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Abstract

We consider the propagation of a gas bubble in a cylindrical column filled with a visco-plastic

fluid. Because of the yield stress of the fluid, it is possible that a bubble will remain trapped in

the fluid indefinitely. We investigate this case of slow moving or near-stationary bubbles.

Using the Herschel-Bulkley constitutive equation to model our visco-plastic fluid, Prager’s two

variational principles are adapted to our problem. From these two principles we develop two

stopping conditions, i.e. for a given bubble we can calculate a critical Bingham number above

which the bubble will not move. The first condition is for axisymmetric bubbles and is dependent

on the bubble length as well as the general shape of the bubble. The second stopping condition is

essentially a comparison principle. It allows us to use solutions of simpler problems to calculate

additional stopping conditions. We also develop a condition for bubble propagation. Finally, we

illustrate the general stopping conditions by application to specific bubble shapes.
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I. INTRODUCTION

In this paper we examine the propagation of gas bubbles through a visco-plastic fluid.

Visco-plastic fluids are fluids that can behave as both a viscous liquid and as a rigid solid.

Which of these two states the material takes is determined by the stress applied to the

material. That is, at low stress the material behaves as a solid, capable of rigid motion

and rotation. However, when stresses exceed a certain threshold, called the yield stress,

the material behaves as a nonlinearly viscous liquid. Because of the yield stress of the

fluid, two interesting phenomena can occur. First, bubbles can become trapped in the fluid

indefinitely. This occurs when the buoyancy of the bubble is insufficient to break the yield

stress, i.e., when

τ̂Y � [ρ̂` − ρ̂∗
g]ĝR̂,

where τ̂Y , ρ̂`, ρ̂∗
g, ĝ & R̂ are respectively the yield stress, fluid density, reference gas density,

gravitational acceleration, and reference bubble length-scale. Secondly, a variety of station-

ary bubble shapes can exist. For sufficiently small bubbles, surface tension will dominate

yield stress and bubbles are predominantly spherical, but when

τ̂Y � ξ̂

R̂
,

surface tension is not important in determining the shape of the bubble, (ξ̂ denotes the

coefficient of surface tension). Indeed for a given yield stress the shape of static bubbles

appears to be non-unique. In Fig. 1 we show a range of static bubble shapes. In this paper

we are interested in the case of slow moving and stationary bubbles, and in providing general

conditions under which a given bubble will either rise or remain trapped.

Common examples of fluids with a yield stress are mud, cement, lava, and paint. A range

of specific fluids with a yield stress are considered in [1]. Common constitutive models are

3



the Bingham, Casson, and Herschel-Bulkley models, see e.g., [1, 2]. Yield stress phenomena

also occur in many foams, slurries, suspensions, and polymer solutions, which are common

industrial fluids. There are many processes where the generation and behaviour of bubbles

play a significant role. In some situations bubbles are undesirable, and while it would be

ideal if they could be eliminated, in practice this is very difficult. This provides the principal

motivation for our study. Some specific examples of such processes are as follows.

1. When drilling an oil well, gas kicks can occur. Drilling mud is generally a visco-plastic

fluid. A kick occurs when the pressure within the wellbore, (primarily hydrostatic

pressure of the mud), is unexpectedly less than the pore pressure of gas in the sur-

rounding rock formation. Gas from the formation flows into the wellbore and rises

upwards in the well, see e.g., [3]. If uncontrolled, a gas kick can lead to a blowout at

the surface, with possible loss of life, environmental damage, and significant costs for

the operator. Certainly there have been a number of horrific incidents of this kind,

e.g., the Piper-Alpha incident in the North Sea in 1988.

Gas rise velocity in visco-plastic media has thus been studied extensively in the oil

industry, typically experimentally; see [3–5] as representative examples. In general

these studies are focused at multiple bubbles propagating in moving duct flows, with

the aim being to derive empirical correlations for the slip velocity that can be used in

gas kick simulation and prediction.

2. Many processed foods, (e.g., ketchup, mayonnaise, peanut butter, chocolate), and

cosmetic products, (e.g., hair gel, hand cream), exhibit a yield stress. Bubbles may be

either unwanted or highly desirable, e.g., aerated chocolate has a different taste than

solid chocolate; hair gel is sold by volume, (bubbles included).
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3. In the manufacture and processing of energetic materials (such as solid rocket fuels,

etc.), shock waves that occur in processing cause the compression of any bubbles in

the fluid. It is believed that when the gas is rapidly compressed a high-temperature

spot (hot spot) can develop which may heat the surrounding explosive material to the

point of auto-ignition, [6]. In practice the energetic material behaves as a visco-plastic

during processing.

Separately, bubbles and visco-plastic fluids have been studied quite extensively. For the

former subject, we refer the reader to texts on bubble dynamics, such as [7, 8]. Variational

principles for visco-plastic fluids were first derived by Prager [9], for a single Bingham fluid.

These have been generalised to Herschel-Bulkley fluids and to a range of different situations

in [10–13]. Generalisation to the flow of multiple visco-plastic fluids is presented in [14–16].

We will extend from this work in deriving our variational principles. The other aspect of

our results is the stopping criteria, or critical Bingham numbers, above which a bubble will

not move. Obviously such criteria are present in simple analytical solutions, for example, a

Poiseuille flow of a visco-plastic fluid only flows when a critical pressure gradient is exceeded.

The first extensive study of this phenomena, and indeed of the shape of yield surfaces, is in

the sequence of papers by Mosolov and Miasnikov, [17–19]. General results of this nature

are also derived by Duvaut and Lions, [20], and the decay of transient solutions to zero in a

finite time, if the critical Bingham number is exceeded, was demonstrated in [21].

The problem of the propagation of a single bubble in a visco-plastic fluid has yet to

receive much attention. The special case of spherical bubbles has been examined in two

papers [22, 23]. In Bhavaraju et al. [22], the authors examine the flow of a single spherical

bubble in a Bingham fluid. They consider small Bingham numbers B, as a perturbation

from the Newtonian solution for flow around a spherical bubble and obtain a first order
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correction. However, their solution is only valid away from the equator of the bubble, and

since B � 1 is required, (so that there is continuity to the Newtonian solution as B → 0),

the case of stationary bubbles is not considered. In [23] the authors show that spherical

bubbles that are initially trapped in a Bingham fluid can be made to rise by applying an

oscillating external pressure to the liquid. They use perturbation methods to derive an

analytic solution that consists of a flow due to the pulsation and a flow due to the bubble

rising under gravity. They have also conducted experiments that illustrate the phenomenon

and that support their analytic results.

A related problem that has received more attention is the problem of slow flow past a

solid sphere in visco-plastic fluids. Beris et al. [24], examine the fall of a sphere due to gravity

in an infinite Bingham fluid. Using a finite element numerical simulation they obtain the

flow field and the yield surfaces in the flow. Using asymptotic methods, they also obtain

the critical Bingham number at which the sphere becomes static, and expressions for the

drag coefficient. There have been extensions of this work to spheres falling in a tube, [25],

attempts at experimental verification, [26], and further studies to extend the expressions for

the drag coefficient, [27, 28]. Further work has addressed stick-slip boundary conditions on

the sphere, [29], and attempted to experimentally determine the drag coefficient for other

shapes, (such as discs, cylinders, cubes, and cones), see [30].

There is a good level of agreement amongst the studies on falling spheres, certainly beyond

the qualitative level. However, both computational studies and experimental studies present

some difficulties. For the computational studies, use of viscosity regularisation techniques,

e.g., [25], can be problematic both for determining the critical B at which a visco-plastic

stops flowing and for predicting the shape of the yield surface. Having said this, the results

in [25], on the critical yield limit, appear to approach those of [24] smoothly for large tubes.
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Experimentally, problems with repeatability and relaxation time have to be addressed with

many laboratory fluids, see e.g., [31] for a discussion of some of the practical problems.

Another issue with propagating bubbles, (e.g., through a Carbopol solution), is to use an

appropriate rheological model, i.e., the Bingham model may be easiest from an analytical

perspective, but does not model such experimental fluids well.

Other than the above studies, determination of yield limits in multi-fluid visco-plastic

flows has been studied in [32, 33], in the context of axial exchange flows related to oilfield

plug-cementing. There are also various papers that address multi-fluid and displacement

flows of visco-plastic fluids in a range of contexts. For example, Alexandrou & Entov have

considered a fingering bubble displacement along a Hele-Shaw cell, [34]. There are also

related studies of displacement flows of visco-plastic fluids along long ducts, e.g., [14, 35].

Finally, Li and Renardy have numerically examined deformations of a viscous fluid drop in

a Bingham fluid [36].

A brief outline of our paper is as follows. In section II we describe the physical problem

and our mathematical model. In section III we present two variational results: a variational

inequality that leads to a rate of strain minimization, and a stress maximization result.

In section IV we use our variational results to obtain stopping conditions, under which a

bubble will not move. The first condition is a result that applies to axisymmetric bubbles of

arbitrary shape. The second condition allows us to use existing solutions of simpler problems

to obtain extra stopping conditions. In section V we take our general stopping conditions

and apply them to some specific bubble shapes. We close with a discussion in section VI.
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II. MATHEMATICAL FORMULATION

A. Physical Setup

We consider the flow (or lack thereof) of a single gas bubble in a cylindrical column filled

with a visco-plastic fluid, see Fig 2. Our domain is divided into two connected regions:

Ω, comprising the liquid region, and Ωb, comprising the gas domain (i.e., the bubble). The

boundary of Ω, consisting of both the cylinder walls and the bubble surface, will be referred to

as ∂Ω. The bubble surface on its own will be referred to as ∂Ωb, and the walls of the cylinder

on their own will be referred to as ∂Ωw or simply as the “cylinder walls”. Quantities denoted

with a hat “ ·̂ ” are dimensional while quantities without a hat are dimensionless. Where

required, subscripts ` & g denote parameters or variables, for liquid and gas, respectively.

We also adopt the Einstein summation convention for coordinate indices.

Densities of liquid and gas phases are denoted ρ̂` and ρ̂g, respectively. The liquid, being

visco-plastic, is modelled as an incompressible Herschel-Bulkley fluid and is characterised

by its yield stress τ̂Y , consistency κ̂, and power-law index n. The gas is a compressible

Newtonian fluid, with viscosity µ̂. Although compressible, we examine the case when the

bubble does not move very fast, nor very far. It is assumed that a volume V̂b of gas has been

injected, at a given pressure. The density of the gas at this pressure is denoted ρ̂∗
g.

We define the dimensionless length, velocity, time, and pressure (xi, ui, t, and p respec-

tively) by

x̂i = R̂xi, ûi = Ûui,

t̂ =
R̂

Û
t, p̂ = ρ̂`ĝR̂p.

In the above we have chosen the effective bubble radius, R̂ = 3

√

3
4π

V̂b, as the length scale.
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Our velocity scale Û approximates the balance between viscous and buoyancy forces, i.e.,

Û ≡
(

ρ̂`ĝR̂n+1

κ̂

)
1

n

≈
(

[ρ̂` − ρ̂∗
g]ĝR̂n+1

κ̂

)
1

n

, (1)

note that ρ̂∗
g/ρ̂` � 1, and the above scalings preempts our later model reduction. The

pressure scale is simply the static pressure scale in the liquid, over the length scale of the

bubble. All viscous stresses in gas and liquid are scaled with κ̂(Û/R̂)n.

The non-dimensional equations of motion in the fluid region Ω, are

Fr2Dui

Dt
= − ∂p

∂xi

− δi3 +
∂τij(u)

∂xj

, (2)

∂ui

∂xi
= 0, (3)

and in the bubble Ωb, we have

ερgFr2Dui

Dt
= − ∂p

∂xi
− ερgδi3 + δ

∂γ̇ij(u)

∂xj
, (4)

∂ρg

∂t
+

∂

∂xi
(ρgui) = 0, (5)

where δij is the Kronecker delta and we have taken the third basis vector to be pointing

upwards, and D/Dt = ∂/∂t + ui∂/∂xi. The dimensionless parameters above are

Fr =
Û
√

ĝR̂

, ε =
ρ̂∗

g

ρ̂`
, δ =

µ̂gR̂
n−1

κ̂Ûn−1
, (6)

denoting the Froude number, density ratio, and effective viscosity ratio respectively.

The gas density is simply ρg = ρ̂g/ρ̂
∗
g. The deviatoric stress tensor in the liquid is denoted

τij(u), and the rate of strain tensor γ̇ij(u), is defined by

γ̇ij(u) =
∂ui

∂xj
+

∂uj

∂xi
.

In the liquid the following constitutive equations for a Herschel-Bulkley fluid are satisfied:

γ̇ij(u) = 0 if τ (u) ≤ B, (7)

τij(u) =

(

γ̇(u)n−1 +
B

γ̇(u)

)

γ̇ij(u) if τ (u) > B,, (8)
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where

B =
τ̂Y R̂n

κ̂Ûn
=

τ̂Y

ρ̂`ĝR̂
≈ τ̂Y

[ρ̂` − ρ̂∗
g]ĝR̂

(9)

is the Bingham number. The second invariants of the dimensionless rate of strain and

deviatoric stress tensors are

γ̇(u) =

√

1

2
γ̇ij(u)γ̇ij(u), and τ (u) =

√

1

2
τij(u)τij(u).

Finally, the bubble interface, ∂Ωb, whose location is denoted by F (x, t) = 0, evolves accord-

ing to the kinematic condition

∂F

∂t
+ ui

∂F

∂xi

= 0. (10)

B. Simplified Dimensionless Model

Before discussing boundary and interfacial conditions, we simplify our model. First, for

slow flows we can ignore the inertial terms, which scale as ∼ u2
i , whereas the remaining

terms scale as ∼ ui. Since we are interested in the phenomena of stopped bubbles and

“nearly” stopped bubbles, the inertial terms can be considered to be an order of magnitude

smaller that the other terms in this limit. Second, we have in mind a typical combination

of an aqueous visco-plastic polymer solution (e.g. Carbopol), and an air bubble, for which

δ ∼ 10−6 and ε ∼ 10−3. Thus, as a first approximation, we also ignore the terms containing

δ and ε. Equations (2) and (4) become

liquid: 0 = − ∂p

∂xi
− δi3 +

∂τij(u)

∂xj
, (11)

gas: 0 = − ∂p

∂xi

(12)

respectively.
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In the liquid we still have (3). Equation (12) implies that the pressure in the bubble is

constant, (p = p(t)). The dimensional version of equation (5) can be written as

∂ρ̂g

∂t̂
+ ûi

∂ρ̂g

∂x̂i
+ ρ̂g

∂ûi

∂x̂i
= 0

1

ρ̂g

∂ρ̂g

∂p̂

(

∂p̂

∂t̂
+ ûi

∂p̂

∂x̂i

)

+
∂ûi

∂x̂i
= 0

1

ρ̂g

∂ρ̂g

∂p̂

∂p̂

∂t̂
+

∂ûi

∂x̂i
= 0

1

ρ̂g ĉ2
g

∂p̂

∂t̂
+

∂ûi

∂x̂i
= 0, (13)

where ĉg =
√

∂p̂/∂ρ̂g, is the speed of sound in the gas, and we have used (12). Now the

main change in the bubble pressure is due to the reduction in static pressure of the liquid as

the bubble slowly rises; when p̂ changes like ρ̂`ĝÛ . Examining the relative sizes of the two

terms in (13) we have ∂ûi/∂x̂i ∼ Û/R̂ and 1
ρ̂g ĉ2g

∂p̂
∂t̂

∼ ĝÛ/εĉ2
g. So

1
ρ̂g ĉ2g

∂p̂

∂t̂

∂ûi

∂x̂i

∼ ĝR̂

εĉ2
g

≈ (10)(10−2)

(10−3)(105)
= 10−3,

for bubbles of radii . 1cm. Thus we make the approximation of incompressibility also for

the bubble:

∂ui

∂xi
= 0. (14)

1. Boundary and interfacial conditions

On the walls and base of the liquid column we have the no-slip condition:

ui = 0, on ∂Ωw. (15)

At the top of the cylinder we have a free surface. A realistic set of boundary conditions

here would be to impose the condition of zero traction and to allow the free surface to rise

vertically in order to take account of any expansion of the bubble. However, we have shown
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above that the rate of increase in volume, due to bubble rise and expansion, is relatively small

in the slow flow limit, so that (14) is a reasonable approximation. Due to the approximation

(14), there is no net rise in the free surface. Hence for simplicity, we also impose (15) at the

top of the column. Alternatively we could consider bubble rise in a sealed column, i.e., not

allowing any expansion.

On the bubble surface, the velocity and the tangential components of the traction must

be continuous across the bubble surface. However, in the limit δ → 0, that we consider,

there is no traction from within the bubble. Hence, we have:

u`,i − ug,i = 0 across ∂Ωb, (16)

τnbt1 = 0, (17)

τnbt2 = 0, (18)

where nb is the outward unit normal of the bubble (i.e., pointing into the fluid region), and

t1 and t2 are two independent unit vectors tangent to the surface of the bubble. The jump

in the normal component of the traction must be balanced by surface tension. Thus,

−p` + pg + τnbnb
= β

(

1

R1
+

1

R2

)

(19)

on ∂Ωb, where

β =
ξ̂

ρ̂`ĝR̂2
(20)

is the dimensionless surface tension coefficient, and R1 = R̂1/R̂ and R2 = R̂2/R̂ are the

dimensionless radii of curvature.

III. VARIATIONAL PRINCIPLES

We see that in the classical formulation, (3), (7), (8), (10), (11), (12), (14), and (15)–(19),

time dependency enters the problem only through (10). That is, at each time we have a
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Stokes problem to solve for the particular interface configuration; the interface then advances

through the kinematic condition (10). Hence, here we look solely at the Stokes problem (3),

(7), (8), (11), (12), (14), (15)–(19). Our objective is first to derive two variational principles

for this problem and then later to use these to derive conditions under which u = 0, is the

sole solution. For such conditions the bubble cannot move. The principles that we derive

are variations of those first derived by Prager [9] for slow Bingham fluid flows.

A. Variational inequality (rate of strain minimization)

From (3), (7), (8), (11), (12), (14), (15)–(19), it can be shown that the solution, u ∈ V̄ ,

satisfies

a(u, v − u) + j(v) − j(u) ≥ L(v − u) ∀v ∈ V̄ (21)

where

a(u, v) =
1

2

∫

Ω

γ̇(u)n−1γ̇ij(u)γ̇ij(v) dΩ, (22)

j(u) = B

∫

Ω

γ̇(u) dΩ, and (23)

L(u) = −
∫

Ω

u3 dΩ −
∫

∂Ωb

β

(

1

R1
+

1

R2

)

uinb,i ds. (24)

The steps to derive (21) are straightforward and we refer to [12] for detailed derivation of

a similar inequality with slightly different boundary conditions. The space of functions we

consider, denoted V̄ , is the closure of the space V with respect to the [W 1+n(Ω)]3 norm,

i.e., for v = (v1, v2, v3) ∈ V̄ , we define ‖v‖ by:

‖v‖ =

[

∫

Ω

∑

i

|vi|n+1 +
∑

i,j

| ∂vi

∂xj

|n+1 dΩ

]1/(n+1)

. (25)
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The space V , is the space of all vector-valued functions v = (v1, v2, v3), such that

vi ∈ C∞(Ω), (26)

∂vi

∂xi
= 0 in Ω, and (27)

vi = 0 on ∂Ωw. (28)

Remarks:

1. Note that a(·, ·) is linear in its second argument, L(·) is linear, but j(·) is non-linear.

Sometimes a(·, ·) is referred to as the viscous dissipation rate and j(·) is called the

yield stress dissipation rate.

2. In [12], Huilgol lists a number of generic boundary condition combinations for which

a variational formulation analogous to (21) can be found. Our problem does not fall

into one of these classes.

3. In the sequel we shall assume the existence of a unique solution to (21). Assuming

sufficient regularity on the bubble shape, this does not appear to be too difficult to

prove, but adds little to the results in the paper.

An alternate formulation to (21), that we shall use later, is as a pure minimization

problem. Consider the convex functional H(u):

H(u) =
1

n + 1
a(u, u) =

1

2(n + 1)

∫

Ω

γ̇(u)n−1γ̇ij(u)γ̇ij(u) dΩ. (29)

The Gâteaux derivative of H in the direction v is

δH(u; v) =
1

2

∫

Ω

γ̇(u)n−1γ̇ij(u)γ̇ij(v) dΩ = a(u, v). (30)

Since H is Gâteaux differentiable and convex we have that

1

n + 1
a(v, v) − 1

n + 1
a(u, u) = H(v) − H(u) ≥ δH(u; v − u) = a(u, v − u), (31)
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(see e.g., Proposition 2.2 of chapter 5 in [21]). Substituting (31) into (21) and recalling that

L(·) is linear we obtain, for v ∈ V̄ ,

1

n + 1
a(v, v) − 1

n + 1
a(u, u) + j(v) − j(u) ≥ L(v) − L(u)

⇒ 1

n + 1
a(v, v) + j(v) − L(v) ≥ 1

n + 1
a(u, u) + j(u) − L(u). (32)

So the true velocity field, u, distinguishes itself from all other velocity fields, v ∈ V̄ , in that

u minimizes the functional

J(v) ≡ 1

n + 1
a(v, v) + j(v) − L(v) (33)

over the functional space V̄ .

Furthermore, if in equation (21) we let v = 2u and v = 0, then we see that

a(u, u) + j(u) = L(u). (34)

Thus, from (34), we find the value of the functional J at the minimum:

J(u) = − n

n + 1
a(u, u). (35)

We shall use this minimization formulation later.

B. Stress maximization principle

Our second variational principle is related to the stress maximization principle of Prager,

[9]. It is based on the following fundamental result.

Theorem 1: If u is the solution of the classical problem, then the true stress field, τij ,

maximizes the functional

F (τ̃ij) = − 1

2
1

n
+1

n

n + 1

∫

Ω

(|τ̃ − B| + τ̃ − B)
1

n
+1 dΩ +

∫

Ω

1

2
τ̃ij γ̇ij(u) dΩ. (36)
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over the set of all symmetric tensors τ̃ij .

Remarks:

1. The proof follows almost exactly that of Theorem 1 in Frigaard, et al. [15], and is not

repeated. It should be noted that to prove theorem 1 does not require any further

condition beyond symmetry of τ̃ij , although it is required that (36) is well-defined and

that τij & γ̇ij(u) satisfy the constitutive laws, (see [15]).

2. Although not proven, Theorem 1 probably also holds for a weak solution u ∈ V̄ that

is the minimiser of (33), and then we may take symmetric tensors τ̃ij ∈ L1+1/n(Ω).

However, we proceed purely formally below.

Consider a symmetric stress field σ̃ij . We say that the stress field σ̃ij = −p̃δij + τ̃ij , or

equivalently the pair (p̃, τ̃ij), is admissible if

0 = − ∂p̃

∂xi

+
∂τ̃ij

∂xj

− δi3 in Ω, (37)

τ̃nbt1 = 0 on ∂Ωb, (38)

τ̃nbt2 = 0 on ∂Ωb, (39)

−p̃ + τ̃nbnb
= −pg + β

(

1

R1

+
1

R2

)

on ∂Ωb, (40)

and denote by T the set of admissible symmetric stress tensors. Later we shall also consider

weakly admissible stress tensors, in which we shall relax the requirements (38-40).

Using the incompressibility of u, symmetry of τ̃ij , and the divergence theorem, we have

1

2

∫

Ω

τ̃ij γ̇ij(u) dΩ = −
∫

Ω

u3 dΩ −
∫

∂Ωb

(−p̃δij + τ̃ij)uinb,j ds, (41)

where nb is the outward unit normal of the bubble. We resolve the stress into normal and

tangential components, to give

1

2

∫

Ω

τ̃ij γ̇ij(u) dΩ = −
∫

Ω

u3 dΩ −
∫

∂Ωb

[(−p̃ + τ̃nbnb
)unb

+ τ̃t1nb
ut1 + τ̃t2nb

ut2], (42)
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where t1 & t2 are two orthonormal tangent vectors to nb. The above is true for any weakly

admissible stress field. For an admissible stress field, conditions (38-40) imply that:

1

2

∫

Ω

τ̃ij γ̇ij(u) dΩ = −
∫

Ω

u3 dΩ −
∫

∂Ωb

β

(

1

R1
+

1

R2

)

unb
ds. (43)

Therefore, for any admissible stress field we can we can write the functional (36) as

F (τ̃ij) = G(τ̃ij) −
∫

Ω

u3 dΩ −
∫

∂Ωb

β

(

1

R1
+

1

R2

)

unb
ds, (44)

where

G(τ̃ij) = − 1

2
1

n
+1

n

n + 1

∫

Ω

(|τ̃ − B| + τ̃ − B)
1

n
+1 dΩ. (45)

The last two terms on the right-hand side of (44) are constant for a given bubble, only the

first term depends on τ̃ij . Thus, we have:

Theorem 2: The true stress field, τij , maximizes the functional G(τ̃ij) over all admissible

(p̃, τ̃ij).

It can be seen that the only contribution to (45) come from areas in the fluid where the

stress is above the yield stress. Hence the bubble travels in such a way as to minimize the

stress in the yielded regions.

IV. GENERAL CONDITIONS FOR STATIC AND MOVING BUBBLES

We are primarily concerned with stopped bubbles and with conditions which determine

whether a given bubble will propagate in the visco-plastic fluid or will become trapped. First

we show that there will in general be a well-defined critical Bingham number above which

a bubble cannot flow.
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A. Critical Bingham numbers from rate of strain minimisation

From the equality (34) and because a(u, u) ≥ 0, we have that j(u) ≤ L(u), for the

solution u. Assuming that u 6= 0, we may write

B

∫

Ω

γ̇(u) dΩ ≤ −
∫

Ω

u3 dΩ −
∫

∂Ωb

β

(

1

R1
+

1

R2

)

uinb,i ds,

B ≤ −
∫

Ω
u3 dΩ

∫

Ω
γ̇(u) dΩ

−
∫

∂Ωb
β
(

1
R1

+ 1
R2

)

uinb,i ds
∫

Ω
γ̇(u) dΩ

. (46)

Or equivalently, for

B ≥ Bc ≡ sup
∀v∈V̄ ,v6=0







−
∫

Ω
v3 dΩ

∫

Ω
γ̇(v) dΩ

−
∫

∂Ωb
β
(

1
R1

+ 1
R2

)

vinb,i ds
∫

Ω
γ̇(v) dΩ







(47)

the only possible solution is one with u = 0 identically over Ω. Thus, for a given shape of

bubble, (47) defines a critical Bingham number Bc above which the bubble will not move.

Condition (47) becomes a little clearer if we confine our attention to an axisymmetric

bubble, moving at steady speed Ub in a cylindrical column of radius Rc; see Fig. 3. The

radius of the bubble at a height z is given by the function r = f(z), with f(z) = 0 for z ≥ z+

and for z ≤ z−. In order for there to be steady propagation, the velocity must lie in the

subset of V̄ for which

v = Ubez + v′, (48)

where ez is the unit vector in the z-direction and where v′ · nb = 0. We denote this space

by V̄ ′. In terms of (r, z)-coordinates, we can write

nb =

(

1

[1 + (f ′(z))2]1/2
,

−f ′(z)

[1 + (f ′(z))2]1/2

)

,

and using basic differential geometry results from, [37],

(

1

R1
+

1

R2

)

= −f ′′f − (f ′)2 − 1

f
(

(f ′)2 + 1
)

3

2

.
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Therefore, the surface tension integral in (47) is simply:

∫

∂Ωb

β

(

1

R1

+
1

R2

)

vinb,i ds = βUb

∫

∂Ωb

f ′(f ′′f − (f ′)2 − 1)

f
(

(f ′)2 + 1
)2 ds (49)

From the condition of incompressibility, we have that

UbVb = −
∫

Ω

v3 dΩ (50)

where Vb = 4
3
π is the volume of the bubble. Consequently, we may write

∫

∂Ωb

β

(

1

R1

+
1

R2

)

vinb,i ds = − β

Vb

(
∫

Ω

u3 dΩ

)
∫

∂Ωb

f ′(f ′′f − (f ′)2 − 1)

f
(

(f ′)2 + 1
)2 ds (51)

and for steadily moving axisymmetric bubbles, (47) becomes:

B ≥ Bc,a ≡



1 − 2πβ

Vb

∫ z+

z−

f ′(f ′′f − (f ′)2 − 1)
(

(f ′)2 + 1
)

3

2

dz





(

sup
∀v∈V̄ ′,v6=0

{

−
∫

Ω
v3 dΩ

∫

Ω
γ̇(v) dΩ

}

)

(52)

1. Bubbles shapes that do not propagate

If Ub ≥ 0 then we see that the axisymmetric critical Bingham number will be negative

provided that:

1 − 2πβ

Vb

∫ z+

z−

f ′(f ′′f − (f ′)2 − 1)

[(f ′)2 + 1]
3

2

dz ≤ 0. (53)

Since B > 0 for a yield stress fluid, for any bubble shape satisfying (53) the bubble cannot

move. Condition (53) will be satisfied for bubble shapes for which the integral

S =

∫ z+

z−

f ′(f ′′f − (f ′)2 − 1)

[(f ′)2 + 1]
3

2

dz (54)

is sufficiently large. Alternatively, if S > 0 in (54), then for sufficiently large surface tension

term β, the bubble cannot move. This result holds for Newtonian fluids also.

It should be noted that mathematically it is straightforward to construct a shape for

which S > 0. For any given bubble given shape, if S < 0, then reflecting the shape in a
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horizontal plane would change the sign of the integral, resulting in a positive value. For a

bubble with fore-aft symmetry, S = 0. In Fig. 4 we show two actual bubble profiles (bubble

velocity is upwards) for which S has opposite sign.

2. Bounding −
∫

Ω v3 dΩ/
∫

Ω γ̇(v) dΩ

When (53) does not hold, we may still compute a critical Bingham number from (52), by

determining an upper limit for

sup
∀v∈V̄ ′,v6=0

{

−
∫

Ω
v3 dΩ

∫

Ω
γ̇(v) dΩ

}

. (55)

To do this we consider the fluid domain Ω divided into three regions: the fluid above z+,

the fluid below z−, and the fluid between z− and z+.

For the fluid above z+

v3 =

∫ z

L

∂v3

∂z̃
(x, y, z̃) dz̃,

since v3 = 0 on the top wall of the cylinder (i.e., at z = L). So for a horizontal cross section

at height z > z+

∫

x2+y2≤R2
c

v3 dx dy =

∫

x,y

(
∫ z

L

∂v3

∂z̃
(x, y, z̃) dz̃

)

dx dy

=

∫ z

L

∂

∂z̃

(
∫

x2+y2≤R2
c

v3(x, y, z̃) dx dy

)

dz̃ = 0,

since the net flux across each plane above z+ is zero. Similarly, for any plane below z−.

Thus the only contribution to the numerator in (55) is from the fluid between z+ and z−.

∫

Ω

v3 dΩ =

∫ z+

z−

(
∫

f(z)2≤x2+y2≤R2
c

v3(x, y, z) dx dy

)

dz. (56)

Let z 1

2

= (z+ + z−)/2 be the midpoint of the bubble length, and let Ω+ be the region of Ω
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above z 1

2

and Ω− be the region of Ω below z 1

2

, then for z ≥ z 1

2

we have

−
∫

f(z)2≤x2+y2≤R2
c

v3 dx dy = −
∫

f(z)2≤x2+y2≤R2
c

(
∫ z

L

∂v3

∂z̃
(x, y, z̃) dz̃

)

dx dy

=

∫

f(z)2≤x2+y2≤R2
c

(∫ z+

z

∂v3

∂z̃
(x, y, z̃) dz̃

)

dx dy

≤
∫ z+

z

(
∫

f(z̃)2≤x2+y2≤R2
c

∣

∣

∣

∣

∂v3

∂z̃
(x, y, z̃)

∣

∣

∣

∣

dx dy

)

dz̃

≤ 1√
2

∫ z+

z 1
2

(∫

f(z̃)2≤x2+y2≤R2
c

γ̇(v(x, y, z̃)) dx dy

)

dz̃

=
1√
2

∫

Ω+

γ̇(v) dΩ.

Similarly for z < z 1

2

we have

∫

f(z)2≤x2+y2≤R2
c

v3 dx dy ≤ 1√
2

∫

Ω−

γ̇(v) dΩ.

Hence from (56) we obtain

∫

Ω

v3 dΩ ≤
∫ z 1

2

z−

(

1√
2

∫

Ω−

γ̇(v) dΩ

)

dz +

∫ z+

z 1
2

(

1√
2

∫

Ω+

γ̇(v) dΩ

)

dz

=
1

2
√

2
(z+ − z−)

∫

Ω

γ̇(v) dΩ. (57)

Therefore, substituting into (52), we have the following upper bound for the critical

Bingham number, Bc,a, for a steadily moving axisymmetric bubble:

Bc,a ≤ 1

2
√

2
(z+ − z−)



1 − 2πβ

Vb

∫ z+

z−

f ′(f ′′f − (f ′)2 − 1)
(

(f ′)2 + 1
) 3

2

dz



 . (58)

and we have the following general result.

Theorem 3: For an axisymmetric bubble propagating steadily at speed Ub, with profile

r = f(z), if

B >
1

2
√

2
(z+ − z−)



1 − 2πβ

Vb

∫ z+

z−

f ′(f ′′f − (f ′)2 − 1)
(

(f ′)2 + 1
)

3

2

dz



 (59)

then Ub = 0.
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B. Critical Bingham numbers from stress maximisation: a comparison principle

A second general principle that can be used for computing a critical Bingham number

comes from Theorem 2. We note that the functional G(τ̃ij) in (45) is negative. Indeed the

integrand of G(τ̃ij) is non-zero only at points in Ω where the yield stress, B, is exceeded by

τ̃ . The following result follows:

Theorem 4: If (p̃, τ̃ij) is an admissible stress field and if

Kτ̃ = sup
x∈Ω

τ̃ (x), (60)

then the bubble does not move if B ≥ Kτ̃ .

The proof is automatic, since if B ≥ Kτ̃ then G(τ̃ij) = 0 which implies G(τij) = 0 for the

true stress field. But we note that for the true stress field:

G(τij) = − n

n + 1
a(u, u),

and a(u, u) = 0 =⇒ u = 0.

Theorem 4 above is essentially a comparison principle. If for a given problem we can find

an admissible stress field then we can obtain a stopping criterion. Admissible stress fields

can be obtained from the solutions of simpler problems, e.g., the solution of a problem with

the same geometry but with a Newtonian fluid (or a Power Law fluid).

As a corollary to theorem 4, we note that the stopping condition for a Herschel-Bulkley

fluid with power law index n = n1 is identical with that for n = n2 6= n1. To see this

suppose that (pn1 , τn1

ij ) is the stress tensor for the solution un1 of the problem with n = n1,

and suppose that Gn1(τn1

ij ) = 0 for a given B. Then (pn1 , τn1

ij ) is admissible for the n = n2

problem and since Gn2(τn1

ij ) = 0, we must also have Gn2(τn2

ij ) = 0. Note that the stress fields

for the two problems need not be the same. Similarly, we may consider other yield stress
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fluid models with analogous Von-Mises yield criteria, such as Casson and Robertson-Stiff

fluids. Physically, this just says that until a fluid yields it doesn’t know if it is a Bingham,

Casson or other fluid. It follows also that, for a given B and bubble shape, if one particular

yield stress fluid allows the bubble to propagate, then all do, (i.e., assume otherwise and

obtain a contradiction).

A second corollary is as follows. Suppose that Ω1 is an enlargement of Ω, i.e. we consider

the same bubble geometry but in two different sized columns, or we consider a bubble

propagating in an infinite media. If the bubble does not propagate in the larger domain,

then it will not propagate in the smaller domain. This follows since the stress field for

the larger domain can be truncated to the smaller domain and will be admissible, giving a

smaller value of Kτ̃ .

C. Conditions for a bubble to propagate

Using a comparison principle, we can also derive conditions under which a bubble will flow.

We have seen that even without a yield stress, surface tension may prevent an appropriately

shaped bubble from rising. Therefore, we consider β = 0 here. From the results of the

previous section, we may consider a Bingham fluid (n = 1), i.e., if the bubble propagates

in a Bingham fluid, it will do so in any other yield stress fluid (with the same Bingham

number). The rate of strain minimization for a Bingham fluid states that u is the solution

of:

min
v∈V̄

J(v) ≡ 1

2
a(v, v) + j(v) − L(v). (61)
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Similarly, the velocity solution, say uN , for the analogous Newtonian fluid problem, (B = 0),

satisfies

min
v∈V̄

JN(v) ≡ 1

2
a(v, v) − L(v). (62)

Note that in the absence of surface tension a bubble will propagate in a Newtonian fluid,

and hence a(uN , uN ) = L(uN) > 0.

From (61) & (62):

JN(uN) + j(uN) = J(uN ) ≥ J(u). (63)

From (35) we have that JN(uN) = −1
2
a(uN , uN), and similarly J(u) = −1

2
a(u, u). There-

fore we have that:

a(u, u) ≥ a(uN , uN ) − 2j(uN), (64)

and from the Cauchy-Schwarz inequality j(uN) ≤ B meas(Ω)1/2a(uN , uN)1/2. Hence, we

have the inequality:

a(u, u) ≥ a(uN , uN)
1

2 [a(uN , uN)
1

2 − 2B meas(Ω)
1

2 ], (65)

and the following result.

Theorem 5: If uN is the solution to the Newtonian problem for a given bubble, then the

bubble will flow in a visco-plastic fluid with Bingham number B, provided that

B <
a(uN , uN )

1

2

2 meas(Ω)
1

2

. (66)

The proof follows since, under condition (66), a(u, u) > 0 for the Bingham fluid, so that

L(u) > 0. Thus, all other yield stress fluids will flow as well. Theorem 5 may seem a little

esoteric. However, if we consider a steadily propagating bubble in a Newtonian fluid, (66)

becomes:

B <
[VbUb]

1

2

2 meas(Ω)
1

2

, (67)
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which can be used in an experimental setting, i.e., if a given bubble propagates with speed

Ub in a Newtonian fluid, it will flow in an equivalently viscous visco-plastic fluid with yield

stress satisfying (67).

V. EXAMPLES OF BOUNDS

A. Critical Bingham numbers for a spherical bubble

For a spherical bubble we use the comparison principle, Theorem 4, in order to obtain an

estimate of the critical Bingham number. The admissible stress field that we consider is the

stress field for the Stokes flow solution around a spherical bubble rising under the influence

of gravity in an infinite Newtonian fluid, say τN,ij . We truncate the stress field inside Ω.

In terms of a spherical coordinate system (r, θ, φ), with φ being the azimuthal coordinate,

(and with the scalings of §IIA), the solution is

uN = (uN , vN , wN) =

(

cos θ

3r
,−sin θ

6r
, 0

)

. (68)

τN,rr = −2 cos θ

3r2
, τN,θθ =

cos θ

3r2
, τN,φφ =

cos θ

3r2
,

τN,rθ = 0, τN,rφ = 0, τN,θφ = 0,

⇒ τN =
| cos θ|√

3r2
, (69)

and finally

pN = pg − 2β + [
1

3r2
− r] cos θ.

This solution was first derived by Rybczynski, and independently by Hadamard, in 1911 and

can be found in several standard textbooks, e.g., [38, 39]. It can be verified that (pN , τN,ij)

satisfy the admissibility conditions, (37)–(40).
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The surface of the bubble is at r = 1, so we find that

τN ≤ 1√
3
, ∀ x ∈ Ω. (70)

Then we may apply Theorem 4, and thus for

B ≥ KτN
=

1√
3
, (71)

the whole fluid region Ω is unyielded and the bubble does not move.

A second estimate of the critical Bingham number comes from Theorem 3. We note

that for a spherical bubble, the surface tension integral is anti-symmetric and vanishes. this

leaves

B ≥ 1

2
√

2
(z+ − z−) =

1√
2
, (72)

as our estimate for Bc. This is clearly more conservative than (71).

B. Critical Bingham number for long cylindrical bubbles

Here we consider the case of a steadily moving long cylindrical bubble. For our analysis

we assume that the bubble is formed of a long cylindrical body with spherical cap ends (see

Fig. 5). Furthermore we divide the fluid domain Ω into three regions: Ω3 is the annular

section of fluid within which the bubble has a cylindrical body, Ω1 and Ω2 are the regions

of fluid above and below Ω3, respectively. We derive an approximate bound using (47).

We first note that due to the fore-aft symmetry of the bubble, the surface tension term

in (47) vanishes, and we have zero flow provided that:

B ≥ −
∫

Ω
u3 dΩ

∫

Ω
γ̇(u) dΩ

. (73)

We make the further simplification that

−
∫

Ω
u3 dΩ

∫

Ω
γ̇(u) dΩ

≤ −
∫

Ω
u3 dΩ

∫

Ω3
γ̇(u) dΩ

,
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and seek to approximate the bound

B ≥ −
∫

Ω
u3 dΩ

∫

Ω3
γ̇(u) dΩ

, (74)

for which we will also have no flow.

We first consider the numerator of expression (74): −
∫

Ω
u3 dΩ. We note that

−
∫

Ω

u3 dΩ = VbUb =

(

4

3
πrb

3 + πrb
2L

)

Ub. (75)

From our scaling, we have Vb = 4π
3

, and hence deduce that for L � rb:

L ∼ 4

3rb
2
, or

3rb
2L

4
∼ 1. (76)

Hence,

−
∫

Ω

u3 dΩ ∼ πrb
2LUb + O

(rb

L

)

. (77)

To obtain an estimate of
∫

Ω3
γ̇(u) dΩ we approximate the flow as a one-dimensional

axisymmetric flow down the long side of the bubble, i.e., ignoring some small transition

region close to each end. The flow in Ω3 will have velocity profile similar to that shown

schematically in Fig. 6. The only non-zero component of the velocity is in the vertical

direction, u3(r). Although we can solve for u3(r), really we are interested only in the limit

of zero flow. In this limit, the fluid will only be yielded in a narrow region of thickness α

near the column wall. From mass conservation, the mean velocity in the annular region is

Uavg = − πrb
2Ub

π(Rc
2−rb

2)
, and this is equal to the unyielded plug velocity, to O(α). Thus, in this

yielded layer,

γ̇(u) = |∂u3

∂r
| ∼ πrb

2Ub

απ(Rc
2 − rb

2)
,
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and therefore:

∫

Ω3

γ̇(u) dΩ ∼
∫ L

0

∫ 2π

0

∫ Rc

Rc−α

r|∂u3

∂r
| dr dθ dz

∼
(

πrb
2Ub

απ(Rc
2 − rb

2)

)

(2παRcL)

∼ 2πrb
2RcLUb

Rc
2 − rb

2
. (78)

Combining (77) and (78), we see that for rb � L, our approximate stopping condition

becomes:

B &
1

2

Rc
2 − rb

2

Rc
, (79)

or in terms of L, using (76):

B &
1

2

Rc
2 − 4

3L

Rc
. (80)

C. A scaling result

As a final bound, we note that we can use the comparison principle of Theorem 4 to derive

the following intuitive result. We adopt cylindrical coordinates (r, θ, z) for convenience.

Theorem 6: Suppose β = 0 and we consider an infinite domain Ω. If r = f(θ, z) denotes

a bubble surface which is static for fixed B, then for λ < 1, r = λf(θ, z) denotes a smaller

bubble of the same shape. The flow around this bubble is also static.

The proof is straightforward. We note that if σij is the stress tensor for the original

(λ = 1) problem, then for λ < 1 we define, σ̃ij = λσij . If we also rescale r̃ = λr and z̃ = λz,

we map the bubble surface onto r̃ = λf(θ, z̃). It may be verified that σ̃ij is an admissible

stress field. Furthermore, since τ̃ij = λτij , it follows that τ̃ < τ ≤ B. Therefore, the smaller

bubble does not move. The above result also follows simply from the dimensionless scaling

we have used.
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To incorporate β > 0 in Theorem 6 is harder. The result follows from the linearity

of the momentum equations, but when we rescale as above, the scaled stress σ̃nn satisfies

an admissibility condition of type (40), but with β = λ2β, i.e., so that a smaller bubble

with a specific smaller surface tension coefficient will not propagate. Slightly more general

results are possible. For example, for a steadily moving axisymmetric bubble with fore-aft

symmetry we have seen that the surface tension integrals in the derivation of Theorem 2

disappear and that (40) could be relaxed. For such bubbles, the above scaling result will

also hold, i.e. a small bubble will not move if a larger bubble of the same shape does not

move.

VI. DISCUSSION

We have considered the slow propagation of an air bubble in a column of visco-plastic

fluid. It was shown that for a given bubble there exists a critical yield stress above which

the bubble will not propagate and will remain trapped in the fluid indefinitely. We have

obtained a general result for arbitrary bubbles, (47), and a more specific version for steadily

moving axisymmetric bubbles, (59). We have also derived a general comparison principle

that allows us to use solutions to simpler problems to get additional estimates of the critical

yield stress. We have also derived a condition on a maximal Bingham number that can still

allow a bubble to propagate.

We have demonstrated our results with some geometrically simple bubble shapes, (a

spherical bubble and a long cylindrical bubble), which give some indication of how shape

affects the critical yield stress. Additionally, theorem 6 indicates that the intuitive notion

that, if a big bubble does not move, nor will a small one, is to some extent true.

However, as seen in Fig. 1, static bubbles in yield stress fluids can have a range of
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complex shapes. To derive sharp bounds for arbitrary shapes is difficult. In particular

we are hampered by two factors. First, the problem appears to be more difficult than

that for flow of a visco-plastic fluid around a solid object. For such flows, the yield limits

can be approached using boundary layer methods, see e.g. [24]. For a bubble the no slip

condition is not satisfied. The location of the just yielded boundary layer is then hard

to determine. This hampers progress with evaluating the functional in (47). Secondly, in

using the comparison principle, e.g. for a Newtonian flow, we have found very few Stokes

flow solutions around bubbles, (although there is a well developed theory for axisymmetric

solid geometries). Although it is possible, for an axisymmetric bubble, to write out a series

expansion of the Newtonian solution, the stress conditions on the bubble surface do not

allow simple evaluation of the coefficients.
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List of figures:

• Figure 1, Dubash & Frigaard, Physics of Fluids: A variety of interesting static bubble

shapes. The bubbles are suspended in a Carbopol solution with a yield stress of

approximately 8 Pa. The tubes containing the solution have diameters 25.4mm and

50.8mm.

• Figure 2, Dubash & Frigaard, Physics of Fluids: Physical setup of the problem.

• Figure 3, Dubash & Frigaard, Physics of Fluids: Axisymmetric bubble centred in the

column.

• Figure 4, Dubash & Frigaard, Physics of Fluids: Two bubble profiles. The bubble

velocities are upwards. For the solid line S = −0.010, and for the dashed line S =

0.012.

• Figure 5, Dubash & Frigaard, Physics of Fluids: A long (rb � L) cylindrical bubble.

• Figure 6, Dubash & Frigaard, Physics of Fluids: Velocity profile of the flow around

the cylindrical section of the bubble.
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FIG. 1: Dubash & Frigaard, Physics of Fluids: A variety of interesting static bubble shapes. The

bubbles are suspended in a Carbopol solution with a yield stress of approximately 8 Pa. The tubes

containing the solution have diameters 25.4mm and 50.8mm.
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FIG. 2: Dubash & Frigaard, Physics of Fluids: Physical setup of the problem.
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FIG. 3: Dubash & Frigaard, Physics of Fluids: Axisymmetric bubble centred in the column.
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FIG. 4: Dubash & Frigaard, Physics of Fluids: Two bubble profiles. For the solid line S = −0.010,

and for the dashed line S = 0.012.
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FIG. 5: Dubash & Frigaard, Physics of Fluids: A long (rb � L) cylindrical bubble.
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FIG. 6: Dubash & Frigaard, Physics of Fluids: Velocity profile of the flow around the cylindrical

section of the bubble.
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