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Abstract

We consider a two-dimensional Hele-Shaw type model for displacement flows oc-
curring in the primary cementing of an oil well. The fluids are visco-plastic and
may get stuck in the annulus if a critical pressure gradient is not exceeded. The
model consists of solving a nonlinear elliptic variational inequality equation for the
stream function, coupled to an equation for interface advection, or alternatively a
concentration equation for the mass fraction of each fluid. The key difficulty is to
accurately compute yielded and unyielded zones of the wellbore fluids, which we ac-
complish by use of an augmented Lagrangian method to solve the stream function
equation. We validate the accuracy of our method against analytical solutions for
stable steady state displacements. We study the convergence of the interface to the
steady state, showing that the apparent meta-stability is illusory. We then explore
the effects of increasing eccentricity, showing that although the interface may re-
main stable it becomes unsteady. Initially fully mobile flows are found, but as the
eccentricity increases further the narrow side fluids fail to move in the far-field. The
narrow side interface can progress slowly through the static fluids by a burrowing
motion, but for still larger eccentricities even the interface becomes static and a
narrow-side mud channel forms.

Key words: Hele-Shaw cell, displacement flows, variational methods, augmented
Lagrangian, visco-plastic fluid flow.

1 Introduction

In construction of oil and gas wells it is necessary to cement a series of steel
casings into the well, as the length of the well increases. This is done both to
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previous casing

hydraulically
isolated zones

Fig. 1. Schematic of the primary cementing process: (a) during and (b) after ce-
menting a new casing.

structurally strengthen the sides of the wellbore and to provide zonal isolation
along the length of the well. Zonal isolation means achieving an hydraulic seal
on the outside of the steel casing, between casing and rock formation, along
the length of the well. The process by which this is commonly achieved is
called primary cementing, (see e.g. [1,2]).

The primary cementing process proceeds as follows, [1,3]. After a new section
of the well is drilled, the drill pipe is removed from the wellbore, leaving the
drilling mud behind. A section of the steel casing is then inserted into the
hole, leaving a small annular gap (~2 cm) between the outside of the casing
and the rock, i.e. forming an annulus. Centralizers are fitted to the outside of
the casing to prevent the steel tubing from slumping to the lower side of the
wellbore. Fitting centralizers can slow insertion of the casing into the well or
cause it to stick. Consequently there are often either not enough centralizers
or the centralizers are poorly positioned. It is therefore extremely common
that the annulus is eccentric. After the casing is in place, a sequence of fluids
is pumped down the inside of the casing, reaching the bottom of the well and
returning upwards through the annular gap, each successive fluid displacing
the previous fluid. Typically, a wash or spacer fluid is pumped first, followed
by one or more cement slurries. Drilling mud follows the final cement slurry
pumped and circulation is stopped with a few meters of cement left at the
bottom inside the casing. The cement is then allowed to set, taking a number
of hours. Finally, drilling resumes through the residual few meters of cement
inside the casing and further into the underlying rock, see Fig. 1.

A successful cement job results in removal of mud and spacer fluid from the
annulus by the cement slurry. Unfortunately, mud is sometimes left behind
in parts of the annulus. As the cement sets water is removed from it, pro-
ducing a porous channel along which reservoir fluids can migrate upwards.
Various serious problems can arise from such uncontrolled flows. From the



financial perspective, an hydraulic connection between different fluid bearing
zones tends to equilibrate pressures. Typically the reservoir is in the lower,
higher pressure zone and the reduction in reservoir pressure can result in a
significant loss in productivity, [4]. Secondly, gas or oil may flow to surface
causing a blowout, with consequent environmental damage and possible loss
of life. Reservoir fluids may migrate into a subsurface aquifer causing con-
tamination of drinking water, or affecting near-wellbore ecology. Finally, even
when these flows are contained within the annulus, the fact of having pressure
at surface prevents a well from being permanently abandoned. These wells be-
come permanently shut-in and remain an environmental risk. A widely cited
industry figure, e.g. [5], is that 15% of primary cementing jobs carried out in
the US fail and that about 1/3 of these failures are due to gas or fluid mi-
gration. This problem exists worldwide, (e.g. about 9000 wells are suspended
or temporarily abandoned in the U.S. Gulf Coast region, in Western Canada
around 34,000 wells are shut-in and suspended, [6]). There can also be wide
local variations in this problem. For example, field survey results are reported
in [7], from Tangleflags, Wildmere and Abbey, (3 areas in Eastern Alberta).
Over a number of years, 0 — 12% (Tangleflags), 0 — 15% (Wildmere), and
80% (Abbey) of wells are reported as leaking in these regions. This industrial
background provides the motivation for our study of cementing displacement
flows.

To facilitate mud removal it is possible to modify, (i.e. design), the rheologies
and densities of the spacer fluid and cement slurry and to choose the pumping
rate, all within the constraints of maintaining well security. In general the
fluids involved are inelastic shear-thinning fluids with a yield stress. In the
industry, these are modelled as incompressible Herschel-Bulkley fluids, i.e. the
constitutive relation between shear stress, 7, and rate of strain, ¥, is given by:

T =1y + KY", (1)

where 7y is the yield stress, x is the consistency and n is power law index
of the fluid. Thus, we are led to the design problem of how best to displace
one non-Newtonian fluid with another, along an eccentric annulus. For the
purpose of this paper, we consider only flows which are laminar. This occurs
frequently in wells where the pumping rates are limited, e.g. due to the danger
of exceeding the formation fracture pressure in turbulent regime.

The majority of the technical literature on modelling laminar cementing dis-
placement has followed one of two approaches. First, many authors have used
what might be described as an hydraulic or mechanical approach. Such ap-
proaches consider the flow of a single fluid along a duct and make predictions
based on comparisons of the hydraulic characteristics of these flows for the
different fluids being pumped, e.g. is there a flow, comparing frictional pres-
sures and flow rates. At a very early stage, [8], the possibility of mud being



stuck on the narrow side of the annulus was recognised using these meth-
ods. Extensions of this approach have led to whole systems of design rules
for a successful cementing job, [9-12]. These rule sets are mostly applicable
to near-vertical wells and share certain common features. For example, they
state that the flow should be sufficiently high to avoid a static mud channel on
the narrow side of the annulus and that there should be a positive gradient of
both the rheological parameters and densities, i.e. so that each fluid is heavier
than the one it displaces and generates higher frictional pressure. While such
systems can be applied to good effect, [13,14], they tend to be conservative
and experience problems with predicting flows in highly-deviated sections of
the well.

The second approach has been to model the displacement flow fully in 3-D.
Researchers have followed this approach, both using commercially available
CFED software, [15,16], and by developing dedicated algorithms, e.g. [17]. A
drawback of any 3D approach is the difficulty of modelling displacement flows
over the length-scale of the wellbore. The difficulty here is three-fold. First, for
accuracy on the annular gap scale (~ 0.01m), a vast number of mesh points are
needed to represent both the annular circumference scale (~ 0.5m), and axial
length-scale (~ 100m). Second, it is known that significant secondary flows
occur near the interface in such flows, [17-19]. The magnitude of azimuthal
velocities can be of a similar order to the axial velocities close to the interface.
Thus, CFL-type restrictions on time-stepping can be severe and at the same
time it is necessary to integrate over long timescale to simulate a complete
job. Thus in general, such approaches have focused on a small section of the
annulus. A third problem concerns the use of currently available CFD tools for
correctly modelling both non-Newtonian behaviour and interface motion. For
example, most currently available CFD software codes do not model real yield
stress behaviour, but instead use some form of regularised viscosity model at
low shear. Whilst this approach has some justification in a steady flow of a
single fluid, for unsteady flows of multiple fluids, particularly those occurring
over long timescales, it becomes questionable.

The purpose of this paper is to show how a two-dimensional computer simu-
lation of the primary cementing process may be carried out, that allows one
to accurately identify those features of the process that are useful for design.
To this end we follow the modelling approach in [18,19], which is derived from
an earlier approach in [20,21]. Whereas the model derived in [18] relates to
the entire wellbore, we focus here on a uniform section of eccentric annulus.
This may be either interpreted as modelling a short section of the wellbore
along which the geometry is constant, (e.g. a length of a few meters would be
realistic), or may be interpreted as a suitable model for a laboratory-scale ex-
periment. Although a slight simplification, the computational method that we
use is equally applicable to modelling the entire well. The general idea of the
model derived in [18] is to assume homogeneity of the fluid across the annular



Fig. 2. Geometry of the narrow eccentric annulus, mapped to the Hele-Shaw cell
geometry.

gap, average in the radial direction across the annular gap and employ various
scaling arguments to reduce the three-dimensional Navier-Stokes equations to
a two-dimensional Hele-Shaw type model, in axial and azimuthal directions,
see Fig. 2. This approach avoids the difficulties of discretising the annulus
on the smallest (annular gap) scale. The length of the well is still long with
respect to the azimuthal scale and the inherent problems of integrating over a
long time do remain, but these problems are much reduced in comparison to
a fully 3D approach. The only other drawback of the Hele-Shaw approach is
that we in effect ignore the possibility that a layer of mud can remain stuck to
the casing or the formation. These possibilities can be studied by considering
near-axial displacement flows in a long duct. Such investigations are ongoing,
[23-26].

2 Modelling cementing displacements

We outline a simplified version of the model in [18,19], which we shall study
in this paper. The simplification that we make is that the annulus is locally
uniform in the axial direction, i.e. over a length-scale that is long in comparison
to the azimuthal scale. This is easily justified for the slowly varying geometries
of typical wells. We address the displacement dynamics in one such section.

Consider therefore a uniform section of annulus with axis at fixed angle of in-
clination, 3, to the vertical. The model in [18,19] consists of averaging across
the narrow annular gap to eliminate radial variations, thus effectively wun-
wrapping the annulus into a Hele-Shaw cell, see Fig. 2. Dimensionless spatial
coordinates are (¢, &) € (0,1)x (0, Z). Here ¢ is the azimuthal coordinate with



¢ = 0 denoting the wide side of the annulus and ¢ = 1 the narrow (lower) side.
The flow is assumed symmetric about ¢ = 0, and thus only half the annulus is
considered. The ¢ coordinate measures axial depth upwards along the annulus,
see Fig. 2. The annulus is initially full of fluid 1, which is displaced by fluid 2.
The scaled leading order model derived in [18] consists of the following field
equations.

o o ... . 0 .. _
a[Hc] + %[HU 7| +3_§[Hw ¢|=0, (2)

V-S=-1, (3)

where ¢ denotes the concentration of fluid 1, H(¢) is the annular half-gap
width:

H(¢) =1+ ecosmo, (4)

where e € [0, 1) is the annulus eccentricity; e = 0 corresponds to a concentric
annulus, e = 1 implies contact between casing and outer wall, on the narrow
side of the annulus. The averaged velocity components in (¢, £)-directions are
(7,w). The fluids are considered incompressible and (7, w) are defined via a
stream-function W:

ov ov
%% _ Hw 9% _ _mw.
9 w, o€ T (5)
In (3), the vector field S is defined by
x(|VY|) +1v/H Ty
S = U—|5]| > = 6
[ 21 V= I81> g ©)
VO] = 0= || < —Z. (7)

where (y + 7v/H) corresponds dimensionlessly, to the absolute value of the
modified pressure gradient required to push an areal flow rate |VU| through
a plane channel of half-width H. The function y is defined implicitly from the
relation:

0 x <0,
VY| = m+2 m+1 2 8
VY| mH+ Y . X+(m+ )Ty v >0. (8)
K™(m+2) (x + 1y /H) (m+1)H

The underlying fluid model used is the Herschel-Bulkley model; m = 1/n is
the inverse power index, 7y is the yield stress and & is the consistency. Thus,



x = x(|VV|; H, 7y, k,m) although for brevity we shall write x(|V¥|), and
later we will write x; to denote the function x(|VV|; H, 7y, ki, mi) where
(Tk,v, kK, my) are the rhelogical properties of fluid k. All buoyancy terms have
been collected on the right hand side of (3) in the term f:

_ p(€)cos B p(e)sinfsinmd) -
f_V'< Str 7 St )‘V f (9)

where St* is the global Stokes number for the flow, (typically St* < 1). The
derivation of this model is explained in detail in [18].

Boundary conditions for (2) are symmetry of concentration at ¢ = 0, 1,
and specification of any inflowing fluid concentrations at the ends, £ =0, Z,
i.e.¢=0or¢ = 1, accordingly. For the stream function equation (3), boundary
conditions are

\I/(O,f,t) =0, \Il(l,éf,t) =1, (10)
ov ov
8—6(925, Z,t) =0, a—g(qﬁ,o,t) =0. (11)

The above model is that which we shall use for our computations in this paper,
but some variants should also be noted.

2.1 Pressure formulation

Typically, a Hele-Shaw model is formulated in terms of the pressure field
and this is also possible here. The two components of S = (S, S¢) have the
alternative interpretation as:

__Op  ple)cosp
%= s %

_9p  p(e)sinBsinmg
Y S+ ’

(12)

from which it is possible to eliminate the stream function and derive a pressure
equation in place of (3). However, the pressure will be indeterminate in regions
where |S| < 7v/H, and for this reason the stream-function formulation is
preferable. We note that this is also the case in porous media flows with a
limiting pressure gradient, which are mathematically similar, see e.g. [30,31].



2.2 Interface tracking

The formulation with (2) requires one to interpret the interface as a level line of
the concentration field, e.g. ¢(¢, &, t) = 0.5, and also to specify closure laws for
the mixture fluid properties, i.e. as functions of ¢. In [19] we have also derived
an alternative formulation that tracks the interface using a kinematic equation,
as opposed to solving (2) for the concentration. The domain is divided into two
fluid domains: ©; for the displacing (lower) fluid 1, and € for the displaced
(upper) fluid 2, in each of which (3) is replaced by:

V'SIIO7 (¢7£)€QI7 (13)
V-85,=0, (¢,8) €, (14)

with S and S, defined as in (6-7), with properties p1, 71y, x1, my in fluid
1 and pa, 7oy, Ko, mo in fluid 2. The interface is denoted by £ = h(¢,t), and
satisfies the kinematic condition:

Oh oh

E —+ U8_¢ = w. (15)

The leading order continuity conditions at the interface are that the stream
function ¥ and the pressure p are continuous across the interface. Assuming
sufficient regularity of the interface, the former condition assures that the
normal velocity, (i.e. the derivative of U along the interface), is well defined
at the interface. Differentiating the pressure along the interface, we find:

B oh pesinfsinmd  pycos 5 Oh 2_
[(Sk,g Sk7¢a¢> -+ < S i a¢ 1 =0. (16)

In the case that the fluid is yielded at the interface, (16) defines the jump in
normal derivative of W across the interface.

3 Computational solution

The field equations (2) & (3) are in convenient form for creating a numerical
simulation of a displacement flow. Equation (3) allows us to calculate the
stream function, and hence velocity field, given a specific concentration field
at time t'. Equation (2) specifies how to advance this concentration to time
t*1 using the computed velocity field. Equation (2) is a standard conservation
equation, with conserved quantity He. A wide range of numerical algorithms
exist for its solution. Thus, here we focus on solution of (3). Equation (3) is a



non-linear elliptic equation for ¥ and in its classical formulation is not well-
defined at [VU¥| = 0. A mathematically consistent formulation of the boundary
value problem associated with (3) is as an elliptic variational inequality. This
is the approach adopted in [19], where it is proven that there exists a unique
weak solution.

To date, two approaches have been used to solve (3). First in [19], using
the interface-tracking formulation described above, analytical solutions were
derived for steady state displacements, i.e. travelling wave solutions that ad-
vance at the mean (pumping) fluid velocity. The second approach, described
in [18], assumes that gradients in the axial direction are much less than those
in the azimuthal direction. A regular perturbation expansion, with small pa-
rameter ¢ = 1/7 < 1, is used for all dependent variables. Upon substituting
U ~ Uy + e¥; + ..., into (3), the field equation reduces to a series of one-
dimensional boundary value problems that are solved on individual axial depth
slices, i.e. at fixed values of £&. This leads to a very rapid and robust numerical
solution for W. Additionally, the computational time scales linearly with the
number of grid-points used to discretise the annulus. Whilst adequate for many
applications one key drawback remains, namely that the two-dimensional field
equation (3) derived in the model is not actually solved, only its perturbation
approximation. In this paper we adopt a third approach, which solves (3) fully.

3.1  Augmented Lagrangian algorithm for W

The method we employ in this paper uses an augmented Lagrangian algorithm
to solve the fully 2D problem for W. The key advantage of this method for
visco-plastic fluid flows is the direct computation of unyielded regions in the
flow, i.e. where |V¥| = 0, with no need for any form of viscosity regularisation.
The method is developed for classes of similar problems in [27,28], and an
example of its application to the axial flow of a single Bingham fluid in an
annular duct is given in [29]. Consequently, we give only a brief outline of the
algorithm here.

Using methods as in [19], the BVP for ¥ can be expressed as the following
minimisation problem:

vg‘l?g&){af(v)}a (17)

where Q = (0,1) x (0, Z) and J(v) = F(Vv), with

F(q)=Fy(q) + Fi(q), g € X, where (18)



] |V\I’*+Q|2 1/2> )
:/ s S dstq-F| d2 ge X, (19)
Q
:/% V\I/*+q| dQ, q € X. (20)
Q

Remark 3.1: We have homogenized the essential boundary conditions along
¢ =0 and ¢ = 1, by setting

T=0" 10 T cV(Q), e Vp(Q) (21)

with suitably constructed U*; here we shall use

U=+ % sin 7. (22)

Remark 3.2: In the above, in the continuous setting we take
Vo(Q2) ={v e C™(Q): v(0,§) =0, v(1,§) =0},
V() ={ve () : v(0,§) =0, v(1,£) =1},

and the test spaces Vp(Q) and V() are the closures of V4(Q2) and V(€),
respectively, with respect to the WH1/™(Q) norm, (here m is the maximal
value of inverse power law index in the domain). The space X = L'*1/™(Q) x
L'F/m(Q). In [19] it is shown that Fy(q) is strictly convex and differentiable
and F(q) is convex. Results from [27,28] are then applied to show that this
minimisation problem has a unique solution ® € V;(£2), and hence there exists
a unique ¥ € V(Q).

Remark 3.3: Application of the augmented Lagrangian algorithm, as we
do here, and use of the associated convergence results in [27,28] requires the
solution space to be a Hilbert space, but V() will only be a Hilbert space for
m < 1. It is more common however for the fluids used in primary cementing to
be shear-thinning, that is with m = 1/n > 1. Nevertheless, once the variational
problem has been approximated by a finite-dimensional numerical method,
(e.g. by finite element or finite volume method), the approximate solution
space Vj,, (with h denoting a mesh scale), is finite dimensional and thus is
a Hilbert space. Thus, although the technical difficulty remains in the limit
that h — 0, in practice one computes with a small finite h. For each such
h we may assume that our (finite dimensional) solution space is V5(Q) C
H'(Q), and similarly we may take X = L?(Q) x L*(Q2). For the sequel, where
we consider only the finite dimensional approximation, (& = &, etc.), we
therefore straightforwardly apply the results in [27,28] to the iterative solution
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of our approximate problem. For brevity, omit all A subscripts in our variables,
but it is understood that we consider only the finite dimensional setting.

3.1.1  Outline of algorithm (finite dimensional setting)

For a given constant r > 0 the augmented Lagrangian functional L, associated

with J(v) is defined by

)
L(v.qu)=Fla)+ [n-(Vo—q) a0+ [[Vo—gde,  (23)
Q Q

and we define the associated Lagrangian functional, L(v, g, p), as above with
r = 0. Following [27,28], {®,p, A} is a saddle point of L if and only if it is a
saddle point of L,, ¥r > 0. Moreover such ® is also the solution of (17) and
p = V. Thus, finding the solution (17) is accomplished by finding a saddle
point of L,. We do this by an iterative algorithm of Uzawa type, starting at
given p°, X' € X. Each step of the algorithm consists of finding ®", p™, A"
by solving sequentially:

/A” V(o — @) + (rVe" — p" ) V(o — ") dQ >0, (24)

Yo € Vg, ®" € Vj,

F(q) — F(p") —/A"-(q—p")Jrr(p”—V@”) (g—p")dQ2>0, (25)
) Vg e X,p" € X.

A= X" 4 p, (VO™ —p™), p, > 0. (26)
Following [28] we have ®" — @ strongly in V;. Also, p* — p strongly in X

and A" — X" — 0 strongly in X, with A" bounded in X. The condition for
convergence of the above algorithm is

1++5
9

O<p,=p< T. (27)

Equation (24) corresponds to minimizing L, (v, p"~, A") with respect to v to
get ®". This is formally equivalent to solving the following Poisson equation

rV?e" =1V .p" -V . A" (28)

with the right hand side known at each iteration. This is obviously straightfor-
ward. The second step, solving (25), corresponds to minimizing L,.(®", g, A")
with respect to g, in order to obtain p". Although the algorithm (24)-(26) is

11



quite general, for visco-plastic flows such as our problem, the second step is
the critical one and spells out the unique advantage of this method.

In minimising L,(®", g, A") with respect to g in a discrete setting, we may
locally minimize the integrand of L,(®", q, A") with respect to q € X, where
X, denotes the restriction of X to a particular discrete element, (e.g. a finite
element), i.e. we find local values of p™ from:

[Vu+q|?
n__ - 1 X(sl/2> . Ty *
P = inf{; O/ St ds g+ XV 4]

/r n n
+§|q|2— (A" + V") - q} (29)

Equivalently, we may find local values of p™ from:

[Ve*+q|?
w1 x (/2 T .
0

+g|v\1/* gl — A"+ (VT + VO — F) - (VI + q)}

i.e. we have added terms independent of q. This expression is minimized when
(A" 4+ r(VU* + VO") — f) is parallel to (VU* + q). Thus, letting

VU + p" = (A" + r(VI* + V") — f) (31)

T =|A" 4+ r(VI* + V") — f| (32)

we have to find the minimizer of M (0):

(0)? 1/2
/ XD o4 o+ (0m)? — b (33)
0

Straightforwardly, if © < 7v/H then # = 0 minimizes M (), giving p" =
—VU* (which corresponds to unyielded flow locally for that iteration). If
x > 7y /H we find # numerically from the one-dimensional equation

x(0x) + % +rfx —x = 0. (34)

which has a unique solution, (and here the flow is yielded on this iteration).

12



Informally at least, we can carry the physical interpretation further to see
that if A" — p, then the components of p give us a representation of the
components of the pressure gradient, i.e.

dp dp
KRy = _3—5’ He = 3_¢

More correctly, since the pressure gradient (and S) is indeterminate in those
regions that are unyielded, p gives only an admissible pressure gradient, i.e. A"
converges only to one particular choice for S + f.

3.1.2  Numerical implementation

Our implementation is relatively straightforward. We use a staggered rectan-
gular mesh. The stream function variables, U* and &, are approximated at
corner points and the fluid concentrations at the centre of each mesh control
volume. The intermediate variables A" and g™ are also approximated at the
centre points. At each iteration of the algorithm we solve (28) for ®} using an
SOR method with second-order accurate spatial fluxes. Due to the staggered
mesh, this involves a 9 point stencil for ®}. Convergence is speeded by using
the previously computed values ®'~! as an initial guess. The corner values
of ®} are used to approximate V¥* and V®" at the centre of each control
volume and the locally one-dimensional problem for gj is solved, followed by
the update for Aj.

We monitor convergence via the norm of p"*! — p", on each timestep. This
appears to be appropriate in the context of the whole problem, (i.e. solving
(2) & (3) to simulate a displacement), since it is the velocity that is needed
for solution of (2), rather than the streamfunction. The algorithm is found to
converge satisfactorily, but not particularly quickly. At its heart we are solving
an elliptic problem with a jump in material properties at the interface, and
doing so on a fixed rectangular mesh. Unsurprisingly, convergence is quicker
in situations where the interface aligns with the mesh. If the local conver-
gence is tracked throughout the algorithm, we find slower convergence close
to the interface and in unyielded regions. In terms of spatial accuracy, our
discretisation seems to give O(h) convergence. Obviously much of this could
be improved through adaptive meshing and other discretisation techniques,
but still the present algorithm produces results that compare well with our
analytic solutions, as we will see in the following section.

For the solution of (2) at each time step we use the Flux Corrected Transport
(FCT) scheme, which combines low-order (donor cell) and high-order (central
difference) schemes, to minimize both numerical dispersion and diffusion dur-
ing the advection. The FCT scheme preserves the jump in concentration at

13



the interface between fluids reasonably well, confining intermediate concen-
trations to a few mesh spacings. There are of course many alternative options
for integrating (2) and we discuss some of these in §5. The FCT method has
been implemented previously in a similar numerical computation, [18], and is
found to be robust over a wide range of different simulation parameters.

4 Simulation of displacement dynamics

In simulating the entire wellbore, we come across the problems outlined in §1
of integrating over a large aspect ratio. Inevitably the accuracy will decrease
with length and the computational time will increase, if one wishes to main-
tain a particular mesh size. Here we are more interested in determining that
we have an accurate representation of the displacement dynamics and in in-
vestigating these dynamics. This can be done most effectively by considering
the displacement in a frame of reference moving with the mean displacement
speed, here unity. This is straightforward to do. The transformed coordinates
are:

o= o, z=&—1t. (35)
The field equation for the stream function (3) is unchanged and for the con-
centration equation (2) we simply replace (o, @) with (v, w)

v =1, w=w— 1. (36)

We note that our numerical scheme is particularly well suited to this, since
we have homogenised our stream function equation using

U =g+ % sin 76, (37)

which gives a velocity field of unit speed in the axial direction. Thus, the
solution ® of our homogenised problem is the stream function for the velocity
field in the moving frame.

4.1 Steady state propagation in concentric annuli

To validate the accuracy of the algorithm we compare against an analytic rep-
resentation of a steadily propagating interface. The existence of such steady
state displacements was shown in [19] and the shape of the steady-state inter-
face was derived analytically in the case of both concentric and mildly eccentric

14
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Fig. 3. Convergence of computational solution to stable steady state displace-
ment: a) Successive contours of g(¢,t), (defined as c(¢,z,t) = 0.5), at times
t=0.0, 0.2, 0.4, .....,10.0; b) Analytic steady state solution; c) Convergence of wide
and narrow side interface positions, ¢(0,t) & g(1,t), to the steady state. Model pa-
rameters: 3 =0,e=0, St =01, p1 =1, po =0.9, 71y = 0.9, oy = 0.7, k1 = 0.5,
ko = 0.4, m; = 1.0, mo = 1.2.

annuli. In the moving frame we denote the interface position by z = g(¢,1).
The steady state shape for a concentric annular displacement is

(qb)——l bsin 3
e 7 [x(1) + Ty]] + beos 3

COS T, (38)

where b is the buoyancy parameter:

bzpz—[)l.

St* (39)

We present results of 3 simulations in Figs. 3-5. For all simulations we have
fixed the fluid properties and process parameters at e = 0, St = 0.1, p; = 1,
p2 =09 11y =09, oy =07, k1 = 0.5, kg = 0.4, m; = 1.0, my = 1.2. In the
3 simulations we vary the inclination of the annulus, from vertical (Fig. 3) to
horizontal (Fig. 5). In each picture we show firstly a series of interface profiles,
z = g(¢,t), which we define as the level set ¢(¢, z,t) = 0.5. We integrate over
a time interval ¢t € [0, 10] and plot profiles at successive intervals At = 0.2.
The mesh spacings are A¢p = 0.04, Az = 0.02.

For Fig. 3, where the steady state is perpendicular to the z-axis, we choose
an oblique initial condition. For Figs. 4 & 5, we choose an initial condition
perpendicular to the z-axis. In fact choice of initial condition proves not to be
critically important. In each case it is seen that the interface profile converges
rapidly to the steady state. Also shown in Figs. 3-5 are the analytic steady
state profile (38), as well as a comparison of the wide and narrow side interface
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Fig. 4. Convergence of computational solution to stable steady state displace-
ment: a) Successive contours of g(¢,t), (defined as c(¢,z,t) = 0.5), at times
t = 0.0, 0.2, 04,.....,10.0; b) Analytic steady state solution; c) Convergence of
wide and narrow side interface positions, g(0,t) & g(1,1), to the steady state. Model
parameters: § = 7w/4, e =0, St = 0.1, p1 =1, po =09, 1y = 0.9, my = 0.7,
R1 = 0.5, R = 0.4, my = 1.0, mo = 1.2.
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Fig. 5. Convergence of computational solution to stable steady state displace-
ment: a) Successive contours of g(¢,t), (defined as c(¢,z,t) = 0.5), at times
t = 0.0, 0.2, 0.4,.....,10.0; b) Analytic steady state solution; ¢) Convergence of
wide and narrow side interface positions, ¢(0,t) & g(1,t), to the steady state. Model
parameters: § = 7/2, e =0, St =01, p1 =1, po =09, .y = 0.9, my = 0.7,
Rl = 0.5, R = 0.4, mi = 1.0, mo = 1.2.

positions, g(0,t) & g(1,t), as they converge to ¢g(0) & g(1). It can be observed
that the numerical method produces a very good representation of the steady
states, with accuracy of the order of a mesh point, which is anyway to be
expected in evaluating ¢(¢, z,t) = 0.5.
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4.2 Stable steady states in mildly eccentric annuli

Also described in [19] is a perturbation method that yields the steady state
shape when the annulus is mildly eccentric, e < 1, and when the concentric
steady state profile is approximately perpendicular to the annulus axis. For
eccentric annuli, the steady state will give a non-zero stream function solution
u, since the far-field velocity field will not be uniform in ¢. The steady state
interface position from [19] is

1 bsin 3
g(¢) ~ R o cos T (40)

Z P(Xk, Ty, M) (Xk + Tey ) tanh o L

€ k=12
—— cos o,

m? [xk + Tk,Yﬁ +bcos 3

where yy is evaluated at (|[VU|, H) = (1,1), (i.e. we linearise about a concen-
tric geometry). The positive parameters oy, are defined by

mx;(1,1)
xk(1,1) + 7y

ai = >0, (41)

where x}(1,1) is the partial derivative of xx(|VW¥/|, H) with respect to |VU].
The first term in (40) is seen to be exactly the concentric solution and the
perturbation is of O(e). In the derivation of (40) in [19], we have used the
classical method of linearising not only about the zero-th order variables, but
also about the zero-th order domain. The stream function ®(¢,z) is thus
defined on the unperturbed domains and is given to O(e?) by:

coshay(L+2)\ sinm
0(6,2) ~eP(ua(L,1), 7y ) (1_ bl >> SL
(42)
coshas(L — 2)\ sinmg
) ~eP 1,1 1— 0
(¢, 2) ~eP(xa2(1, )77_2,me2)< cosh oL ) o z >0,
(43)

where P(x, Ty, m) is the strictly positive function,

(m+ 1)+ (m+2)2m + 1)xry + (m + 1)(m + 2)7
xl(m+1)x + (m + 2)1y] '

P(Xa Ty, m) =

In order to compare our computational results with the eccentric perturbation
solution, we take the parameters of our previous examples: St = 0.1, p; = 1,
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Fig. 6. Convergence of computational solution to stable steady state displacement
at e = 0.01: a) Successive contours of g(¢,t), (defined as ¢(¢, z,t) = 0.5), at times
t=0.0, 0.2, 0.4,.....,10.0; b) Perturbation steady state solution; ¢) Contours of the
stream function solution computed at ¢ = 10, (contour spacing 0.001); d) Perturba-
tion solution for the stream function, (contour spacing 0.001). Model parameters:
5 = 0, St = 0.1, pP1 = 1, p2 = 0.9, TLY = 0.9, T2y = 0.7, R1 = 0.5, Ry = 0.4,
my = 1.0, mg = 1.2.

P2 = 09, Ty = 09, T2y = 07, R1 = 05, Ro = 04, m, = 10, moy — 12,
fix # = 0 and increase the eccentricity from zero. Figs. 6-8 show the same
simulation as in 3, but with eccentricities e = 0.01, 0.05, 0.2. As expected,
for small e, convergence to the steady state shape is good. However, even for
e = 0.05 there are noticeable differences between the analytical and computed
stream functions. This is mainly due to the perturbation procedure used at
the interface, i.e. the fluid domains are not equivalent. It might be thought
that the solutions would converge in the far-field, but they do not. This is
because the variation in far-field stream functions is not sinusoidal, whereas
the analytic solutions show symmetry (and anti-symmetry for g(¢)) about
¢ = 1/2. As the eccentricity increases, symmetry about ¢ = 1/2 is lost in the
computational solution, see e.g. Fig. 8, although the solutions still converge
to a stable steady state for sufficiently small e.

Remark 4.1 The stability of the steady state is not at all evident from the
stream function contours shown in Figs. 6-8. The interface is the streamline
®(¢p, z,t) = 0, and the streamfunction contours are positive both above and
below the interface. Thus, the velocity along the axis ¢ = 0 is positive, both
above and below the interface in the steady state case. Similarly, the velocity
is negative above and below the steady state interface, on the axis ¢ = 1. On
the axis ¢ = 0, the dynamics of the interface are simply governed by:

29(0,1) = w(0,9(0,1), 1) (44)
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Fig. 7. Convergence of computational solution to stable steady state displacement
at e = 0.05: a) Successive contours of g(¢,t), (defined as ¢(¢, z,t) = 0.5), at times
t=0.0, 0.2, 0.4,.....,10.0; b) Perturbation steady state solution; ¢) Contours of the
stream function solution computed at ¢ = 10, (contour spacing 0.003); d) Perturba-
tion solution for the stream function, (contour spacing 0.003). Model parameters:
ﬁ = 0, St = 0.1, p1 = 1, p2 = 0.9, LY = 0.9, )Y = 0.7, K1 = 0.5, R9 = 0.4,
mi = 1.0, mo = 1.2.
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Fig. 8. Convergence of computational solution to stable steady state displacement
at e = 0.2: a) Successive contours of g(¢,t), (defined as c(¢, z,t) = 0.5), at times
t=0.0, 0.2, 0.4,.....,10.0; b) Perturbation steady state solution; ¢) Contours of the
stream function solution computed at ¢t = 10, (contour spacing 0.015); d) Perturba-
tion solution for the stream function, (contour spacing 0.015). Model parameters:
ﬂ = 0, St = 0.1, p1 = 1, P2 = 09, TLY = 09, T2y = 07, R1 = 05, R2 = 04,
m1 = 1.0, mo = 1.2.
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Fig. 9. Convergence éf computational solution to stable steady state, along the
axis ¢ = 0, for an initial condition starting above the steady state interface. Left
column shows the concentration ¢(0, z,t) at successive times: t = 0, 1, 2, 4. Right
column shows the axial velocity w(0, z,t) at successive times: t = 0, 1, 2, 4. Model
parameters: e = 0.05, 3 =0, St = 0.1, p1 =1, po =09, 1y = 0.9, my = 0.7,
K1 = 0.5, Rg = 0.4, my = 1.0, mo = 1.2.

and similarly at ¢ = 1. At first glance it therefore appears that the steady
state is only metastable, i.e. stable from one side. However, this then begs
the question of how a transient interface can ever evolve to the steady state.
The error in this reasoning is that ®(¢, z,t) = ®(¢, z; ¢), and the dependency
on c¢ is non-local. To illustrate this we examine numerically the convergence
to the steady state of Fig. 7, (for e = 0.05), along the axis ¢ = 0 for two
different choices of initial condition. First, we take that in Fig. 7a, for which
the initial interface lies above the steady state at ¢ = 0. The results are shown
in Fig. 9. Second we take an initially perpendicular interface, which lies below
the steady state at ¢ = 0. The results are shown in Fig. 10.
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Fig. 10. Convergence Zof computational solution to stable steady state, along the
axis ¢ = 0, for an initial condition starting below the steady state interface. Left
column shows the concentration ¢(0, z,t) at successive times: ¢ = 0, 1, 2. Right
column shows the axial velocity w(0, z,t) at successive times: t = 0, 1, 2. Model
parameters: e = 0.05, 3 =0, St = 0.1, p1 =1, p2 = 0.9, 1y = 0.9, my = 0.7,
K1 = 0.5, R9 = 0.4, mp = 1.0, mo = 1.2.

The results in Fig. 9 show that when the interface starts above the steady
state, the velocity along the axis dips below zero over an interval in z which
encompasses the interface position. The interface therefore drops downwards.
As the interface approaches the steady state position, the interval of negative
w(0, z,t) decreases. Finally, in a fully converged situation, we have w(0, z,t) >
0, except at z = g. Conversely, if we examine the case when the interface starts
below the steady state, Fig. 10, the velocity is initially strictly positive along
¢ = 0, and the interface consequently rises. As the interface rises, w(0, z,t)
is suppressed ahead of the interface. This suppression increases as the steady
state is approached and eventually we finish with w(0, z,¢) touching zero at
exactly the steady state position. The situation is reversed on the narrow side.

In both cases, the converged steady state has a velocity profile w(0, z) which
one would classify as metastable, i.e. according to the one-dimensional model
(44), but this is clearly not a correct classification of the interface dynam-
ics, which appear to approach an asymptotically stable steady state. What
is peculiar about this process of convergence and modification of the axial
velocity is that the far-field velocities are always positive. The suppression of
w(0, z,t) close to the interface appears to be due to the fluid slowing down as
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Fig. 11. Divergence of computational solution from an initially perpendicular inter-
face with e = 0.5: (a) Successive contours of g(¢,t), (defined as ¢(¢, z,t) = 0.5), at
times ¢ = 0.0, 0.1, 0.2,.....,0.8; (b)-(d) Contours of the stream function solution
computed at ¢t = 0.2, 0.4, 0.8, (contour spacing 0.04). Model parameters: 5 = 0,
St = 0.1, p1 = 1, p2 = 0.9, TL,Y = 0.9, )Yy = 0.7, K1 = 0.5, R = 0.4, my = 1.0,
my = 1.2.

it is transferred from wide-side to narrow-side (below the interface) and from
narrow-side to wide-side (above the interface).

4.3 Increasing eccentricity, loss of stability and mud channel formation

As the eccentricity is increased towards e = 1, at which point contact occurs
on the narrow side, it is clear that a steady state simply cannot exist, i.e.
since there is no-slip at the walls. For the example we have followed above,
stability is lost at a value of e < 0.3. It is hard to evaluate computationally
the critical value at which the stable steady state ceases to exist, (i.e. since
the timescale for convergence becomes infinite at marginal stability), and an
analytical method might be better suited. For larger eccentricities however,
divergence of the interface is quite clear. As an example, in Fig. 11 we show
the evolution of both the interface and streamlines at a number of successive
timesteps, for e = 0.5, (all other parameters being as before). The interface
clearly elongates from its initial position and there is no steady displacement.

Thus, the first qualitative change observed for increasing e is the loss of the
steady state. The interface itself retains stability, in the sense that there is
no evidence of secondary instabilities, e.g. viscous fingering. However, as the
interface elongates our numerical method does lose accuracy and eventually
has difficulty in coping with the changing orientation of the interface with
respect to the mesh. At smaller values of e, the displacements first observed
to be unsteady are flows that have fully mobile fluids all around the annulus.
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Fig. 12. Stable steady state interface propagation and streamlines in the fixed frame
(¢,€), with e = 0.1: times t = 0.0, 0.6, 1.2, 1.8. Streamlines at spacings AV = 0.05.
Model parameters: 3 = 0, St = 0.1, p1 = 1, po = 0.9, Ty = 0.9, my = 0.7,
k1 = 0.5, kg = 0.4, m; = 1.0, mgo = 1.2.

As the eccentricity increases further we can attain unsteady displacements
that effectively burrow slowly up the narrow side. Here the far-field velocity
fields are unyielded on the the narrow side of the annulus, but the interface
still propagates! Although static in the far-field, in the vicinity of the interface
the displacing fluid is forced over to the narrow side and the displaced fluid is
forced away from the narrow side, ahead of the interface. Thus, a burrowing
motion occurs. It is quite difficult to identify this regime, which appears to be
a strictly intermediate state. The final qualitative transition occurs at higher
still eccentricities, when the interface simply does not move on the narrow side
of the annulus. In the cementing context, this corresponds to the formation of
a static mud channel in the well, which is not removed by the cement.

The different regimes are easiest appreciated in the static frame of reference
(¢,€). In Figs. 12-15 respectively we show time-frames of the displacement for
e = 0.1, (stable steady state), e = 0.3 (unsteady mobile), e = 0.5 (unsteady
burrowing), e = 0.8 (static channel). For the stable steady state Fig. 12 the
interface is still converging in the final frame shown. This underscores the util-
ity of the moving frame computations, avoiding the necessity of long domains
and large discretisation matrices. Qualitatively there is little different to ob-
serve between Figs. 13 & 14, but the velocity at the interface is significantly
different. The burrowing interface barely moves on the narrow side. The fully
static narrow-side channels are observable in Fig. 15 due to the static interface
position.
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Fig. 13. Unstable but mobile interface propagation and streamlines in the fixed
frame (¢,¢), with e = 0.3: times ¢t = 0.0, 0.6, 1.2, 1.8. Streamlines at spacings
AW = 0.05. Model parameters: 3 = 0, St = 0.1, p1 = 1, po = 0.9, 71,y = 0.9,
T2,y = 0.7, K1 = 0.5, Ko = 0.4, my = 1.0, mo = 1.2.
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Fig. 14. Unstable but mobile interface propagation and streamlines in the fixed
frame (¢,&), with e = 0.5: times ¢t = 0.0, 0.3, 0.6, 1.2. Streamlines at spacings
AW = 0.05. Model parameters: 3 = 0, St = 0.1, p1 = 1, po = 0.9, 71,y = 0.9,
T2,y = 0.7, K1 = 0.5, Ko = 0.4, my = 1.0, mo = 1.2.

5 Discussion and conclusion

In this paper we have described the application of an iterative augmented La-
grangian algorithm to solution of a model describing the annular displacement
of non-Newtonian fluids. Coupled with numerical solution of the concentra-
tion equation, this algorithm has allowed us to produce numerical simulations
of two-dimensional primary cementing displacement flows. We have demon-
strated that our algorithm is able to accurately reproduce analytical test case
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Fig. 15. Static mud channel formation, interface propagation and streamlines in the
fixed frame (¢, ), with e = 0.8: times ¢t = 0.0, 0.3, 0.6, 0.9. Streamlines at spacings
AW = 0.05. Model parameters: 3 = 0, St = 0.1, p1 = 1, po = 0.9, 71,y = 0.9,
T2,y = 0.7, K1 = 0.5, Ko = 0.4, my = 1.0, mo = 1.2.

solutions, i.e. for the concentric annulus.

Although we have studied a simplified version of the model in [18], the algo-
rithm we have used is equally applicable to slowly varying annular geometries.
The augmented Lagrangian method converges stably for all physically sensi-
ble fluid properties. However, although the criterion for convergence (27) is
independent of fluid properties, there are certainly differing speeds of conver-
gence for different fluid properties, different concentration fields (interfaces)
and different geometries.

In considering extending application of this algorithm to displacements taking
place over the scale of the wellbore, the main restriction comes in computa-
tional speed, whilst maintaining accuracy. Using the augmented Lagrangian
method for the solution of (3) will generally be slower than using a regulari-
sation method, e.g. replacing (6) & (7) with

5 - [T
(V9P + )7

1 VU, ex1, (45)

and solving (3). However, the key question is whether one wishes to determine
unyielded zones or not. Although one can use a regularisation such as (45) and
one can prove convergence of the solutions to that of the ezact model as € — 0,
there is no proof of convergence of the pressure gradient fields. In practice one
must use a small finite € for computation and two problems arise. First, one
must interpret which domains are in fact unyielded, e.g. by comparing |.S| with
Ty /H, but this must be justified. Secondly, there will be a error of order §(e),
(to be determined), between the regularised and exact stream functions. As
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the simulation progresses this error can accumulate over the timescale of the
simulation ¢ ~ Z > 1. Thus, we can expect a cumulative error of size Zd(e)
over the length of a simulation, which is potentially significant. This error will
affect the final placement of fluids and, since using (45) allows fluids to move,
the regularised method will give an overly optimistic prediction of the effec-
tiveness of mud removal. Note that this is simply due to the transient nature
of the problem and the long timescales involved in cementing displacements.
For a static computation, usage of a regularisation such as (45) is much less
problematic.

Even allowing for the above problems, the regularisation method leads to a
two-dimensional nonlinear Poisson equation. Although fast and robust solvers
can be devised, the overall computation time for the simulation of a real
cementing job may still be too long to be used repeatedly for job design in a
field setting. Thus, pseudo-two-dimensional methods such as the perturbation
method in [18] retain some advantages for practical application.

A completely different application of this type of algorithm, with minor mod-
ifications, would be to study and simulate non-Darcy flows of non-Newtonian
fluids through porous media. In particular, the flows of certain heavy oils in
porous media exhibit similar flow characteristics, in that they have a limiting
pressure gradient which must be overcome before they flow, see e.g. [30,31].
In fact the first ideas of modelling cementing displacements in this way, (see
[20]), were derived from a porous media flow analogy. Obviously in a reservoir
setting, timescales are even longer than here and the ability to predict static
regions of oil is very valuable.

The second restriction in our computational algorithm has been in the use of
the FCT method and adoption of a regular rectangular mesh. The limitations
are most evident when the interface tends to elongate, resulting in a loss of
accuracy. The FCT method itself performs well and has good conservation
properties, (e.g. observe in Figs. 9 & 10 that the displacement front at ¢ =0
remains well defined), but the regular mesh is not well suited to this problem.
We are investigating use of adaptive meshing and level set techniques.

Regarding the implications of our results. We have shown very clearly the
dominating effect of eccentricity in determining qualitatively how effective the
displacement is likely to be. In general for stable interfaces, (see discussion
below), as the eccentricity increases we pass through 3 qualitative states:

(1) Stable steady state interfaces, (a travelling wave solution);

(2) Stable but unsteady mobile interfaces, (including both fully mobile fluids
and burrowing motions);

(3) Stable unsteady interfaces that are immobile on the narrow side of the
annulus, (mud channel formation).
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Whilst, it is clear that the last case is the worst case, since mud will remain
in the well, the unsteady interfaces are also bad news. Typically cementing
volumes are judged to fill the intended annular spaces and there is no continual
pumping. Thus, the slower motion of the narrow side interface is also likely
to mean a mud channel will form on the narrow side, since the mud will not
be fully removed at the end of the cementing job. Whether this is detected
operationally will depend on the type of job, e.g. in cementing a full-length
casing, presumably one would see cement returns at surface and deduce that
the narrow side mud was not being removed fast enough, but in a liner job
this might not be observed at all. Thus, one must really view the transition
between the above states as being a continual progression from a good to bad
displacement.

We emphasize that in our simulations, we have seen no evidence of local in-
stability of the interface for these fluid properties. It is physically intuitive,
(and also industrial practice wherever possible), that one uses a more viscous
and denser displacing fluid than displaced fluid, (unless of course the well is
near to horizontal, where density effects are not necessarily helpful). This is
the type of displacement that we have studied in this paper. We believe that
there will be a significant parameter regime in which such (intuitively) stable
displacements fronts are found, (i.e. broadly speaking: positive density and
rheological differences between displacing and displaced fluids, non-horizontal
annuli). For such parameters, it is felt that similar patterns of transition from
stable steady state to unsteady interface to mud channel will occur, and our
conclusions above are general in this sense.

If we move outside of the realm of intuitively stable displacements, it is pos-
sible to find a wide range of unstable situations. In particular, if we simply
reverse the rheological parameters and densities between displaced and dis-
placing fluids, a stable interface typically becomes unstable. We show just one
example of this below, in Fig. 16, where we have reversed the fluid properties
above, for the case e = 0.01. The initially perpendicular interface becomes
rapidly unstable. We note that the analytical prediction of a steady state dis-
placement profile is still valid for these parameters, (and is identical with that
shown in Fig. 6b). It is simply that the steady state is unstable. This type of
instability is believed to be of the type observed in viscous fingering studies.
Our computational method is unsuitable for the study of this type of unstable
displacement. It is clearly of value to predict the onset of this type of instabil-
ity, since it represents a limitation of our model. For this, analytical methods
are probably more appropriate than computational. Some progress has been
made on this type of problem for yield stress fluids, see e.g. [32-37].

A second potential cause of instabilities is when the physical assumptions un-

derlying the model itself begin to break down. For example, the assumption
of homogeneity of fluid across the annular gap, which is commonly made in
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Fig. 16. Successive contours of ¢(¢,t), (defined as c(¢,z,t) = 0.5), at times
t = 0.0, 0.05, 0.1,.....,1.0, for an unstable and unsteady displacement. Model pa-
rameters: e = 0.01, 3 = 0, St = 0.1, p1 = 0.9, p2 = 1, 1y = 0.7, my = 0.9,
K1 = 0.4, Rg = 0.5, mi = 1.2, mo = 1.0.

Hele-Shaw displacements, will become questionable at very long times due to
Taylor dispersion and molecular diffusion, as discussed in [18]. A further area
that needs study, is the effect of the cross-flow that is evident at the interface
in the streamline plots in the moving frame. Whilst in our examples this effect
is weaker than the mean flow, there may be other situations where the ef-
fect is significant and gives rise to Kelvin-Helmholtz like instabilities. There is
some evidence for interfacial shear instabilities on the narrow-side reported in
the experiments of [21,22], although the authors there also discuss buoyancy
effects as a possible cause. Of course, in the Hele-Shaw modelling approach
only the normal stress and normal component of velocity are continuous at
the interface. Thus, our model effectively serves as the outer solution for an
interfacial boundary layer flow which would need to be studied. For miscible
fluids, it is likely that both above effects result in local mixing of some descrip-
tion, close to the interface. Studies of interest include addressing whether or
not such a mixing zone reaches an equilibrium limiting thickness and secondly,
what is the effect of fluid incompatibility on mixture models such as we have
used here.
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