
Math 102- Final examination

University of British Columbia

December 11, 2013, 3:30 pm to 6:00 pm

Name (print):

ID number:

Section number:

This exam is “closed book”. Calculators or other electronic aids are not allowed.

A 16

B 24

C.1 6

C.2 8

C.3 10

C.4 6

Total 70

Rules governing examinations
• Each examination candidate must be prepared to produce, upon the re-
quest of the invigilator or examiner, his or her UBCcard for identification.

• Candidates are not permitted to ask questions of the examiners or in-
vigilators, except in cases of supposed errors or ambiguities in examination
questions, illegible or missing material, or the like.

• No candidate shall be permitted to enter the examination room after the
expiration of one-half hour from the scheduled starting time, or to leave
during the first half hour of the examination. Should the examination run
forty-five (45) minutes or less, no candidate shall be permitted to enter the
examination room once the examination has begun.

• Candidates must conduct themselves honestly and in accordance with es-
tablished rules for a given examination, which will be articulated by the
examiner or invigilator prior to the examination commencing. Should dis-
honest behaviour be observed by the examiner(s) or invigilator(s), pleas of
accident or forgetfulness shall not be received.

• Candidates suspected of any of the following, or any other similar prac-
tices, may be immediately dismissed from the examination by the exam-
iner/invigilator, and may be subject to disciplinary action:

(a) speaking or communicating with other candidates, unless otherwise
authorized;

(b) purposely exposing written papers to the view of other candidates or
imaging devices;

(c) purposely viewing the written papers of other candidates;
(d) using or having visible at the place of writing any books, papers or

other memory aid devices other than those authorized by the examiner(s);
and,

(e) using or operating electronic devices including but not limited to
telephones, calculators, computers, or similar devices other than those au-
thorized by the examiner(s)–(electronic devices other than those authorized
by the examiner(s) must be completely powered down if present at the place
of writing).

• Candidates must not destroy or damage any examination material, must
hand in all examination papers, and must not take any examination material
from the examination room without permission of the examiner or invigila-
tor.

• Notwithstanding the above, for any mode of examination that does not
fall into the traditional, paper-based method, examination candidates shall
adhere to any special rules for conduct as established and articulated by the
examiner.

• Candidates must follow any additional examination rules or directions com-
municated by the examiner(s) or invigilator(s).
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A. Multiple choice questions

Enter your choice for each multiple choice question in the box at the bottom of the page. There
are two pages at the end of the exam that can be used for rough work. No partial marks will be given
for this section.

A.1 Let f(x) = sin(x) + ax2. Which of the following conditions describes all values of a for which f
HAS inflection points?

(a) |a| > 1/2 (b) a > 1/2 (c) a ≥ 1/2 (d) |a| < 1/2 (e) |a| ≤ 1/2

A.2 Which of the following gives a value of cos

(
arcsin

(√
9− x2

3

))
?

(a) 3/x (b) x/3 (c)

√
9− x2

x
(d)

x√
9− x2

(e)
3√

9− x2

A.3 Consider the differential equation and initial condition

dy

dt
= 2− y2, y(0) = 1.

Use Euler’s method with one step of size ∆t = 0.1 to approximate the value of the solution at time
t = 0.1.

(a) y(0.1) = 2, (b) y(0.1) = 2.1, (c) y(0.1) = 2.2,

(d) y(0.1) = 1.2, (e) y(0.1) = 1.1.

Answers:
Q A.1 [2 pts.] Q A.2 [2 pts.] Q A.3 [2 pts.]
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A.4 Shown in the figure below is a function and its tangent line at x = x0. The tangent line intersects
the x axis at the point x = x1. The coordinate of the point x1 is

(a) x1 = x0 + f(x0)
f ′(x0)

, (b) x1 = x0 − f ′(x0)(x− x0),

(c) x1 = x0 − f ′(x1)
f(x1)

, (d) x1 = x0 + f ′(x1)
f(x1)

,

(e) x1 = x0 − f(x0)
f ′(x0)

y

xx 01

y=f(x)

x

A.5 Consider the function y = cos(x) and the tangent line to this function at the point x = π/2. Using
that tangent line as a linear approximation of the function would lead to

(a) overestimating the value of the actual function for any nearby x.

(b) underestimating the value of the actual function for any nearby x.

(c) overestimating the function when x > π/2 and underestimating the function when x < π/2.

(d) overestimating the function when x < π/2 and underestimating the function when x > π/2.

(e) overestimating the function when x < 0 and underestimating the function when x > 0.

A.6 The slope field (direction field) shown in the figure below corresponds to which differential equation?

(a)
dy

dt
= y(y + 1)

(b)
dy

dt
= (y − 1)(y + 1)

(c)
dy

dt
= −(y − 1)(y + 1)

(d)
dy

dt
= y(y − 1)

(e)
dy

dt
= −y(y + 1)
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Answers:
Q A.4 [2 pts.] Q A.5 [2 pts.] Q A.6 [2 pts.]
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A.7 The number of sunspots (solar storms on the sun) varies with a period of roughly 11 years reaching
a high of 120 and a low of 0 sunspots detected. A peak of 120 sunspots was detected in the year
2000. Which of the following trigonometric functions could be used to approximate this cycle?

(a) N = 60 + 120 sin
(

2π
11

(t− 2000) + π
2

)
, (b) N = 60 + 60 sin

(
11
2π

(t+ 2000)
)
,

(c) N = 60 + 60 cos
(

11
2π

(t+ 2000)
)
, (d) N = 60 + 60 sin

(
2π
11

(t− 2000)
)
,

(e) N = 60 + 60 cos
(

2π
11

(t− 2000)
)
.

A.8 Given the differential equation and initial condition

dy

dt
= y2(y − a), y(0) = 2a

where a > 0 is a constant, which of the following is true?

(a) lim
t→∞

y(t) = 0.

(b) lim
t→∞

y(t) =∞.

(c) lim
t→∞

y(t) = a.

(d) lim
t→∞

y(t) = 2a.

(e) None of the above.

Answers:
Q A.7 [2 pts.] Q A.8 [2 pts.]
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B. Short-answer problems

Show your work.

B.1 [3 pts.] Use implicit differentiation to find dy/dx where y(x) is defined implicitly by tan(y) = x.
Your answer should not include any trig functions. Show your work.

dy

dx
=

B.2 [3 pts.] A triangle has two sides with fixed lengths 3 cm and 4 cm respectively. The angle between
them changes at a constant rate of 1 radian/sec. How quickly is the length of the third side (S)
changing when the angle between the sides of fixed length is π/2? [See formula list on the last page
of the exam.]

dS

dt
=

B.3 [3 pts.] List the x coordinates of all local minima and maxima of f(x) = x5 − 5
4
x4.

Minima:

Maxima:
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B.4 [3 pts.] What function satisfies y′′ + 4y = 0 with initial condition y(0) = 1?

y(t) =

B.5 [3 pts.] Compute the limit L = lim
h→0

√
3 + h−

√
3

h
.

L =

B.6 [3 pts.] Let

f(x) =

{
x2 x < 1

a− x x ≥ 1

where a is a constant. What value of a ensures that f is continuous for all x?

a =

6



B.7 [3 pts.] Initially, a patient has 1000 copies of the HIV virus. If the smallest detectable viral load
is 350,000 virus particles, how long (in days) will it take until the HIV infection is detectable?
Assume that the number of virus particles y grows according to the equation

dy

dt
= 0.05y

where t is time in days. Leave your answer in terms of logarithms.

tdetect =

B.8 [3 pts] The velocity of a crawling cell has been modelled as

v(x) =
1

ax+ e1/x

where x > 0 is the number of actin filaments driving the motion and a > 0 is a constant. Determine
the following.

(i) lim
x→0+

e1/x = , (ii) lim
x→∞

e1/x =

(iii) lim
x→0+

v(x) = , (iv) lim
x→∞

v(x) =
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C. Long-answer problems

C.1 [6 pts.] A mollusc grows inside a shell (top) and produces new shell material at its opening (thick
curve). The volume of the shell can be approximated as that of a cone of base radius r and height
h. Given that the height of the cone grows at a constant rate of 0.1 cm/year, at what rate will the
volume of the cone be changing when h = 10 and r = 1 cm? Leave your answer in terms of π.

[See formula list on the last page of the exam.]

h

r
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C.2 [8 pts.] The population of fish in a particular lake is given by the function F (t) where F is measured
in number of fish and t is measured in days. A company that manages fish stocks is hired to restock
the lake, adding fish at a constant rate. Only N fishers are allowed to fish in the lake at a time. A
simple model for this scenario is given by the equation

dF

dt
= I − αNF (1)

where I and α are constant and two cases for N are considered.

(a) Explain in words what the constant I represents.

(b) Explain in words what the constant α represents.

(c) Case I: Suppose N is a constant. What is the steady state number of fish (F∗) in the lake? If
the lake has no fish in it initially, at what time (t∗) does the population size reach half its steady
state value F∗/2? (You do not have to show a derivation of the solution F (t) of equation (1)
for full points - simply stating it is sufficient - but you must show the rest of the calculation.)

F∗ =

t∗ =

Continued on next page...
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(d) Case II: The agency that administers fishing permits decides that the number of fishers should
be proportional to the number of fish currently in the lake, N = F/3 in equation (1). What is
the population size F∗ to which F (t) approaches as t→∞ in this scenario?

F∗ =
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C.3 [10 pts.] Consider the function
f(x) = x2e−x

defined on the whole real line.

Find all zeros of f , f ′ and f ′′ and determine all local minima, maxima and inflection points of f .
Sketch the graph of f . You may use the fact that limx→∞ x

2e−x = 0.
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C.4 [6 pts.] Shown in the figure below is the view from above of the path taken by a penguin from
point A to a feeding area on the shore at point C. The penguin must choose the point B toward
which it starts walking. It takes twice as much energy per unit distance for a penguin to walk over
land (AB) as to swim through water (BC). The distance AD is 300 m and the distance DC is 400
m. Calculate the value of the distance x (and hence the location of the point B - see figure) that
minimizes the energy spent on the entire trip.

A

C

B

D

waterland

x

xmin =
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This page is for rough work. It will not be marked.
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This page is for rough work. It will not be marked.

Formula list

a2 = b2 + c2 − 2bc cos(θ)

sin(A+B) = sin(A) cos(B) + cos(A) sin(B)

cos(A+B) = cos(A) cos(B)− sin(A) sin(B)

Vcone =
1

3
πr2h
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