-plastic lubrication flows show velocity profiles with the centre of regiéh displaced

to (x,, 0) wherex, = 0.1, 0.3, 0.4. It can be seen that for

When two fluids of differing viscosity flow together ina  smallx, the unyielded plug region remains intact, but even-
parallel flow along a duct, the interface between the fluids can tually yields.
be linearly unstable at low Reynolds numbers, see[83- In Fig. 10d we show how the minimal width of the un-
44). Such instabilities are obviously detrimental to the use of Yielded plug region separating the two fluids decays with
this type of flow for any type of manufacturing process. Inthe increasing eccentricity;. Itis this type of computation that
case where one of the fluids is visco-plastic, the flow can be is needed if sharper stability bounds than thos@ &j are to
much more stable. The type of configuration that we consider be established. We note that computation of this type of yield
is that shown schematically iRig. 9. The outer fluid is a limit, which is based on a non-zero flow, is likely to be fairly
visco-plastic and the inner fluid is viscous, (or possibly visco- Stable with respect to variations in mesh.
plastic). The critical features are that the outer fluid maintains
ayield surface at the interface and that the fluid is representeds 3. Exchange flows
as having a true yield surface, (i.e. no regularisation).

~ In[14] itis shown that this type of flow configuration is The second example problem we consider arises in the
linearly stable, even atlarge Reynolds numbers. Maintenanceindustrial process of plug cementing of oil wells. The model
of an unyielded region at the interface is critical to this. For jnyolves (1)—(4) with buoyancy = 1. The flow is in a circu-

example, regularised models, such as those studied in thaar domain of unit diameter and with the additional constraint
two-layer flow of[44], exhibit low Reynolds number linear

instabilities. Equally, the reverse configuration, (Newtonian [ ;40 = 0, (38)
fluid outside of Bingham fluid), which has been studied in Jo
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Fig. 10. Velocity profiles for visco-plastic lubrication flows; parameigrs 0.3, B, = 0.5, B,, = 4, f = 119445, = 5.97225: (a)x; = 0.1, (b) x; = 0.3,
(c) x; = 0.4, (d) decay of minimal width of unyielded plug witl.

i.e. there is no net flow along the duct. In this process one from close to the ends of the propagating displacement fronts,
places a heavy fluid, a cement slurry, on top of a lighter fluid, the interface and velocity field of both fluids is essentially
either a drilling mud or a viscous pill, in an inclined closed- parallel to the pipe axis.
ended pipe, the oil well, sdeig. 11 The aim of the process The above situation forms the basis for the model (1)-(4)
is that the cement slurry remains static for a period of hours, and (38), which is derived in some detai[8)9], i.e. we have
while it hardens and forms a solfug in the well, which
either hydraulically seals the well, (@bandonmenplug),
or is used during drilling to redirect the path of the well, (& 1,41 merface
kick-offplug). Configuration

The key question here is how large must the yield stresses
be in order for the plug to remain static. In yard tests us-
ing representative oilfield fluids and pipe sizes, and with ce-
ment placed above mud in an inclined pipe, (see[é®}),
in those cases where the rheologies of the fluids were some:
how closeto being statically stable, the cement slurry is ob-
served to slump towards the lower side of the pipe and move
slowly downwards in an axial direction, displacing the lighter ciosed end
drilling mud upwards, (as shown fig. 11). Thisis observed  atbotom hole
to be a slow, stable laminar flow. Qualitatively similar results
have also been observed in a series of experiments performei
using visco-plastic laboratory fluids, reported[iri]. Dur-
ing this motion, the interface between the two fluids remains
well defined and elongates during the slumping motion. Apart Fig. 11. Schematic of the plug cementing process.

Interface Configuration
After Slumping

&~

Cement

i

Gravity y
Mud
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a buoyancy driven axial flow, driving the cement downwards 1.0 40
and the mud upwards. The question of how large the yield | oy () 35
stresses must be in order to stop this axial flow is addressed ir®® 30 Sm{h)
[13], and we summarise the chief results frfi8] below. The | 251 s:(h)
methods used ifL3] are mostly analytical, considering what 201
happens close to the static solution. Indeed a deficiency of theg 4 1 15
results in[13] is that it has not been possible to verify them | o 101 s;(h)
computationally for non-trivial interface configurations. A 02 ° 051
regularisation method was used [it3] to explore certain e ' o
features of these flows, but for the all important determination 02 04 06 08 10 02 04 06 08 10
of critical yield stresses limits, it proves inadequate.
The typically observed interface configuration in a cross- Fig. 13. The functions(h), c (h), sc(h), s, (h) ands;(h).
section of the pipe is a horizontal interface at some height
h above the bottom of the pipe, i.e. the fluids are stratified
with the lighter mud flowing upwards as the heavier cement \yhere
flows downwards. The geometry is described by the various
cross-sectional areas and perimeters fractions, expressed agB(h, t..y, Tm.y)
afunction ofh. = Bo() — B ()t — Bel)rey — min(y).  (43)
ac(h) =1 — ap(h) and
= E(c:os—l(l —2h) — 2(1— 2n)[h(1 — K)]*D), (39) Bo(h) = <o
T S
4 1 [scsm 2
sc(h) =4 — s,,(h) = — cos ~(1 — 2h), (40) = — [ — (A —2n)si + (1 — 2h)(sc — sm)] ,
T 16| s;
44

si(h) = §[h(l — h)]%3. (41) 49

i pulh) = 22 = 2] 12, | (45)

These are illustrated iRig. 12 Geometrically, the func- Si 4L s 7
tionsa, anda,, are the area fractions &, ands2,,, respec- 1
tively; s, s, ands; are the lengths of the boundari€s,,, Bo(n) = i 7 [SCS’” -(1- Zh)sc] . (46)
Si Si

I'm w and T, each divided through by/4. These functions
are plotted irFig. 13
The curve in thed. y, 7, y)-plane above which the only

A full derivation is given in[13]. This curve is shown in

. i i . Fig. 14
solution of (1)—(4) and (38) is» = 0, is defined by:
sup F(h, zey, tm,y) = 0, (42)
hel0,1]
0.30]
0.25]
0.20]
Mud % No Flow
" 0.15] w=0
1 ,
0.10
h =
Cement 0.05

Fig. 12. Schematic of the geometry for an exchange flow with the fluids
separated by horizontalinterface.

0.10 0.15 0.20 0.25 0.30

Tr_',‘;’

0.05

Fig. 14. The no-flow curve (42).
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(b)
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Fig. 15. Two examples of the exchange flowhat 0.5, . = up =1, f = 0.5: (@) e,y = T,y = 0.035, (b)z,y = T,y = 0.04.

3.3.1. Numerical test results
The objective of our numerical tests is to show that the

Fig. 15shows two examples of the velocity profile com-
puted, quite far from the critical yield stresses. As the yield

augmented Lagrangian method can be effectively used to de-stresses increase towards the limiting values in (47), the

termine complex multi-fluid stopping criteria, such as (42).

We see fronFig. 14that (42) is symmetrical about the
line .y = 1, y. The intersection of (42) with the line y =
Tn,y Can be determined analytically.4f y = 7, v, then by
symmetry the maximum value d@(h, t. y, T, y) is ath =
0.5. Consequently, the intersection is:

1

=~ —007637..
(16/7) + 8

Te,Y = Tm,Y (47)

In order to compute this limit with, = wu,, = 1, we note
that the flow should be symmetric, (i.e. up and down the duct),
and that therefore the pressure gradiert is 0.5. Note that

in general, one would need to iterate the solution with respect p

yielded regions inFig. 15 thin into boundary layers. We
compute the stopping limit by examining the decay®f
with increasing yield stresses. Our numerical valug is =
Tm,y ~ 0.08 which compares reasonably with the theoretical
limit (47).

As a second example, we consider the zero flow limit
whent, y =0 andh = 0. It is clear that the mud, which
is now Newtonian, will flow unlessf = 0. Thus, instead
of approaching the zero flow limit by increasing the yield
stresses while maintaining zero flux, we fiand increase
only B = .y, monitoring Q(w), i.e. again we avoid the
iteration with respect té needed for the general problem.
From (42) and (43), we can compute the theoretical limit of
= 1.,y = 0.25.Fig. 16a shows an example velocity profile,

to f, to ensure that (38) is satisfied. This is an unnecessary |sse to the zero flow limit, anBlig. 16 shows the decay of

additional computational task which we have eliminated by
selecting this symmetric case as a test.

05

0O(w) asB — 0.25. It is interesting to note that the cement
flow is unyielded across most of the interface. There is no

Q(W)

0.24 0.25 0.26

B

0.23

0.27

Fig. 16. Zero flow forh = 0.5, u. = wm =1, Ty =0, f = 0.0: (a) velocity profile close to the zero flow limiB = .y = 0.2; (b) decay inQ(w) with

B = 7.y, close to the theoretical limit af. y = 0.25.
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pressure gradient driving the mud flow, so that the mud ve-
locity profile is effectively a Couette profile.

4. Discussion and conclusions

In this paper we have demonstrated the utility of the aug-
mented Lagrangian method for computing various zero flow
limits, and related problems, for both single and multiple
fluid duct flows. For such problems, regularisation methods
are simply not suited, since they never produce zero flow. To
our knowledge, our results are also some of the first multi-
fluid visco-plastic computations to be carried out using this
method.

The extension from single to multi-fluid flows is here
straightforward for this restricted set of problems, both the-
oretically and computationally, and we have therefore re-
stricted ourselves to a cursory description of the implemen-
tation. In computing more general multi-fluid problems, it is
clear that we will encounter the full range of of difficulties
common to other fluid flows.

In particular, we have not considered surface tension ef-
fects explicitly. For the class of duct flows that we consider,
inclusion of surface tension does not in fact change the math-
ematical problem: there is a pressure discontinuity between

M.A. Moyers—Gonzalez, |.A. Frigaard / J. Non-Newtonian Fluid Mech. xxx(2004) XXX—XXX

cost is essentially comparing the number of iterations re-
quired for convergence. One example of this comparison has
been given irFig. 3, which illustrates that the methods have
similar costs. However, in general we have resisted making
any more general statement on comparative CPU, and do not
feel it is helpful to do so. Certainly, we have found the aug-
mented Lagrangian method competitive with viscosity regu-
larisations in our computations, but we have not made great
efforts at improving efficiency of either method. It is diffi-
cult to make a comparison objectively. As the regularisation
parametee — O in the regularised method, the solution al-
gorithm generally becomes ill-conditioned, but convergence
to the analytic solution occurs in this limit, (i.e. there is a
trade-off and one has to choost¢hat isgood enough This
balance, in using the regularisation method, is determined by
the problem at hand and will usually be problem specific. Es-
sentially, this means there is an outer iteratiore ofipy hand
and/or mind), if one wants to do this in a rational way.
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