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Abstract

Buoyancy driven flows of two Bingham fluids in an inclined slot are considered, providing a simplified model for
the plug cementing process. The flows studied are near-uniaxial and stratified, with the heavy fluid moving down the
incline, displacing the lighter fluid upwards. There is no net axial volume flux. Four qualitatively different types of
velocity solution profiles, u, are shown to exist, three of which are non-trivial. The regions of existence of each flow
type can be described parametrically in terms of the two dimensionless fluid yield stresses, (7.y, Tmy), and the
dimensionless interface height in the slot, . The boundary of the region in the (7. y, 7,,v) plane, outside of which only
the trivial solution u =0 exists, is determined exactly and a simple analytic expression is given. Within this region,
perturbation methods are used to produce asymptotic approximations to the flow rates and interface velocities for
values of / such that u # 0. The perturbation solutions are used to study axial propagation of the interface height
profile A (x, ¢) along the slot. © 1998 Elsevier Science B.V. All rights reserved.

1. Introduction

Plug cementing is a relatively common operation carried out both when drilling and
abandoning oil wells [1]. When setting a cement plug above the bottom of the wellbore, one
places a heavy cement slurry, (c. 1900 kg m —?), above a lighter fluid (e.g. drilling mud or viscous
pill: density 1200-1700 kg m —?). The wellbore is typically inclined from vertical, is approxi-
mately cylindrical of diameter <0.3 m, and has length of the order ~ 10° m. Cement plug
lengths are typically ~ 100 m and the cement is placed so as to completely fill the wellbore
cross-section.

It is necessary for the cement to remain static for a period of hours while it sets. This situation
is mechanically unstable and, if the fluids were Newtonian, the cement would fall through the
lighter fluids and end up at the bottom of the wellbore. This does not typically happen. Both
drilling muds and cement slurries have complex rheologies. For modelling fluid motion, these
fluids are easiest described by viscoplastic constitutive models (e.g. Bingham, Herschel—-Bulkley,
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Casson). Such a description is not completely accurate since thixotropy and viscoelastic
effects can also be important. However, plastic viscosity and yield point figures are regularly
used to characterise these oilfield fluids, making the Bingham model attractive.

The setting of cement plugs has received much attention in the technical literature over the
years, e.g. [2—6]. Although mechanical supports are sometimes utilised [5], this is not stan-
dard industry practice. The fundamental problem remains, of determining the fluid properties
required to stably maintain a heavy cement plug over a lighter fluid. In [2] a fully axisymmet-
ric buoyant flow is considered, but this case is only likely to occur if the wellbore is perfectly
vertical and the initial interface is axisymmetric. In experiments using oilfield fluids in a
closed ended pipe [4], the heavy cement slumps towards the low side of the pipe and slides in
an approximately axial direction down the pipe, displacing mud upwards. The initial interface
between the two fluids becomes axially elongated during this motion. If the fluids used are
somehow close to being stable (i.e. static), the motion is slow, laminar and the interface
between fluids remains well-defined.

It is the above type of flow that is studied in this paper. Two Bingham fluids of different
densities and rheologies are taken to represent the mud and cement. The only driving force
for the flow is that of buoyancy, resulting from the density difference between the fluids. Of
primary interest here is the interaction between viscoplastic and buoyancy forces. An addi-
tional complication in a pipe geometry is the interface configuration which, although it
develops axially into a long-thin geometry, is otherwise arbitrary. To remove this complica-
tion, a simple slot geometry is considered and the flow is assumed a priori to be two-dimen-
sional. This geometrical simplification allows the application of classical applied mathematical
methods, leading to simple physical insights.

There are numerous studies of laminar flows of a single Bingham fluid in simple geometries
(e.g. [7-9]). Perhaps the most relevant of recent studies is [10], which considers the slow
spreading of a Bingham fluid on an inclined plane. Once the geometry becomes even slightly
complex, the solutions to Bingham fluid flow problems can exhibit a rich structure and flow
features are found that are not found with Newtonian fluids, (e.g. see [11,12] on axial flows
through an eccentric annulus). Hence, what appears here as a simple flow must be treated
with some respect.

In outline the paper is as follows. Section 2 following, introduces the physical models,
derives a suitable mathematical approximation and considers physical constrains on the solu-
tion. In Section 3, the momentum balance is uncoupled and analysed, in order to determine
different possible solution types in terms of the axial velocity u. Reformulation of the
problem as a constrained optimisation problem allows the derivation of sufficient conditions
to ensure u=0. Perturbation methods are used to show that these conditions are also
necessary and to derive asymptotic approximations for flow rates and interface velocities
when u # 0. Interface propagation is considered in Section 4 and order of magnitude esti-
mates are given for the propagation speed. The paper concludes with a brief discussion,
Section 5.

The more complex (and physically realistic) problem of uniaxial flows of two Bingham
fluids in a pipe geometry with an arbitrary cross-sectional fluid—fluid interface has also been
addressed [13]. The approach taken is akin to that in [14-16].
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2. Physical model

Consider a two-dimensional slot geometry and coordinates as shown in Fig. 1. The slot axis
is inclined at an angle f to the vertical direction of gravity and is assumed to contain a cement
slurry of density g, and a drilling mud of density g,,. It is assumed that g, > g,,. Suppose that
the heavier fluid (cement) has initially been placed above (X large and positive) and lighter fluid
(mud). Under the action of gravity, the cement slides down the lower wall of the slot displacing
the mud upwards, against the upper wall of the slot. As this motion continues, the interface
elongates into the situation shown in Fig. 1. The fluids are assumed miscible, but not mixed.
There are no interfacial forces, i.e. surface tension, and there is no mass transfer at the interfaces
between mud and cement, e.g. no chemical reactions between the fluids. The fluid—fluid interface
between cement and mud is denoted

§ =D, @D
The slot width is denoted D and the slot length considered is denoted L. It is assumed that
0= £L)< «1. 2.2)

The pressure and velocity are denoted j(%, 3, ) and d(%, §, 1) = (4, ©), respectively. The stress
and deviatoric stress tensors are denoted Gy ; and 7y ;, respectively. Since the flow is assumed
two-dimensional, the indices i, j range over only 1, 2, with 1 denoting the X direction, as is
conventional. Dimensional quantities are distinguished with a hat symbol, . and the index k is
used throughout to denote the fluid present, i.e. kK = ¢ for cement, kK =m for mud.

The equations of motion, valid within each fluid region, are

dAl' a ~ _ .
'ékjdztzgak’ij—ih Gk’f, k=C, m, 1= 17 2’ (23)
J
on 00
0= b 2.4
oz oy 4

Fig. 1. Schematic of slot geometry and coordinates.
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where the gravitational body force G, is defined by

G, = (— pig cos B, — pig sin f), (2.5)
and

d_0,49,:9

di ot ox ' oy

At the walls of the slot the no-slip condition is satisfied:
u=0. (2.6)

The unit normal to the fluid—fluid interface is denoted #:

n=;72m<—$J> @)
(5 ]
0xX

and the interface velocity is denoted #;,. Velocity and stress vectors are continuous across the
interface, i.e.

= ﬁint’ (28)
( _ﬁcéii + TAC,!'/')nj = ( _pAmézjj + fm,[i)nja (29)

where p, has been used to denote the limiting value of the pressure as the interface is
approached from the side of fluid k. The interface itself is a material surface, advected by the
flow. Thus, & satisfies

%+ i, h, 1) @ =0(%, I, 7). (2.10)
ot oxX

The area flow rates along the slot, in the cement layer and in the mud layer are denoted by 0,
0. and Q,,, respectively. These quantities are defined by

Qc=fa dy, 2.11)

0, = r i dy, (2.12)
h

0=0.+ O (2.13)

Combining Eq. (2.4) with Eq. (2.10) leads to

oh
or

Z 0.=0. (2.14)
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2.0.1. Exchange flow constraint

The bottom of the slot, (— X large), far away from the region of interest, denotes the bottom
of the wellbore. This is typically sealed and the fluids are incompressible. Thus, there is an
exchange of fluids in the axial direction, which is what is meant by the term exchange flow, i.e.
the constraint

0(i) =0, (2.15)
is satisfied; there is no net axial flow.
2.0.2. Constitutive laws

The fluid rheologies assumed are those of incompressible Bingham fluids. Rate of strain and
deviatoric stress second invariants, 7(ii) and 7,(ii) respectively, are defined by

) 1 2 ) 1/2
() = [2 ) [?g(ﬁ)]z} : (2.16)
ij=1
1 2 1/2
fdm=[ZEZUWMW}, (2.17)
ij=1
where
P oh;  0u;
S0 = — ) 2.18
Constitutive laws for the Bingham fluids are
7(i) = 08(i) < fyy, XeVi, (2.19)
. T S AN A a ., .,
T () = |:,Uk + ”?z;{):| V()1 (d) > Ty, XeVi. (2.20)

The constants g, and 7, y are the plastic viscosity and yield stress, respectively, for each fluid:
k = ¢, m. These parameters are assumed to be strictly positive.

2.1. Scaled equations

It is assumed that the flow is near uniaxial, in the following sense:
(1) The fluid—fluid interface is quasi-parallel to the slot axis:

oh
ox

(i1)) The streamlines are quasi-parallel to the slot axis, such that if @i, denotes an axial velocity
scale then o4, denotes a non-axial velocity scale, i.e.

Sl ~ 0. (2.22)

= 0(9). (2.21)

With the assumptions that have already been made, the flow described is a stratified shear flow,
driven by buoyancy, i.e. by the density difference between the fluids. Since both fluids have
Bingham rheologies, the two fluid layers can be expected to consist of both yielded and
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unyielded regions of flow. In a yielded region of the flow, the constitutive equations (Eq. (2.20))
fully determine the deviatoric stress and because of Eq. (2.22) the following scaling will be valid:

0Tk 12 = 0Tk o1 ~ Tic11 ~ Ty (2.23)

Both the scalings Egs. (2.22) and (2.23) will be valid up to the boundary of an unyielded region,
by continuity. Within an unyielded region, since 7(i1) = 0, the velocity scaling Eq. (2.22) must
remain valid. This might not be true of the deviatoric stress scaling Eq. (2.23); however, the
validity of Eq. (2.23) in any unyielded region will be assumed, (see Ref. [13]).

Dimensionless spatial coordinates and velocities are defined as follows:

*=xL, 2.24

(2.24)
$=yD, (2.25)
i = uil g, (2.26)
6 = vy 227)

The timescale 7, and dimensionless time 7 are defined by

~

~ L < A
e =—) =14l (2.28)
Uy

Interface height and the area flow rates are scaled straightforwardly:

h = Dh, (2.29)

O =1iDO,, k="-,c,m. (2.30)
The mean density and the density difference are defined by

p =3P+ Pul, (2.31)

Ap=pc— Pms (2.32)
and the following definitions are made for algebraic convenience:

Pe Pm Ap
¢c=g, ¢m=ﬁ, ¢ = I (2.33)

Note that ¢, + ¢, =2 and ¢, — ¢, = ¢. A dimensionless pressure is defined by

P 5. D) =Py
X, P, t) =—m——— 2.34
p(x,p,1) 54l cos f (2.34)
where p, denotes a constant reference pressure, say at the coordinate origin. It is assumed that
the slot is far from horizontal, in the sense that

0xcosp <. (2.35)

For the flow to remain non-inertial there must be a balance between the leading order
deviatoric stress gradients (the visco-plastic forces) and the buoyancy gradient acting in the axial
direction:
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"k Apg cos B. (2.36)
D
Combining this with Eq. (2.23) gives

7
Tk12 = Tk21 = mk’lczm, (2.37)

fk 11
_ : 2.38
11 ApSL cos (2.38)

T2
=+. 2-
Tk,22 Aol o S[f ( 39)

Following the above scalings, the dimensionless field equations are

¢k123k du 1 ap afk Xy > aTk x
—— = —— | — : : 2.4
dilcosfar - glax Ot O (240)
ouiz  do 1|op 0Tk vy OTicy
0 ———— — = —— | ot 0| /4 2 2.41
dilcosfdi - g|ay T HOwnS |FONH AT (241)
ou 0Ov
L 2.42
p + 2 0, (2.42)
oh 00,
— =0. 2.43
or " ox (243)
Boundary conditions at the slot wall are
u=0, (2.44)
and (to leading order) at the interface:
i = i, 245)
Te xy Tm ) (246)
Pm = Pe- (2.47)
2.2. Uniaxial flow equations
Making the assumption that
g3~ P& cos (2.48)

Px
the inertial terms in the x-momentum equation are O(9J). The leading order contribution to the
rate of strain comes from 7,

ou

Py = B + 0(0?). (2.49)

Similarly, in a yielded region the leading order deviatoric stresses in Eq. (2.40) are given by



68 L.A. Frigaard /J. Non-Newtonian Fluid Mech. 78 (1998) 61-87

Tk,xy: ;uk+7 @—'_0(52)9

where the dimensionless viscosities i are
i
D?Apg cos f°

and the dimensionless yield stresses 7, y are

™ k=c,m,

_ Ty
Y ApS cos fD°

An O(J?) uniaxial approximation to the full constitutive laws is

Ty k=c, m.

ou
P 0<|t(u)| < Ty,
y
ou Tiy | Ou
3y >0=17lu)=| .+ % o
dy
where

Tk(u) ~ I.k,xy(u) + 0(5 2)a

and the xy subscripts are dispensed with, since there is only a single shear stress.
Neglecting terms of O(d) leads to the following leading order uniaxial model:

p=px 1),

; ch + ¢c} = ?y (u), yel0, h(x, 1)),
; [gi + ¢m} _ ‘;Tym W), ye((x, 0, 1],
%Jraa%: ’

u(x,0,t)=u(x,1,1)=0,
u(xa ha t) = Uing,
(X, b, t) =tm(x, b, t) = T:(x, 1),

where 7;(x, ) denotes the interfacial shear stress.

2.2.1. Exchange flows and physical constraints

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)
(2.60)
(2.61)

The remainder of the paper considers solutions to Eqgs. (2.55), (2.56), (2.57), (2.58), (2.59),

(2.60) and (2.61) which also satisfy the no net-flow constraint:
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Qu)=0. (2.62)
Furthermore, it can be assumed that for non-trivial u, Eq. (2.62) is satisfied only with
Oc(u) <0, Om(u) > 0. (2.63)

This is proven rigorously in Ref. [13]. A number of physically based mathematical conditions
must be satisfied by the solutions to Egs. (2.55), (2.56), (2.57), (2.58), (2.59), (2.60) and (2.61).

(1) Buoyancy condition: The flow is axial and since Eq. (2.62) implies that there is no imposed
flow rate, the flow can be driven only by the density difference between the fluids. Consequently,
it is reasonable to suppose that the pressure gradients will be limited by the static gradient of the
two fluids, which dimensionlessly means

P < d—p < .. (2.64)
dx

(i1) Wall stress conditions: Denote the wall shear stresses by 7., and 7., respectively, i.e.
Tew =Ty =0), (2.65)
Tomw =Tm(y =1). (2.66)

Suppose that 7., > — 7.yv. The buoyancy condition Egs. (2.64) and (2.56) implies that 7,
increases for ye(0, k). Since 7., > — 7.y, it follows that
W5 000,20,
ay
which is a contradiction of Eq. (2.63).
Similarly suppose that 7,,, > — 7, y. The buoyancy condition Egs. (2.64) and (2.57) imply

that 7, decreases for ye(h, 1). Since 7, > — 7.y, it follows that

u

>0=0,,<0,
dy

which again contradicts Eq. (2.63).
Therefore, necessary conditions for a non-trivial exchange flow are that

Tow < -Teys (2.67)
Tow < ~Tm.Ys (2.68)

i.e. both fluids must be yielded at their contact with the walls of the slot.

(1) Interface stress condition: Suppose that conditions Egs. (2.64), (2.67) and (2.68) are
satisfied. Suppose also that there is a layer of unyielded flow within both fluids at the interface.
This unyielded region moves with uniform speed u;,,,. A necessary condition for there to be this
unyielded region is that 7; <min{z. v, 7, v}, i.6. because the wall shear stresses are negative and
the shear stresses increase linearly within each fluid, towards the fluid—fluid interface.

Consider first the cement flow. Condition Eq. (2.67) implies there is no unyielded region at
y=0. Since also 7; <min{z.y, Tmy},
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y=h __y=h

Fig. 2. Schematic of different feasible exchange flow velocity profiles: (a) Type A; (b) Type B; (c) Type C.

W0, wyelo, h,
ay

with strict inequality close to y =0. Consequently, u;,, <0. However, Eq. (2.68) also implies
there is no unyielded region at y =1 and 7; <min{z.y, 7y} implies
ou

— <0

oy =0 Vye(h, 1],

with strict inequality close to y=1. Consequently, u;, >0, which produces a contradiction.
Therefore, a necessary condition for non-trivial exchange flow is that

T, >min{ .y, Tmy/, (2.69)

i.e. at least one fluid must have yielded at the fluid—fluid interface.
The consequence of the above conditions, Egs. (2.64), (2.67), (2.68) and (2.69), in terms of the
feasible velocity profiles for a non-zero exchange flow is illustrated schematically in Fig. 2.

3. Non-trivial exchange flows

The main aim of this paper is to develop qualitative understanding of the types of solution
that can exist for this buoyancy driven flow. It is apparent that axial and temporal variations in
Egs. (2.55), (2.56), (2.57), (2.58), (2.59), (2.60) and (2.61) occur only in the mass conservation
equation (Eq. (2.58)). A natural method of analysis is therefore to uncouple the momentum
balance, compute the velocity field for given 4, at each (x, ¢), and then advance the interface
spatially and temporally using Eq. (2.58). Under certain conditions, it will not be possible to find
a non-trivial velocity solution to the momentum balance. This must be expected for any
generalised Newtonian fluid with a yield stress. If the yield stress is large enough the finite
(buoyancy) pressure gradient will be unable to overcome the yield stress. For example, with a
single Bingham fluid in a slot driven by an axial pressure gradient, the analogous dimensionless
condition for there to be only the trivial solution u =0, to the momentum balance is:
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> 1. 3.1)

The aim here is to find analogous conditions on (7.y, Tn.y) for which u =0 is the only solution
also satisfying Eq. (2.62).

Note that the pressure gradient is unknown in Egs. (2.56) and (2.57) and must be determined,
within the bounds of Eq. (2.64), so that Eq. (2.62) is satisfied. Integrating Egs. (2.56) and (2.57)
produces:

h|dp

g |:dx + ¢ci| =T,— 7'-c,w: (32)

1—h|dp

445 [dx + ¢m:| =Tmw — Tis (33)
from which

dp

a = ¢[Tm,w - Tc,w] - [h¢c +(1— h)¢m]’ (3.4)

=h(1—h)+ (1 —h)tey+ htpy- (3.9
Integrating once more produces pointwise expressions for the shear stress:

() =yd ="+ = p)tcw + yTmw V€O, ), (3.6)

Tm(y)=h(1 _y)+(1 _y)Tc,w+mi,w7 ye(h7 1]7 (37)

3.1. Non-existence

Observe that Eqgs. (3.6) and (3.7) can be straightforwardly integrated using the constitutive
laws Egs. (2.53) and (2.54) to give the velocity field in each fluid. However, although the
interfacial stress is the same in both Egs. (3.6) and (3.7), the velocity has not been matched at
the interface and nor has Eq. (2.62) been satisfied. Thus, integration of Egs. (3.6) and (3.7) gives
say Zo(h, Tews Tmw) and zp(h, Ty, Tmw), defined by

_ uinnc(h’ Tc,wa Tm,w)

Zc(ha Tc,wu Tm,w) - |:_ Qc(h, TC,W, vaw):|7 (38)
_ uint,m(hs Tc,wa Tm,w)

Zm(ha 7:c,wz Tm,w) - |: Qm(h, TC,W, Tm’w) :|a (39)

Here u;, o(h, 7. Tm.w) 18 the interface velocity obtained by integrating Eq. (3.6), using the no-slip
condition Eq. (2.59) at y=0, and u;, (5, Tcw» Tmy) 1S the interface velocity obtained by
integrating Eq. (3.7), using the no-slip condition Eq. (2.59) at y=1. Define the objective
functional Z(h, 7., Tmw) =0 by say

’, (3.10)

Z(ha Tc,w, Tm,w) = ||Zc —Zm

(| - | denoting the Euclidean norm), and consider minimising Z(h, 7., Tm,) over all feasible wall
shear stresses (7c., Tm.w)-
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In order to satisfy Eq. (2.62) and continuity of velocity at the interface, Z(h, 7., Tm.w) = 0 will
be necessary. If this possibility can be discounted, there can be no non-zero exchange flow.
Examining the constraint set for the minimisation of Z(h, 7., Tnw) therefore gives a straight
forward way of establishing that no non-trivial solution exists.

For fixed 4, conditions Egs. (2.64), (2.67), (2.68) and (2.69) translate into constraints on
(Tew> Tmw)- For ease of analysis, first consider the linear translation:

%c = —Tew— ToY> (3 1 1)
Tn= — Tmw — Tm.y- (3.12)

Clearly, Z(h, 7., Tm.w) can be trivially redefined in terms of (7., 7,), and is denoted Z(h, 7., T,,).
The constraints Eqgs. (2.64), (2.67), (2.68) and (2.69) become

Tn—Te<1l—h+1.yv— Tmy, (3.13)

To— T <h+ Ty — Teys (3.14)

7.>0, (3.15)

T >0, (3.16)

htn+ (1 —h)i. < F(h, 7.y, Tm.y)s (3.17)
where

Fh,tey, tmy) =h(1 —h)— (1 —h)t.y — htpy —min{z.y, Tny}- (3.18)

The constrained set of feasible (7., 7,,) is denoted ® and is visualised in the (%,, 7,) plane as a
triangular region of the positive quadrant, see Fig. 3. Solution of the momentum balance, in
terms of (7., 7,,) is equivalent to

{(Ze, Tm) €Q:Z(R, T, Tn) = 0}, (3.19)
z - Buoyancy Condition
h—t +1 |-
Interface Stress
Fh
I%h) Condition
/
Buoyancy
Qondiﬁon
/B SN S
Wall Stress @ I=htt,-7,

Conditions

Fig. 3. Schematic of the set ® in the (%, 7,,) plane, showing the different flow constraints.
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0.8]

0.6]
E No Flow
= u(y)=0
0.4]
0.2]

T T

0.2 0.4 0.6 0.8 1.0

7-c,Y

Fig. 4. Curve in the (7.y, 7,y) plane, above which no non-zero exchange flows can exist.

which could be solved with a standard constrained minimisation algorithm, (but see comments
in Section 4).

From Fig. 3 it is clear that there can only be a solution to the momentum balance provided
that F(h, t.y, Tmy) > 0 for at least some values of (4, 7.y, 7.,.y). For given fluid yield stresses, a
sufficient condition for there not to exist a non-trivial exchange flow is therefore

F(h, 1.y, Tmy) <0, Vhe[0, 1]. (3.20)
Note that F(h, 7.y, Tmy) has a single maximum, say F(h*, 7.y, Tmy):

=31+ Toy = Ty, (32D

F(h*, tey, Tmy) =3[l + (Tey = Tny)” = 2(Tey + Ty + 2 Min{zey, Tmy})]- (3.22)
Consequently, to ensure that no non-trivial flow exists, a sufficient condition is that

1+ (Tey — Tmy)” — 2(Tey + Ty + 2 min{z.y, Tmy}) <O. (3.23)
The non-existence curve in the (7.y, T,y) plane is described by

14+ (Tey — Tmy)” — 2(Tey + Ty + 2 min{z.y, Tmy}) =0, (3.24)

and is plotted in Fig. 4. Physically, only positive values of (z.y, 7,y) are of interest. Further-
more, attention can be restricted to

|‘cc,Y — Tm’y| <1. (3.25)
To see this, write

F(hz Tc,Ya Tm,Y) = - (h - hc)(h - hm)a
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where Re(h.) < Re(h,,). If the roots A, and h,, are complex, then (F(h, .y, Tmy) <0, Yhe[0, 1],
and there is no non-zero exchange flow. Suppose therefore, that 4, and A, are real. Then because

(1 - hc)(l - hm) = Tm,Y + min{TC,Ya Tm,Y} > Oa (326)
hchm = Tc,Y + min{TC,Ya Tm,Y} > Oa (327)

only two cases are possible:

(1) (he, hy) N[0, 1] = 0. In this case, since F(h, 1.y, Tmy) has a single maximum, it follows that
F(h, 7.y, Tmy) <0, Vhe[0, 1], and hence no non-zero exchange flow can exist.

(i) (he hm) < [0, 1]. Suppose that |, y-Tmy| = 1, then since A, + Ay =1 + 7. y-Tm.y, either A, +
hy>2 or he+ h, <0, both of which are a contradiction. Consequently, Eq. (3.25) holds.

Fig. 4 provides sufficient conditions on the dimensionless yield stresses for which no non-zero
exchange flow can exist. To further understand the significance of (4, &.,), suppose that for a
given pair (7.y, Tmy), satisfying Eq. (3.25),

1 + (TC,Y - Tm,Y)z - 2(TC,Y + Tm,Y + 2 min{fc,Ya Tm,Y}) > 0 (328)

In this case there exist real (A, h,) < [0, 1] such that F(h, .y, tmy) >0, Vhe(h,, hy,). If for
he(h, h,), a non-zero exchange flow exists, then the behaviour as ~—h, or as h—h,, is easily
understood by reference to Fig. 3. In either of these limits, the triangular region representing the
constraint set ® vanishes smoothly to @. Both the wall shear stress and interface stress
conditions will be satisfied identically for both fluids in this limit:

Tc,wﬁ - Tc,Y: (329)
Tm,wﬁ - Tm,Ya (330)
Ti_\min{TC,Ya Tm,Y} . (331)

Since the shear stresses vary linearly across the fluid layers, the yield stresses are nowhere
exceeded and the fluid velocity is identically zero in both fluid layers.

3.2. Existence

The only parameter space where a non-zero solution to the slot exchange flow problem can
exist is for he(h., h,) and when the yield stresses 7.y, 7,y) lie beneath the no-flow curve Eq.
(3.24) in Fig. 4. In this situation, the set ® is non-empty, but there is still no guarantee that a
non-trivial solution can be found. Since ® vanishes in the limits 4z—A, and h—h,,, it is sensible
to consider the question of existence close to these limits. This allows a perturbation method to
be used which, although not general for all ie(h,, h,,), is at least constructive.

Note that generally 7.y # 7.y, so that typically if / is sufficiently close to either A, or A,
(implying 7, ~min{z.y, Tm.ys), only one of the fluids will be yielded at the interface. Thus, a
solution of either type B or C will exist, see Fig. 2. Additionally, for 7.y # 7,y and sufficiently
close to the no-flow curve of Fig. 4, the solution will be of either type B or C, for all he(h,, hy,).
Fig. 5 shows those areas of the (7. v, 7,.y) plane in which only solutions of type B or C will exist.
These regions are bounded by Eq. (3.24) and the curve

1 + (TC,Y - Tm,Y)Z - 2(Tc,Y + Tm,Y + 2 maX{Tc,Ya Tm,Y}) = 0 (332)
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Outside of this region for 7.y # 7.y, solutions of type A can exist for he(hca, hma) < (e, ).
Here A, and h,, o are the solutions of

O0=h(1—h)— (A —h)t.y — htpy —max{T.y, Tmy})- (3.33)

The case 7.y = 7,y 1S of mathematical interest, but is insignificant practically speaking.
In order to examine existence of u # 0, the perturbation method is applied both close to the
no-flow curve of Fig. 4 and far from this curve, (see Section 3.2.2).

3.2.1. Far from the no-flow curve
Consider the following four interface perturbations, for € « 1:
1. Case 1: Type C solution; 7.y < Tpy, I =h.+ €.
2. Case 2: Type C solution; 7.y < Tpy, 1= hy, — €.
3. Case 3: Type B solution; 7.y > 7y, h=h.+ €.
4. Case 4: Type B solution; 7.y > Ty, h=hy, — €.
The result of the interface perturbation is to perturb F(h, 7.y, Tmy) tO

F(h, oy, Tmy) = €(hn — ho) — €. (3.34)
from which it follows that (7., 7,,) are O(e), provided that
€< hy, — he. (3.35)

which effectively bounds the analysis away from the vicinity of the no-flow curve Eq. (3.24). The
case h,, — h. ~ € 1s considered in detail in Section 3.2.2. The interface shear stress is perturbed to

1.0
0.8
0.6]%
a1
; u(y)=0
0.4] }

ch
0.27_}

C&BA-..

Bed\ B e

0.2 0.4 0.6 0.8 1.0

Fig. 5. Regions in the (7. y, 7, y) plane, in which only type B or type C exchange flows can exist.
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= { - [hcfm + (1 - hc)%c] - e[fm - fc] + F(ha Tc,Y: Tm,Y) + min{TC,Y) Tm,Y}a Cases 1 and 3:

- [hmfm + (1 - hm)fc] + e[fm - ‘Ec] + F(h’ TeY> Tm,Y) + min{TC,Ya Tm,Y}a Cases 2 and 4.
(3.36)

Since, F(he, Tcyvs Tmy) = F(hm, Tey, Tmy) =0, (by definition), and F is a smooth function, it is
clear that by taking e sufficiently small one can ensure that

min{Tc,Ya Tm,Y} < T; < maX{Tc,Ya Tm,Y}7 (337)

so that the solution can only be of type B or C, as stated. To leading order, the condition Eq.
(3.17) is

htn+ (1 —h)t, Cases1 and 3,

€lhm =] {hmfm + (1 —h,)%., Cases 2 and 4, (3.38)

so that to leading order in €, (%, 7,,)e® are positive and satisfy Eq. (3.38). The shear stresses in
the cement and mud are

yhy+T.—Tm—€)— 1.y — 1., Cases 1 and 3,
= : 3.39
TC(y) {y(hc + ;Ec - i:m + €) — Ty — fca CaSCS 2 and 4, ( )

I=—»)A=hy—Tc+Tn+€)— Tmy —~fm, Cases 1 and 3 (3.40)
Tma

Tm()/) = {(1 _y)(l _ hc _ fc + fm — 6) — Ty — Cases 2 and 4.

Taking e sufficiently small, there are three yield surfaces across the slot width, denoted yy 1, Yy,
Yy, where yy; <yy, <ypys These are given by

/%C + O(e?), Cases 1 and 3,
s fm (3.41)
hi + O(€?), Cases 2 and 4,
—h)— (1 —h)% —h.7
hc + . e(hm hc) (h hc)TC thm + 0(62), Case 1’
o — e V1) 0Bl ) cage
Yy2 =Y S e 7 04
. —h)—(1— —
hc Ledt G(hm hc) 1 (_ h hC)TC /’lch + 0(62), Case 3
A €(h, — he) —1(1 —hhm)fc — T + O(€?), Case 4,
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m 2
1_hm+0(e ),

l—yys= o

1—h,

Cases 1 and 3,

%), Cases 2 and 4.

At leading order, interface velocities and area flow rates are

“int,c =3

uinnm

Q.=

Qm =

=<

-

— fg + (e[hm _ hc] — fc[l

- hc] - fmhc)z

2hm e

— 224 (e[l — h] — Z[1 — h

+ 0(€?),
m]_f h

2hp.
~2

2Dt

,L~.2

 2ho,

+ 0(€Y),

+0(ed),

~

~2

72(1 o + O(e%),

£ + 0(e?),

Tm

2(1 = ho)ptm

~r2n - (6[hm - hc] B fc[l B hc] B fmhc)

2(1 — Bt

z~-rzn — (e[hm — hc] B 7':c[l _

2
+0(e),

h] — T

2(1 - hc)lum

i
2N e

20, 3
_ T + O(¢€”),

+0(e),

Tl —hy)
2(1_ m) Hm

Tl — ) 3
2(1_ o + 0(e),

+ 0(¢€?),

Pl o),

Cases 1 and 3,

Cases 2 and 4,

Cases 1 and 3,

Cases 2 and 4,

)2
m’‘m + 0(63),

Case 1,

Case 2,

Case 3,

Case 4,

Case 1,

Case 2,

Case 3,

Case 4,

77

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)
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Neglecting the highest order terms in €, satisfying the no net-flow condition Eq. (2.62) and the
positivity of (7., T,,) means that

KT Cases | and 3
= L ’ 3.48
T {Kmfm, Cases 2 and 4, (3.48)
where
(1 B hc)hm/uc
=0 bt 3.49
T U et (3.49)
(1 — hm)hc,uc
2 - mielre
T U Rt (3.50)
Continuity of the interface velocity implies
e
G[hm _ hc]
1
1 _hc+hc/Kc+(1 —hc)io‘sj Case ?
e[hm - hc]
2
- 1 — By + B[t + (1 — ) = Case 2,
e (A — he] (3.51)
Sem e ~05,.° Case 3,
1 —he+ he/icc+ he k.
€[hm - hc]
4
1 _hm+hm/Km+h;O'5/Km’ Case ’
.
giving finally
hc e[hm _ hc] 2
1
2(1 — h)hp e |:1 —he+ heficc+ (1 — hc)—o_5:| > Case 1,
hm G[hm — h(.] 2
Case 2
21 = hhetc [1 oy A e+ (1= ) "5} LS
Uing ~ 1 €[hm — h] 2 (3.52)
N 2hm,uc |:1 — hc —I— hC/Kc + hc_O.S/Kc:| s Case 3’
1 e-[hm - hu] 2
B 4
2h . [1 — Dy + hy Ko + hmo-S/Km:| ) Case 4,

~

and
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he €[N — h] 2
- !
2hppte |:1 —he+hfr.+ (1 — hc)—0,5:| ) Case 1,
an €lhm — he] >
e [1 — i+ Ko+ (1= ) 0.5} , Case2,
“ i (3.53)
B - U — Case 3
2hm,uC 1 —hc—|—hc/;€c+hc—0.5/xc 5 ,
hm 6[hm_hc] 2
_ th,uc |:1 — hm + hm/Km + hmO.S/Km:| 5 CaSC 4,

~

It is straightforward to check that Eq. (3.38) is satisfied by each of the above solutions.

3.2.2. Close to the no-flow curve
A similar perturbation method to that Section 3.2.1 in may be applied here. Suppose that

hyy — he =2¢, (3.54)
with ¢ « 1. Note that

he=h*—¢, (3.55)

= 1 4, (3.56)
and define /4 by

h=h* 4 &, (3.57)

Thus, for Ae[—1,1] and he[h,, h,], 4 represents a rescaled interface height. Again only
Tmy 7 Ty 18 considered and ¢ is assumed small enough to ensure that the solution can be only
of either type B or C. The function F(h, 7.y, 7,,y) becomes

F(h, tey, Tmy) = E3(1 — 22). (3.58)
The interface shear stress and the leading order interface stress condition Eq. (3.17) are

= —[(W*+ )T+ (1L —h*— EN)T) + £3(1 — 22) + min{t.y, Tmy)> (3.59)

EA(L =2 > h*t, + (1 —h*)T, (3.60)
from which it follows that (%, 7.,) are O(¢?). The shear stresses in the cement and mud are

(V) =y(h* = A+ T — ) — Tey — To, (3.61)

() =0 =»)A =h*+ =T+ Tn) — Ty — T (3.62)

Again there will be three yield surfaces, yy.i, Yy, Vv.3, where yy; < yy, < yys. These are given
by

Te
h* = ¢+ T.—Tn

Yya= 5 (3.63)
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A -2 —h*t, — (1 —h*)%

h* + f/t - h* + 0(53)> TC,Y < Tm,Ys
Vy2= 2 12 ~ -
1 —A4%)—h*t,,— (1 —h*)T,

g SUEZE I = U8 | o), o m

Tm
1 —h*+E1— 1.+ 1,

Vys=1—
Interface velocities and area flow rates are

— T+ (1 — 27 — ¥t — (1= h*)7)?

+ 0(55)9 Tc,Y < Tm,Ya

2h*p,
Uint,e = ‘L~'2
- 2h>:,uc + 0(65)’ Tc,Y > Tm,Ya
72 5
.m0 0 . < Y
2(1 —h*),um+ (é )a T LY T LY

Uingm = 72 (52(1 _ 22) —h*t, — (1 — h*)‘fc)z
2(1 — h*py,

+ 0(65)5 TC,Y > Tm,Y

~2

T2 s
0= — 5.+ 0,

T

2,

On=—5—+0(),

The leading order solution is

(1 —-247) -
T T
~ o~ l_h*+h*/K+(l—h*)*0~5’ cY m.Y>
T &1 — 4% Toy >1
1 —h* + h* i+ (%)~ %%/K’ cY m,Y>
where
K2 — /uc‘
Hm

This gives

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
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1 EXA1—1?) > 5
200 =¥ ue | 1 —h*+h* i+ (1 —h*)=% | Tey < TmY>
Uing ~ 1 62(1 _/12) 2 (3.72)
2 [1 — I ¥+ (h*)-“/J o e T
1 (17 .
2 | T + h* e+ (1 —h*) 05 |> Foy =Tmy
SR 21— (3.73)

2
C2u 1 —h*+ bk + (h*)O-S/K} s Tey > Tmy.

4. Interface propagation

From the results of Section 3.2.2. it is now possible to make a preliminary study of interface
propagation. Rescaling the dimensionless time:

t=tw, .1)

where

2l — %+ 1* fic + (1 — h*) = O]

63 Tey < Tm,Y>
= 4.2
V7 2wl — e+ ()OS @2
&3 Tey = Tm,Y>
and defining f(4) by:
_f-a=2p st
the perturbed interface evolution problem is:
oA 0
—+—f(1)=0. 4.4
et 2 f(0) (44)

Of most interest is the long term behaviour of Eq. (4.4). The initial interface profile will
propogate along the characteristics of Eq. (4.4). The characteristic velocities, say v.(1), are given
by

0l2) =

df 4)_{42(1—2 ), A<, (4.5)

a1 =0, 2] > 1.

Both f(4) and v.(4) are plotted in Fig. 6.
The maximum characteristic speeds = v, ., are attained at A= + l/ﬁ:
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1.5] v_o

0.5 1.0
A
-0/.5]
~1.0]
-1.51

Fig. 6. Interface propagation for the re-scaled perturbation solution: flux function, — f(1), and characteristic velocity
function, v (41).

1 8
ax = — | =——=~1.5396, 4.6
V¢ max U (\/§> 3\/§ ( )

for which f= —3. For Ae[—1, — 1/\/§) and for ie(l/ﬁ, 1], front-steepening is expected to
occur, (i.e. a shock-like phenomena). Eventually, the interface profile will advance up and down
the slot at the two heights /= +1 /\/§ with speeds + v, max, respectively. For 1e(—1 /ﬁ, 1/
\/g) the interface is stretched out, as shown schematically in Fig. 7. This behaviour will be
relatively independent of the initial conditions.

In dimensional terms, the maximum characteristic speed computed from the perturbation
solution, say ¥, max 1S given by

D?Apg
ﬁc,max = #Clc/);ﬂ V(Tc,Ya Tm,Y> K)a (47)
[ficfim]

where

Fig. 7. Schematic of the interface propagation behaviour at long times for the rescaled perturbation solution.
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1.0
0.8
0.6
>
G
0.4
o.z'\\
0.2 0.4

Tc,Y

Fig. 8. Contour plot for the function v(z.y, 7, v, 1); contours plotted at intervals Av =0.003, note v(0, 0, 1) ~ 0.0165.

4¢3
Tey < Tm,Y>
— h* * %) —0.572 > ,

V(Teys Tmys K) = 3\516[1 ! +Zl§é’€ + 1 —=h*)""] (4.8)

Tey > Tmy-

3/3K[1 — I* 4 ¥ i+ (h*) =[P Y %

Note that

&= JFh*, Ty, Tmy), (4.9)

with F(h*, 1.y, Tmy) and h*(t.y, Tmy) defined by Egs. (3.21) and (3.22), respectively. The
function v(z.y, Tmy, k) 18 plotted in Fig. 8 for x=1. Note that v(z.y, Tmy, k) =0 on the
no-flow curve Eq. (3.24).

4.1. Computational solution of the full problem

Strictly speaking, the perturbation solution treated above becomes invalid sufficiently far
away from the no-flow curve Eq. (3.24), as the parameter ¢ increases. Fig. 9 shows the variation
of ¢ in this range. Clearly ¢ « 1 is a fairly small envelope close to Eq. (3.24). It is questionable
whether the perturbation solution is useful outside this range or whether computational solution
of the full problem is necessary.

Certainly, computational solution of the full problem is quite possible, for example via the
formulation described in Section 3.1. This constitutes a constrained optimisation problem in the
two variables (7., 7,,). The objective functional is smooth and with a little algebraic effort,
(semi-)analytic expressions for both z. and z,, can be derived. Computational solution should be
relatively quick, (using e.g. a standard library subroutine), and one has the perturbation
solutions of Sections 3.2.1 and 3.2.2 to use as initial guesses for the optimisation and for test
solutions, respectively.
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However, it is doubtful whether computational solution of the full problem really brings any
additional insight. Note first of all, that the perturbation solutions of Section 3.2.2. are accurate
to order &% the error is O(¢) times the terms in these expressions and there is nothing in the
derivation to suggest that this perturbation procedure is not completely regular. Even far away
from the curve (Eq. (3.24)) the flow will consist of two stratified fluid layers, each consisting of
yielded and unyielded layers. The velocity magnitude is essentially determined by the dimension-
less modified pressure gradients and viscosities, together with the thicknesses of the yielded fluid
layers. These physical constraints are embodied in the perturbation solution and there are no
additional physical phenomena to be considered. Therefore, one can expect that the orders of
magnitude (at least) of the perturbation solution derived in Section 3.2.2 will remain valid
outside the strict range ¢« 1, although quantitatively the error will become O(¢) times the
largest terms. Secondly, note that the interface propagation phenomena for the full computa-
tional solution is likely to be qualitatively very similar to that for the perturbation solution
considered above. This is true if the flux Q.(k) for he(h. h,,) is qualitatively the same as f(4) for
Ae(—1,1). Note that the shear stresses (Egs. (3.6) and (3.7)) are bilinear in (y, #) and when
integrated twice should result in a quartic dependence of Q.(/) on A, (cf. f(1)). Additionally, the
perturbation solutions in Section 3.2.1 show that close to /. and A, the flux Q.(h)—0
quadratically, (cf. /(1) as |1| - 1). Finally, from Fig. 3 one sees that the constraint set for feasible
(., Tm) 1s largest when F attains its maximum, at 4* the midpoint of (%, &,,). This suggests that
larger values of (7., 7,,) may satisfy Eq. (2.62) in the interior of the interval (/. /,,), resulting in
larger Q.(/). Thus, in total there is good reason to believe that the solution to the full problem
is qualitatively similar to the perturbation solution already examined. This can be exhaustively
verified by computation. Since the slot model has been considered mostly to provide insight into
more geometrically complicated flows, there is no reason to compute an exact quantitative
answer.

TR TITT]
cocoo
S W N R

Fig. 9. Curves corresponding to different values of the perturbation parameter ¢.
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5. Discussion

Before drawing any conclusions from the analysis developed here, it is necessary to reconsider
the physical validity of the model assumptions. In the first place, when considering interface
propagation it should be noted that the scaling assumptions break down close to the propagat-
ing fronts in Fig. 7, even though the interface is stretched longitudinally between the fronts. The
front steepening is a physical feature of the long-thin stratified exchange flow model, but
whether it occurs in reality is not proven. If this type of steepening occurs, the fluid velocity
close to the advancing fronts will probably be truly multi-dimensional, since it is necessary for
the fluids to displace one another.

Consider also the validity of the non-inertial assumption (Eq. (2.48)) close to the no-flow
curve of Fig. 4. The dimensionless viscosities can be interpreted as Stoke’s numbers for the two
fluids, which compare the relative magnitudes of viscous and buoyancy forces, over the width of
the channel. The velocity scale 7, which renders the dimensionless viscosities of order unity is
that for which viscous and buoyancy forces approximately balance. This velocity scale is
typically very large and is indicative of the fact that typically viscous forces alone do not balance
buoyancy forces in such flows, i.e. <« 1 typically. However, slow slumping can be observed
experimentally [4]. This fact is explained by the interaction between viscous and plastic forces.
From Fig. 4 it 1s clear that typically a combination like 7,y <1 and 7.y <0.1 or 7.y <1 and
Tmy < 0.1 will be necessary for there to exist a non-trivial flow. The flow will be characterised
by thin yielded and unyielded layers. The viscous forces come into play only in the yielded shear
layers. Close to the curve in Fig. 4, these layers are of size ~ &2 Typically, fi,, ~ fi., so that one
can assume k ~ 1 for many muds and cements used. Assume that the interface velocity is
indicative of the axial velocities. The velocity scale then remains valid if u;,, ~ 1, which implies
that

ﬂkﬁ* 4
—_— — ~ , 5.1
D?Apg cos p A~ e 1)
at points close below the curve in Fig. 4, but away from the axes. Combining Eq. (5.1) with the
non-inertial assumption, Eq. (2.48) gives

i z
~ . 5.2
o~ st C2

This does not typically require small values of ¢ to be valid. Thus, depending on Eq. (5.2) the
regime of validity of the non-inertial assumption could be quite wide, certainly larger than the
region of strict validity of the perturbation solution.

These arguments do not necessarily guarantee that a near uni-axial stratified flow will be
observed. This will depend in part on the placement of the fluids (i.e. initial interface) and in
part on their initial velocities. One might expect the uniaxial flow to be characteristic of a low
energy (i.e. slow) initial condition.

If the stratified exchange flow exists, another consideration regarding its region of validity is
that of flow stability at large velocities. Most likely to develop here might be shear and-or
gravitational instabilities in the yielded fluid layer(s) close to the fluid—fluid interface. It is worth
remarking that if the flow is of type B or C, then there is only one yielded fluid layer at the
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interface, the other fluid acting essentially as a solid moving wall. This has the interesting
consequence that it is somewhat uncertain whether the stability problem is really a one-fluid or
a two-fluid problem! This problem has not been studied; relevant work here is Refs. [17-19].

To conclude, a number of insights are made:

(1) For simple stratified flows of this type, it appears that four different solution types are
possible, depending on the interface position and the dimensionless yield stresses of the two
fluids. The possibilities are: no flow; fluid 1 yields at their common interface but fluid 2 does not;
fluid 2 yields at their common interface but fluid 1 does not; both fluid yield at their common
interface.

(i) When a non-trivial flow exists, it cannot exist for all interface heights. There always exist
minimum layer thicknesses below which the yield stress is sufficient to prevent flow.

(ii1) The exchange flow constraint Eq. (2.62) leads to a flow which is much more stable, in the
sense that if the two fluids have identical yield stresses, 7y, then there would be no exchange flow
for

DApg cos 8
— 5

For an analogous constant pressure gradient axial flow, without the constraint (Eq. (2.62)), one
would require

£y > DApg cos f.

(iv) Intuitively, one would expect that an exchange flow of the same fluids in a pipe of
diameter D will be more stable than that in the slot, (i.e. lower dimensionless yield stresses
would be required to ensure u = 0). Thus, the curve Eq. (3.24) should provide an upper bound
for the analogous curve in a pipe.

(v) Lastly, note that the results presented here, regarding sufficient conditions on the yield
stresses for there to be no-flow, i.e. curve Eq. (3.24), are equally valid for other common
generalised Newtonian fluids with a yield stress, e.g. Casson, Herschel—Bulkley.
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