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Abstract11

When a near-horizontal well is sealed by means of a cement plug, a slow buoyancy-driven slumping flow can result along the axis of the
well. The heavy plug slumps downwards along the bottom of the well, displacing the lighter wellbore fluids towards the top. Thus, a lower
tail can slump down from the plug, towards the bottom of the well, while an upper tail can slump upwards, towards the top of the well. We
derive a bound for the maximal length which the cement may slump, in each tail, before the motion is arrested by the yield stress of the cement
slurry. We also predict the profile of the interface between fluids when the slumping motion stops. Our initial analysis is carried out for the
geometrically simpler situation of a flow between parallel plates. Later we generalise our approach to flows in a pipe geometry, divided by a
stratified interface.
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1. Introduction21

The plug cementing process involves placing a volume22

V̂plug of cement into an oil well that is already full of another23

fluid. The aim of the cement plug is to form an impermeable24

hydraulic seal and a hard mechanical barrier. Details of the25

basic process can be found in either of the texts[1,2]. In26

the 1990s there was a significant increase in the number of27

wells drilled that were near-horizontal. It is the placing of28

cement plugs in such wells that we address in this paper.29

A wellbore is an approximately cylindrical tube and hor-30

izontal well sections typically have diameter,D̂ ≤ 0.3 m31

(oftenD̂ is in the range 0.1–0.15 m, for near-horizontal sec-32

tions since these are in the production zone towards the end33

of the well). Cement plug lengths are typically in the range34

50–100 m. The cement slurry is placed rapidly by pumping35

through a smaller diameter tube, which is then withdrawn.36

We consider the process in the minutes after the plug has37

been placed, but before the cement begins to harden.38

∗ Corresponding author. Fax:+1-604-822-6074.
E-mail address:frigaard@math.ubc.ca (I.A. Frigaard).

A typical cement slurry density is around 1900 kg/m3, 39

and the surrounding fluids (drilling mud, viscous pill, spacer40

fluid, or simply residual reservoir fluids: oil/water), have a41

much lower density: 1000–1700 kg/m3. Because of the den- 42

sity difference, there will be a natural tendency for the heav-43

ier fluid to move towards the bottom of the well, displacing44

lighter fluids upwards. At the lower end of the plug, a tail45

is likely to develop that propagates downwards in the well.46

Similarly, at the upper end of the plug, a tail will slump up-47

wards along the bottom, seeFig. 1. 48

The driving force for the slow slumping motion is the49

density difference combined with the slope of the interface50

between fluids. If the fluids were Newtonian, the final equi-51

librium position would be that the fluids sit stratified at the52

bottom of the well, with the lighter fluids on top, i.e. purely53

viscous stresses cannot resist motion. If, however, the fluids54

have a yield stress and the inclination to the horizontal direc-55

tion is sufficiently small, one would expect that the interface56

stretches axially to such an extent that the buoyant driving57

force cannot overcome the yield stresses of the fluids. Thus,58

eventually the fluids become static and, if sufficient cement59

was pumped, one has an intact cement plug of lengthL̂plug 60

filling the well. It is this problem that we consider in this61

1 0377-0257/$ – see front matter © 2004 Published by Elsevier B.V.
2 doi:10.1016/j.jnnfm.2004.01.008
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Fig. 1. Schematic diagram of cement plug geometry: (a) post-placement;
(b) after the plug has slumped to its static length.

paper. Relevant questions are: what are the yield stresses re-62

quired to arrest the slow slumping motion of a cement plug63

down-hole, how far will the slumping flow propagate, what64

volume V̂plug must be pumped to ensure an intact plug of65

length L̂plug?66

The placing of cement plugs in non-horizontal sections67

has received some attention in the technical cementing liter-68

ature over the years, e.g. [3–8], and also the fluid mechan-69

ics literature, [9–13]. Most analyses have focused on the70

post-placement phase of plug cementing and on understand-71

ing the evolution of a slumping flow. That slow axial slump-72

ing flows do occur for realistic fluid physical properties can73

be seen in the experimental work of [5,8]. The slumping74

flow is approximately uni-directional, along the axis of the75

well, at least far from the advancing fronts. Analytical ap-76

proaches date back to the work of [3]. In such approaches77

the fluids are usually modelled as inelastic visco-plastic flu-78

ids (Bingham fluids or Herschel–Bulkley fluids).79

For an infinitely long cylindrical duct containing two yield80

stress fluids, it can be shown via dimensional analysis that81

any criteria that defines when the flow is stationary should82

depend only on the inclination of the well, β (see Fig. 1),83

and on the following two dimensionless yield stresses:84

τ∗c,Y ≡ τ̂c,Y

[ρ̂c − ρ̂m]ĝD̂
, τ∗m,Y ≡ τ̂m,Y

[ρ̂c − ρ̂m]ĝD̂
. (1)

85
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Fig. 2. Conditions on τ∗
c,Y and τ∗

m,Y for which the axial velocity, w = 0: (a) slot flow (between parallel plates) with zero net flow, from [9]; (b) flow in
a circular cylinder with planar interface and zero net flow, from [13].

In (1), the two fluids are distinguished by the subscripts c 86

and m (c denoting the heavier fluid), ĝ is the gravitational 87

acceleration, the yield stresses are denoted τ̂c,Y and τ̂m,Y, 88

and the densities are ρ̂c and ρ̂m (in this paper dimensional 89

quantities are denoted by a hat symbol, ·̂, and dimensionless 90

variables without). 91

At fixed inclination, as the two dimensionless yield 92

stresses in (1) are increased beyond a critical curve, the 93

flow stops. Examples of these zero-flow criteria have been 94

derived in [9,12,13], for different geometries and interface 95

configurations. For example, in an infinite horizontal well 96

containing two yield stress fluids, if the interface between 97

the fluids is vertical then there is no motion provided that: 98

τ∗c,Y + τ∗m,Y ≥ 1
4 . (2) 99

In an infinite two-dimensional vertical cavity (e.g. between 100

parallel plates separated a distance D̂), with the interface 101

also vertical, there is no motion if |(τ∗c,Y, τ∗m,Y)| exceeds the 102

curve in Fig. 2a; see [9]. For a vertical well with a vertical 103

planar interface separating the two fluids, the yield stresses, 104

|(τ∗c,Y, τ∗m,Y)|, must exceed the curve in Fig. 2b in order for 105

the axial velocity to be identically zero; see [13]. Note that 106

these results are symmetric with respect to the yield stresses 107

(i.e. about the line τ∗c,Y = τ∗m,Y), and that stationary flows 108

are achieved for minimal |(τ∗c,Y, τ∗m,Y)|, when τ∗c,Y = τ∗m,Y. 109

The symmetry is because the flow is buoyancy driven and 110

the density difference acts equally to push light fluids up- 111

wards and heavy fluids downwards, i.e. there is no asymme- 112

try between the fluids. We shall return to these results later. 113

It will be noted from (2) and Fig. 2, that |(τ∗c,Y, τ∗m,Y)| ∼ 114

O(1) in order to stop the above flows, in all of which the 115

interface is parallel to the direction of gravity. For typical 116

parameters in plug cementing, [ρ̂c − ρ̂m]ĝD̂ ∼ O(102)Pa, 117

which implies that large yield stresses are needed when the 118

interface is vertical. Fluids with large yield stresses are, 119

however, impractical for pumping into long near-horizontal

JNNFM 2259 1–16
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wells.1 Consequently, it is preferable to allow the fluids to120

slump, so that the interfaces become closer to horizontal121

and much smaller yield stresses can stop the flow. It is this122

question that we address in this paper, i.e. assuming that the123

yield stresses are insufficient to prevent motion, according124

to a criteria such as (2), and that slumping occurs, how far125

will the slumping flow propagate before buoyancy effects126

are small enough for the flow to stop.127

The approach that we take in this paper is to model128

both the cement plug and surrounding fluids as Bing-129

ham fluids. We use the classical scaling arguments of130

thin-film/lubrication theory, similar to those used in [9,10],131

to reduce the model complexity. For the lubrication model,132

we then consider the minimal surface inclination required133

in order for the fluids to flow. Integrating this expression134

we derive an expression for the stopping surface, and hence135

the slump lengths.136

Although there are similarities between this paper137

and [9–11], there is a key mathematical difference in138

the motion of the interface, which is common to other139

thin-film/lubrication flows. In a near axial flow in a well140

that is far from horizontal, the inclination of the well is141

dominant over the inclination of the interface. The latter142

is therefore usually neglected in deriving the leading order143

axial momentum balance(s) and the resulting equations for144

the interface motion are hyperbolic, see e.g. [11]. If on145

the other hand, the inclination of the well is comparable146

with the inclination of the interface (which is the case in a147

near-horizontal well), then the interface inclination cannot148

be ignored. The resulting equations for the interface motion149

are parabolic.150

There have been a large number of works in which151

thin-film/lubrication theory has been used to model the flow152

of a single visco-plastic fluid along a sloping surface. For ex-153

ample, lava flows have been studied extensively in [14–18].154

Flows of mud have been studied in [19–26]. Similar flows,155

on the outside of large cylinders are treated in [27,28], and156

free-surface lubrication flows of visco-plastics have been157

studied in more generality in [29,30]. With these papers, a158

mix of analytical, numerical and experimental methods have159

been used. Our work differs from these above in that we160

consider multiple fluids. Secondly, we impose the constraint161

that there is zero net flow along the well (since the lower162

1 In most wellbore pumping operations one attempts to keep the hy-
draulic pressure in the well between the pore pressure and the fracture
pressure: in the pore-fracture envelope. The fracture pressure is the hy-
draulic pressure at which the formation fractures and the pore pressure is
the pressure of the fluids in the formation. To exceed the fracture pres-
sure results in fracturing the rock formation and to fall below the pore
pressure results in a fluid influx, both of which are generally undesirable.
Maintaining this balance is referred to as maintaining primary control
of the well, which is typically achieved by controlling both static and
frictional pressures. Both fracture pressure and pore pressure generally
increase with depth. However, in a near-horizontal section, the longer
the section the higher the frictional pressure becomes, whereas the static,
pore and fracture pressures all remain constant.

end of the wellbore is closed). Both features complicate the 163

problem considerably, since it is not possible to compute 164

separately the flow in each fluid layer and the conditions for 165

the flow to stop (for a single fluid thin film, this is simply 166

related to the height), are consequently harder to derive. 167

In this paper we compute a limiting interface profile at 168

which the flow will stop, for the upper and lower slump tails. 169

We compute the interface profile directly as a steady-state 170

problem. Various computations of this type have been made 171

for the single fluid lubrication problems listed above, al- 172

though it is equally common to compute the initial value 173

problem for the interface, see e.g. [26]. We comment that 174

various attempts have also been made to interpret rheolog- 175

ical parameters from the shape of the final static surface in 176

such flows, e.g. [21,31]. 177

An outline of the paper is as follows. In Section 2 we 178

introduce the scaled model for slumping flows in an oil well, 179

and simplify to a lubrication model. Section 3 considers the 180

slumping flow in a slot. We derive sufficient conditions on 181

the interface for a static flow and derive expressions for both 182

the shape of the interface between the two fluids and the 183

slump length. Results are computed that show variation with 184

the key parameters. Section 4 generalises this approach to 185

the more physically relevant problem of stratified exchange 186

flows in a circular pipe, again providing expressions for the 187

interface shape and slump length. The article finishes with 188

a short discussion. The relationship between the different 189

approaches in Sections 3 and 4 is explained in Appendix A. 190

2. Slow slumping motion of a cement plug in a 191

near-horizontal well 192

We consider a long duct (either a circular oil well, or 193

for simplification a slot), that is approximately horizontal. 194

The duct is sealed at one end, assumed far away from the 195

domain of interest, and is filled with two immiscible and 196

incompressible fluids: a heavy cement slurry and a lighter 197

mud (ρ̂c > ρ̂m). In the scenario we consider, the cement has 198

been placed in the duct, with volumes of mud both above 199

and below it, see Fig. 1a. A slow slumping flow has initiated, 200

with the cement slurry slumping toward the base of the duct, 201

displacing the mud towards the roof of the duct. Both fluids 202

are considered visco-plastic, i.e. they possess a finite yield 203

stress. However, we assume that 204

0 < τ∗c,Y + τ∗m,Y � 1, (3) 205

so that (2) and similar criteria are not satisfied and the slump 206

flow occurs. We assume the total cement volume is sufficient 207

that the motion stops with an intact length, L̂plug, of cement 208

that completely fills the duct section, see Fig. 1b. This en- 209

ables us to consider the motion of the upper and lower tails 210

separately. The duct height is denoted D̂. 211

The underlying model is similar to that considered previ- 212

ously, in [9–11,13]. The pressure and velocity are denoted 213

p̂(x̂xx, t̂) and ûuu(x̂xx, t̂), respectively. The stress and deviatoric 214

JNNFM 2259 1–16
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Fig. 3. Geometry and coordinates of the lubrication model.

stress tensors are denoted σ̂ij and τ̂k,ij, k = c,m, respec-215

tively. The equations of motion, valid within each fluid re-216

gion, Vk, k = c,m, are217

ρ̂k
Dûi

Dt̂
= − ∂p̂

∂x̂i
+ ∂

∂x̂j
τ̂k,ij + ĝk,i, (4)

218

∂ûj

∂x̂j
= 0, (5)

219

with coordinates as indicated in Fig. 3. The gravitational220

body force ĝggk, in fluid k, is defined by221

ĝggk = (0,−ρ̂kĝ sin β,−ρ̂kĝ cosβ), (6)222

where cosβ � 1, and the material derivative is223

D

Dt̂
≡ ∂

∂t̂
+ ûj

∂

∂x̂j
.

224

No slip conditions are satisfied on the walls of the duct, stress225

and velocity vectors are continuous across the interface, and226

the fluid is quiescent sufficiently far from the domain of227

interest, around the cement stage. The interface between the228

two volumes is advected via a kinematic condition. Surface229

tension is assumed insignificant (or equivalently we may230

consider the fluids miscible, but over a sufficiently short231

timescale).232

The rheologies assumed are those of Bingham fluids. The233

yield stresses play the critical role in our flow and the Bing-234

ham model is the simplest yield stress fluid. The actual235

yielded flow behaviour (where more non-linear models may236

be more appropriate), is of secondary importance. The rate237

of strain and deviatoric stress second invariants, ˆ̇γ(ûuu) and238

τ̂k(ûuu), respectively, are defined by:239240

ˆ̇γ(ûuu)=

1

2

3∑
i,j=1

[ ˆ̇γ ij(ûuu)]
2




1/2

,

241

τ̂k(ûuu)=

1

2

3∑
i,j=1

[τ̂k,ij(ûuu)]
2




1/2

, (7)
242

where243

ˆ̇γ ij(ûuu) = ∂ûi

∂x̂j
+ ∂ûj

∂x̂i
. (8)

244

Constitutive laws for the Bingham fluids are 245

ˆ̇γ(ûuu) = 0 ⇔ τ̂k(ûuu) ≤ τ̂k,Y, x̂xx ∈ Vk, (9) 246
247

τ̂k,ij(ûuu)=
[
µ̂k + τ̂k,Y

ˆ̇γ(ûuu)

]
ˆ̇γ ij(ûuu) ⇔ τ̂k(ûuu) > τ̂k,Y, x̂xx ∈ Vk.

248

(10) 249

The constants µ̂k : k = c,m, are the plastic viscosity for 250

each fluid, assumed to be strictly positive. 251

2.1. Reduced model 252

We consider the coordinate ẑ = x̂3 to be aligned with the 253

duct axis, with (x̂, ŷ) = (x̂1, x̂2) in the cross-section of the 254

duct; see Fig. 3. The cross-section of the duct is denoted Ω 255

and the cross-sectional areas occupied by the cement and the 256

mud are denoted as Ωc and Ωm. Clearly Ωc and Ωm will 257

vary with length along the duct. To reduce the model, we 258

will adopt a typical thin-film/lubrication for our variables. 259

The small parameter δ, which will serve as the aspect ratio, 260

is defined by: 261

δ = max{τ̂c,Y, τ̂m,Y}
�ρ̂ĝD̂

� 1. (11)
262

Our scaling is 263

x1 = x̂1

D̂
, x2 = x̂2

D̂
, x3 = δ

x̂3

D̂
, (12)

264

265

u1(xxx, t)= û1(x̂xx, t̂)

δÛ0
, u2(xxx, t) = û2(x̂xx, t̂)

δÛ0
,

266

u3(xxx, t)= û3(x̂xx, t̂)

Û0
. (13)

267

p(xxx, t) = p̂(x̂xx, t̂)− p̂0

ρ̂ĝD̂
, τk,ij = τ̂k,ij

�ρ̂ĝD̂δ
. (14)

268

The velocity scale is defined by: 269

Û0 = δ�ρ̂ĝD̂2

µ̂c
, (15)

270

p̂0 is a reference pressure, the mean density and the density 271

difference are defined by 272

ρ̂ = 1
2 [ρ̂c + ρ̂m], �ρ̂ = ρ̂c − ρ̂m. 273

Adopting this scaling and neglecting the inertial terms, we 274

derive the following leading order equations: 275

∂p

∂x1
= 0, xxx ∈ Ωk, (16)

276

∂p

∂x2
+ φk = 0, xxx ∈ Ωk, (17)

277

1

φ

[
∂p

∂x3
+ αφk

]
= ∂τk,31

∂x1
+ ∂τk,32

∂x2
, xxx ∈ Ωk, (18)

278
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0 = ∂uj

∂xj
, (19)

279

where280

φk = ρ̂k

ρ̂
, φ = �ρ̂

ρ̂
(20)

281

and note that φc +φm = 2 and φc −φm = φ. The parameter282

α is defined by283

α = cosβ

δ
. (21)284

We later refer to α as the inclination. What we mean by the285

well being near-horizontal is that α = O(1), and we shall de-286

fine a precise upper bound on α for our flows. Eqs. (16)–(19)287

do not depend explicitly on time t, but do so implicitly288

through the interface position. The interface H = 0 is sim-289

ply advected:290

DH

Dt
= 0. (22)291

2.1.1. Constitutive laws292

The leading order approximations to the full constitutive293

laws in fluid k are294

τk ≤ τk,Y ⇔ |∇u3| = 0, (23)295

τk > τk,Y ⇔



τk,31 =

[
µk + τk,Y

|∇u3|
]
∂u3

∂x1
,

τk,32 =
[
µk + τk,Y

|∇u3|
]
∂u3

∂x2
,

(24)

296

where297

τ2
k,31 + τ2

k,32 = τ2
k , |∇u3|2 =

(
∂u3

∂x1

)2

+
(
∂u3

∂x2

)2

.
298

Although four parameters appear above, there are only299

two independent dimensionless rheological parameters.300

These are the viscosity ratio and the minimum yield301

stress:302303

m= µ̂m

µ̂c
, τmin,Y = min{τ̂c,Y, τ̂m,Y}

�ρ̂ĝD̂δ
, k = c,m.

304

(25)305

Note, we have defined the velocity scaling using the ce-306

ment plastic viscosity and used the maximum yield stress in307

defining δ. Thus we have µc = 1, µm = m, and either of308

τc,Y = τmin,Y, τm,Y = 1, or τc,Y = 1, τm,Y = τmin,Y.309

2.1.2. Simplified momentum balance310

Hereafter, we shall assume a single-valued stratified in-311

terface dividing mud and cement:312

H = x2 − h(x3, t) = 0. (26)313

From (16) it follows that p = p(x2, x3, t), and integrating 314

(17): 315316

p(x2, x3, t) 317

=
{
p(0, x3, t)− φcx2, x2 < h(x3, t),

p(0, x3, t)− φh(x3, t)− φmx2, x2 > h(x3, t). 318

(27) 319

We now define a modified pressure P(x3, t) by: 320

P(x3, t) = h(x3, t)− p(0, x3, t)+ αφmx3

φ
. (28)

321

Substituting into (18) gives: 322

b− f = ∂τc,31

∂x1
+ ∂τc,32

∂x2
, x2 < h(x3, t), (29)

323

−f = ∂τm,31

∂x1
+ ∂τm,32

∂x2
, x2 > h(x3, t), (30)

324

where 325

f = ∂P

∂x3
, b = α+ ∂h

∂x3
. (31)

326

Here f will be referred to as the modified pressure gradient 327

and b as the buoyancy parameter. 328

Eqs. (29) and (30) are similar to the system considered in 329

[9,11,13], and for a fixed interface gradient are analogous. 330

These equations are integrated to give the axial velocity u3, 331

which can then be combined with (19) and (22) to give a 332

conservation equation for the interface motion. However, 333

although the problem for u3 on each cross-section is similar 334

to [9,11,13] (apart from scaling), the transient problem for 335

the interface motion is different, due to dependency of b on 336

the gradient of h. 337

3. Slumping flow in a slot 338

The simplest version of our model problem occurs when 339

the duct is considered to be a two-dimensional slot, i.e. of 340

infinite extent and uniform in the x1-direction. We drop the 341

subscripts for simplicity. The static problem at each z = x3, 342

is to find the axial velocity w(y) (y = x2), satisfying: 343

b− f = d

dy
τc,zy, y < h(z, t), (32)

344

−f = d

dy
τm,zy, y > h(z, t), (33)

345

where for k = c,m 346

|τk,zy| ≤ τk,Y ⇔ |w′(y)| = 0, (34) 347

|τk,zy| > τk,Y ⇔ τk,zy =
[
µk + τk,Y

|w′(y)|
]
w′(y). (35)

348

Boundary conditions are w(0) = w(1) = 0, and at the 349

interface between cement and mud, both w(y) and the shear 350

JNNFM 2259 1–16
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stresses are continuous. The final condition comes from the351

fact that the lower end of the duct is closed, and thus the net352

flow at any position z must equal zero:353 ∫ 1

0
w(y) dy = 0. (36)

354

For finite b > 0, the problem (32)–(36) is equivalent to that355

considered in [9], where b = 1. Many of the general qual-356

itative results from [10,13] are relevant. We summarise the357

main results. A solution (w, f) exists and is unique provided358

that ||w|| �= 0, which may occur for a finite range of f . The359

parameter f will lie in the range (0, b). The solution is con-360

tinuous with respect to the material properties (in appropri-361

ate norms). Various monotonicity results were also proven,362

with respect to the different material parameters.363

In place of the kinematic equation for h, it is straightfor-364

ward to derive the following mass conservation equation:365

∂h

∂t
+ ∂

∂z
Qc = 0, (37)366

where, as is common in thin-film flows, we find that367

w(y, z, t) = w(y, h(z, t), hz(z, t)), (38)368

and where369

Qc =
∫
Ωc

w(y, z, t) dy = Qc(h, hz). (39)
370

In the case that b =constant, we have simply w =371

w(y, h(z, t)) and hence Qc = Qc(h). In that case, Eq. (37)372

is a hyperbolic equation for h. This problem is considered373

in detail in [11]. Here, b is not constant and it is clear that374

(37) is a second-order partial differential equation for h.375

3.1. Static flow conditions and slump length in a slot376

We focus here on the lower tail of the cement plug in377

Fig. 1, stating later the results for the upper tail. Taking the378

problem (29)–(36) and re-scaling the stresses and f with the379

buoyancy parameter b, we recover exactly the mathematical380

problem considered in [9]. We denote the re-scaled yield381

stresses (τ∗c,Y, τ
∗
m,Y) by:382

τ∗k,Y = τk,Y

b
, k = c,m, τ∗min,Y = τmin,Y

b
. (40)383

In [9] it is shown that whether or not there exists a non-trivial384

solution (w �= 0) will depend on the height of the interface,385

h, and the two yield stresses (τ∗c,Y, τ
∗
m,Y). A necessary and386

sufficient condition to ensure that w = 0, for fixed h, is that:387

1 ≤ τ∗c,Y
h

+ τ∗m,Y
1 − h

+ τ∗min,Y

(
1

h
+ 1

1 − h

)
. (41)

388

If we consider the maximum of the right-hand side of (41),389

over all h, and evaluate when this maximum is equal to 1, we390

derive the marginal curve, separating trivial and non-trivial391

solutions in the (τ∗c,Y, τ
∗
m,Y) plane. This is given by:392

1 + (τ∗c,Y − τ∗m,Y)
2 − 2(τ∗c,Y + τ∗m,Y + 2τ∗min,Y) = 0 (42)393

for |τ∗c,Y − τ∗m,Y| < 1. This curve is plotted in Fig. 2a (note 394

that the definitions of (τ∗c,Y, τ
∗
m,Y) in the introduction and 395

here are different). The derivation of (41) in [9] is based on 396

physical arguments; later we will give a more mathematical 397

derivation. 398

Multiplying through by b, we can rewrite (41) at each z, 399

as 400

α+ ∂h

∂z
≤ τc,Y

h
+ τm,Y

1 − h
+ τmin,Y

(
1

h
+ 1

1 − h

)
. (43)

401

It is evident that (43) leads to an upper bound on the length of 402

the lower tail. Let us suppose that the cement plug is initially 403

placed as shown schematically in Fig. 1a. The gradients in 404

h are initially very large and hence we suppose that the 405

slumping motion that we have discussed is initiated. As the 406

cement plug spreads along the well into the lower tail, the 407

gradient of h will decrease. Consider first the case that α = 408

0, i.e. a horizontal well. It is evident that, at each h, the 409

interface will spread out until it attains a minimal critical 410

gradient, beyond which (43) is violated. At that point, since 411

w = 0, we also have Qc = 0 and from (37), we see that the 412

interface motion halts. 413

For α �= 0, the same type of behaviour is expected, but 414

only if α is not so large as to drive the flow by itself. The 415

condition for this to occur can be found from (42). Since the 416

maximal yield stress is equal to 1, we have that 417418

α ≤ 2(τc,Y + τm,Y + 2τmin,Y)− (τc,Y − τm,Y)
2

419

= 1 + 8τmin,Y − τ2
min,Y. (44) 420

For given τmin,Y, condition (44) defines the limiting incli- 421

nation α above which the flow will propagate. We see that 422

a sufficient bound on α is that α ≤ 1. 423

The minimal gradient of h(z) obviously corresponds to 424

a maximal gradient of z(h) which limits the slump length. 425

Assuming (44), we find the maximal length zl,max(h), that 426

the lower tail is able to slump before the surface gradient is 427

unable to drive the flow is given by integrating: 428429

d

dh
zl,max = 1

(τc,Y/h)+ (τm,Y/(1 − h))

+ τmin,Y((1/h)+ (1/(1 − h)))− α

. (45)

430

The maximal length which the lower tail can slump, Llower, 431

is given by integrating (45) from h = 0 to 1, i.e. 432433

Llower =
∫ 1

0

1

(τc,Y/h)+ (τm,Y/(1 − h))

+ τmin,Y((1/h)+ (1/(1 − h)))− α

dh,

434

(46) 435

and the total cement volume in the tail (per unit length in 436

the x-direction), is: 437

Vlower = Llower −
∫ 1

0
zl,max(h) dh. (47)

438
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Fig. 4. Variation of upper and lower slump tail shape with increasing inclination, α = 0, 4, 7, 7.9; αcrit = 8: fixed parameters, τc,Y = τm,Y = 1: (a) lower
slump tail increases with α, the curve α = 7.9 is marked with a ×; (b) upper slump tail decreases with α, the curve α = 0 is marked with a +.

An identical analysis may be carried out for the upper tail,439

giving the following:440

d

dh
zu,max = 1

(τc,Y/h)+ (τm,Y/(1 − h))

+τmin,Y((1/h)+ (1/(1 − h)))+ α

, (48)

441
442

Lupper =
∫ 1

0

1

(τc,Y/h)+ (τm,Y/(1 − h))

+ τmin,Y((1/h)+ (1/(1 − h)))+ α

dh,

443

(49)444

Vupper = Lupper −
∫ 1

0
zu,max(h) dh. (50)

445

For the upper tail, it is clear that no bound on α need be446

assumed in order to prevent the plug from flowing uphill.447

However, condition (44) is still necessary in the context of448

the plug cementing problem. This is because if (44) is not449
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Fig. 5. Variation of slump length and slump volume with increasing inclination α: fixed parameters, τc,Y = τm,Y = 1: (a) upper tail slump length (dashed
line), lower tail slump length (dashed line), and total slump length (solid line); (b) upper tail slump volume (dashed line), lower tail slump volume
(dashed line), and total slump volume (solid line).

satisfied the lower tail will not stop and the final position of 450

the entire cement plug will be at the bottom of the well. 451

3.2. Results 452

We first illustrate the effects of inclination on the slumping 453

flow. Fixing τc,Y = τm,Y = 1 we increase the inclination 454

from α = 0, up to close to the critical value, αcrit = 8, at 455

which the slumping does not stop, see Fig. 4. We can see that 456

the upper tail decreases as the lower tail extends. It is only 457

close to the critical value of α that the lower slump length 458

becomes O(1) and then increases to infinity. Fig. 5 plots 459

the variation of slump lengths and volumes with inclination, 460

for the same parameters as in Fig. 4. Since the geometry is 461

rectangular, the two measures are quite similar. 462

In Fig. 6 we investigate how the shape of the slump tails 463

change with fluid rheology. For this, we set α = 0 and just 464

look at the upper tail (which is a reflection of the lower

JNNFM 2259 1–16



U
N

C
O

R
R

E
C

TE
D

 P
R

O
O

F

8 I.A. Frigaard, G.A. Ngwa / J. Non-Newtonian Fluid Mech. xxx (2004) xxx–xxx

0.1 0.2 0.3 0.4 0.5

z

0.2

0.4

0.6

0.8

1.0

h +

0.1 0.2 0.3 0.4 0.5

z

0.2

0.4

0.6

0.8

1.0

h +

(a) (b)

Fig. 6. Variation of slump shape with rheology in horizontal slot, α = 0: (a) τc,Y = 1, τm,Y = 1, 0.5, 0.1, 0.01, 0.001, the curve τm,Y = 0.001 is marked
with a +; (b) τm,Y = 1, τc,Y = 1, 0.5, 0.1, 0.01, 0.001, the curve τc,Y = 0.001 is marked with a +.
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Fig. 7. Variations in total slump volume (Vtotal = Vupper + Vlower) with τmin,Y for different α: (a) α = 0.0; (b) α = 0.75; (c) α = 0.9; (d) α = 0.99. The
different curves are for τmin,Y = τc,Y, τm,Y = 1 (upper curve), and τmin,Y = τm,Y, τc,Y = 1 (lower curve).
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tail). Fig. 6a shows the profile for τc,Y = 1 and for de-465

creasing values of τm,Y. When τc,Y = τm,Y, the profile is466

anti-symmetric about h = 0.5. Evidently, the slump length467

increases with decreasing τm,Y, and the tail is seen to bulge468

outwards towards the bottom of the slot. Fig. 6b reverses469

the rheologies of Fig. 6a, and the results are seen to be a470

180◦ rotation from those in Fig. 6a. Interestingly, the slump471

volume is smaller in Fig. 6b than in Fig. 6a, i.e. effectively472

it is beneficial to have a mud yield stress holding back the473

cement, rather than the other way round.474

To explore this asymmetry further, we have plotted in475

Fig. 7 the total slump volume against τmin,Y for the two476

cases: τmin,Y = τc,Y, τm,Y = 1 (upper curve), and τmin,Y =477

τm,Y, τc,Y = 1 (lower curve). We can see that the discrep-478

ancy between total volume for the different rheological com-479

binations can be quite significant at small values of τmin,Y.480

Whether or not this is (operationally or practically) signifi-481

cant depends on the ratio of tail volume to total plug volume.482

4. Slumping in a circular pipe483

We turn now to the more realistic situation of a slump-484

ing flow in a circular pipe. One approach to this prob-485

lem would be to find the solution (w, f) at each interface486

height h and then solve the transient problem for the in-487

terface motion. However, to find (w, f) is very time con-488

suming (in general requiring e.g. a two-dimensional ellip-489

tic finite element solver coupled with some form of itera-490

tive method, see e.g. [13]). Fortunately, conditions for the491

slumping flow to stop can be derived directly, as we show492

below.493

Fig. 8 shows schematically the stratified interface geom-494

etry that we consider (by stratified, we mean that in each495

Fig. 8. Schematic diagram of the geometry for the stratified slumping
flow, with the fluids separated by a linear interface.

cross-section the flow domains are separated by a linear in- 496

terface, as illustrated). In place of the classical formulation 497

(29) and (30), with Dirichlet boundary conditions and con- 498

tinuity conditions across the interface, we consider the vari- 499

ational formulation, which is derived in [10,13]. For arbi- 500

trary u, v ∈ H1
0 (Ω) the following norms and functionals are 501

defined: 502

ak(u, v) =
∫
Ωk

∂u

∂y

∂v

∂y
+ ∂u

∂z

∂v

∂z
dΩ, k = c,m, (51)

503
504

jk(v)=
∫
Ωk

[(
∂v

∂y

)2

+
(
∂v

∂z

)2
]1/2

dΩ, k = c,m,
505

(52) 506

a(u, v) = ac(u, v)+ mam(u, v), (53) 507

j(v) = τc,Yjc(v)+ τm,Yjm(v), (54) 508

Qk(v) =
∫
Ωk

v dΩ, k = c,m, (55)
509

Q(v) = Qc(v)+Qm(v), (56) 510

‖v‖L1(Ω) =
∫
Ω

|v| dΩ, (57)
511

‖v‖2
L2(Ω)

=
∫
Ω

v2 dΩ, (58)
512

‖v‖2
H1(Ω)

= ‖v‖2
L2(Ω)

+ ac(v, v)+ am(v, v), (59) 513

L(v) = fQ(v)− bQc(v). (60) 514

The variational problem for the axial velocity w is to find 515

w ∈ H1
0 (Ω) satisfying:2 516517

a(w, v− w)+ j(v)− j(w) ≥ L(v− w), 518

∀v ∈ H1
0 (Ω), w ∈ H1

0 (Ω), (61) 519

see also [32–34] for analogous single fluid problems. Note 520

that if we wish also to satisfy the flow constraint (36) (i.e. to 521

have Q(w) = 0), then the variational formulation is modi- 522

fied: 523524

a(w, v− w)+ j(v)− j(w) ≥ −bQc(v− w), 525

∀v ∈ V0(Ω), w ∈ V0(Ω), (62) 526

where 527

V0(Ω) = {v ∈ H1
0 (Ω) : Q(v) = 0}. 528

2 Recall that H1
0 (Ω) is the space that results from completion of the

space of functions v ∈ C∞
0 (Ω) (i.e. smooth functions vanishing outside

some compact subset of Ω), with respect to the norm:

‖v‖ =
[∫

Ω

v2 +
(
∂v

∂xj

)2

dΩ

]1/2

.
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4.1. Limits for zero flow529

We work within the above variational framework. As be-530

fore we first consider in detail the progression of the lower531

tail, stating later equivalent results for the upper tail. The532

same method can also be used to derive the limiting lengths533

for the slot flow before, and we include a sketch outline in534

Appendix A. Setting v = 0 and v = 2w in (62) and combin-535

ing the two resulting inequalities, we see that the solution536

w of (62) satisfies:537

a(w,w) = −bQc(w)− j(w). (63)538

Note that for w ∈ V0 we have that Qm(w) = −Qc(w) and539

that Qm(w) > 0 unless w = 0. Assuming now that w �= 0,540

we derive conditions on b under which we must havew = 0.541

a(w,w) = Qm(w)

[
b− τc,Y

jc(w)

−Qc(w)
+ τm,Y

jm(w)

Qm(w)

]
,

542
543

a(w,w)≤Qm(w)

[
b− inf

v∈V0,v �=0

{
τc,Y

jc(v)

−Qc(v)544

+ τm,Y
jm(v)

Qm(v)

}]
. (64)

545

Intuitively, the infimum in (64) is attained by maximising546

the flux through each Ωk (positive in Ωm, negative in Ωc),547

whilst both minimising the area in which |∇v| �= 0 and bal-548

ancing the fluxes so that Q(v) = 0. In Appendix A we show549

that the functional approach, stemming from (64), yields the550

same results as in (41) when applied to the simple slot flow551

model of Section 3. In [13] it is shown that the minimiser of552

this functional is the limit of a sequence of functions which553

are essentially constant in the interior of Ωm and Ωc, with554

thin boundary layers at the interface and walls, in which555

the continuity and no-slip conditions are satisfied. Geomet-556

rically, the infimum is thus related to various ratios of areas557

and perimeters, as is the general case for single fluid flows558

(see e.g. [35] for the single fluid case). In [13] the following559

analytical expression is derived:560561

a(w,w)≤Qm(w)

[
b−

{
τc,Y

βc(h)

β0(h)
+ τm,Y

βm(h)

β0(h)562

+ τmin,Y

β0(h)

}]
, (65)

563

where β0(h), βc(h) and βm(h) are defined by:564565

β0(h)≡ αcαm

si
= 1

16

[
scsm

si
− (1 − 2h)2si

566

+ (1 − 2h)(sc − sm)] , (66)567

βm(h) ≡ αcsm

si
= 1

4

[
scsm

si
− (1 − 2h)sm

]
, (67)

568

βc(h) ≡ αmsc

si
= 1

4

[
scsm

si
− (1 − 2h)sc

]
. (68)

569

The functions αc, αm, sc, sm and si, which depend only on 570

h, are defined by: 571572

αc(h)= 1 − αm(h) 573

≡ 1

π
(cos−1(1−2h)− 2(1−2h)[h(1 − h)]0.5), (69) 574

sc(h) = 4 − sm(h) ≡ 4

π
cos−1(1 − 2h), (70) 575

si(h) ≡ 8

π
[h(1 − h)]0.5. (71) 576

Geometrically, the functions αc and αm are the area fractions 577

of Ωc and Ωm, respectively; sc, sm and si are the lengths of 578

the boundaries Γc,w, Γm,w and Γi (each divided through by 579

π/4), as illustrated in Fig. 8. These functions are plotted in 580

Fig. 9. To avoid difficulties in evaluating β0(h), βc(h) and 581

βm(h) close to h = 0 and 1, the following expansions are 582

used: 583584

scsm

si
(h)∼ 8

π

[
π − cos−1(1 − 2h)

2
√

1 − h

]
585

×
[

1 + h

6
+ 3h2

20
+ O(h3)

]
, h → 0, (72)

586
587

scsm

si
(δ)∼ 8

π

[
cos−1(−1 + 2δ)

2
√

1 − δ

] [
1 + δ

6
+ 3δ2

20
+ O(δ3)

]
,

588

δ → 0, (73) 589

where δ = 1−h > 0. The functions β0(h), βc(h) and βm(h) 590

are plotted in Fig. 10. 591

From (65), since Qm(w) ≥ 0 and a(w,w) = 0 only if 592

w = 0, we see that for each h we have w = 0 provided that: 593

b ≤ τc,Y
βc(h)

β0(h)
+ τm,Y

βm(h)

β0(h)
+ τmin,Y

β0(h)
. (74)

594

Dividing through by b and defining τ∗k,Y = τk,Y/b, k = 595

c,m, we may take the maximum of the right-hand side of 596

(74), with respect to h ∈ [0, 1]. Setting this maximum equal 597

to 1 defines a curve in the (τ∗c,Y, τ
∗
m,Y) plane, above which 598

only trivial solutions are found. There is no easy analytical 599

expression, but computation of the curve is straightforward 600

(see [13]), and is plotted in Fig. 2b. 601

As with the slot flow of the previous section, for suffi- 602

ciently small α (see below), the shape of the maximal lower 603

slump tail is given by rearranging (74) and integrating: 604605

d

dh
zl,max = 1

τc,Y(βc(h)/β0(h))+ τm,Y(βm(h)/β0(h))

+ (τmin,Y/β0(h))− α

.

606

(75) 607

The maximal length which the lower tail can slump, Llower, 608

is given by integrating (75) from h = 0 to 1, i.e. 609610

Llower =
∫ 1

0

1

τc,Y(βc(h)/β0(h))+ τm,Y(βm(h)/β0(h))

+ (τmin,Y/β0(h))− α

dh

611

(76) 612
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Fig. 9. The functions αc(h), αm(h), sc(h), sm(h) and si(h).

and the total cement volume in the lower tail is613

Vlower = π

4

∫ 1

0
si(h)[Llower − zl,max(h)] dh. (77)

614

4.1.1. Bounding α615

As with the slot flow we must bound α ≤ αcrit, in order to616

ensure that the downwards slope of the pipe cannot promote617

a non-stationary flow on its own. The function αcrit depends618

only on τmin,Y, and is computed from the marginal curve619
in Fig. 2b. If τmin,Y = 0, then we see that we require 1/α,620
to exceed the end value of the curve in Fig. 2b. This value621

is given by ≈ 0.3043, i.e. α ≤ 3.2862 . . . At the other622

extreme, when τmin,Y = 1 and the yield stresses are equal,623
the critical value is given by, αcrit = 8+16/π ≈ 13.0929 . . .624

In between these two values, computation is needed.625

4.1.2. Upper tail slump length626

An identical analysis may be carried out for the upper tail,627

giving the following expressions:628
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Fig. 10. The functions (scsm/si)(h), β0(h), βm(h), βc(h), βm(h)+ βc(h).

629

d

dh
zu,max = 1

τc,Y(βc(h)/β0(h))+ τm,Y(βm(h)/β0(h))

+ (τmin,Y/β0(h))+ α

,

630

(78) 631632

Lupper =
∫ 1

0

1

τc,Y(βc(h)/β0(h))+ τm,Y(βm(h)/β0(h))

+ (τmin,Y/β0(h))+ α

dh,

633

(79) 634

Vupper = π

4

∫ 1

0
si(h)[Lupper − zu,max(h)] dh. (80)

635

4.2. Example results 636

Analogous results to Figs. 5–7 are given in Figs. 11–13. 637

Fig. 11 shows the effects of increasing α on the up- 638

per and lower slump tails. Compared to the slot flow 639

there are two main differences. First, the inclinations re-
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Fig. 11. Variation of upper and lower slump tail shape with increasing inclination, α = 0, 8, 12, 13, 13.0429 . . . ; here αcrit = 13.0929 . . . : fixed parameters,
τc,Y = τm,Y = 1: (a) lower slump tail increases with α, the curve α = 13.0429 . . . is marked with a ×; (b) upper slump tail decreases with α, the curve
α = 0 is marked with a +.
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Fig. 12. Variation of slump length and slump volume with increasing inclination α: fixed parameters, τc,Y = τm,Y = 1: (a) upper tail slump length
(dashed line), lower tail slump length (dashed line), and total slump length (solid line); (b) upper tail slump volume (dashed line), lower tail slump
volume (dashed line), and total slump volume (solid line).
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Fig. 13. Variation of slump shape with rheology in horizontal slot, α = 0: (a) τc,Y = 1, τm,Y = 1, 0.5, 0.1, 0.01, 0.001, the curve τm,Y = 0.001 is marked
with a +; (b) τm,Y = 1, τc,Y = 1, 0.5, 0.1, 0.01, 0.001, the curve τc,Y = 0.001 is marked with a +.
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Fig. 14. Variations in total slump volume (Vtotal = Vupper +Vlower) with τmin,Y for different α: (a) α = 0.0; (b) α = 1; (c) α = 2; (d) α = 3. The different
curves are for τmin,Y = τc,Y, τm,Y = 1 (upper curve) and τmin,Y = τm,Y, τc,Y = 1 (lower curve).

quired in order to get a significant tail are much larger640

than for the slot. This is of course intuitive, since the641

walls of the pipe support the fluids. The critical value of642

α at which the flow runs away is αcrit = 8 + 16/π ≈643

13.0929 . . . , compared to αcrit = 8 for the slot. The644

second difference is in interface profile with h. Com-645

pared to Fig. 5 we can see that the profiles in Fig. 11646

have strongly accentuated changes in h close to h =647

0.5. This is of course the position at which it is easi-648

est for the interface to move in the pipe, since the side649

walls are distant. Fig. 12 is quite similar qualitatively to650

Fig. 6.651

Comparing variations in slump shape with rheology (com-652

pare Fig. 13 with Fig. 7), we can see that the symmetry653

properties are preserved also for the pipe flow. Thus again,654

increasing the mud yield stress is more effective at reducing655

slump length than increasing the cement slurry yield stress.656

Otherwise the results are qualitatively similar. Overall, the657

slump lengths are significantly shorter for the pipe than for658

the slot.659

4.3. Cement volumes required 660

For direct application to field design, the parameter of in- 661

terest is the total volume of cement required, i.e. for an intact 662

length of plug L̂plug, how much cement must be pumped. 663

This quantity is given dimensionally as 664

V̂cement = πD̂2L̂plug

4
+ D̂3

δ
Vtotal, (81) 665

where δ is defined in (11) and Vtotal is the dimensionless 666

total slump tail volume: 667

Vtotal = Vupper + Vlower. 668

In Fig. 14 we have plotted Vtotal as a function of τmin,Y for 669

a range of different inclinations. 670

5. Discussion 671

In this paper we have derived conditions under which a 672

slow slumping stratified flow in a near-horizontal well (or 673

JNNFM 2259 1–16



U
N

C
O

R
R

E
C

TE
D

 P
R

O
O

F

14 I.A. Frigaard, G.A. Ngwa / J. Non-Newtonian Fluid Mech. xxx (2004) xxx–xxx

slot) will stop. The conditions are computable via fairly674

straightforward quadrature and are thus ideally suited to ap-675

plication in a field setting. Following the results in [9] for676

the slot and [13] for the stratified interface in the pipe, the677

expressions are in fact quite easy to derive, but this does not678

negate their utility.679

In terms of validation of our results, we may think of both680

experimental and computational methods, the latter for the681

transient problem. An experimental study appears feasible,682

but also presents some significant challenges. First, exact683

measurement of the yield stress of a model/laboratory fluid684

is not straightforward and typically there is significant error.685

Whereas measurement errors might have a less significant686

effect on an experiment in which the flow behaviour of the687

fluids is important, here it is only the yield stresses that688

enter the final results. Second, we must note that our limiting689

surfaces are upper bounds for the slump flow. For given690

initial conditions, the flow may stop before this limiting691

surface is attained. Initial interface and stress configurations692

are hard to vary in an experimental setting, compared to a693

numerical setting, so this is a restriction. Nevertheless, we694

do here have both quantitative and qualitative predictions695

that might be tested.696

In so far as the transient problem goes, we see that it697

amounts to solving an equation of form:698

ht + ∂

∂z
Qc(h, hz) = 0. (82)699

Evidently, the behaviour of the interface depends wholly700

on the initial conditions and on the flux function Qc(h, hz)701

(effectively the flow rate through the cement). Numerical702

solution of equations such as (82) has been carried out, for703

example in [17,26], in both one and two dimensions, but in704

these works the flux functions are simpler than here. It is705

impossible to compute Qc(h, hz) quickly for the stratified706

interface in a circular pipe. This is, however, possible for707

the slot flow problem. The static problems that we have708

considered are qualitatively similar and we might expect709

similar behaviours also for the transient problems.710

In general, we expect that Qc(h, hz) → 0 for both small711

and large values of h ∈ [0, 1], at any fixed hz, and thus we712

have two points of degeneracy of (82). We are still study-713

ing suitable methods for accurate computation of (82) and714

intend to use these to study both the approach to the static715

(maximal) solutions above and the flow when αcrit is ex-716

ceeded. Although in two-dimensional free-surface flows, as717

in [26], the final stopping surface can vary significantly with718

the initial condition, here the motions are more restricted and719

the maximal static surfaces computed should act as upper720

bounds on the slump flow for any initial condition starting721

below the surfaces. This is of course not proven.722

If we freeze the hz-dependency of Qc(h, hz), by setting723

b = constant, we recover a hyperbolic problem, which has724

been studied at length in [11]. For the hyperbolic problem,725

when non-zero flow occurs, it is known that the interface726

transforms quickly into two shocks that travel up and down727

the duct close to h = 0 and 1, stretching the interface be- 728

tween them. Intuitively, we expect the introduction of the 729

hz-dependency to modify this behaviour slightly. For α > 730

αcrit, we would still expect travelling waves, but the shocks 731

will be smoothed by the interface gradient. For α < αcrit we 732

would intuitively expect that solutions to (82) will spread 733

diffusively towards the limiting interface shapes at which 734

motion stops. Again we cannot prove this, but we can at 735

least establish the diffusive nature of (82). Differentiating, 736

we see that (82) is equivalent to 737

ht + ∂Qc

∂h
hz = −∂Qc

∂hz
hzz. (83)

738

We consider (h, hz) such that Qc �= 0 and see that (82) is 739

diffusive in nature if 740

∂Qc

∂hz
< 0.

741

This is equivalent to showing that Qc decreases with b, 742

which we are able to demonstrate as follows. Consider two 743

values, b1 < b2, and the two solutions, w1 and w2, to (62) 744

for these respective values of b. Clearly, in the variational 745

setting, w1 is a test function for w2 and vice versa. Sub- 746

stituting into (62) and subtracting the two inequalities, we 747

derive straightforwardly that 748749

0 ≤ a(w1 − w2, w1 − w2) 750

≤ −(b1 − b2)[Qc(w1)−Qc(w2)] (84) 751

and hence Qc decreases with b. Actual solution of the 752

non-linear parabolic problem (82) is the subject of ongoing 753

work. 754
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Appendix A. Illustration of the functional analytic 766

approach 767

We here demonstrate that the functional analytic approach 768

does in fact produce the same results as the more mechanical 769

approach from [9]. We reconsider the slot flow model of 770

Section 3 in the functional context of Section 4, and will 771

derive condition (41). We adopt an informal and intuitive 772

manner, although rigorous proof could be constructed. 773
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Assuming w �= 0, we have from (64) the following in-774

equality:775776

a(w,w)≤Qm(w)

[
b− inf

v∈V0,v �=0

{
τc,Y

jc(v)

−Qc(v)777

+ τm,Y
jm(v)

Qm(v)

}]
. (A.1)

778

We define F(h, τc,Y, τm,Y) as779780

F(h, τc,Y, τm,Y)= inf
v∈V0,v �=0

{
τc,Y

jc(v)

−Qc(v)
+ τm,Y

jm(v)

Qm(v)

}
781

(A.2)782

and will evaluate F(h, τc,Y, τm,Y). For the slot flow model,783

the various functionals on the right-hand side of (A.2) take784

the following forms:785786

F(h, τc,Y, τm,Y)787

= inf
v∈V0,v�=0

{
τc,Y

∫ h
0 |v′(y)| dy

− ∫ h
0 v(y) dy

+ τm,Y

∫ 1
h

|v′(y)| dy∫ 1
h
v(y) dy

}
.

788

It is evident that this entire functional can be scaled. For a789

test solution v ∈ V0, by definition of V0, we have that:790

−
∫ h

0
v(y) dy =

∫ 1

h

v(y) dy,
791

(i.e. there is no net flux), and if v �= 0, we may divide by792

the flow rate in either layer793794

F(h, τc,Y, τm,Y)795

= inf
v∈V0,v�=0,

∫ 1
h v(y) dy=1=− ∫ h

0 v(y) dy
{τc,Yjc(v)+ τm,Yjm(v)},

796

(A.3)797

taking the flow constraint into the test space. Now consider798

the type of function that will approximately minimise the799

functional on the right-hand side of (A.3). Consider first the800

interval (0, h). The function v(y) should obviously minimise801

v′(y), which is best achieved if v(y) is constant. The con-802

straint that803

1 = −
∫ h

0
v(y) dy

804

suggests that v(y) = −1/h, will be a good choice. Similarly,805

on the interval (h, 1), we can see that v(y) = 1/(1−h), will806

be a good choice. However, this piecewise constant function807

does not satisfy the boundary conditions at y = 0 and 1, nor808

does it satisfy continuity conditions at y = h. Therefore, we809

modify the function slightly, to say vε(y), by the addition810

of thin layers, of width ε � 1, close to the interface and811

walls in which vε(y) varies linearly between the constant812

values and boundary values. The function vε(y) is shown813

schematically in Fig. 15.814

We may infer that the function vε(y) is close to the min-815

imiser of (A.3), and that vε(y) will adopt constant values:816

Fig. 15. Schematic diagram of the near-optimal function vε(y), assuming
τc,Y < τm,Y.

vε(y) ∼ −1/h + O(ε) and vε(y) ∼ 1/(1 − h) + O(ε), on 817

the bulk of the two intervals, (0, h) and (h, 1), respectively. 818

By inspection of (A.3), we see that by placing the transition 819

layer at the interface within the fluid with the smaller yield 820

stress (i.e. Fig. 15 assumes that τc,Y < τm,Y), the functional 821

in (A.3) is minimised. We have therefore that 822823

τc,Yjc(vε)+ τm,Yjm(vε) 824

∼ τc,Y

h
+ τm,Y

1 − h
+ τmin,Y

[
1

1 − h
+ 1

h

]
+ O(ε).

825

If we now consider that the infimum definingF(h, τc,Y, τm,Y) 826

is attained by a sequence of functions vε(y), for which 827

ε → 0, we have that 828829

F(h, τc,Y, τm,Y)= τc,Y

h
+ τm,Y

1 − h
+ τmin,Y

[
1

1 − h
+ 1

h

]
830

(A.4) 831

and from (A.1) it follows that w = 0 if 832

b ≤ τc,Y

h
+ τm,Y

1 − h
+ τmin,Y

[
1

1 − h
+ 1

h

]
, (A.5)

833

which is condition (41), from Section 3. 834

Finally, we may note that since |v′ε(y)| is integrated with 835

respect to y, it is not particularly important how vε(y) 836

varies between the constant values that it assumes, i.e. 837

only the end values are important. If we consider how the 838

actual solution must look like, in the limit of zero flow, 839

we see that w(y) will have large unyielded plug regions 840

bounded by thin yielded layers close to the walls and in- 841

terface. Indeed, w(y) is also most likely to yield at the 842

interface in the fluid with the smallest yield stress. Thus, 843

w(y) closely resembles vε(y) (apart from an insignificant 844

scaling and in having parabolic yielded velocity profile). 845

Thus, we may infer that as we approach the yield lim- 846

its, the velocity solution w(y) approaches a minimiser of 847

(A.2), and hence we suppose that the yield limit above 848

is sharp. 849
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