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Abstract

In the first part of this thesis, we study the existence and stability of multi-spot pat-
terns on the surface of a sphere for a singularly perturbed Brusselator and Schnaken-
burg reaction-diffusion model. The method of matched asymptotic expansions,
tailored to problems with logarithmic gauge functions, is used to construct both
symmetric and asymmetric spot patterns. There are three distinct types of insta-
bilities of these patterns that are analyzed: self-replication instabilities, amplitude
oscillations of the spots, and competition instabilities. By using a combination of
spectral theory for nonlocal eigenvalue problems together with numerical compu-
tations, parameter thresholds for these three different classes of instabilities are
obtained. For the Brusselator model, our results point towards the existence of cy-
cles of creation and destruction of spots, and possibly to chaotic dynamics. For the
Schnakenburg model, a differential-algebraic ODE system for the motion of the

spots on the surface of the sphere is derived.

In the second part of the thesis, we study the existence and stability of mesa so-
lutions in one spatial dimension and the corresponding planar mesa stripe patterns
in two spatial dimensions. An asymptotic analysis is used in the limit of a large dif-
fusivity ratio to construct mesa patterns in one spatial dimension for a general class
of two-component reaction-diffusion systems that includes the well-known Gierer
Meinhardt activator-inhibitor model with saturation (GMS model), and a predator-
prey model. For such one-dimensional patterns, we study oscillatory instabilities

of the pattern by way of a Hopf bifurcation and from a reduction to a limiting ODE-
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PDE system. In addition, explicit thresholds are derived characterizing transverse
instabilities of planar mesa-stripe patterns in two spatial dimensions. The results
of our asymptotic theory as applied to the GMS and predator-prey systems are

confirmed with full numerical results.
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Chapter 1

Introduction

1.1 Historical perspective

The formal study of pattern formation mechanisms in the life sciences owes much
to Alan Turing’s seminal paper [60] on a mathematical model for a pattern-generating
chemical reaction. The motivation behind the model was to shed light on the

symmetry-breaking and differentiation mechanisms in biological organisms.

Turing’s work presented a mechanism that can generate patterns from an ini-
tially homogeneous medium. By performing linear stability analysis, he showed it
is possible to determine conditions for the existence of stable spatially-inhomogeneous
solutions. In physical terms this means that under some conditions, a two-component
chemical reaction can evolve into a stable non-trivial pattern. This new concept
took many years to be accepted, despite early experimental evidence. In the 1950s
the Russian chemist Boris Belousov [4] reported a self-oscillating chemical reac-
tion, although he never managed to publish his findings in a peer-reviewed journal.
His discovery eventually became known through one of his students, and the chem-

ical reaction is now known as the Belousov-Zhabotinsky (BZ) reaction.



A mixing of two chemicals that does not lead to a dissipation in their gradients
at first sight conflicts with the second law of thermodynamics; despite this seeming
impossibility, similar mechanisms were soon discovered. The understanding of the
physical mechanisms behind the reactions partly yielded Ilya Prigogine the 1977
Nobel prize in Chemistry [47].

In Turing’s original paper, the basic model consists of a system of two nonlinear
PDEs

U, = D,AU + F(U,V),
V, = D,AV + G(U,V),

(1.1)

with U, V representing the concentration of two chemicals, D,,, D, their diffusiv-
ities, and F'(U,V),G(U, V') the nonlinear reaction terms. The main insight was
that under the right conditions, a spatially homogeneous solution of (1.1) could
be destabilized by the presence of the diffusion terms. This process is now called
diffusion-driven instability. One of the so-called Turing conditions for a diffusion-
driven instability is that the ratio of the diffusion coefficients D,,/D,, be large. The
rest of the conditions are also obtained through linear stability analysis (we work
this out in detail for the Gierer-Meinhardt model with saturation (GMS model) in
§4.1).

In 1972, Gierer and Meinhardt [15] extended the idea of diffusion-driven insta-
bilities with the observation that patterning occurs through the interaction between
an auto-catalytic short range activator, and a long range inhibitor. This concept
became extremely popular in biological modelling, and was subsequently applied
to modelling skin pigment patterns in fish [25], fingerprints [S], colouring of ma-
rine shells [34], animal coat markings [36], and many others. In a much larger
scale, models for interacting populations of predators and prey instead of chemi-
cals were studied in 1972 [53], and more recently in [62], [2]. A survey of many

reaction-diffusion models can be found in [37] and [29]).

While most of the early work was done in systems of one and two dimen-



sions, there soon started to be studies on how patterns were affected by growth
and form (paraphrasing Thompson’s classic, century old book on biological pat-
terns [57]). Early studies on 1D systems that evolved on a growing domain ([12]
[13] [3]) seemed to show that domain growth increased the robustness of pattern
selection. Recent studies have incorporated domain growth to modelling limb de-
velopment [35], and growth on plant tips [38]. Moreover, on a fundamental level,
reworking Turing analysis on a general model with domain growth (making it non-
autonomous) shows that diffusion-driven instabilities can occur in more general

types of kinetics, beyond the activator-inhibitor framework [28].

Besides growth, curvature has been shown to have a profound effect on reac-
tion diffusion models. Models on spheres range from simulations of Radiolaria
structure [61], spherical tumour growth [10], to modelling plant tip growth on half-
hemispheres [38], and single cell models [26] where bulk diffusion within the cell
was coupled to diffusion along the boundary. In more general terms, it has been
shown that the geometry of the domain, and specifically changes in curvature, can

stabilize localized structures to critical points of the mean curvature [59].

Without question the Turing paradigm has been extremely successful. Applica-
tions range from single cell models up to herd dynamics and probabilistic models

of criminal activity ([54]), overlapping multiple fields.

1.2 Mathematical perspective

As Turing models have grown more complex, incorporating domain growth and
complicated topologies, there is a need for increasingly sophisticated mathematical

tools capable of drawing insights from the models.

The key limitation of a Turing-type analysis is that it is linear in nature, and the
fact that its pattern prediction capacity is severely hampered in both higher dimen-

sions and in large domains. By virtue of its linearity, the Turing patterns predicted



will be close to the homogeneous solution. However, many physical and biological
systems exhibit concentration gradients and localized structures that are far from
equilibrium. These cannot be studied by relying on linear analysis. Furthermore,
models in two and three spatial dimensions, have the complication that the pattern
modes become degenerate. In these regimes, Turing analysis cannot predict the
modes that will arise for specific parameter regimes. Gjorgjieva’s work for a spe-
cific reaction-diffusion system on the surface of a sphere ([16], [17]) provides a

good illustration of this phenomena.

Weakly nonlinear analysis has been used to successfully study the bifurcation
structure leading from the Turing regime. However, its effectiveness is constrained
to a region close to the Turing instability, and as such it provides poor results in

regimes far from equilibrium.

In this thesis we will work with some of the classic reaction diffusion mod-
els: the Schnakenberg model [52], Brusselator [47], Gierer-Meinhardt [15], and
a spatio-temporal predator-prey model [62]. The goal of our work is to develop
analytical tools that are applicable to a wide variety of reaction-diffusion systems,
and that provide insight into the existence and stability of solutions far from equi-
librium, as well as on the dynamical processes that occur in those regimes. The
models we used have been well studied and there is a large body of literature, in

the case of the Brusselator going back to the seventies.

Starting from dimensionless versions of the models, we will perform an asymp-
totic analysis in the asymptotic limit of parameters that are either very large or
small. We will develop particle-like solutions from matched asymptotic expan-
sions in the singular limit, and construct solutions both for spot-type solutions, and
for mesa-type patterns. The analytical results for these solutions and their stability

properties will be verified with full numerical simulations.



1.3 Thesis outline

This thesis consists of two main parts.

The first part involves the study of spot patterns for the Brusselator and Schnaken-
berg models on the surface of a sphere. For both models we will construct local-
ized spot-type solutions in the singular limit of small diffusivity using the method
of matched asymptotic expansions. Away from the localized spatial regions where
the spots are concentrated, the approximate solution will be shown to satisfy a
linear elliptic problem where the spots are replaced by effective Coulomb singu-
larities. This leads to a particle-like solution characterization of the asymptotically
reduced problem. We will use a result from the theory of point vortices, for which
extensive literature already exists ([21], [39], [41], [40], [8]) regarding a Neumann
Green’s function on the sphere that can be used to construct the solutions.

From analyzing the stability of the full nonlinear system for the case where
all the spots have a common spot strength, we will derive a DAE that couples the
strengths of the spots to their position on the sphere. The resulting problem is
again related to point-vortices ([18], [6]), and the possible solutions are those of

the Fekete problem [56], as well as the original Thomson atom model ([58], [1]).

Upon analyzing the stability properties of these solutions, we will derive an-
alytical formulae for the thresholds of three distinct types of instabilities both by
leading-order stability theory, through a related non-local eigenvalue problem [63],
and by numerical calculation. These three instabilities all relate to instabilities
of the amplitudes of the spots in a spot pattern, and they occur on a fast O(1)
time-scale. As discussed in Chapter 3, they have no direct counterpart with any

translational-type instability mechanism for fluid point-vortices on the sphere.

In the second part of this thesis we will study reaction-diffusion models that
admit mesa solutions, which consists of block-like patterns. Starting in one spatial

dimension, we will analyze the bifurcation structure of these solutions, and study



the effect of a slowly growing domain on mesa-stability and mesa-splitting.

We will then consider the near-shadow regime, where the ratio of diffusivities
of the two reaction components is very large. In this regime we will construct so-
lutions far from equilibrium using the method of matched asymptotic expansions,

and we will study the stability properties of these solutions.

Starting with the GMS model ([22],[23]), we will consider the case of multi-
ple mesa solutions, and develop a general framework for other models. We will
extend the 1-D solutions to 2-D planar stripe patterns, and then analyze transverse
instabilities of these patterns. Our general framework for the analysis of trans-
verse instabilities will also be applied to a Predator-Prey reaction-diffusion system,
where we will compare our analytical predictions with results from full numerical

simulations.



Chapter 2

The Brusselator Model on the
Surface of the Sphere

In this chapter we study the existence and stability of localized spot patterns on
the surface of the sphere for the Brusselator reaction-diffusion model. As surveyed
in the introduction, there have been many studies characterizing weakly nonlinear
patterns for the Brusselator that emerge from a linearized Turing-instability type
analysis. The analysis of such weakly nonlinear patterns is rather complicated ow-

ing to the degeneracy of the Laplacian eigenfunctions on the surface of the sphere.

In contrast, in a singularly perturbed limit, the method of matched asymptotic
expansions will be used to construct localized spot-type patterns for the Brusse-
lator model. A precise asymptotic characterization of these patterns and the pa-
rameter ranges where they occur will be found, and the stability of these patterns
analyzed. Three types of instabilities of these patterns will be discovered: a spot
self-replication instability, a competition instability leading to the annihilation of
spots, and a breather-type temporal instability of the spot amplitudes. Parameter
ranges in terms of a phase diagram where these three instabilities occur will be

determined.



The standard form of the Brusselator [47] model is given by

ou =e?V2U +E— (B+1)U +U?V,

g‘t/ @2.1)
o = DV?V + BU — U?V.

The variable U is the short range activator component, and V' is the long range

inhibitor component.

We first give a formal scaling argument to determine the range of parameters

with respect to € for which spot patterns exist.

We start by letting V' = O(V}) globally, with V, the stationary homogeneous
solution. For U we have different scalings near and away from spots; Uy, =

O(Uinyn) near a spot, and Uy = O(Uyyt) away from spots.

In the inner region, with y = € ~!(x — ), we need O(U?V) = O(U) in order
to have a construct a spot profile. Hence U;,,V, = O(1), so that U;, = O(1/V,) in

the inner region.

In the outer region, from the V' equation in (2.1) we need that the nonlinear
term, which will be localized near a spot, be approximated by a Delta function
with the correct strength. As such we have [, U?Vdz = O(e2V,U2,) = O(DVj).
Thus, U;;, = O(e 1) and consequently V,; = O(e ). Next, from the balance in the
outer region that DAV = BU, we get that V; = O(U,y:), which means that
Uout = O(e). Finally, in the outer region we obtain from the U equation in (2.1)
that F must balance (B + 1)U, so that E = O(U,,) which yields E = O(¢).

This very formal scaling analysis suggests that U;;, = O(1/e), Uy = O(g),
Vy = O(e), when E = O(e). Next, we use a non-dimensionalization based on
these scalings in order to reduce the number of parameters in (2.1) and isolate our

key bifurcation parameters.



We define the new variables u, v, and 7 by
t=71T, U=~-u, V=c¢cv, EF=c¢Ey

In this way, (2.1) becomes

! Ur = e’ Au " Lo u P2
T(B+1) 7 B+1 B+1p B+1

1 D 1 /B
— v, = =Av+ — ( —u—u*v).
MQTUT 2 v—i—Ez (Mu uv)

We now define € ¢, T', and p by

(2.2)

5 1
. T=— - B.
B+l a

EQ =

Then, (2.2) transforms to

E B
UT=€3Au+£3§0—u+B+1u2v,
B +1)? D(B+1 1

v
B2 7 B2 el

In this way, and upon replacing 7 by ¢, we obtain the starting system for our

analysis given by

1
up = efAu+ 3B — u+ fuv, Tvy = DAv + —Q(u—u%). (2.3)
€0

Here we have defined

B 1 D(B+1 E
s L p_ LB+ E=20.

f:B—|-17 fza 32 ) B

We remark that in our non-dimensionalization, we chose not to scale v. If we were
to additionally re-scale v, then we obtain (2.3) in which E = 1 and with a slight

re-definition of the other parameters D and 7. We choose instead to work with



(2.3) as it better isolates bifurcations due to changes in the parameter Ej.

We remark that the key bifurcation parameter f is defined conveniently in the
narrow interval (0,1). As B — oo we getthat 7 — 1, f — 1, E — 0, and
D =0(1/B).

The system (2.3) on the surface of the sphere will be the starting point for
our analysis. Without loss of generality we can let the sphere have radius one.
When considering the system on the surface of the unit sphere it is understood that

A = Ag, where A is the Laplace-Beltrami operator given by

1 1 .
Agu = mu¢¢+m(sm9ug)9, 0<f <m, 0<o¢<2m.

2.1 The core problem and the construction of a
quasi-equilibrium solution

We now construct a multi-spot quasi-equilibrium pattern for (2.3) in the limite ¢ —

0. For convenience we will re-label € ( by ¢ in the calculations below.

We first formulate the local (or inner) problem that determines the profile of an
isolated spot. We center a spot at the angular coordinates ¢ = ¢; and § = 6 ;, and
we define

ylzsiHGjé, yQ:é, withé:@, éze_ej.

Then, in the inner region near this spot we obtain, with an O(e ) error, that
At = Uy, y; + Uyoy, + O(€).

With this tangent-plane type-approximation to the sphere, we now construct a

quasi-equilibrium spot pattern solution, with spots centred at (¢;,0 ;) for j =

10



1,...,N.

In the inner region near the j-th spot, we obtain to O(e ) accuracy that (2.3)

reduces to

AyU; = U; + fUV; =0, —00 < Y1,y < 00,

(2.5)
DAV, + U; — UZV; =0.

Then, by rescaling
sz\/ﬁuj, Vj:Uj/\/'E,

we can eliminate D and obtain the radially symmetric core problem for (u;,v;) in

terms of the sole bifurcation parameter f:

ApUj—Uj+ij2Uj:0, 0<p< oo,
Apvj +uj — u?vj =0,
u;(0) = v}(0) = 0, (2.6)

u; — 0as p — oo,

vj ~ Sjlog p+ x(S;; f) +0(1), asp— oo,

where we have defined p = \/m, and A, = 0,, + %@),

The key feature in this problem is that we impose that v; ~ S; log p as p — o0,
which is appropriate for A ,v; = (u?vj —u;) owing to the fact that u; — 0 at infin-
ity. The constant S} is a parameter at this stage, but it will eventually be determined
after the asymptotic matching of the inner and outer solutions. However, in terms
of S; and the bifurcation parameter f, the key function x(.5;; f) must be computed
numerically from the condition that v; — S log p = O(1) as p — oo.

The boundary value problem (2.6) was solved for particular values of f and
S; by approximating this problem on a large but finite domain 0 < p < R, where
R > 1. In this way, we determined x(.S}; f) by computing v; at p = R. We took
R = 15 in our computations. This calculation of x(.S;; f) is of key importance for

the rest of the analysis.

11



Up; . 5= 8) x(S;f)

Figure 2.1: Left figure: the profile of the spot solution u;(p) for various val-
ues of f and fixed spot strength S;. As f increases, u; develops a
volcano-shaped pattern that is commonly associated with splitting in-
stabilities that occur in other systems such as the Gray-Scott model.
Right figure: the nonlinear parameter x(.S;; f) from the boundary con-
dition in (2.6). The BVP was solved with Matlab’s BVP5C routine. Each
curve corresponds to a unique value of f, which ranges from 0.3 to 0.5.

There are a few identities that will be important later on. In the limit as R —

R R
. 2
Jim (/0 pAL;dp = /0 (ujvj — uj)pdp> :

and since v; ~ S log p, with p(A,v;) = (pvj,),, We obtain

00, we have

R ()
lim (pv}) pdp = / (u?vj —uj)pdp = S . (2.7)
0

R—o00 0

In a similar way, we obtain from the u; equation that

R 00 00
0:/0 pApujdp:/o ujpdp—f/o u?vjpd,o.

Combining this with (2.7), we conclude that
[o.¢]
S;i=(1-f / u?vjpdp. (2.8)
0

12



Since we do not know the sign of v; we cannot guarantee that S; > 0. However, it

is clear that as f — 1 then S; — 0.

Next, we asymptotically match the far-field behaviours of the inner solutions
near each spot to a certain global solution for v, which we will construct. In doing
so, we will derive a nonlinear algebraic system of equations for the unknowns S,
referred to as the “source strengths”. Our asymptotic analysis has the key feature
that it retains all of the logarithmic terms in v = —1/loge as e — 0, and so our
asymptotic approximation for the solution and for the source strengths has an error

that is algebraic, rather than logarithmic, in €.

To determine the far-field behaviour of each inner solution we recall that © =
D2y and v = D72y, with v; ~ Sjlog|y| + x + o(1) as |y| — co. We let
Zj = (cos ¢;sinf j,sin ¢;sinf j, cosd ;) be a point on the unit sphere. Now, by

Lemma A.1 in appendix A, we have that

& — 2| =€yl +o(1) as & — zj, withy = (qgsinej,é),

and gﬁ = ¢_s¢j L0 = 9_893' . Thus, we obtain the far-field behaviour and matching

condition

1
loge

S’ .
v DTV S;log e —ajl + T+ x(S55 )| s asw g v=
This provides the singular behaviour of the outer solution for v.

Next, we study the outer solution for (2.3). Meanwhile, in the outer region
away from O (e ) neighborhoods of {#7, . . ., 7, } we have that € 2E—u+ fu?v = 0.
So the outer limit for u is u ~ € ?E + O(g 2).

We have then that the outer and inner solutions for ¢/ are, respectively,
2 1/2 -1
Uout = € 5B, and Ui = DY uj(e |z —zj)),
whereas the inner approximation for v is v ~ DY 2vj. By combining the global

13



and local parts, we get a uniformly valid approximation for v given by

N
u~e?B4 Y (DVPuje Mo —ayl) + ...
j=1

We then must estimate the term € ~2(u — u?v) in the v-equation of (2.3) in
the sense of distributions. The evaluation of this term requires care to retain both
the local contribution near each spot and the global contribution arising from the
non-vanishing outer solution for u of order O(e 2). In the sense of distributions we
obtain

1 o0
e—z(u —u®v) ~ E + 27TD1/2/U (uj — u?vj)pdp §(x —xj),

~F — 27T'D1/25j(5 (.%' — .%'j).

By using this result, together with the matching condition for v as given above,

we obtain that the outer problem for v is

E 2
A?H——:—ZS-(S(:E—@“') in
S D J J )
VD S 2.9)

S,
v~ D2 [Sjlog|x—x]~| +]+X] +o(l) asz — zj,
v

for j = 1,..., N, where € is the surface of the unit sphere. A key feature in this
problem is that by pre-specifying the form of the non-singular O(1) term in each
singularity condition, we will obtain a nonlinear algebraic system for the source

strengths S1, ..., Sn.
To solve this problem we introduce the Neumann Green’s function G(x; )
defined as the unique solution to

1

21 ™
AG=——§(x—x), /Gdzz/ / Gsinfdfdey =0. (2.10)
4w S 0 0

14



Here G is 27 periodic in ¢, is smooth at the poles § = 0,, and the integral
condition eliminates an arbitrary constant in G and thus specifies it uniquely . It is
well known ([19], [20], [21]) that

1 1
G =——log|r — zo| + R, R=—(2log2—-1). (2.11)
2 A7

We can write the solution to (2.9) in terms of GG as

v

N
2
V=T ;SjG(a;;xj) + 75 (2.12)

where ¥ is an arbitrary constant that must be determined as part of the analysis.

To verify that (2.12) has the correct strength of the logarithmic singularity, we

calculate
N N N
27 27 1 27
Av=—"=>» SiAG=—FZ=> Sj|—|+—=)> Sjo(x—uz).
e DCTCEE WY C REEDSLTEE
This leads to the condition that the sum of the source strengths are related to E by
S = 2k
=G

As x — z;, the matching condition in (2.9) together with the explicit solution
for v in (2.12) yields that

_A —ﬂlo ]x—$~|+S’R}—27T§:SG“+6
\/,13 2 g 7 ) \/,Z—Djz1 7 \/5
J#L
~ D1/2 [5-10 Cail 4
i g’x $z|+ 3 + X\
for+ = 1,..., N. This results in a system of N + 1 nonlinear algebraic system

15



Nonlinear algebraic system (NAS) for .S; and v,

N

S _ .
— tom strZ:%GZJ +x(Si:f)=v, i=1,...,N,
i 2.13)
S5 2
=1 ' \/5

Here G;; = G(x;; x;) is to be computed from (2.11)

Before casting this system into a more convenient form, we make a few re-
marks. Firstly, the nonlinearity in (2.13) arises from the x(.5;; f) term. For a given
set of spot locations z1, ..., xy, we can compute S1, ..., .Sy and v. This then de-
termines the quasi-equilibrium pattern. For each S; our numerical results indicate
that there is a unique solution to the core problem (2.6). The outer solution for v
will be given by (2.12). Due to the intractability in solving this system analytically,
the solvability of this system must (typically) be explored numerically.

Next, we decompose the G;; terms in the NAS to re-cast this system into a more
convenient form. We write G;; = 5L;; + R, where R = -2 (2log2 — 1) (see

(2.11)), and where we have labelled L;; = log |x; — x;|. We calculate that

S; R+ ZSj <_27TLij + R> = —% ZSjLij + ZS]'R7
JF# JF# Jj=1

N
1 2RE
= —57 2 Siki+ =
2T o VD

so that (2.13) becomes

I/R()E

N
Si—l/ZSjLij-F \/5

J#

+vx(Si; f) = vo, Ry =47rR =2log2 -1,
(2.14)

fort=1,...,N.

16



To write this system in matrix form, we introduce

S 1 x(S1; f)
S=1|:1, e=|[:], x= : :
SN 1 X(SN§f)
0 Ly -+ ILin (2.15)
. .
g=|"" :
Lyy -+ 0

so that the system for the source strengths becomes

<l

(I-vG)S+vy= <u VROE) €.

VD

We multiply by & and use the fact that &7 S = %, and e7'€ = N. This yields

2B 4
— —&T'vGS +vél' Y = voN —

VD

which allows us to solve for v as

VR()E
VD

N,

U= + + - : (2.16)

By eliminating v in (2.13) we obtain

- cel - 1 2F
S+y<ejevg—g)s+y<>z—N€5T>z): A

VDN

We now define the matrix

17



With this we can conclude that the solution to (2.13) satisfies

. . 2F
S+v(I—&)GS +v(I—&)X = @Na (2.17a)

and that

2E ROE 1 Jiy AN =T
+—=+ = - S). 2.17b
vt U TN @R E6S) (2.17b)

’[_):

We remark that the nonlinear algebraic system in (2.17) is decoupled. One
first solves for Sp,..., Sy in (2.17a), and then the result is used to calculate v
in (2.17b). By using the numerical values computed from the core problem for

X(S; f) (see Figure 2.1), one can solve (2.17a) for various spot configurations.

The specific form (2.17a) of the nonlinear algebraic system is the one that is

used in the analysis below.

2.2 Stability analysis of the quasi-equilibrium pattern

In this section we study the stability of the N-spot quasi-equilibrium solution con-
structed in the previous section to O(1) time-scale instabilities. The O(1) time-
scale of such instabilities is fast in comparison with the expected slow dynamics of
the spots with speed O (e 2). Therefore, in the stability analysis we “freeze” the lo-
cations of the spots and then characterize whether the resulting quasi-equilibrium
pattern is unstable to fast O(1) time-scale instabilities. There are three distinct
types of instabilities that can occur and will be discussed. We remark that our sta-
bility analysis is accurate to all logarithmic orders in . A leading-order stability

analysis is given in a later section.
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We begin with the nondimensionalized system from (2.3) on 2 written as

up = e ?Au+e?E — u+ fuv,

1
Tvr = DAv + 8—2(14 —u?v)

where 2 is the surface of the unit sphere.

We recall that the quasi-equilibrium solution, as constructed in the previous

section, satisfies

N
Uge ~ € °E + Z\/ﬁuj(a_l\x — zjl),

j=1
{ %’l}j for [z — ;] = O(e)

Vge ~ - ]

q —%Z;\Tﬂst(%;xi)"’_ﬁ for [z — ;] > O(e)

We linearize around this solution by writing
U = Uge + €At¢, V= Uge + e/\t777
to obtain that the perturbation satisfies

€ QAsw - ¢ + 2fuqevqew + fugen = )ﬂﬁ,

1 ) (2.18)
DAsn + 67(1# — 2UgeVget) — Ugen) = TAN.

For the inner solution, we consider the local coordinates near the j-th spot

e 0 —0. R .
e

¢ =
We re-write the Laplace-Beltrami operator in the local coordinate system to get

wjylyl + wjyzyz - ¢] + Qij’UJT,ZJ] + fDU?”J = )\%7

(2.19)
2 2
D(njylyl + nijyQ) +pj — 2ujvih; — Dujn = TAnjE ",

19



since in the inner region we have ugcvge ~ u;v;. We now define N; = Drn;, and

we assume that 7\ < O(e ~2), which leads to the eigenvalue problem

wjyuq + ¢jy2y2 — 5 + 2fujv; + fuiN] = Ay,

) (2.20)
Nj + Njyng + ¢j — 2’LLjUj1/Jj — ’LLij =0,

Y191

on —o0 < Y1, Y2 < 00.

In deriving this system we used A1) = 1)y, 4, +y,y, +O (€ ), and neglected the
O(e) error term. In addition, we recall that u; and v; are obtained by solving the
radially symmetric core problem (2.6), and that they depend on S; and f. Finally,
we note that due to the —1); term in the v; equation, it is consistent to impose that
Ypj — 0 as p*® = y? +y5 — oo, provided that A > —1. However, the boundary

conditions on /N; will depend on the type of eigenfunction that we are seeking.

We now look for a separation of variable solution of the form
vy = Pi(p)e™™, Ny = Nj(p)e™™,

where w = tan~!(yo/y1) and m = 0,1,2,... (™™ = 1 ¥m), provides a peri-
odicity condition for the perturbation in the tangent plane. Overall, this results in
a local polar coordinate system on the tangent plane to the sphere at the j-th spot
location. In terms of these variables, (2.20) becomes a radially symmetric problem
with parameter m:

R 1~ m? - 0 7 \
o= i = (L N+ 2 gzt + fu NG =0

cy 1o, m?. ) o 2.21
R+ G = 2N oy = 2wy W2N; =0, 0<p<oo, *2D
$5(0) = NI(0) =0, v — 0asp— oc.
We need only consider the modes m = 0,2, 3,4, ..., since m = 1 corresponds

to the translation mode associated with the neutral eigenvalue A = 0.
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221 Casel:m=23,...

We now look for solutions to the eigenvalue problem generated by non-radially
symmetric perturbations near the j-th spot (m = 2,3, ...). Due to the —m?N; />
term in the N j equation we can impose an algebraic decay as N 7 — oo. Thus we
can append to (2.21) the condition Nj — 0 as p — oo.

This implies that non-radially symmetric eigenfunctions are largely local insta-

bilities, and are only coupled together through the NAS for Sy, ..., Sy.

We proceed to solve the eigenvalue problem. For particular values of f, we
compute u; and v; from the core problem. Despite the boundary condition being
set at infinity, the solution converges exponentially fast, and it became clear that
discretizing (2.21) for 0 < p < 14 would result in convergence to machine pre-
cision. We first solve for N ; in the second equation, using centred differences for
the first and second derivatives, and upon substituting this into the first equation
we can approximate ﬂj and the eigenvalue \ by the solution of a matrix eigenvalue

problem.

In Figure 2.2 we show the eigenvalues as a function of the parameter S; for
modes m = 2, 3,4 for a specific value of f. In addition, we give the value of
the pairs (f,.S;) for which A = 0 for the m = 2 mode. The figure agrees with
the expectation that the solution becomes unstable at the range where u; attains a

volcano-like profile (shown in Figure 2.1)

The results indicate that if the source strength exceeds some critical value S,
which depends on f, then the spot becomes unstable to a mode m = 2 linear
instability. This linear instability is of peanut-splitting type and is the trigger for a

nonlinear spot self-replication event.

To illustrate this phenomena, in Figure 2.3 we show numerical results com-

puted from the full PDE system for a one-spot initial condition for the parameter
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A vs sJ for £ = 0.5 S(F;r=0)forM=2

Figure 2.2: The figure on the left shows the eigenvalue A as the source
strength S; increases for the case f = 0.5. This figure is representa-
tive of what we saw for various values of f. The figure on the right
tracks the values of (f,.S;) that result in the critical case A = 0 for
m = 2.

values f = 0.7 and ¢ = 0.1. The numerical method used to obtain these results
is described at the end of next chapter on the 2-D Schakenburg mode. In the first
row of this figure where D = 0.35, we have that S > S, and so there is a peanut-
splitting linear instability. This instability is shown to lead to spot self-replication.
Alternatively, for D = 0.45, then S < S, and, as shown in the second row of this

figure, there is no spot self-replication.

2.2.2 Case II: The splitting case, m = 0

The case m = 0 corresponds to a locally radially symmetric perturbation near the
j-th spot. The key difference, as compared with the m = 2,3, --- case, is that
without the —m?2N i/ p? term we cannot impose that N; — 0 as p — oo. Instead,
we must allow for logarithmic growth in the far-field. Returning to the eigenvalue

problem (2.21), we impose the far-field behaviour

N; ~ cjlogp, as p — oo.
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Time =1 Time = 30 Time =70 Time = 90

Time =1 Time =5 Time =25 Time =95

Figure 2.3: Full numerical simulation on a sphere, u(Z) for f = 0.7 and
e = 0.1. The splitting case has D = 0.35, whereas the non-splitting
case has D = 0.45.

The constants c; for j = 1,..., N will be determined later from a global matrix

problem that couples all local eigenvalue problems near each of the spots.

Since the eigenvalue problem is linear and homogeneous, we can write
v =citi(p), N =c;Nj(p),
so that (2.21) becomes

S _ s .
;»/ + ;w; — (1 + )\)Q/)J + 2ij’Uj1,Z)j + fUJQN] =0, 0<p<oo,

~ 1 ~ ~ ~
NJ// + ;NJI + ij — 2ujvj¢j N

0, 0<p<oo,

U (0) = N’(0) = 0; ¢; -0 and N; —logp+ Bj +o(1)as p — oo.
(2.22)
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From this system, the term Bj = Bj(Sj, f, A) must be computed numerically
by solving the complex-valued BVP. Numerically solving it is not as straightfor-

ward as in the uncoupled m = 0 case; this was done carefully in § 2.2.6.

In addition, since Nj does not tend to zero at infinity, the local eigenvalue
problems near each spot will all be coupled together. This is in contrast to the
m # 0 case for non-radially symmetric perturbations studied earlier, which are

largely local instabilities.

We observe that the V. j equation can be written as

~ N\’ ~ o
(pNj> +p (zpju — 2u;v;) — uij) ~0.
We can integrate this equation from 0 < p < oo with N. j ~ log pas p — oo, to get
o N 9
1= / (%’(1 = 2ujvj) — “ij) pdp.
0

Then, by using the fact that v; = 1; /¢, N; = N;/c;, we obtain the identity

¢j = /0 (5 (1 = 2ujv)) — wN;) pdp. (2.23)

Next, we derive an equation in the outer region for 7. The far-field condition
of the inner solution near the j-th spot is needed. We had previously defined n; =
N;/D = ¢;N;/D. As p — oo we have Nj ~ log p + Bj + o(1), with p = (y7 +
y%)l/ 2. Therefore, in terms of outer variables we obtain the matching condition
that

~ G

1 -
o~ log\x—xj]—l—;—&-Bj . asT — xj, (2.24)

wherer = —1/loge .
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Now, from (2.18) we obtain in the outer region from the ¢) equation that

_wout + 2fuevewout + fugnout = )\outwoub

Since, in the outer region, we have u, = O(g2), v. = O(1), and 1, = O(1), we
obtain that 1,,; = O(e4) < 1.

From the 1 equation in (2.18) we obtain that the outer approximation for n

satisfies
1
DA+ = (¥ + 2uevet) — uZn) = 7. (2.25)
We then must estimate the coefficient of £ =2 in (2.25). In the outer region we
use ue = O(£2), ve = O(1), Nowr = O(1), and Yoy = O(e*) < 1, to estimate

€ 2(—ulnow) = O(e?n) and e =2 (¢ + 2ueveth) = € 2 (O(a H—0(e 2ve¢0ut))
O(£?%) + O(e*). Therefore, both of these terms are negligible in the outer region.

The estimate above shows that we need only consider the local contributions
near each spot. The global contribution from the non-trivial background state of
u, 1s negligible with regards to their contribution on the outer solution for 1. To

calculate the contribution from the local terms near the j-th spot we use (2.23) to

obtain
1 N oo
) (¢ + 2UeVet) — uzn) — 27 Z/o (¢j(1 — 2ujvj) — u?nj) pdpd (z — x;)
j=1

N
= —271‘2 cid (x — xj).
j=1

In this way, we obtain from (2.24) and (2.25) that the outer solution for n
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satisfies

TA N
Agn — 577 = 27rZ cjo (x — xj),
Jj=1 (2.26)

, 1 -
77”%<1og!x—wjl+,,+Bﬂ'>7 asx — xj, forj=1,...,N.

Next, we will represent the solution to this problem in terms of a Green’s func-

tion, and from it we will obtain a homogeneous linear algebraic system of the form

ME=0,  where M=M(SL,...,Sn,\ f,D).

The condition for the existence of a non-trivial solution for & = (ci,...,cy)? is

that
det M = 0.

This condition effectively leads to a transcendental equation for any discrete eigen-

values ).

Before deriving this system, we obtain a key identity that is helpful for obtain-
ing stability thresholds. By differentiating the core problem (2.6) with respect to
S; we get

1
(85juj)// + ;(asjuj)/ - (85juj) + 2fujvj(asjuj) + fu?(asg'vj) =0,

1
(8Sjvj)” + ;(asjvj), + (88]' ;) — 2u;v; (asjuj) + U?(asj vj) =0, (2.27)
vy~ logp+ 04, X(Sj5 [, as p — oo.

By comparing this problem with (2.22) we obtain the key identity

Bi(Sj, £, 2 = 0) = 04, x(S5: f) = X(S5: ). (2.28)

In solving (2.26) we will identify two separate two cases. The case 7 = 0,
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where the solution will depend on the Neumann Green’s function for a sphere, and
the case where 7 # 0, for which we will identify a new Green’s function on a

sphere that is related to Legendre functions
2.2.3 Case A: The competition case, m > 2and 7 = 0

For this case, (2.26) reduces to

N
Agn = ZWché (x —zy),
=1

. 1 -
n ;(log]x—xﬂ—i—y—i—Bj), asx —xj, forj=1 N

(2.29)

In terms of this Neumann Green’s function of (2.10) and (2.11), the solution to

(2.29) is
27 & 17
) ¢;G(z;xj) 5, (2.30)
7=1
where 7 is a constant to be found. We then calculate that
27 271 1
52 G(x;xj) __’chj<477_5(x_mﬁ)>
7j=1 7=1
1 & 2
= _QDJZ_:Cj + Dj;cjé(x — xj)

Upon comparing this with (2.29), we require that the following solvability condi-

tion be satisfied:
(2.31)

27



Next, by letting x — z; in (2.30) and comparing it with (2.29), we obtain

2 ¢ n
n= ) —ﬁlog ’:U — xz| +CiR+ZCjGij + D
J#i
% (og |z — i+~ + B;
5 \logle —@i| + ]
This yields a linear system of the form
N
—2mv | R+ ZCjGij +vn =c¢; <1 + nBi> .
J#i
We then use Gj; = —%Lij + R, with L;; = log|z; — x|, to write this linear
system as
N N
— 2y CZ'R—I-;C]'R—%;C]'LU +vn =g (1+773i)~
JF# Ve

Then, by using the solvability condition Zjvz 1 ¢; = 0, we can simplify the system
above to an N + 1 dimensional system
N N
VZCjL,'j—i-Vﬁ:Ci(l—l—nBi), i=1..,N; Yg=0, (232
j#i =1

for the N + 1 unknowns 7 and ¢; forj =1,..., N.
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To rewrite (2.32) in matrix form, we define

B1 0 1 C1
B = , €= , C= ,
0 By 1 CN
0 Ly --- ILin (2.33)
g - L21 . )
Lyny - 0

so that the matrix formulation of (2.32) is
vGE+ vié = ¢+ vBE, ele=o. (2.34)
Pre-multiplying by ¢’ allows us to solve for 7 as

= % (e"Be—é"ge).

=

Upon substituting 77 back into (2.34) we get
vge+ € (& Be - &7 Ge) = &+ vise.
Finally, we define the matrix & as

1
50 = cel =

1. :

and then re-arrange the system above to get that ¢ is an eigenvector of the matrix

problem

ME=0, M= <i1+(1—50)(3—g)> .

T

In summary, we conclude that ¢ = (ci,...,cn)" are eigenvectors for the homo-
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geneous linear system M = 0, where M = M()) since B;; = B;(\). We refer
to this system as the globally coupled eigenvalue problem.

The condition det M = 0, which yields a transcendental equation for A, deter-
mines the discrete eigenvalues for the case 7 = 0. In general, solving det M = 0
requires the determination of Bj = Bj(A, Sj, f) as defined in (2.22). Recall that

the source strengths S7, ..., .Sy terms must be computed from the nonlinear sys-
tem given by
- ~ 2
S+v(l—E&)GS+v(l—&)X = €. 2.35
( 0) ( 0)X VDN (2.35)

2.2.4 Threshold calculation

Although it is difficult to compute the discrete eigenvalues of the globally coupled
eigenvalue problem, it is a relatively simple matter to calculate the stability thresh-
old for eigenvalues entering Re(A) > 0 through the origin A = 0 by using the
identity of (2.28). Near the end of section § 2.2.5 we prove that eigenvalues that

cross into Re(\) > 0 have no imaginary components when Re(\) = 0.

Recall that when A = 0 we have

Therefore, when A = 0 we do not need to compute Bj (0,5;, f) from (2.22).
It is simply provided by the core problem through the numerical estimation of

X' (Sj; f). Therefore, when A = 0, the matrix 3 is known, and we need to solve

1
loge’

1
det M =0, with ME;I"‘(I—&))(B—Q), v=
together with (2.35).

We now calculate this threshold explicitly for the special case where all the
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spots have a common source strength, i.e., S. = S7 = --- = Sy. This will occur

whenever € = (1,...,1)7 is an eigenvector of G, so that
GE€ = K€, (2.36)
for some 1. In particular, such a cyclic matrix structure will always occur for a

G- 0 L12’
Loy 0

and L2 = L9;. A cyclic matrix structure also occurs for other symmetric arrange-

two spot pattern, since

ments of spots, such as [V equally-spaced spots lying on a ring of constant latitude
on the sphere. In addition, in general the cyclic structure of the Green’s matrix will
also hold when the spot locations are at the elliptic Fekete points, i.e. at the spot

configuration that minimizes

N N
_ZZIOg|xi_l’j .

i=1 j=1
J#

This minimization problem is also called the Thomson problem [58], which
consists of finding the optimal distribution of N equally charged particles on the

surface of a sphere

Assuming that (2.36) holds, we then have that S = S.€, and from (2.35) we

have that S, = ﬁ. Similarly, for M we calculate

M= 14X ()0~ &) ~ (I — &)

We want to find conditions that guarantee that M will be a singular matrix.
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Lemma 2.1 Consider the eigenvalue problem
Gb = kg, for ki, ... ky, and eigenvectors 51, .. ,EN.
Assume that G = ki€, so that 51 = ¢. Then we must have
Gbj = kjbj, j=2,....,N, withb'é=0, forj=2,... N.
Proof Since G is a symmetric matrix by Green’s reciprocity theorem, then the

eigenspace must be orthogonal. We do need the dimension of the nullspace of

(G — k11) to be equal to one, so that k; is a simple eigenvalue of G. |}
Claim 1 gj,forj =2,..., N, and € are eigenvectors of M.

Proof We have that
Mb; = %@ (ST = E)F; — (T = £0)GEs, forj=2,...,N,
with Gb; = k;b; and Eb; = +é'b; =0, forj =2,..., N.
This shows that
1-

- - 1 -
Mbj = ~bj + X' (Se)bj — kibj = (V +X(Se) — ’fj) bj.

In addition, we have that (I — &)

eigenvector of M is

1
1
=
o
=
a.
Q
1
1
o
K,
o
H
=
o
=
e
o
=
o
=
o
Qo
S
=
o
]

1
Me = ;é’+ X' (Se)(I — &y)e— (I —&)Ge =
Therefore we can conclude that 52, ... ,g ~ and € are the eigenvectors of M.
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Requiring that det M = 0 then yields N — 1 algebraic equations of the form

1
;+X’(SC)—kj:0, forj=2,...,N, (2.37)

where k; for j = 2,..., N are any of the eigenvalues of G corresponding to the

N — 1 dimensional subspace perpendicular to €.

2.2.5 Stability threshold

Suppose that G = ke, which implies a condition on the spot configuration
z1,...,xy when N > 2. The cyclic structure always holds for N = 2. Then

there exists a solution to (2.35) with a common source strength S, given by

2
Se = ——.
VDN

From Figure 2.2 we know that self-replication occurs if S¥ > ¥o(f), with 2
the critical value where A = 0 for the m = 2 mode. Alternatively, we know that

there exists an instability with a sign-fluctuating eigenfunction whenever

1
—+x'(S.) —k;j =0, forsomejinj=2,...,N.
v

We now make some remarks. The eigenfunction is sign-fluctuating because
¢ = b is one of the vectors for which b7¢ = 0. Recall P = le[)j(p),g =
(c1,...,cn)T, and that 1) is a perturbation of the quasi-equilibrium solution for
u. We also note that k; only depends on the number of spots /V and their locations.
From Figure 2.1, we know that x’(S,) is a negative concave down curve when S,

is small enough, with \/(S;) — oo as S. — 0F. We define oj = L +\/(S.) — Jj.

1
loge

hand, as D — oo, we have that S, — 0%, and thus x’(S.) — —oc. Therefore, for

with vy = —

. For v < 1 we have 0 ~ % > 0 (to leading order). On the other

D small enough we will eventually have o; = 0, with k; = maxo<;<n{k;}.
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Principal Result 2.2.1 As D is increased, i.e. as S. is decreased, the smallest

value of D for which A = 0 is given by the root of the transcendental equation

1 2
——kj=-X(S), Se=-——, 2.38
L R X (Se) DN (2.38)

~ - -T
where k‘j = MaX2<j<N k‘j, and ij = kjbj, with bj e=0.

This criterion defines a threshold S, and since x depends on f and N, then
S¥ = S*(f, N). In Figure 2.4 we compute the competition instability threshold for

.7 0.8 0.9 1

o ‘ ‘
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.2 0.3 0.4 0.5 0.6 0.
f |><i - xJ.|

Figure 2.4: Competition instability threshold, i.e., stability with respect to the
m = 0 mode when 7 = 0. The figure on the left is for two spots located
at opposite poles of the sphere, and the figure on the right computes
the threshold as a function of the distance between the spots (for fixed
values of f).

two spots with common spot-strength S... The figure on the left considers the case
of two spots located at opposite ends on a sphere, as a function of f. Since S, =
2/ VDN the profile of the curve f vs D, would be monotonically increasing. If we
are below any of the curves in these figures we would predict that a competition

instability will occur.

The figure on the right computes the competition instability threshold for two
spots at varying distances from each other, for fixed values of f. The result shows

that the critical spot-strength S, increases the closer the spots are to each other, and
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equivalently D, will decrease as they approach each other.

The key quantity determining the competition instability threshold is the largest
eigenvalue of G in the subspace perpendicular to €. For equally spaced spots, the
matrix G has exactly two eigenvalues which can be calculated analytically. For the

more general case of N spots, this must be done numerically.

We summarize our stability results so far as follows: Suppose that the spot
locations are such that G& = k€, so that they have a common source strength S..
Then,

e If S, > ¥s(f), a peanut-splitting linear instability occurs, which numeri-

cally is shown to lead to spot self-replication.

o If S, = S¥(f; N) then A = 0, and in fact we predict that if S. < S’(f; N),
which corresponds to D too large, then there will exist a real positive eigen-

value with sign-fluctuating eigenfunction.

The interaction between these two thresholds could lead to the following sce-
nario: Consider an initial condition of N homogeneously spaced (equally spaced
if N < 4, or in a Fekete distribution for N > 4) spots on the surface of a sphere,
and suppose that D is such that S} < Xa(f).

Suppose that there are N initial spots with a common source strength and that
S. exceeds the spot self-replication threshold 5. Then, we predict that the N
spots will split, self-replicating into 2N spots.

2
VD(2N)
Se < Sk(f; N). Then a sign-fluctuating instability will occur, which will annihi-

Suppose that now, for the 2V spots, their value of S, = now satisfies

late some of the 2N spots, bringing the system back to a state for which the new

S, value exceeds the self-replication value.

This scenario may be too simplistic in that we are neglecting any motion of the
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spots. More specifically, we cannot guarantee that the spots will remain equally
spaced for all time. Thus, the Green’s matrix equally may not be cyclic for all time.
There is also the possibility that after the self-replication event the sign-fluctuating

instability annihilates a different number of spots.

Time =0 Time =25 Time =50 Time =75 Time =100

Time =0 Time =10 Time =20 Time =25 Time =30

Figure 2.5: Full numerical simulation of the Brusselator model on a sphere
(u(¥)). A competition instability can be observed for the lower row
(D = 1.2), which is not triggered in the top row (D = 0.8). Both
scenarios have f = 0.7, = 0.1.

In the full numerical computations of the Brusselator exhibited in Figure 2.5
we show a competition instability that occurs for a two-spot pattern when the dif-
fusivity D is large enough. The other parameter values are given in the caption of
this figure. As mentioned earlier, the analytical estimate above does not account

for the motion of the spots, and this complicates the determination of a threshold.

For the case 7 = 0 that we have been studying, we now would like to prove for
the common source-strength case S, = S1 = So = --- = Sy that it is impossible
for eigenvalues to enter the half-plane Re(\) > 0 except from A = 0. In other

words, we want to rule out Hopf bifurcations.

36



For this case, we label Bj(/\,Sj,f) = BC(/\,SC,f) forall j = 1,...,N.
Then M = 1 + B.(\, se, /(I — &) — (I — &)G. Recall that when G = k1¢,
then Mée = %5. Alternatively, for gl; = kjgj, with l;;»é’ = 0, then /\/lgj =

(% + BC()‘7 SCa f) - kﬂ) g]
Thus, the eigenvalues A are the roots of the transcendental equations

1 ~
o+ B\ Se, /) ~k; =0,  j=2...N. (2.39)

We aim to show that it is impossible for A = ¢A;, with A; > 0, to be a solution
to (2.39) for any j = 2,..., N. This would prove that eigenvalues can only enter
the unstable right-half plane along the real axis. Letting A = ¢\, and separating
(2.39) into real and imaginary parts we conclude that any such Hopf bifurcation

must satisfy

m(Be(iAr, Se, /)] =0, Re[Be(iAr, Se, f)] = —% + k. (2.40)

Recall that Bc(i)\ 1,Se, [) is computed from (2.22), which we write as

Epi - 17; + QfUCUIﬂL + ngN = Mﬂ@
L,N + 1 1 — 2u.v, —u?NzO,
P ¢(~ ) (2.41)
P — 0, as p — 00,

N ~logp+ B.+ o(1) as p — oo,

with £, = 0,, + %8,), and (uc, v.) the solutions to the core problem.
If we now separate ) and N in terms of their real and imaginary components

as
Y = hp + iy, N = N +iNjy,
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then from (2.41) we get

Loor — YR+ 2fucvedr + fulNp = =y,
L,Ng+ ¥r(1 — 2ucve) = u2Ng,
Yr — 0, as p — oo, Ng — log p +Re(B.)+o(1), as p — o,
L1 — 1+ 2fucveds + fulNp = —\ig,
,CpNI + 1/;1(1 — 2ucve) = UEN[,

Y1 — 0, as p — oo, Nr — Im(B.)+o(1), as p — oco.

There is no solution to ﬁpN] = ugNI — 1;1(1 — 2u,v.) for which NI — 0 as

p — o0o. The best one can say is that N7 is bounded at infinity. In fact, in solving
" 1 /
u' 4+ —u' = f(p), 0<p<oo, u(0)=0,

then u ~ ( fooo yf (y)dy) log p + o(1) at infinity. The logarithmic term vanishes
only if ( [y f(y)dy) = 0. Therefore, we conclude that

m[éc(i)‘la SCa f)] 7£ 07

which contradicts the first equation in (2.40). We conclude that a Hopf bifurcation
is impossible for the case 7 = 0 when the Green’s matrix is cyclic. Instabilities for
this case can only be triggered by eigenvalues crossing into Re(\) > 0 along the

real axis in the A—plane.
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2.2.6 Case B: The Hopf bifurcation case, m > 2and 7 > 0

For the case 7 > 0, we will show that Hopf bifurcations in the spot amplitudes are

possible. For this case, we return to (2.26), which we write as

N
TA
Agn — o= 27T_Zlcj5(fc - xj),
o

) 1 ~
nN%[IOng—xjHﬁBJ asz —x;, j=1,...,N.

We define G (x; z¢) to be the unique solution to

TA
AsG)\ - BGA = —5(.I - l’o),

| (2.42)
Gi(x;m0) ~ ~5- log |z — xo|+Rx+0(1), z— xg.

Here G is 27 periodic in ¢, and smooth in § = 0, 7.

An explicit formula for G can be written in terms of Legendre functions. We

notice by symmetry that R is independent of xy. The solution for 7 is

— 2 - G .
n= —5j:1 c;iG(z; ).
Now, as x — x;, we obtain for each ¢ = 1, ..., N that the matching condition
el —Cilog]:):—xi]—l—ciRA+§:cG>\“ Nci[log\x—x-—i—l%—é'
D 27 o I D oy ‘”

must hold. By matching the O(1) terms, we conclude that
N

¢ + 2wy ciR,\+chG>\ij +vBjc; =0. i=1,...,N. (2.43)
J#i
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For this case it is no longer holds that we can write for any = on sphere that

1
Gi(z;xj) = ~5- log |z — x| + constant,

where the constant is independent of x. In fact, there must be terms of the form

|z — 20|? log |z — 2], etc. As such, we can only write (2.43) as

c1 Ry Grij
Ié+2nvG\é+vBE = 0, c S, Ghv= , (2.44)

CN Gij R

where the G matrix has common entries along its diagonal that are independent of

the spot locations. In addition,

wof
I

Thus we conclude that A must be such that the matrix problem

Me=0, M=I+2mG,+vB (2.45)

has a non-trivial solution, i.e., that det M =0.

Next, we consider the case where the spots have a common source strength S,,
with S. = 57 = --- = Sy. Then,

B = Be(A; Se, ),

so that
M =1+2r0G\ +vB.I.
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In terms of the matrix spectrum of G
Q,\I;j)\ = kj)\gj,\ fOI‘j = 1, c. 7]\f,
it follows that
ngA = (1 + 27ryk‘j,\ + VBC) gj)w
We conclude that det M = 0 when

1+ 2nvk;) + vB, = 0, j=1,...,N. (2.46)

We remark that as 7 increases it is impossible for eigenvalues to enter Re(\) >
0 along the real axis by crossing through A = 0. This is because G, depends only
on the product 7\, which vanishes when A = 0. Secondly, in (2.46) we recall that
B.(); S, f) is obtained from the solution to

Ep@Z_@E+2fucvcﬂ~)+fu2N:)‘QZa
L,N + (1 — 2uv.) = u?N, (2.47)
¥ —0, N ~logp+ B.(\ S, f)+o(1)as p— oo.

We remark that 12 and N are complex-valued when A\ = A + i\; is complex.
However, given a complex-valued A\ we can readily solve this BVP by separating

the solution into real and imaginary parts and then identifying Re[B,] and Im[B,].

Now, we look for a Hopf bifurcation that occurs at some value 7 = 75, for
j=1,..., N. The stability threshold 7z is defined by

7, = min{7y;}.
J

We predict that the N-spot solution is stable to an oscillatory profile instability if

0 <7 < 7. Thus, we define A\ = iA;; and 7 = 7, and we need to compute Ay
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and 7g; for which

v~! + 27Re[k;y] + Re[B(i)r, Se, )] = 0, 2.48)
2rIm[k;y] + Im[B(iAr, Se, f)] = 0. '

In order to compute the numerical solution to (2.48), for fixed locations x1, ..., x N

for which we have a common source strength S, the following steps were taken:

(i) We need to calculate the Green’s function G5 (x; x;) that satisfies

N7 T
A,G — %GA = —5(z — ),

1
Gy~ —z—log |z — x|+ Ry, asz — xj.
T

For this we use the result in the appendix of [11], that connects this equation
to the Legendre function of first kind of complex order o, P,(z). We have

that the solution to
AsGp+o(o+1)Gp = —6(Z — 2p), (2.49)

with & on the sphere and where (G}, is 27 periodic and smooth at ¢ = 0, 27

is given by
1

Gh(l‘;ﬂﬁo) = —m

PO'(_'% _E))a

when o not an integer.

As z — —17, we have that (see the appendix of [11])

i 1
Py(z) ~ s1n7(r7ra [log (;Z> + 27+ 2®(0 + 1) + wcot(mo)

Here + is Euler’s constant, ®(z) is the Psi or digamma function ®(z) =
I'(2)/T(z), with T'(2) the gamma function.

Numerically, we evaluated the complex digamma function terms on Maple
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(i)

(iii)

(iv)

and the rest of the routine was done in Matlab. Now, as £ — z(, we have

1 L
Gp(z;x0) ~ 5 log |Z — zp| + Rp,

where

1
Ry =~ [-2log2+ 2y +28(0 +1) + 7 cot(mo)]..
7

Therefore, in order to obtain G (&; ;) and R), we simply need to set

IAIT

]_ = ——
oo +1) =75,
and solve for o. We obtain

1+ 1 T
o=—= - — —
D’

[\
W

and we must choose the principal branch Re («/1 /4 — i T/ D) > 0 on
account of the requirement that 0 = 0 when 7 = 0.

Once we have identified Gy (z;; ;) for i # j and Ry, we build the complex-

valued matrix

Ry G xij
gr= '
Gij Ry
and calculate the complex-valued eigenvalues ky; for j = 1,..., N of this

matrix.

We remark that Gy is symmetric, but not Hermitian when A\ = iA;, since

Gij # Gji- Thus, the k) ; eigenvalues are in general complex-valued.

We next calculate the real and imaginary parts of B (A1, Se, f) from the
complex BVP (2.47).

For each eigenvalue £); we do a 2 x 2 matrix Newton update on the nonlinear

system from (2.46).
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Figure 2.6 shows the results of the full numerical simulation. We used an initial
approximation obtained by using D = 100 (as outlined in the procedure described
below), and we did a continuation on D to obtain the Hopf bifurcation threshold

for smaller values of D.

120 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Dc f

Figure 2.6: The Hopf bifurcation threshold for varying D (left), and as a func-
tion of f when D = 100.

An important remark is that the Newton update is on the two variables (7, Ar),
and without a good starting guess it is very hard to converge to a solution. However,

it is possible to find a good initial guess when considering D > 1.
If welete = %, with € < 1, we need to solve
AsG — ieG = —=6(Z — 2p).

We do an asymptotic expansion G' ~ % + G1 + ---, and we get that G is a

constant, and that G satisfies
AsGl — iGo = —5(f— {L‘_é)

By integrating over the sphere, and using the explicit formula for the Green’s func-
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tion in (2.11), we have

7

Go= "
0 47'("

1
1 (2log2—1).

1 L
G = ———log|% — 2| + R, Ry = —
2 ™

For the one spot case, the eigenvalue of the Green’s matrix will simply be the
regular part, and therefore we have the approximation k) = Go/e+ R;. This effec-
tively decouples (2.48), and we can find the other variable by a bisection algorithm.
The approximation also serves as an independent check with the full solution of the
Green’s function in (2.49). With the initial condition variables, the difference be-
tween the asymptotic approximation to GG and the full Legendre solution is of less

than three decimal digits in both the real and imaginary parts.

In particular, we used Re(ky) = £ (2log2 — 1) ~ 0.03074, and solved the
first equation in (2.48). At each iteration we had to solve the complex BVP version
of (2.47) on both sides of the bisection bracket. After a few iterations we found an
initial estimate (A = 0.8489380, 7 = 1.621877), which we finally used as the seed
to the Newton algorithm.

Finding the threshold for smaller values of D is simply a matter of performing

numerical continuation.

In the V-spot case one of the eigenvectors will correspond to € since
gr€ = kn €

should hold. This eigenvalue corresponds to a synchronous oscillatory instability

of the spot amplitudes.
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2.3 Leading-order theory

In the previous section, an asymptotic method based on accounting for all logarith-
mic terms in v was developed in order to construct quasi-equilibrium spot patterns
and to analyze their stability. However, the implementation of this theory required
some numerical computations, and so the overall approach can be considered a

hybrid analytical-numerical theory.

In this section, we will formulate a leading-order-in-v theory for the existence

and stability of an N-spot quasi-equilibrium solution for the regime where

D, 1
== v= and Dy = O(1).

D - 3
v loge

With this approach we will obtain explicit analytical results for the profile of each

spot and for the competition instability threshold.

For this range of D, the equilibrium problem is

2Au+?E —u+ fulv =0,

(2.50)
DoAgv + E% (u — u2v) =0.

We now construct a leading-order quasi-equilibrium solution using the method of

matched asymptotic expansions. We begin with the inner problem.

2.3.1 Inner problem

We let ¢ = e (¢ — ¢;) and 6 = e~ 10 — 0;), where y; = sin qug and yo = 0.
Then, with p = (y? + y3)'/2, we obtain the following local problem on p > 0:

1
AU = U+ fUV; =0, A, =0,,+ ;a,,,

14
AV + 5o (U = UVi) = 0.
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Now, for v < 1, we expand
Uj=Ujo+vUj1 +..., Vi=Vijo+vVi+...
We obtain that Vg is a constant, and that Uj, satisfies
A,Ujo — Ujo + ijonQo =0,
so that Ujg = f%]%w(p), where w on p > 0 satisfies

pr—w+w2:0, p >0,
2.51)
w(0) >0, w'(0) =0, w—0 asp— oco.

Here w = w(p) is called the “ground-state” solution. Figure 2.7 shows the numer-
ical solution for w(p), as computed with Matlab’s BVP5C routine.

Figure 2.7: Numerical solution to the ground-state BVP A ,uw —w + w? = 0.
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At next order the equation for Vj is

1 1 1 1
AV = —(U3Vig—Usi) = — 2 .
pVj1 Do( j0V50 j0) Do <f2Vj0w f‘/}ow>

Therefore, Vj1 ~ Ajy log |y| as |y| — oo, where
1 1 oo o
A= —— (/ pw?dp —/ pwdp) .
T DofVio \f o 0

However, from integrating (2.51) we see that fooo pwdp = fooo pw?dp. Thus,

we conclude that

Uj ~ Ujo = (P,  Vi~Vio+vVi+...,

1
—Ww
fVjo
with ) )
AVii=—— wz—w> ,
PN Dy Vg (f

and Vj; ~ Aj1logp + o(1) as p — oo, where
b 1 o0
Ajj= | >—-1), b—/ wdp .
T DofVi <f ) 0o P

Thus, if we set p = e 1|z — x|, we obtain the matching condition
Vi ~Vjo+ Ajivlog |z — x| + Aj as T — ;.
We remark that since A,V;; = g(p) for some known function g(p), and Vj;; =
Vii(p) with V7, (0) = 0, we can impose that Vj1 — ([;° zg(2)dz)logp — 0 as

p — o0. This follows because we can always add a constant to the solution for V};

as it is a linear differential equation.
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2.3.2 Outer expansion

In the outer region we obtain u ~ £2E, and so for |z — z;| > O(e) we get the
global contribution

5%(“ —u?v) ~ VE + O(?v).

In contrast, the local contribution from the = x; region is
v 2 ~ 2
o (u—u) N27TV/ (Ujo = UsoVjo)pdp 6(x — x;),
0
[ (e~ et
~ 2TV —_—w — w T —T;),
o \fVio Vel )P !

2y 1 o, 4
~ Vo <1 — f) /0 pwdpd(x — x;).

Thus, in terms of Aj; computed previously, the local contribution from the j-th

spot is

E%(u —u?v) ~ =21 Dov A 8(x — x4),

1 o1 -
AJl_Doijo <f 1) </0 e dp>'

By combining the local and global contributions, we obtain the outer problem

where

N
vE
Asv+ — = 2mv E Aind(x —x;),
Dy = ’ (2.52)

v~ Vjo+ Aj1 + vAj log |z — x| asr —xj, j=1,...,N.

Our goal now is to determine a nonlinear algebraic system for Vjq for j =
1,..., N. Upon integrating (2.52) over the sphere, we obtain the solvability con-
dition

N

E 1

D, ~ 22
j=1
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In terms of an as yet unknown constant v, the solution to (2.52) is

N
v = —QWVZAﬂG(:E;xj) + 7, (2.53)
j=1

where G is the Neumann Green’s function for the unit sphere.

Now, equating the leading terms in v as x — x; with the non-singular terms in

(2.52) as x — x;, we obtain that

v~T+O0(v) =Vjo+ A1 +O(v), i1=1,...,N.

Thus, our leading-order-in-v theory yields that

U:‘/jO"i'Ajla j:17"'aN7

N
E 1
Dy 2 Zl“‘ﬂ’ (2.54)
]:
B 1 1 o0
with A3 =—, B=—1_[=-1 / w?dp > 0.
1™ Vio Dof(f )0 par

Next, we solve this leading order system (2.54) for Vj.

We have v = H(Vjo) = Vjo + %, where v is a constant independent of j.
A simple plot of H(Vjo) versus Vjo shows that H — oo as Vjo — 07 and as
Vjo — +o0. Furthermore, H (Vjo) has a unique critical point at Vjo = /3 with
H" > 0 for all Vjop > 0. Therefore, by looking for intersections of H (Vjo) with
the constant v, we conclude that there are only two possible values of Vjg, which

we label as Vo5 and Vjqp.
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2.3.3 CaseIL: Vo, = Vo, symmetric spot quasi-equilibrium

For a collection of N spots, suppose that we take a common value for Vo for
each spot. Then Vjo = V), and we have A;; = Vﬁo, and D% = %V%N. Hence,
Vo = % is the common value, and we calculate v = V| + %. Given that
H (V) is a concave-up curve for V > 0, we will be either to the left or to the right

of the minimum at Vp = v/B.

This construction yields to leading-order in v an IN-spot pattern with spots of

equal height. For this symmetric pattern, the quasi-equilibrium solution has the

form
R
2 1
u~e’E+ —w (e |z —x4]),

2 gy (e =)
J=1 (2.55)

DyBN 1 1 *©

where V) oF B D0f<f >/0 pwdp

Notice that B > 0 since 0 < f < 1. Thus, Vj is independent of Dy.

2.3.4 Case II: Asymmetric spot equilibria

In the remainder of this chapter we will focus on symmetric spot patterns. How-
ever, we now briefly mention that one can also construct asymmetric patterns where
the spots have different amplitudes. To see this suppose that we have M; small am-
plitude spots with Vjo = Vi, for j = 1,..., My, and My large amplitude spots with
Vio = Vos for j = My +1,..., N, where My = N — M. We note that since
Ujo ~ f%jow, a large value of Vjq yields a small-amplitude spot, and vice versa.

The small and large spots must be such that

B B
T = Vop+ — = Voy + —.
v Yo = Yo Ty
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Then, by Using A;; = % from (2.54), we obtain

N
E 1 B (M M
7272 A = — [ == )
Dy 247 2<V0b+VOS>

Therefore, we conclude that Vy,, Vjs satisfy the coupled nonlinear algebraic prob-

lem

E B(M (N-M) B B
Do 2 ’

— % — = Vos + —. 2.56
Voo * Vos 0 Voo 0sF Vos (2-56)

This yields two equations for the two unknowns Vj;, and Vj;.

Now, the system (2.56) is not solvable for all values of Dy. At the coalescence
point where Vs = Vi = /B, we have that

OF b(1— f)

Doasy = ——r, S
0ASY \/BN D0f2

At this particular value of D, solution branches of asymmetric quasi-equilibrium
patterns bifurcate off of the symmetric solution branch. If Dy > Dyagy the sys-
tem (2.56) should not be solvable. This construction indicates that there exists

asymmetric spot equilibria to leading-order in v when
D
'DN*O, and Dy < Dyasy-

14

2.4 Derivation from the S-formulation

In this section we show how to independently recover the leading-order results in
the previous section by considering the limit as S; — 0 of the S-formulation of
§2.1. Near the j-th spot we recall from (2.5) that

Uj = D1/2Uj, V] = ’Dfl/QUj,
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so that (u;, v;) satisty (see (2.6))

Apu; —uj + fu?vj =0, uj — 0as p — oo, 2.57)
Apvj +uj — u?vj =0, vj ~ Sjlog p+ x(S;) as p — oo. '
and where the S; fori = 1,..., N satisfy (2.14), written again as
N
I/R()E _ .
S;—v SiLii + +uvx(S;; f)=vv, i=1,...,N,
{ z#; JHig JD x(Si f)
! (2.58)
al 2F
Lij = log |z; — x4, ZSi:ﬁ7 Ry =2log2 — 1.

=1

We want now to expand the system as S; — 0 when D = Dy /v > 1. As such,
we must consider the following side problem, which will determine the asymp-
totics of x(S;; f) as S; — 0:

2.4.1 Core problem: Small S-asymptotics

For S — 0, we now calculate u, v, and y for

Apu—u+fu2v:0, u—0as p— oo,

Apv+u—u2v:0, v~ Slogp+xas p— oo.
We write u = Su, v = 0/5, and x = x/S to obtain

Ayt — 0+ fa* =0, @—0as p— 00,

A,o + S (i — @2D) = 0, ¥~ S%logp+xas p— oo.

This suggests that we should seek an approximate solution for S < 1 in the
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form
@ =y + S%u + Stag + - -,
17:1704-521714-541724-"‘,
Y=%X0+S*1+S5'%+....

Upon substituting this expansion into the problem for (%, ?) and collecting

powers of S2 we obtain the following sequence of problems:

Aiig — Gip + fuldy =0, g —0 as p— oo,
? 0 (2.59)
Apﬁozo, ’50*))20, as p— 0
Apﬂl — a1 + 2ftgtouy = *fﬂgf}l, v1 >0 as p— o0, (2.60)
A0y = —iig + W3, D1 —logp+¥1 as p— oo. '
In addition, we obtain that ¥, satisfies
A,y = — @iy + 2doot + U501 (2.61)
with v bounded as p — oo.
We conclude that .
710 = = w, 770 = 207 (262)
Jo

where w is the ground-state solution satisfying A ,w — w + w? = 0.

Notice that since w — 0 at infinity, then [ pwdp = [~ pw?dp. Next, the

solvability condition from the v; equation yields that

p—00

o0
lim pvy, = / (—io + Tg00) pdp,
0
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with 01, = 1/p as p — oo. Thus, from (2.62) we obtain that

Then, since [;° pwdp = [;° pw?dp, we conclude that

S )

(e,
o =Xo= "5 with b= / pw?dp ~ 4.9343. (2.63)
0

The numerical value for b was obtained from the numerical computation of
the ground state shown in Figure 2.7. With the leading-order terms calculated, the

problem for the second-order terms 7, v can then be written as

1
Apﬂl—ﬂ1+2wﬂ1:—ﬁw2f)1, 9 —0 as p— oo,
U
2 ’ (2.64)
A, 1<w w> U logp + X as p— oo
M==\—75— 7], U1 ~ 10g p T+ X1, .
P o \f? f

Next, the solvability condition for the v equation (2.61) yields that

(o] o0
/ (20900 — 1) pdp + / a2y pdp = 0.
0 0

Upon using tg = ﬁw this becomes
(2w ) . 1 o,
— — 1) aypdp + ~/ w1 pdp = 0. (2.65)
/0 ( f 155 Jo

We now integrate multiply the equation for %y in (2.64) by f~! and integrate

to obtain

1 /°° i 1 [> 1> 1 [,
- pAtdp — / puidp + / 2w pdp = ——= / w01 pdp.
IJo g I'Jo I'Jo f2v8 0
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Upon combining this with (2.65) we obtain

/2w >~ /°<’2u1~ /001~ /Ool _
— — 1| aipdp = — 1 pdp — —U1pdp + —pA ,u1dp.
/o(f 1pap . flpp Oflpp Ofpplp

Since fL’l (0) = 0and 4; — 0as p — oo, the last integral vanishes upon integration,

and so the equation above reduces to

1 bl B
<f — 1)/0 u1pdp = 0.

Since 0 < f < 1, we conclude that

/ urpdp = 0. (2.66)
0

We now show how this equation determines 1.

We return to (2.64). The solution can be written in the form

- - 1
U1 =¥+ —=
1 X1 770f2 V1p,

where 1, is the unique solution on 0 < p < 0o to

1
Aoy, = 0] + -0, = w? — fuw,
e (2.67)
Dip ~ tof?logp+o(l) as p— oo; ﬁip(O) =0.

The uniqueness of vy, follows from the condition that v, — 79 f?logp — 0 as

p — oo. In terms of ¥1,, the equation for %1 in (2.64) becomes

X1 w?
Lﬂ/l = Apﬂl - '111 + 2’11)711 = —ij — Tgﬁlp'
fo5 05 f

2

Now, since Lw = w2, as seen from Lw = Aw—w+2w? = —w?+2w? = w?,
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we can decompose 41 as

~ X1
uyp =

L

where 1), satisfies

Ayiiyy — iy — 2wiiyy = w oy, (2.69)

In summary, on 0 < p < o0, let U1, and w1, satisfy the coupled system

Ay = w? — fw; o1y ~ o flogp +o(l) asp— oo, 2.70)
Atiyp — Ti1p + 2wy, = Wiy, p — 0 asp— oo. '
Then, v; and @, are given by
’171 = >~(1 + ~721~}1p, ’[11 = — )2~12w — %ﬂlp- (271)
oo f fog oy f

Finally, we determine x1. We substitute u; into the solvability condition (2.66)

to obtain

0= / puidp = —~/ pwdp — ~/ pl1dp.
0 fv8 0 vz}”f?’ 0 ?

Therefore,

o0 1 [ee)
X1 wdp = —— / U1, dp.
X/O pwap Tof2 . puipap

However, since

00 00 1— 00
/ pwdp = / pw’dp = b, and vy = ( 2f) / pw?dp,
0 0 f 0

we get
1

X1 = TRA=]) /0 pUipdp. (2.72)

This determines X1 in terms of 1.
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We can further simplify (2.72) by using (2.70). The goal is to obtain a for-

mula for y; where the parameter dependence on f appears explicitly rather than

2

implicitly through @;,. To obtain such a result, we use w* = w — Aw to write the

problem for vy, as

Ap(t1p +w) = (1 = flw,
U1p+w~ (11— f)blogp+o(l) as p— occ.

This suggests that we can introduce 01 by 1, + w = (1 — f)01Q, where 019
satisfies the parameter-independent problem

Aptig=w,  p=>0,
17/1@(0)20; U1g — blogp+o(1), as p— oo.

Now, from the problem for @1, we obtain 01, = —w + (1 — f)01¢, so that
Liiyy = w?(—w + (1 — 1)
This suggests that we decompose @1, as @1, = —U1pr + Uiprr(1 — f), where

~ 3 ~ 2~
Lulp[ =w-, LU1p]] =w UlQ.

Finally, from (2.72) we get

- 1 < 1 [
Xl—bQ(l_f)/O Pulpldp_bg/o pulpIIdK)»

where the two integral terms are independent of f. We summarize the calculation

of the asymptotics for S — 0 of the solution to the core problem as follows:
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For S — 0, we obtain that U = Dl/Qu, V= D_I/ZU, with
UNS[ﬂo—i-Szﬂl—‘r...],
v~ S [0+ 8% +.. ], (2.73)
1. -
X~ 5 [Yo+ %% +...].

Here b = [;° pw?dp, w is the solution of the ground-state problem A w — w +

w? =0, and

3 1 _ X1 1 . ~

S S Tyt g e Dl

R ) R :

W=t =t pmled (-, @74
_oi-hH L [* L[ i
0= sy e [ e

Moreover, 01 is the unique solution to

A,10 = w, 0 < p < oo,
P (2.75)
51@(0) =0, 019 — blogp+o(1), as p— oo,
while 1,7 and 11,77 are the unique solutions of
Liigpr = Aplinpr — lapr + 2wikypr = w°, t1pr = 0 as p— oo,
Liyprr = UJ2171Q, tUiprr — 0 as  p— o0,
(2.76)
Remark

(i) Notice that U1, U1pr, U1pr7 do not depend on any parameters (such as f). Hence
we need only compute [ piiprdp, [ pliprrdp once in order to determine ;.

This was the motivation for introducing this decomposition from (2.72)
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(i) The leading order theory yields

DY2Sf D1/2p(1 - )
~ 2 ~ - 2.
U b(l—f)w’ |4 5 2 (2.77)
and the two term expansion for y is
1o(1—f)
~ = S+... 2.78

(ii1) Recall now that (2.58) holds:

VZSL1]+ \/7 +VX(SZaf) v, , Z:177N
JF#i

N
Ssi-22
i=1

We now assume D = D/v where v = —1/loge. Thus, Y | S; = O(/?),
which indicates that S; = O(v/?). We then use x; ~ b(f L) (0 obtain, with
S; — 0 that

2V1/2

N
Si—O(V)+I/b(le‘;i‘ﬂzuv, Z
=1

We then put S; = v/ 25; and T = /27, which leads to the reduced problem

N
5 bA—-f) _ _ - 2
S; + ———== = 7y, S; = ——E. 2.79
73, 0 ; o (2.79)
Substituting into (2.77), we get
w 1 b(1—f)
U~ , Vi~ == , 2.80
fui Siv Do f2 ( )
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which holds near the i-th spot. We then solve for .S; in terms of v; and substitute

into (2.79) to obtain after some algebra that

(DN L
UZ_‘_(,Z)O]CQ)U@‘_\/’DiO/UO’ Z—l,...,N,

Lo 2.81)
20w

with U ~ %w near the i-th spot (from (2.80)).

Notice that this is precisely the same system derived in (2.54), where

b(1—f) /°° 2
B=—>-, b= wdp.
Dy f? 0 pap

We conclude that we can recover the leading-order terms in the expansion in v

from the small S-asymptotics of the core problem.

2.5 Leading-order stability theory

For D = Dy/v, the time-dependent Brusselator system on the surface of the unit

sphere is

up = e2Agu + 2 — u + fugv,

v
v1v; = DoAgv + —2(u — u2v) .
€
Now we linearize around the quasi-equilibrium solution by writing

U = Ue + e’\tw, and v = v, + e)‘tn ,
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so that

2 Ah — Y + 2fucveh + fuln = M,

TU\ (2.82)
(T/J — 2UeVet) — Uzﬁ) = ,Din'
0

v

A
s+ €2D0

We will consider the regime where 7 = O(1).

We look for radially symmetric solutions in the inner region near the j-th spot.

In this inner region we use u, ~ ﬁw, Ve ~ v; to obtain for p = |y| that
J

1
ApV; — W5+ 20V + W@UQ??(%‘) =AY, p20. (2.83)
J

Now, from the equation for 7 we have

v ATve?
Ayn + Dy (—‘Ilj + 2uev. U + —uzn) =0 ( Dy > .

Assuming that 7 < O(g ~2), we use u.v, = w/ f to obtain

Ay = — (—\Ifj +ow; + w1)277> . (2.84)

Now we expand = n; + vnj1 + ..., with n; = n(x;). We obtain that 7;;

satisfies
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The far-field asymptotic behaviour of the solution is readily calculated as

1
nj1 ~ —~Ajlog p, as p — 00,
Dy

A /OO vt Zww )
o U4 L. . ,
1=, 3T vagnJ pap

o] 2 0
A = / (fw\I/j - \Ifj> pdp + fZJQb b= / pw3dp.
0 0

This shows that we have the far-field behaviour n ~ 7, +DLOA]- log pas p — oc.

To determine the matching condition to the outer solution, we use p = €~

and re-write this far-field behaviour in terms of the outer variable as

A; Aj
Do Do

Now, in the outer region we estimate for x ~ x; that
(6 — 2ue0,0s — ) /Oo W - 205wy | plp ) 8(x — )
— (¥ — 2ueve) —u i — =V, — ——=wn; T —Tj).
-2 eVe ell 0 J [; J fQU? nj | pap J

Thus, we obtain that the outer solution for 7(z), valid for |x — z;| > O(e),

satisfies

My 2
Ay — L” il Z Aib(z — 1), (2.86)
=1

with singularity behaviour (2.85) at each x;.
We now expand the solution to this problem for v < 1. We get

. A .
n=n+vm+..., with 7=n+—, j=1,...,N

J
Dy’
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where 7 is a constant. At next order, n; satisfies
T)\n
A3771 o~ + ~ Z A (S

The solvability condition for this problem, as obtained by integrating it over the

sphere, is

1 A;
—TA= =) A n=n+-—-2, j=1,...,N. 2.87
777— 2 ; (2] 7] 7]] + DO I j ’ 9 ( )
Next, we recall that
00 2 77]
Aj = ) ?w\Ilj — \I/j pdp+ f2 2b (2.88)
so that combining it with (2.87) we get
N
Aj 1 .
Mt =—-—Y A, j=1,...,N. (2.89)
Do 2T A P

‘We then write both (2.88) and (2.89) in matrix form. For (2.89) we write

—

A N 1
— = ——EyA, Ej= & 2.90
7+ Do 510 0= (2.90)
where & = (1,...,1)T. Next, for (2.88) we first define
N4 m

Uy NN
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and introduce the matrix

0 1/ f?v%
With this notation we can rewrite (2.88) as
A= J+bHi. (2.91)

Then, upon combining (2.90) and (2.91), we obtain that 77 satisfies the matrix prob-

b NbE, 1N -
T+ i=—(=T+ ~Fy)J 2.92
( S A=Y H)" (Do o °> (292)

lem

We then write (2.83) in matrix form as
AU — U+ 200 + fw’Hif = AT, (2.93)
where 77 is given in terms of nonlocal terms via (2.92).

The system (2.92)) and (2.93) is a vector nonlocal eigenvalue problem for 0.
We will obtain an explicit nonlocal eigenvalue problem from it for the case of
symmetric spot patterns where the spots have a common source strength. Recall

from (2.55) that for such symmetric patterns we have

_ DyBN 1
=5 B=pp

1_f)b7

Uj:U

for all 7, so that

f2u2 — <fDOBN>2: <D0fN 1 (1_f)b)27

2 2 Doyf?

N*(1—f)* 5 ,
:Tb, fOI']Zl,...,N.

(2.94)

For this symmetric case, H = ﬁ[ where f21)2 is given in (2.94). Thus (2.92)
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and (2.93) become

b Nb 1 1 N -
I I Egl7=—(—=—1+—Fy | J. 2.95
( + Do f20v? + 27\ f202 0> = ( + 0) ( )

AU — T 4 200 4 ——if = \T. (2.96)

We then write 7 = —A.J, where A is given by

b Nb L 1 N
A= (1 o  am™) (3 ! F 3.

Therefore, (2.96) becomes the vector Nonlocal eigenvalue problem (NLEP)

2
AT — T + 20T — %AJ =\ 2.97)

Our final step in the analysis is to diagonalize this vector NLEP to obtain a
scalar NLEP. To do so, we write the eigenvectors of A as Ag; = p;¢j, so that in

matrix form

A:QAQila Q: q - qN ) A:
| ‘ 0 N

Letting U= Q\fl, we can diagonalize the vector NLEP as

~
=

QAp\f:—Q\ff+2wQ\ff—f2 _QAQ™ / < Qv — Q\i?>pdp:AQ\i7.

Multiplying by Q! we obtain that U satisfies any one of the N scalar NLEPs

S 5 fw? 0 /9 4o 2
AT =0+ 200 — 55 | S0l =T ) pdp = AT,
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This leads to the study of the scalar NLEP

N _ B fu? © /9 _ 5
Ap\IJ—\If—i-Qw\I/—W,uj ; ?w\ll—\ll pdp = AV,

\i/—>0, as p— oo,

(2.98)

where 115, for j = 1,..., N is any eigenvalue of the matrix .A defined by

b Nb 1/ N
./4 - <[+ fQUQDOI+ 2T>\f2’[)2 EO) <'ZDOI+ 27’AE0) . (299)

In contrast to the NLEP’s derived previously for other reaction-diffusion sys-
tems such as the Gierer-Meinhardt or Gray-Scott models, this NLEP involves two
separate nonlocal terms. Before calculating y1; we will write (2.98) in a standard
form involving only one nonlocal term as

2Jo pwldp

AU — T+ 200 — yw
’ Jo pwidp

=T, 0<p< oo, (2.100)
for some v = (). This is the standard form for which Wei (e.g. [63]) has many
rigorous results on the spectrum of the NLEP that are used to obtain explicit criteria

for stability.

To write (2.98) in standard form we define I; and I by I} = fooo pw\ildp and
I, = [° p¥dp. Then we can write (2.98) as
2

- - -9 . 20 -
AU — U+ 200 — }UQU’? I+ “}v’éf I = A\, 2.101)

Multiplying by p and integrating yields

2ujb
fZU2

butj
fv?

- +2 — L + I, = \s.
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Upon solving for /5 in terms of I; we get

B _ o 2(ub— 20
IQ = Cll, C - Mjbf_f2v2()\_|_ 1)a

so that by eliminating /7 in (2.101) we obtain

~ ~ ~ 2w2ujb f Il ~

Now, since I1/b = [ pw¥dp/ [;° pw’dp, we can now write (2.98) in the
standard form (2.100), with

2450 /<
v = fo)Q <1 — 2) : (2.102)

where ( is defined by
2y — F262/b)
f — O+ )20 )b

(= (2.103)

The next step is to simplify the coefficient v in (2.102), and calculate the eigen-
values f;. To simplify v, we use (2.94) to define ¢ as

_f21)2_N2
b 4f?

(b Sy — f20*/b)
V= 2y <f2v2> <1 T T -0 1>f2v2/b> ’

2 [pF =4 D)] _, ( f- (D)
- [ujf—so(wrl)} =2 <Njf—<,0(>\+1)>'

© (1— ), b= /OO pw?dp . (2.104)
0

Then

Therefore, we have that the NLEP in (2.98) has multiplier y given by

o f—(\+1) . N2 9
Y =24 (/WM) ; p= rfg(l — f)7. (2.105)
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Finally, we will calculate the eigenvalues 11, of A as defined in (2.99). In terms

of o = f?v?/b, as given in (2.104), we can write A as
1 N e N
A=|I+—I1+—E —I+—FEq ).
< T oDy 2y 0> <Do T2 0)

We write A¢ = uq so that

1 N 1 N
— I+ —FEg )= I+ —1 Eo | G
(Do + 27\ 0> =4 ( + Dy + 2T p 0) 9

In this form, the eigenvectors and eigenvalues are easy to detect. It turns out

that there are only two distinct eigenvalues.

e Let ¢ = & and recall that Eqé¢ = &(€7 €)/N = €. Thus, with § = &, we have

! + N e I+ L I+ N €.
— 4+ — | €= — €.
Dy  27A H ©Dg 2T p

Thus, we obtain that for ¢ = €, representing the synchronous mode of insta-

bility, the corresponding eigenvalue is

1 N
= ﬁ0+m _ (p(N—i—QT)\/Do) (2.106)
I+ 5 l+55; N+21A(e+1/Do)

o letq = b, with b7 = 0. There exists N — 1 such independent vectors.

These are the competition instability modes. Then

1 N - 1 N -
—I+ —Fp | b= I+ ——I Eo ) b.
<D0 "o 0> M( T oDy 2 0>

However, Egb = 0, and so Dyt = p(1+1/¢Dy). Therefore, with § = b
and b1& = 0, then

¥

= 2.107
1+ gODO ( )

I
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This completes the determination of the NLEP. Next, we derive specific stabil-

ity criteria from the determination of the spectrum of this NLEP.

2.5.1 Stability thresholds

(I) We consider the competition instability threshold for N > 2. From (2.105)
and (2.107) we obtain

5 . (2.108)

_ 2% f=(A+1) _ 2[f=(A+1)]
L+¢Do \ 25 —p(A+1) ) [ = A+ 1L +¢Do)

Since 0 < f < 1, itis readily seen that -y is analytic in the right half-plane
Re(A) > 0.

The NLEP for this competition instability is

- - o J5° pw¥dp -
ApU — U+ 20wV — yu? e —— = A\, (2.109)
Jo~ pw2dp
with ~ as given in (2.108). Notice that this NLEP is not self-adjoint and that

v =)

Wei’s result (Theorem 1.4 in [63]) proves if v is a constant, independent of
A, then Re(A) > 0 if and only if v < 1. Therefore, when  is a constant
the stability threshold is precisely v = 1. However, in our case, v = y(\)
as given in (2.108). In Appendix B, we prove that there exists a real positive
eigenvalue when (0) < 1. Hence, we have instability when v(0) < 1.
In addition, if (0) = 1 then ¥ = wis an eigenfunction corresponding to

)\ = 0. This follows since if we set A = 0 and ¥ = w then

2 fooo pw?dp

= =0-w.
5" pwidp

pr—w+2w2—’yw

Ifv(0) = 1, we use A w —w+2w? —yw? = Aw—w+w? = 0 to establish
the identity.
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Therefore, to determine an instability threshold we set v(0) < 1 to obtain
that 9Dy > 1 — f. Upon recalling the definition of ¢ in (2.105), we obtain

our main leading-order-in-v stability result:

Principal Result 2.5.1 Let D = Dy/v, 7 = O(1). Then, to leading order
in v, an N-spot symmetric solution with N > 2 is unstable to a competition
instability when

412

Do>Dope= — 20— = 2dp. 2.11
o > Do N2 = )b /0 pwdp (2.110)

Remark

(i) Asshown below in (2.118)., this threshold agrees precisely with the leading-
order term in the stability threshold as obtained from expanding for S — 0

the results from our S-formulation involving summing logarithmic terms.

(ii) Notice thatas f — 17, then Dy, increases. However, as IV increases, then
Dy, decreases. If Dy is too large, then a competition instability is triggered.

This is an overcrowding type of instability.

(iii) To leading-order, the stability threshold is the same for all competition
modes. However, in (2.118) below we will be able to determine the correc-
tion term in this instability threshold, which yields N — 1 distinct competi-
tion instability thresholds. In addition, this correction term will involve the

locations of the spots on the surface of the sphere.

(iv) The proof of this instability result is given in Appendix B.

Although it is relatively easy to obtain an instability threshold, it is sub-
stantially more difficult to prove a stability result for the parameter range
Dy < Dyc. The difficulty stems from the fact that v = ~(\) and that one
must account for complex eigenvalues. We have been unable to prove a sta-

bility result for this range of Dy.
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(1)

We now consider the synchronous instability threshold. The NLEP for syn-

chronous instabilities is

2 Jo pwldp 1\
oo 55 — )
Jo~ pw?dp

v'(0) =0, T -0 as  p — o0,

Ap\i’—\i’+2w\il—vw p >0,

with 7 = v(\) defined by

B f—(A+1) >
¥ =2u (Mf—sD()\-i-l) . (2.111)

Here from (2.106) p is given by

_ @(N +27)\/Dy) _ N
PENt2m o +1/D) 7~ af?

(1 )%.

Now suppose that 7 = 0. Then, u = ¢ and hence

()
V=l et 1)

Hence, when 7 = 0, then v = 2 > 1 independent of A\. Wei’s result (Theo-

rem 1.4 in [63]) then guarantees that Re(\) < 0 and we have stability. By a
perturbation argument we conclude that we must have stability when 7 > 0

is sufficiently small.

In addition, we notice that 7 only enters through the product 7. If we set
A =0, then v = 2 > 1 independent of all the other parameters. This proves
that an eigenvalue cannot enter the unstable right half-plane Re(A) > 0
through crossing the origin A = 0 as 7 is increased. Therefore, an insta-

bility if it occurs must arise through a Hopf bifurcation as 7 is increased.

As shown in Appendix B, the NLEP

- *© ~dp -
Lo — v Jo~ pwi -\
07/1 yw fooo pw2dp 17[) 5
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where Lo = Apzﬁ — 1) 4 2w is equivalent to finding the roots of g(A) =0,

where o
1 _fo pw(Lo — \)"Lw3dp

() Io° pwdp

As such, for the competition instability modes, we obtain from (2.108) that

g(\) = 2.112)

I (= + 1D+ ¢Do))

g ) (2.113)
Y 20f — (A1 1))
In addition, for the synchronous instability mode we obtain that
1 —p(A+1 - A+1
L_nf ekl S (Ot o1

vo2lf -+ D] 20f - (A + 1)

where
©(N +27)/Dy)

P NT2ma(p+1/Do)

2.6 Stability theory; Small S-Analysis from Summing
Log Formulation

In this section we re-derive and then improve upon our leading-order stability re-
sults of the previous section by expanding the stability formulation of § 2.2 for
small source strengths. As shown previously, when D = O(1/v), then the source
strengths tend to zero. Consequently, the stability formulation of § 2.2 can be sim-

plified in this limit.
We will separate our analysis into two cases: 7 = 0 for which we can obtain

an explicit two-term result for the instability threshold, and 7 > 0 where we can

recover the NLEP problem.
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2.6.1 CaseA;7=0

We consider the competition instability threshold for the case where 7 = 0. Re-
call that the leading-order result is given in (2.110). We will now derive a 2-
term expansion for this threshold for the case of a symmetric spot pattern where
Se=5=...=5nN.

We recall from the threshold calculation in § 2.2, that A = 0 when det M = 0,
where

M= T4 (I~ Fo)(B - 0)

and
X/(Sl) 0 1 .- 1 0 Lij
1
B . ) 0 N : : ) g .
0 X/<SN) 1 - 1 sz' 0
with L;; = log |x; — x| for i # j, and where S, ..., Sy satisfies
S+ v(I —Eg)GS + v(I — Eg)¥ 2_g (2.115)
v(l — v(l — =——2¢. .
0 0)X \/TDN
For the symmetric case where 57 = ... = Sy = S, and Ge€ = k€, then

S, = 2/\/23N is the exact solution to (2.115) for all v, and det M = 0 reduces to
(see (2.38))

(2.116)

Now suppose that D = Dy /v, with v = —1/loge. Then we estimate S, =
2 1/2
14

DN < 1. Hence, we must determine an expansion for x/(S) when S < 1.
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To do so, we recall from (2.74) that

x(S) ~ % +di1S+0(S%) as S—0, (2.117a)
_b(1-f) _1 1 R R
dop = f2 R dy = ﬁ |:(1 — f) /0 pulpfdp_/o pU1p]Id,0:| ’
(2.117b)

where b = fooo pw?dp. Here U1pr and w1y, are the unique solutions of (2.76) (see
§2.3).

Thus, x/(S) ~ —% +dqy as S — 0, so that (2.116) becomes

1 do

——ki=——-d cen
We solve this relation for .S, as
Vd()
Se=—""—"-——— =-1/1 .
T ltvldi— k) " /loge

However, Sc2 = ﬁl/. Thus, the critical values Dy, of Dy where A = 0 are given
by

4
Dy = N2dg (1 +v(d1 — kj)],

where k; for 2 < j < N are any one of the eigenvalues of G with eigenvector

perpendicular to €. The largest such value of k; will set the instability threshold.

We summarize our result as follows.

Principal Result 2.6.1 Suppose that the spot locations {x1, . . .,z N} are such that
G is a cyclic matrix so that G = ki€. Consider a symmetric quasi-equilibrium
solution with S1 = ... = Sy = S, = ﬁ. Then, for D = O(—loge), with
D = Dy/v, the smallest value of Dy, labelled by Dy, for which a competition

instability occurs (i.e. X\ = 0 with a sign-fluctuating eigenfunction Cy) is at the
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threshold
—— 1+ v(di — kj)] (2.118)

where

and dy, dy are given in (2.117Db).

Remark

(i) The leading-order result is the same as was derived by NLEP theory in (2.110).
However, we are able to obtain the next correction term to the leading-order result
as given in (2.118). This correction term depends on a perturbation of the solution
to the core problem as manifested in the parameter dy, as well as on the locations

of the spots.
(ii) The sign-fluctuating eigenvector is b; = ¢;.

(iii) The limitation of this simple calculation is that it provides a threshold for A\ =

0, but does not give a rigorous instability result for D > Dy,

2.6.2 CaseB,7 #0

Next, we consider the case where 7 # 0. Again we consider an N-spot pattern
with spots such that G& = k€. Then S; = ... = Sy =S, = 2//5N.

In (2.46) we showed that the stability threshold when det M = 0 is equivalent

to
vl 27k;\ + B, = 0, forj=1,...,N, (2.119)
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where v = —1/loge, and k; are the eigenvalues of the matrix G defined in
(2.44), written as
Gabjxn = kjxbjx, j=1,...,N.

Recall that the entries in this matrix are obtained from the Green’s function G(x; =)

of (2.42), written as the solution to

TA
AG) — 5GA = —0(x — z0),

. (2.120)
Ga(x — x9) ~ —glog |x — zo| + Ry +0(1) asx — xg.

In the derivation leading to (2.119) we required that A # 0. The constant B,

which depends on A and S, is obtained from the solution on 0 < p < oo to

Lo =+ 2fuwvd) + fu’N = M,
L,N — Nu? + (1 — 2uv) = 0,

P B {1 = 2uv) (2.121)
P —0 as p — 0o,

N — logp + B. as p — 0o,

where u, v satisfy the core problem (2.57).

Since D = O(—loge ), then S. < 1. As such, we must now calculate B, for
S. — 0. We start with the (2.121) system. As S. — 0 we recall from (2.73) and

(2.74) that
Sc Vo w
U~ U~ ——W, Ve ~ —

Jvo

Therefore (2.121) becomes

- - - 52 - -
Loh — 1+ 2w + fCQwQN: i),

Yo

2 ~
Yo

N —logp+ B., v —0, as p—o0.

E,,N+1E<1—
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Next, we introduce N and B, by
N=N/S?  B.=B./S? (2.123)
so that (2.122) becomes

- - - 1 A -
Lyh — + 2w + 7wQN = M,
0

o wlif2w W (2.124)
EolN =5 Mf 1>+f2v3N]’

N—)BC+5’glogp, Y —0, as p — 0.
We now expand the solution for S, < 1 as
N=DB.+ SN +....

Then we obtain with Lot) = (£, — 1 4 2w)) that

~ 1 ~
Lo— MY =——5 QBC,
( 0 W f’U(Q]w
so that )
b= g BelLo =N, (2.125)
0

In terms of 1; it follows that ]\71 from (2.124) satisfies

- ~ (2w w? .
EN1—¢<—1>+B,
P f fPo3°
lelogp as p — 0o.

Upon integrating this equation, we obtain the solvability condition

A/ oo 2'11) SN w2
lim (pN;) = 22 1) pd B, —— pdp,
pggo(p 1) /0 ¢(f >p p+/0 f%%p p
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which becomes

~

2 /°° ~ oo B.b
- Ywpdp — / Ypdp + =1. (2.126)
fJo 0 fzvg

Now we calculate fooo &pdp. We integrate the equation for ¥ in (2.124) to get

00 B 0o 00 5 Bc 00 0o
/ pLyYdp — / Ppdp + 2 / wippdp + —5 / w’pdp = A / Ppdp.
0 0 0 f Vo Jo 0

Since the first integral is equal to zero, this reduces to

o 2 L B.b
dp = —— wypdp + —5——. 2.127
/0 Ypdp AJrl/o Ypdp FROA 1) ( )
Then, we combine (2.126) and (2.127) to obtain
Bcb f 2 2 oo
1——— - — dp = 1. 2.128
f%%( A+1>+(f )\+1>/0 wipdp (2.128)

To simplify this expression we recall from (2.63) that vg
Therefore, we get

= b(1-f)/f*
f2ug _ b1 - f)?

2 7 = o. (2.129)
Then, (2.128) can be written as

B. o (A+1)
— 4+ = dp = ————. 2.130
2a+f0 wypdp S +1—J) ( )
Next, we use 1) = —f—igéc(ﬁo — A)~tw? from (2.125) to get
0
B B, [ _ (A+1)
De D Lo— N lwldp= AT
e R s

Now, upon multiplying the integral term top and bottom by b and then using (2.129)
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for f2v2/b, we get

B, B %fooo pw(Lo —N)lwidp (A +1)

-c = 2.131
200« Jo~ pw?dp 20 +1—f)’ ( )
which can be written as
B. B. (A+1)
Ze _Zery = At
2« a]:() 20+1-f)
Finally, we write this problem as finding the roots of g(A) = 0, where
1| f-A\+1)(1—a/B)
A== —F(A h
g(N) 5 D F(N), where
o (2.132)
> Lo— A" wd
]-"(/\)Efo wp(ooo 2) e
Jo~ pw?dp

This is an NLEP once we determine BC. We recall from (2.123) that BC = SCZBC
as S, — 0, where S, = 2V1/2/\/D0N is the common source strength.

Our goal is to verify that the roots g(A) = 0 in (2.132) are the same as those
obtained by the leading-order NLEP theory, as given in (2.112)-(2.114).

To establish this relationship we must determine EC. To do so, we first need to
approximate the matrix Gy when D = Dy /v > 1. For D = Dy /v and A # 0, then
G, satisfies

AGH — TDﬂGA — Sw—g0),  (A£0).
0
For v = 0 this problem has no solution. Therefore, for A # 0 and v < 1 we must

expand the solution as

GA:%—FG()-FO(V)—}-...,
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for some unknown constant a. At next order, we obtain that

A
AGy = %a —d(z — x9), / Godr = 0.
Q

We remark that the integral constraint for G arises from a solvability condition on

the O(v) correction term. By the divergence theorem we conclude that a = 4?;) 5
Thus, for v < 1, we have that
Dy
Gi(z; ~ Go+ O
A(#3.20) AT AV +Go+0),
where (i is the Neumann Green’s function satisfying
1
AsGy = — — 0(x — x9), /Godx:O,
41 QO
with Gy ~ —% log |z — xo| + Ro as * — xo.
Then Ry ~ 417270/\” + Ry, and we can write the G matrix as
1 1
DyN 1
= Eo+O(1 Eo=—|": : 2.133
g)\ AT A\ o+ ( )7 0 N : M ( )
1 - 1

which is valid for 7\ # 0.

The eigenvalues and eigenvectors of Gy are as follows:

e Since Ege = €, then

DyN
¢ = ki€ k1 = .
G 16, Yt

e Since Eog = 0, whenever ble = 0, then gAE = 0. There are N — 1 such

independent vectors.
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Then, we obtain from (2.119) that the threshold condition for stability is either

B.,4+v'=0  whenever b'é&=0, (2.134)
or,
- 1 (DyN
Bo+- (22" +1)=0, when Gé=ke (2.135)
v\ 27\

The condition (2.134) represents the competition modes, whereas the condition

(2.135) corresponds to the synchronous modes.

We first consider the synchronous mode. We have from (2.135) that

However, since B, = BC/SE, with S, = 2V1/2/\/D0N, we obtain that
R 2 27\
Bi=——[N+—.
¢ TAN?Z ( * Dy )

Now, in the NLEP (2.132) we calculate with o = b(1 — f)2/f? (see (2.129))

that
a  b(1— f)EN? 27\

B, 42 N+27A/Dy’

Next, we recall the definition of ¢ in (2.104) to obtain

o 2T Ap N +27)/Do + 27 A
B. = N+2rA/Dy  N+2tA/Dy

We then compare this with (2.114) and conclude that

«
B.

1—

Il
=16

where p is defined in (2.114).
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Finally, we substitute this last expression into (2.132) to obtain

_ 1=+ 1) (e/n)
SN =5 | T ot

- f(A)7
in agreement with (2.114).

Next, we consider the competition modes. We have from (2.134) that BC =
—v~. Now B. = B,/S2, so that

B, = —5%/y = —4)DyN?,
since S, = 21/1/2/\/2)0]\7.

We then calculate that

a! b(1 — f)? <D0N2> _ _Dob(l — f)?N?

B. I 4 4f2

= —¢Do,

with o = N2(1 — f2)b/4f2. This shows that (2.132) becomes

1 {f—()\—kl)(l—kDggo)

9 =3 F-O11)

. |- 7o,

which agrees precisely with the NLEP in (2.113).

We summarize the result of this section as follows. Let 7 > 0 with 7 = O(1).
Assume that D = Dy /v. Then, the small S asymptotics of the stability theory in
the summing logs formulation of § 2.2 agrees with the NLEP as derived directly in

section § 2.5.

Finally, we remark that an advantage of the stability theory of § 2.2 is that it is
accurate to all orders in v. However, in order to implement the theory, numerical
methods are needed and therefore it is difficult to obtain full analytical results.
In contrast, for the leading-order NLEP stability theory we can obtain an explicit

instability threshold in terms of Dy for the competition mode (see (2.110)), while
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the small S-asymptotics of the stability theory of § 2.2 provides a higher order
correction term (see (2.118)). However, for both stability formulations, numerical

methods are needed to compute any Hopf bifurcation threshold in terms of 7.

Chapter summary

In this chapter we derived a localized spot-type solution for the Brusselator model,
and we analyzed its stability. By means of three different methods: a full nonlinear
derivation that results in a DAE system, an asymptotic expansion in v, and through
the derivation of an NLEP for which stability results exist, we were able to derive
thresholds for a competition instability, a spot-splitting instability, and an oscilla-
tory Hopf instability. We corroborated the analytic thresholds with full numerical

simulations.

The DAE system obtained by uncoupling the fully nonlinear problem in a sys-
tem with symmetric spot strengths was shown to have solutions that are connected
to the classic Fekete/Thomson problem of distributing Coulomb charges on the

surface of a sphere.

In the next chapter we will apply similar techniques to the Schnakenberg model

and will also derive a set of differential equations for the slow motion of the spots.
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Chapter 3

The Schnakenberg Model on the
Surface of the Sphere

Reaction-diffusion systems have been previously proposed to model skin pigmen-
tation patterns on a species of Angelfish ([25], [43]). Despite its origin as a mech-
anism to explain pattern formation on such two-dimensional manifolds, for ana-
lytical and computational simplicity most previous work has been done for either
the case of one spatial dimension or for weakly nonlinear patterns near a spatially
homogeneous equilibrium state. Our goal is to analytically characterize localized

patterns for the Schnakenberg model on the surface of the sphere.

The Schnakenberg model [52] on a sphere of radius L is a two-component

reaction-diffusion system given in non-dimensional form by

Vi — DyAY = fU,V)=b—V +UV?,

(3.1)
U — DyAU = g(U, V) = a—UV?.

Here Ay is the Laplace-Beltrami operator for a sphere of radius L. This system is

one of the more robust pattern generators among reaction-diffusion systems, while
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remaining amenable to analysis due to the algebraic simplicity of the kinetics [37].
The problem is connected with physical applications in which the constant terms
(a,b) could represent source terms that couple a dynamical problem in the interior

of the sphere with a diffusion process on the surface of the sphere ([11], [42]).

The standard Turing analysis of linearizing a reaction-diffusion system around
a spatially homogeneous equilibrium state is of somewhat limited use for character-
izing patterns on the surface of the sphere. The difficulty is that mode predictability
becomes severely hampered by the fact that the Laplacian eigenfunctions respon-
sible for small amplitude spatially inhomogeneous patterns have a high degree of
degeneracy on the surface of the sphere. This can be readily seen by linearizing

around the homogeneous solution.

For the Schnakenberg system, the spatially homogeneous base state is V, =
a+bandU. = a/(a + b)?. We linearize (3.1) around this spatially homogeneous

base state to obtain the linearized problem

- _ 1 (D, O (v fu

Here ¢ is a two-vector, L is the radius of the sphere, and Ag now denotes the

standard surface Laplacian on the unit sphere.

Upon separating variables, it follows that the spatial eigenfunctions are the

well-known spherical harmonics Y satisfying
AY + K%Y =0, (3.3)
given explicitly in terms of Legendre polynomials as

Y0, ¢) = cf]P)m'(cos ) exp(im¢), 1=0,1,2,..., |m|<I, k> =1(1+1).
(3.4)
Here [ and m are called the degree and the order of the spherical harmonic, re-

spectively. With the exception of the simple eigenvalue k£ = 0, the other nonzero
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eigenvalues k? = I(I + 1) with [ > 0 are 2] + 1-fold degenerate, in the sense
that there are 2/ + 1 independent eigenfunctions, characterized by the order m in
|m| < I, corresponding to this eigenvalue. As [ increases, the set of eigenfunctions

becomes increasingly degenerate.

A Turing stability analysis for the linearization of the Schnakenberg system on
the surface of the sphere is a standard exercise and was done in [16]. In this 2-D
case, the interval in k% where an instability of the spatially homogeneous base state
occurs scales like O(L?), where L is the radius of the sphere. Thus, for large sphere
radii, there will be a large number of Laplacian eigenvalues in this interval. This
fact, together with the intrinsic degeneracy of the spherical harmonic eigenspace
for larger eigenvalues, implies that mode prediction will only be accurate for small
sphere radii (i.e. corresponding to low values of /). To illustrate this mode de-
generacy, in [16] a table of values is given for the eigenvalue ranges as a function
of increasing values of the radius of the sphere for the Schnakenberg system with
a=0.95and b = 0.07.

This shows that a standard linear Turing-type stability theory is not particularly
well-suited for predicting small amplitude patterns on the surface of the sphere
when the sphere has a large radius. The eigenpairs of the Laplacian become rather
degenerate as the radius of the sphere increases, and mode determination becomes
a very difficult issue. Although there have been some previous weakly nonlinear
normal-form type theories for reaction-diffusion systems on a sphere near bifur-
cation points, showing the emergence of different solution branches from a single
bifurcation point, it is in general difficult to determine which branch is the most
stable and to determine its basin of attraction [30]. For the Brusselator model this

has been done in [38].

Rather than adopting this weakly nonlinear viewpoint, our approach is to seek
“particle-like” solutions consisting of localized spots to the fully nonlinear Schnaken-
berg system on the surface of the sphere. Our analysis relies on the assumption of
an asymptotically large diffusion coefficient ratio. In this asymptotic limit, our

goal is to characterize the existence, stability, and dynamics of such solutions. In
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addition, we will determine a spot self-replication bifurcation that will be triggered

as the radius of the sphere grows adiabatically in time.

3.1 Localized spot patterns on the sphere

The specific system that we shall study in detail is the approximate system that re-
sults from (3.1) in the asymptotic regime for which D,, < 1 and D,, = O(D,!) >
1. To derive this system, we let V = v/D,, and Y = D,u in (3.1) to obtain that

1
vy = DyAgv + bDyy — v + uv?, Dyu; = DyDyAgu+ a — D—mﬂ . (3.5)
v

We then label D, = €2 with e — 0. Moreover, we define D by D = D, D, and
we assume that D = O(1) as ¢ — 0. In this way, we can neglect the bD,, and
Dyuy terms in (3.5) and obtain the following elliptic-parabolic limit of the original

Schnakenburg system (3.1):
v = e2Ag — v 4 w2, 0= DAgu + a — e 2uv®. (3.6)

Morever, by a simple re-scaling of £ 2 and D by the square of the radius L of the
sphere, it sufficies to consider (3.6) on the surface of the unit sphere, and so without
loss of generality A now denotes the usual Laplace-Beltrami operator on the unit

sphere. The key bifurcation parameters in (3.6) are ¢ > 0 and D > 0.
Although this parabolic-elliptic limiting system of the original Schnakenburg

model does not admit spot patterns that undergo Hopf bifurcations, there are two

other instability mechanisms that occur and will be analyzed.
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3.1.1 The quasi-equilibrium multi-spot pattern

In the limit of small diffusivity ¢ — 0, we will first use the method of matched
asymptotic expansions to construct a quasi-equilibrium solution of (3.6) with spots

located at {x1, ...,z } on the surface of the sphere.

In the inner region near the j-th spot we introduce the local variables
y:g_l(;p—xj)7 p=|y\, Uj:D_l/zua V}:Dl/%)a (3.7

where V;(p) and U;(p) are radially symmetric. Upon substituting (3.7) into (3.6)
we are effectively making a tangent plane approximation to the surface of the
sphere at x; € ). We obtain that U; and V; satisfy the following (so-called)

core problem on 0 < p < oo:

1 1
V4V Vit UVE=0, U+ U= UV =0,
U;(0) = Vj(0) =0; V; = 0and U; ~ Sjlog p+ x(S;) + o(1) as p — oo.
(3.8)

Upon integrating the equation for U; on 0 < p < 0o we obtain the identity that

S; = /0 pU;Vidp. (3.9)

We can solve (3.8) for a range of values of S;, and then at each S; output the

constant x(.S;) defined by the limiting process lim,_,o (U; — S;log p) = x(5;).

This core problem is solved numerically on a large but finite domain, and in this
way we obtain an approximation to x(.S;), as shown in Figure 3.1. Our numerical
results show that there is a unique solution to this system at least on the range
0<8; <75,

Next, we determine a nonlinear algebraic system for the source strengths Sy, ..., Sy.
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Figure 3.1: Numerical estimation of x(S;) by solving the core problem (3.8)

This is done by asymptotically matching the inner solutions near each spot to a
global outer solution for u valid away from the spot locations. The determination

of the S; for j = 1,..., N then specifies the inner solution near each spot.

To formulate the outer problem for the inhibitor variable u, we first estimate in
the sense of distributions the term proportional to € ~2 in the u-equation of (3.6).
We calculate that

e 2un? —

< . \F U;(DV; )dy) §(x —x;) = 27V DS;8(x — ;).

Thus, the outer problem for w on the surface of the sphere is
Asu:—3+—255 (3.10)

subject to the /N matching conditions that

S.

U~ —— Sj10g|x—l’j‘+J+X(Sj):| as z—uwxz;, j=1,...,N,
14

3.11)

EH
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where v = —1/loge.

To solve this problem for u, we define the Neumann Green’s function G(x; z)

as the unique solution to

1
AG=——§(x—xp), x € Q, / G(z;x0)dz =0, (3.12)
41 0
with G being 27 periodic in ¢, and smooth at # = 0, 7. The exact solution is

1 1
G(:U;:Uo):—%logkn—a:o]—{—R, R:E[210g2—1]. (3.13)

Then, the solution to (3.10) and (3.11) can be represented as

N
u(z) = —j% <Z SiG(z; i) + uc> ) (3.14)
i=1

where u. is a constant to be found.

The divergence theorem, as applied to (3.10) and (3.11), yields that

N 2a
S; = —. 3.15
; 75 (3.15)

Then, upon expanding the solution in (3.14) as * — x; and using the matching

condition (3.11) we obtain that

N
27 S;
S e | . . G 4 U
75 | "2 og |z x]|+SjR+i;jS]G] +u

1 S
~ s [ oele — i+ 2 4 x5y

vD
foreachj=1,...,N.

The singular terms in these matching conditions agree automatically, while the
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matching of the constant terms leads to the N nonlinear algebraic equations

N
S .
7]4-271' SjR+ZSiGji —i—X(Sj):—Qﬂuc, jZl,...N,
i#]
coupled to the scalar constraint (3.15). Here Gj; = G(zj;2;) = G(xi; ;). This
yields an IV + 1 dimensional nonlinear algebraic system for the determination of
the unknowns St, ..., Sy and u.. In this way, we obtain that Sq,..., Sy and u.

satisfy the matrix system

(I +27v(G + RE)) S + Vx(qS) = —27u, Ve,

) 0 Li; x(51) .
oz a
eTS:77 g: ) X = 9 E:—55T7
VD * N
Lji 0 X(Sn)
(3.16)
where &= (1,...,1)7, and L;; = — 5= log |z; — ;.

From the system we can eliminate u. and obtain a set of /V nonlinear algebraic
equations for the unknowns S = (S1,...,Sn)". We summarize our main result

for the construction of the quasi-equilibrium N-spot solution as follows:

Principal Result 3.1.1 In the limit ¢ — 0, an N-spot quasi-equilibrium solution
to (3.6) is characterized by

N
ve ~ Y VDVj(e Mz — ),
=1
’ (3.17)

LU e —wyl)  forle—ay = O(e)

-% <Zi]i1 SiG(x; @) + uc> for |z —x;| > O(e).

Ue ~

Here U; and Vj satisfy the core problem (3.8). In addition, the vector S of source
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strengths S, . .., SN satisfies the nonlinear algebraic system

- - 2a 1 -1
S+v(I—-E)X+2 RE)S) = E=—_¢é, v= :
T = B)(X+2n(G + RE)S) = -7, F V= o
(3.18)
Remark
(i) Suppose that {x1, ...,z N} are such that G is a cyclic matrix. This always occurs

for two spot patterns, for spots equally spaced on a ring of constant latitude, and for
other such symmetric patterns (see §3.4 below). However, this condition imposes a
restriction on the spot locations for general multi-spot patterns. In the cyclic case,
we have that

ge = kie.

Therefore, we can look for a solution to (3.18) of the form S = S.€, so that
X = x(Sc)€. From (3.18) we obtain using (I — E)€ = 0 that

(I - E) (;z+ 21(G + RE)§) = \(8)(I — B)e + 27S.(I — E) (k1 + R)E = 0.
Therefore, for the cyclic case we conclude that to all orders in v there exists a
solution to (3.18) with a common source strength S, where

2a

S, = .
° NVD

(3.19)

3.2 The spot self-replication threshold

In this section we study a linear instability mechanism for the local deforma-
tion of a spot. This peanut-type instability is the trigger for a nonlinear spot
self-replication event. Such an instability mechanism was first analyzed for the

Schnakenberg system in a planar domain in [24]. Since this instability is a lo-
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cal instability, the analysis of peanut-splitting instabilities for a spot on the sphere

parallels that of the planar case. We now briefly outline this analysis.

We linearize (3.6) around the quasi-equilibrium solution of (3.17) by writing
_ At _ At
V=10 + eV, U=1uU+e"n. (3.20)

By substituting (3.20) into (3.6) and linearizing, we obtain the following eigenvalue

problem for ¢ and 7n:
€2As¢ — ¢+ 2ucve + U?U = \o, 321
DA — 26 2ugved — e 202 = 0. '
In the j-th inner region we have
1
ue = —=Uj, Ve = \/EVJ, y=¢ Yz — xj), (3.22)

VD

where U; and V; satisfy the core problem (3.8). In the inner region near x; we
seek an O(1) time-scale instability associated with the local angular integer mode

m satisfies m > 2. We introduce the new variables V. i(p) and (i)j( p) by

1 . . o
n = Ee””wNj(p), ¢ =e"D;(p), p=lyl, w=argy. (3.23)

Upon substituting (3.22) and (3.23) into (3.21), we obtain the following radially

symmetric eigenvalue problem where the integer mode m > 2 is a parameter:

2
Ap®j— 0 — %qu +2U5V;@; + VIN; = A&j, & — 0, as p — oo,

2

m—Nj—QUjqu;j—VfNj:O, N; =0, as p — oc.

BpN; ==

(3.24)

Since m > 2 we can impose the decay condition for N jas p — oo.
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The eigenvalue problem (3.24) was solved numerically in §2.3 of [24]. We
label )\ to be the eigenvalue of this problem with the largest real part. Since the
core solution depends on S; from (3.8), then A9 = Ao(Sj, m). To determine the
onset of any instabilities, the threshold value S; = %, where Re(Ao(X,,,m)) =0
was computed. In the computations of [24], only the modes m = 2,3,4, ... were

considered, since A\g = 0 for any value of S; for the translational mode m = 1.

For m > 2, the computations of [24] showed that \o(.S}, m) is real and that
Xo(Sj,m) > 0when S; > %,,, and that ¥y < X3 < 3 etc.. Therefore, the small-
est value of S; where an instability is triggered occurs for the “peanut-splitting” in-
stability m = 2. The numerical value for this threshold was found to be Yo =~ 4.3.
We conclude that there is a peanut-splitting instability for the j-th spot if and only
if §; > Y9~ 4.3.

2.5

25 >
2
2 15
15
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1
1
1
0.5
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] 15
1
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0.5 s s

Figure 3.2: Spot-splitting in the Schnakenberg model (u(Z)). The same dy-
namics occurs in the lower hemisphere in this example, as the initial
configuration consisted of two spots. The parameters were D = 1, =
0.1, R = 1.5, and a similar initial condition with R = 1 will does not
split.
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With regards to the effect of domain growth on spot-splitting, we predict that
spot self-replication will occur once the radius of a sphere becomes greater than
some critical value. To show this qualitatively, suppose that we have an initial
configuration of IV spots for which the Green’s matrix is cyclic. Then, the common

source strength S, from (3.19) is S, = N%. We conclude that S, > Yo ~ 4.3,

2a 2
D )
< (vs)

Since D is inversely proportional to the square of the radius L of the sphere, we

when

conclude that spot self-replication will occur when L exceeds a critical value L.
Further spot self-replication events will occur when L increases past a further
threshold. We conclude that spot self-replication is an under-crowding type of

instability.

3.2.1 The competition instability threshold

In this subsection we obtain a new explicit two-term result for the competition in-
stability threshold for an N-spot quasi-equilibrium pattern with spots at {z1, ..., zx}
for the special case where G is a cyclic matrix. We will find that the stability thresh-
oldis D = O(1/v) + O(1), with v = —1/ log ¢, where both terms are calculated
analytically.

Similarly to our analysis of the Brusselator model, in our stability analysis we
will “freeze” the locations of the spots, since they evolve on a much longer time-
scale of order O(e ~2) than the O(1) time-scale needed to initiate a competition
instability. The calculation of the competition instability threshold proceeds in

three distinct steps.

1. For the fully coupled core problem (3.8), we determine a two-term approx-
imation to this system for S; — 0. In particular, we determine a two-term

asymptotic expansion for x(S5;) as S; — 0. Then, when G is a cyclic ma-
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trix, so that G&' = k1€, there exists a quasi-equilibrium pattern with a com-
mon source strength S, where S, is given in (3.19) and is 0(1/1/ 2) when
D = O(v~!). This motivates the need for the small S analysis of the solu-
tion to the core problem.

2. By linearizing around the quasi-equilibrium N-spot solution we formulate
a globally coupled nonlocal eigenvalue problem (NLEP). We then write the
condition for A = 0 to be an eigenvalue of this problem. The threshold

condition will involve x(S.) in a central way.

3. From the information obtained in step 1 and step 2, we finally eliminate S,
to determine a two-term asymptotic result for the stability threshold in terms
of D.

Step 1: Asymptotics as .S — 0 of the solution to the core problem

For the core problem (3.8), we replace U; — U, V; — V, and S; — S, and
write the radially symmetric core problem as

A,V -V +UV? =0, V=0, as p— oo,

AU =UV? U~ Slo -2
pU = ; ~ Slogp+x(5), as p— oo

We now give a formal scaling analysis for the limit S — 0. LetU = uS—F, V =
SPy, so that UV? = O(UV)O(V) = O(V). Hence, the V equation is invariant,
whereas for the U equation we have

Ayu = S22, u~ S1Plog p 4+ SPy.

In order to obtain a distinguished limit, we require that 2p = p + 1, and x =
O(S~P). This yields that p = 1. Hence, for S — 0, we have U ~ u/S, V ~ Sv,
and y ~ \/S.

In a systematic way, we can now expand the solution to the core problem using
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the previous scaling. We write
1
U=ZU, V=5V, X=X (3.26)

Then, (3.25) transforms to

ApV—V+(7V2:O, V =0, as p — 00,
A . (3.27)
APU:UVQSQ, U~x+S%logp, as p— oc.

Since we will need a two-term asymptotic result for x(S) as S — 0, we will

expand

V=Vo+SVi+SVot---,
U:Uo+5201+5402+"',
X=xo+S* + S+

We substitute this expansion into (3.27) and equate powers of S? to obtain

Ap%—%+ﬁo%2=0, Vo—>0, as  p — 00,

. R (3.28)
Ap[]O = 0) UO ~ )A(Oa as  p — o0,
and
Ale — Vi +200VoVi = ULV, Vi—0, as p— o0, (3.29)
A U1 = UV, Ur ~ %1 +1logp, as p— oo, '
At one higher order the problem for (72 18
AUy = U VE + 20V V1, U, boundedas p — oo. (3.30)

The solution to (3.28) is

. R . w
Uo = Xo, Vo= —,
X0
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where w is the radially symmetric ground-state solution satisfying A pw—w—i—wa =
0. Then (3.29) becomes

~

. . X o .
LoVi = A,V = Vi + 2wV = —%wz, Vi—0, as p— oo,

X0 (3.31)

A 1
AU = —w?, Uy ~logp+x1, as p— oo.

A~

X0

Upon integrating the U, equation over 0 < p < oo, we obtain that

X0 = b, b:/ pw?dp.
0

Since we require a two-term expansion in order to obtain our stability threshold
below, we must calculate x;. To do so, we decompose U 1 and Vl as
1 3 X

. 1 1 .
—U1p, Vi=—-Sw+ —=Vip. (3.32)
Xo " N

01=f<1+

2

Upon using the identity that Low = w*, we readily derive from (3.29) that ﬁlp and

le satisfy

L0‘71p = _w2(71p7 0 <p <o ‘71,) —0, as p— oo,
AU, = w?, 0<p<oo; U1y ~blogp+o(l), as p— oco.
(3.33)

We remark that there exists a unique solution to (3.33) since we have imposed that

Ulp—blogp—>0asp—>oo.

Finally, to obtain x; we integrate the Ug equation in (3.30). Since UQ is

bounded at infinity we obtain that

/ (pUlffoz n 2on1?0171) dp = 0. (3.34)
0
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Upon using (3.32), we obtain

/. 1, > X1 Lo
plxit Uy ) uwidp=-2 [ pw(-5w+ Vi) dp,
0 X0 X0 0 X0 X0

which reduces to

1
Xob

)A(l == / P (U'lpr + 2'11}‘711,) dp.
0

Finally, since xo = b and 2wf/1p + U1pw2 = —Apf/lp + ‘71p, the formula above
for x1 can be written compactly as

1 oo . oo
X1 = 02 / pVipdp, with b= / pw?dp.
0 0
‘We summarize our result as follows.

In the limit S — 0, the solution to the core problem (3.25) has the following
asymptotic behaviour:

1 /. R 1 -
UNS<XO+S2 <X1+>A<0U1p>+“'>7

. 1.
sz<f0+82 <—>f§+A3V1p>+--~>.
X0 X0 X0

(3.35)

Here xo = b = fooo pw?dp, X1 = b% f0°° lepdp, and 011,, le are the unique
solutions to (3.33).

The function x(.5) in (3.25) has the following two-term asymptotics for S — 0:

1, ) b
x~ g (ot S +) =g+ S+ (3.36)

Therefore, for S — 0, we have

b RN
X(S)~ =g+ tol) as 850, Xi=1 / Vipdp.  (337)
0

s
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This ends step 1.

Step 2: Formulation of the globally coupled eigenvalue problem

Next, we linearize (3.6) around the quasi-equilibrium solution of (3.17) to ob-
tain on the surface of the sphere that the perturbation satisfies (3.21).

In the j-th inner region we have

1
Ue = ﬁUj, ve = VDV, y=¢ Yz —1zj).

To analyze competition instabilities, we look for a locally radially symmetric eigen-
function. In the j-th spot inner region, we let ) = %N i(p) and ¢ = P;(p) to obtain
from (3.21) thaton 0 < p < o0,
Ap®; — @ +2U;V;@; + VPN; = A,
ApN; = 2U;V;®; — VPN, = 0.

We must impose that N; has logarithmic growth as p — oo.
We then set ®; = cj<I;j, N; = chj, where c; is an arbitrary constant, to
obtain that

Ap®j— &;+2U; Vi + VIN; = M\bj, B, -0, as p— oo,

) A ’ ) ) (3.38)
A,N; = 2U;V;®; — VPN; =0,  Nj~logp+ B;, as p— oo.

Here Bj = Bj(Sj, A) must be computed numerically. By integrating the equation
for N; over 0 < p < oo, and recalling that N; = ¢;N;, we obtain the following
identity that is needed below:

%:iA (20,V;@; + V}N;) pdp. (3-39)
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We note that Bj =B (S5, A). Upon differentiating the core problem (3.8) with
respect to S;, and then comparing the resulting system with (3.38), we conclude
when A = 0 that

B;(S;,0) = X/(5)). (3.40)

Here x(S;), as defined in (3.25), must be computed from the core problem.

Next, we determine the matching condition and we formulate the problem for
the outer solution for 7. The far field of the inner solution for 1, when written in

outer variables, yields the following matching condition for the outer solution:
1 1 .
e~ 5 log\a:—xj]—i—;—i—Bj , as T —xj. (3.41)

In order to derive the outer problem for  we must estimate, in the sense of dis-
tributions, the terms proportional to £~ in the 7 equation in (3.21). We calculate
that

26 2 UVep — 2 </R2 CIDjUjdey> oz — ),
1

-2, 2 2
— DV;
g UM ( - j D

dey> 3z —xj).
Upon combining these expressions, we get
o0
26 2uevedp + £ 2020 — 21 [/ (20,U;V; + VjQNj) pdp} oz —xj).
0

Therefore, upon using the identity (3.39), and the matching condition (3.41), we
obtain that the outer solution for 7 on the surface of the unit sphere satisfies

2 N
An = ) ché(m — ),
i=1 (3.42)

1 1 A
n~ 56 [log|az—xj|—|—y~|—Bj yasx —wj, j=1,...,N.
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From the divergence theorem we get

N
Z C; = 0.
=1

The solution 7 is then represented as

N
27 Ui
=~ 2l +

where 7 is a constant to be determined and G is the Neumann Green’s function of
(3.12).

Upon expanding 7 as * — x; and then comparing the result with the required
singularity behaviour in (3.42), we obtain that ¢y, ..., cx and 7 satisfy the homo-

geneous linear system

N N
cj +2mv CjR—i—chGji -l—chjV:ﬁ, j=1,...,N; Zci:&
i#j i=1
(3.43)
To write this system more conveniently in matrix form, we introduce
C1 B1 0 1
¢= , B = , e=1"41,
CN 0 EN 1
so that (3.43) becomes
&+ 2mv(G + RE)é+ vBé=qe,  ele=0, (3.44)

where G is the usual Neumann Green’s matrix of (3.16). Upon multiplying this

system with &7 we can then eliminate the scalar 7. In this way, we obtain the
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following homogeneous linear system for ¢:
[I +27v(I — E)(G+ RE)+v(I — E)B]é¢=0.
We conclude that any discrete eigenvalues corresponding to a locally radially
symmetric perturbation near each spot must satisfy
det M =0,
where M = M(A) is the N x N matrix defined by
MéE =0, M=1+2mv(l - E)G+ RE)+v(I — E)B. (3.45)

Therefore, we must find conditions that guarantee the existence of a non-trivial
c. We refer to this eigenvalue problem as the globally coupled extended nonlocal

eigenvalue problem (NLEP).

Remark

(i) In order to find the stability threshold in terms of D we will look for conditions
for which det M = 0 when A = 0.

(i1) Recall that when G is cyclic, then to all orders in v, there exists a solution with

a common source strength S, as given in (3.19).

(iii) We also recall from (3.40) that when A = 0, then B;(S;,0) = x'(S;). There-
fore, when the spots have a common source strength S, the matrix B in (3.45) is
simply B = x/(S.)I at the threshold A = 0, where [ is the identity matrix.

Therefore, in the cyclic case we calculate at A = 0 that ¢ must be a nontrivial
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solution to
2mv(I — E)(G+ RE)¢=— [I+vX'(Sc)(I — E)] é (3.46)

This completes step 2 of the analysis.

Step 3: Calculation of the stability threshold

We now look for conditions on D for which there exists a nontrivial solution ¢
to (3.46). We label k1 and k;, for j = 2,..., N, to be the eigenvalues of G. The

matrix spectrum of G is simply

Ge = ki€, synchronous mode,
6q; = kjqj, € q; = 7=2,...,N, competition modes.

For the synchronous mode, we replace ¢ = €'in (3.46), and use G€ = k1€, and
(I — E)& = 0. This leads to

2mv(I — E)(G+ RE)é=— [I +vX'(S:)(I — E)] ¢,

which reduces to the contradictory statement that 0 = € Therefore, as expected,
we conclude that there is no instability threshold associated with the synchronous

mode.

For the competition modes, we let ¢ = ¢; for j = 2,..., N where q}Té = 0.
Then, we calculate Gg; = k;¢;, and E'q; = 0. Thus, (3.46) becomes

2nv(Il — E)(G+ RE)qg; = — [I+ X' (Se)(I — E)} @,
ki2nv(l — E)q; = —q;
2nvk;q; = —(1 + vy (Se
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We conclude that det M(0) = 0 when
2nvk; = —1 — vx'(Se), j=2,...,N.

Therefore, for the competition modes, there are N — 1 distinct thresholds where

A = 0. In terms of D they are given by the roots of the transcendental equations

— (X’(Sc) + > = —k;, j=2...,N. (3.47)

Finally, we use S, = szﬁ, and the two-term asymptotics x’(S.) ~ —% + X1

as S, — 0 as given in (3.37) to solve (3.47) asymptotically for D. Substituting
these results into (3.47) we obtain

. 1
—§3+X1 +; ~ —27T]€j,

so that
2 b

SC ~ V71+)€1+27Tk]’.

Then, upon recalling that Sg = ]f;SQD from (3.19), we solve for D to obtain that
4a? R

This completes the final step 3.

We summarize our main result for competition instabilities as follows:

Principal Result 3.2.1 Suppose that the configuration {x1,...,xN} of spots are
such that G is a cyclic matrix. Then, there exists an N-spot quasi-equilibrium
solution with common source strengths, i.e., S; = S forall j = 1,...N. For this
solution, the globally coupled extended NLEP has a zero eigenvalue corresponding

to a sign-fluctuating instability of the spot amplitudes at the critical values D for

106



J=2,..., N of the inhibitor diffusivity D, given by

4a®>  4a?
= b]\?gy + T]C\L[Q (2mk; + X1) +o(1), as v —0. (3.48)

D;

Here kj for j = 2,..., N are the eigenvalues of the Green’s matrix G in the N — 1

dimensional subspace perpendicular to €, i.e. G§; = k;q; for é'q; = 0 and
j=2,...,N. In addition, b = fooo pw?dp, where w is the ground-state solution,
v = —1/loge, and x1 is determined from a correction to the leading-order core

solution as
. 1 [ -
X1= 15 /0 pVipdp,

where Vclp is the unique solution to (3.33).

Remark

(i) The instability threshold is then Dy, = mino<j<y D;, which involves the mini-

mum of the k;.

(ii) Our analysis was based on reducing the Schnakenberg system to the unit sphere.
For a sphere of adiabatically slowly increasing radius L, our competition instability
result can still be used if we identify that D and £2 have both decreased by a fac-
tor of L2. Therefore, competition instabilities become increasingly less prominent
as the radius of the sphere increases. This is in direct contrast to the occurrence
of spot self-replication instabilities, which become more prominent as the sphere
radius increases. In a nutshell, a competition instability is an over-crowding insta-
bility, whereas, as discussed earlier, a spot self-replication instability is an under-

crowding instability.
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3.3 Slow spot dynamics on the surface of the sphere

In this section we derive a differential algebraic system (DAE) of ODE’s charac-
terizing the slow motion of a collection of spots. For a planar domain, such an
analysis has been previously given in [24]. However, on the surface of the sphere,
the analysis needed to derive the DAE system is rather more intricate in that we
must retain certain new higher order terms in the inner solution near each spot re-
lated to the curvature of the sphere. As such, we must exercice care in working
with the Laplacian in the spherical coordinate system. The DAE system charac-
terizes slow spot motion in the absence of any spot self-replication or competition

instability.

On the unit sphere, the Laplacian in spherical coordinates is

1 9 9 1 02 1
ANpp=——=—|sinf — —5— =5 =0, t 600 Opp-
99~ Sno o0 (Sm ae) T sinZg agz W0 T eOIN T Gy oo

(3.49)

We introduce the local coordinate system near the j-th spot as s; = ¢~ 1( —

0 (7)), s2 = ¢ "1sind (¢ — ¢;(7)), where 7 = ¢ 2t. Upon substituting this into

(3.49) we obtain that

1 1 1 sin?6,

57285151 + g COt(ej + 581)851 + §m85252
1 1 1 1

~ —9 —cot 8 ;0 — 0
82 S1S1 +€ CO j 81+€2(1+2€81C0t0j) $2892

Aswz =

(3.50)

12

1 1 2
8—2(65131 + Osys) + - cot 0 ;0s, — 1 cot 0 j0sy s, -

This result is used below to identify key correction terms in the inner region that

are crucial for the analysis of spot motion.

The Schnakenberg model (3.6) on the surface of the sphere when written in

spherical coordinates is

vt:52A9’¢v—v—|—uv2, O:DA(;@u—i—a—s*quQ,
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where Ag 4 is written explicitly in (3.49).

In the j-th inner region, we perform the local change of variables to s; and
s9, as written explicitly above, and we introduce U and V by u = D~ Y/2U and
v = +/DV. In this way, we obtain that

Vi = (Vaysy + Viysy +€ cot 0V, — 2 51 cot 0 jVsys, + 0(62)) -V +UV?,
0= D (Usys, + Usys, + € cot 0 ;Us, — 2 51 cot 8 jUsys, + O( 2))

—UV? +¢2VDa.
(3.51)
Next, the time derivative V; on the left hand side of (3.51) is calculated as
d 0 851 89]' or 0 882 Bgﬁ] or / . /
Sl e e B i R RS VA L 0.V, o
dt  9s100; or Ot + Ds9 O¢; OT Ot eV by —esind Vad; (3.52)

=€ (‘/:917 ‘/52) ’ (9;781n9J¢3)

Here the primes indicate derivatives with respect to the slow time variable 7 given
by 7 = £ 2t. The key point, which suggested the asymptotic order in £ of the slow
time-scale, is that the time-derivative term must balance the O(e ) order of the
spatial correction terms on the right hand-sides of (3.51). This balance is achieved

when 7 = £ 2¢.

As such, the explicit form of the O(e ) correction terms suggests that we expand
U=Up+cU +---, V=W+eVi+- --.

We substitute this expansion together with (3.52) into (3.51) and collect powers of

€.

At leading order we recover the core problem

Voupo, + Voo —Vo+UoVg =0, Uy, ., +Uo,,., —UdVg =0. (3.53)
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Upon collecting the O(e ) terms we get

~(Vou,, Vou,) - (05,800 0% = Vi, . + Vi, +cotf;(Vo, — 251V, .,)
— Vi + WV + 200 VoW1
0="U,,,, +U,,, +cotd;(U, —2s1U0,,,,)
— U, V@ — 20 Vo V4.

(3.54)
We then rewrite (3.54) in a convenient matrix form as

AW, + AW, = f. (3.55)

Here Ay = 05,5, + Os,.5,, and we have defined the vectors Wy and f, and the

matrix A, by
W= (" A [TV
S\ )’ 200V —V¢)’
(3.56)

fo (eot05 Vo, = 25100,,.) = (Vs Vo) - (0,50 6) |
—cot 9j(U051 - 281Uos2752)

The ODE system for the spot locations is obtained from imposing a solvability
condition on (3.56). However, we must first determine the correct far-field be-
haviour for the solution W; before invoking this condition. The required far-field
condition on W is now determined from an asymptotic matching procedure with

the outer solution.

The outer solution for u was given in (3.14) as

2w al
u(x) = ﬁ <Z SiG(x;x;) + Uc) )

=1

1 1
G(z;x0) = —%log\x —xo| + E(QlogZ —1).

110



On the unit sphere, both |z| = |zg| = 1, and by the law of cosines |z — zg|? =
2 — 2 cosw, with w denoting the angle between x and zy. In terms of spherical

coordinates we can write G(x; zo) = G(¢,0; ¢o, 0 o) explicitly as

1 1
G= —Elog(l —z-x0) + E(log2 -1)

1
= —4—log(1 — sin @ sin 6 o cos ¢ cos ¢ — sin @ sin O o sin P sin g — cosf cos )
T

1
+ —(log2 —1).
47
(3.57)

From this expression we can readily compute the partial derivatives 0G/0¢ and
OG/00 at the spot location ¢y, 0 ¢.

We can now use this result to find a matching condition for the inner problem.
We Taylor expand the outer problem as z — x;, and write the resulting expression

in terms of local coordinates to obtain

N
27 S,
u(z) ~ ~75 —ilog |z — x|+ S; R+ ‘; S;Gji + uc
i

(3.58)

_ 2me 8G3 BGj 52 9
Z < 8<Z> sinf ; )+O(6 )

Here we have defined 25 9 . and %—G(; to be the partial derivatives of GG evaluated at
the j-th spot location § = 6 ; and ¢ = ¢;. These terms can be calculated explicitly
from (3.57).

Hence, in terms of the local variables associated with the inner problem, the
O(e) term in (3.58) gives the required far-field behaviour of the inner solution.
Since the inner expansion u = D~1/2 (Up+¢eU; + -+ ), we obtain from (3.58)
that U; must have the far-field behaviour

aG] 8Gj $9 L.
U1~—27T;S ( (% P >a-s. (3.59)
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Here we have defined 5 = (s1,s2)7 and @ = (a1, o) as

N . .
L (9G7 0GT 1
a:—27r§$, ( 3 56 Sin0j> . (3.60)

Therefore, the required far-field behaviour of the inner problem for Wi, given by
(3.55) s

0
Wy ~ (q q) , as |§] — oo. (3.61)
Q- S

The final step in the determination of an ODE system for the dynamics of the spots
is to impose a solvability condition on the solution to the inner problem (3.55)
subject to the far-field behaviour (3.61).

The homogeneous adjoint problem for (3.55) is
T o~ ™2 _(®
AsP+ A" P =0, §e R4, P= . (3.62)

Let P satisfy the radially-symmetric problem, with the far-field condition that
(®,%)T — (0,0)T as p — oc. The precise asymptotic behaviour of P is readily
seen to be P ~ (0,p 1T as p — co. Then, we seek solutions to (3.62) of the
form P, = Pcos®, or P, = Psin®, where © is the polar angle for §. In or-
der to apply the solvability condition below, we need to define the inner product
(u,v) = [ fRQ (uTv)ds, where d5 = dsydss. Moreover, we define the operator

LF = A F + AF and its adjoint L*F = A F + ATF.

By combining the problems satisfied by W; and P, we get
(P, LWh) — (W1, L¥P,) =

//R T(AW + AW) — W (AP, + ATP.)] ds—//RQP 15 (3,63

27
/ (PTAW, — W AGP.) dsidsy = / PTcos® fpdpd® .
R2 0 0
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Next, we use Green’s second identity to the left hand-side of this expression to
derive

2 Pc
// (PTAW, — W AP d5 = lim PCT%—WlTa 0d®
R? a0 Jg dp dp
2
= lim (PT cos © % WT oP cos © ) o d®
=00 Jo 8p a
p=0
2 1
:/ (cos@(alcos@ + azsin®)
0 g
—1
—0(a1cosO +azsin® )— cos@> ol dO
o oo
2m
= / 2011 cos> © dO = 27.
0
(3.64)

To calculate the right hand-side of the last expression in (3.63) we use the
expression for f from (3.56). Then, since (0, sin 6 ;@) = —e (s}, 53), we get

2m 2m
/ / PT cosO fpdpdO = / / (@, 9)T fcos® pdpd©

//R2 —cot 0 ;(Vo,, — 251V, .,) +€ (Vo.,, Voo, ) - (s1,55)) cos © d&

//R2 \if( cot 0 ;(Uo,, — 251U052Y52)) cos © ds.

(3.65)

Recall that both Uy and Vj are radially symmetric, as well as the two compo-
nents ® and ¥ of the adjoint solution P.In addition, we note that 05, = 8p cos O,
05, = 0,sin © . Furthermore, we observe that since the terms Uy, ., and Vg,
are even functions of s1, so that when they are multiplied by s; they become odd,

and hence they integrate to zero over R?. With these considerations, the left-hand
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side of (3.65) reduces to

// (—@ cot 0 ;Vo, + E‘i)Vopsll — W cot Honp) cos? O d§ = 2ra;. (3.66)
RZ

Therefore, the solvability condition for P. provides an ODE for s7:

201 +cot 0 ; fooo (@Vop + ‘ionp) pdp

g

/ !/

531:—0A_ o = :—(Ozl—i-COt@J ’7,
f 5™ #Vo,pdp :

(3.67)

where v = -2/ [ <i>Vopp dp,and g = [;© <<i>V0p + @ng) p dp are two func-
tions of the local spot strength \S; involving the core solution and the two com-
ponents of the solution to the homogeneous adjoint problem. The function v ap-
peared in the derivation of [24] for spot dynamics in a planar domain, and it is
plotted as a function of \S; in Figure 3 of [24]. For spot dynamics on the sphere,
the new integral term 3 arises and must be computed as a function of \S;.

Upon repeating the same procedure with P; = Psin©, the left hand-side of
the resulting expression is completely analogous and we get 2wa. For the right
hand-side, all the J;, = 8p cos © terms integrate to zero, as well as the terms
involving second derivatives by using the same symmetry argument as with P.. In

this way, we get

/ 209

’ .
€89 = —(b Slnej = < .. = —Q97v. (368)
J I~ @Vo,pdp

‘We summarize our result as follows:

Principal Result 3.3.1 Consider a collection of N spots on the surface of the
sphere at spherical coordinates ¢; and 0 ; for j = 1,...,N. Then, provided
that the quasi-equilibrium pattern is stable to any O(1) time-scale instability, the
slow motion on the time-scale T = €%t of these collection of spots satisfies a DAE

system. For this DAE system, the dynamics (0',sin0 ;@) = —e (s, s3) of the
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spots is given by

20 + cot 05 [° (fi)Vop + \i!Uop> pdp

/ !/
es]=—05 = - ) (3.69)
’ o~ @Vo,pdp
20[2
/ /.t
€8y =—¢:sinf; = ——, (3.70)
J J fooo ‘I)Voppdp
for 3 =1,..., N with primes denoting derivatives with respect to T and

N . .
Z oG’ 0G7 1
vy o= T = — .

The constraints in the DAE system consist of the nonlinear algebraic system (3.18)
for the source strengths S1, ..., Sy defined in terms of the Neumann Green’s ma-

trix, which involves the instantaneous spot locations.

Remark

(i) In the DAE system the spot strengths evolve slowly in time as a result of the
slow motion of the collection of spots. The DAE system is valid provided that
that the spots strengths are below the spot-splitting threshold, i.e. S; < 4.3 for
j=1,...,N.

(i) The ODE dynamics involves two separate integral terms that must be computed
as a function of the local source strength S;. In a (practical) numerical implemen-

tation of spot dynamics these functions can be tabulated numerically in advance.

It is beyond the scope of this thesis to investigate the consequences of this
DAE system for spot evolution, such as the presence of stable stationary patterns
or orbits. However, we remark that this system is vaguely related to, but seemingly
more complicated than, the well-studied ODE systems characterizing the motion

of Eulerian fluid point vortices on the surface of the sphere ([40], [9]).
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3.4 Quasi-equilibria and the cyclic matrix structure

Solving the quasi-equilibrium problem for a collection of N spots on a sphere
implies finding the locations {z1,...,xx} and source strengths St,..., Sy that
satisfy (3.18)

- - 2
(I +210(G + RE)S + vx = —2mvuee; &5 = \/—%, (3.71)
with I the identity matrix, and
S1 1 x(51)
S=| |, e=|:|. x=| |
SN 1 x(Sn)
log |x1—x N |
0 co. _osmiman|
_log |CC2—1‘1‘ o
2
g= : ,
_loglzny_1—zN
log | | 2
oglrn—x1
—oeley . 0

with R = - (2log2 — 1) and E = fée’.

The nonlinear term Y makes it impossible to solve the problem in the general
case, but we can solve a reduced case where by prescribing the source strengths
for all the N spots. The problem becomes that of finding the locations of the
spots. Similarly, a second approach would be to prescribe the location of the spots
and solve to find the source strengths. In the related problem of point vortices on
a rotating sphere [18], this approach was used to categorize collections of point

vortices on a sphere located at the vertices of platonic solids.
We will follow the first approach and consider the problem where Sisan eigen-

vector of the cyclic matrix G, say with corresponding eigenvector A. We will sim-

plify things further by assuming that all the spots have a common source strength
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Se., therefore S = S.€and ¥ = x(S.)é.

This particular choice of S, together with the assumption that G is a cyclic

matrix, allows us to decouple (3.71) into

(A +2m(A + R)2a/v/D — veTx(S.)

c 2nrvN
9% (3.72)

Sc - 5
NVD

The problem has now been reduced to finding spot configurations that make G
into a cyclic matrix. We remark that since the matrix is real symmetric, all of its
eigenvalues are real. For a cyclic matrix G, it must have a constant row sum, and

thus it has the eigenvector € with corresponding eigenvalue

-1 N
A= log H |z — ;] |, (3.73)
7j=1
J#i
for any row ¢. Since all the non diagonal terms in G are negative, by use of the

Gershgorin circle theorem we can see that A is the most negative eigenvalue in G.

More importantly, requiring that €' is an eigenvector of G is a geometrical re-
striction on the position of the spots. The fact that all the rows in the matrix have
to add to A implies that the net effect of all the spots on each other is the same. The
simplest way for this to happen is if the spots are the same distance apart from each

other, i.e.,

x; — x;] = C for all rows and 7 # j. This condition can be true for
at most 4 spots in a sphere, at the vertices of an equilateral pyramid (or 3 equally

spaced spots along a latitudinal ring, or 2 spots anywhere on the sphere.

A second way to distribute the spots so that € is an eigenvector of G is by
arranging them in rings. Without loss of generality, the idea is to arrange the spots
in latitudinal rings, with the spots equally-space on the ring. There are results

on the stability of point vortices arranged in latitudinal rings ([8], [9]), including
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a famous result that limits the number of spots in such a configuration to ensure
stability. The notion of stability in this point vortex problem is stability with respect

to small perturbations of the locations of the vortices on the ring.

We emphasize that in our context of spot patterns for reaction-diffusion sys-
tems, there are two different classes of eigenvalues governing the stability of the
pattern. Our analysis has focused exclusively on the stability of the spot profile
through our study of spot-replication, competition, and oscillatory instabilities.
These spot amplitude-type instabilities, are “fast” instabilities as they result from
O(1) unstable eigenvalues, and they appear to have no direct counterpart in the
point-vortex fluid problem. For spot patterns, there are also weak translational-
type instabilities associated with eigenvalues that are O(c ?). These eigenvalues
can in principle be obtained by linearizing the DAE system in Principal Result
3.3.1 around an equilibrium configuration of spots, and determining the matrix
spectrum of the associated Jacobian. It is the study of such “small” eigenvalue
instabilities that has a more direct counterpart with the notion of stability of point
vortices on the sphere. We have not analyzed any such small eigenvalue instability
for spot patterns in this thesis, but we do expect that there should be a result sim-
ilar to ([8] and [9] for the maximum number of “stable” spots that can be placed
on a ring of constant latitude. In fact, for the case of a planar unit disk contain-
ing a ring of concentric equally-spaced spots, it was observed numerically for the
Schnakenburg system in [24] that this system can support a maximum number of
spots, beyond which some spots are pushed off the ring due to a small eigenvalue

instability.

With this digression, we now return to discussing configurations of spots for
which G is a cyclic matrix. For more than 4 points, and not considering a ring, the
points will have to be distributed in a less trivial way. We can no longer have an
arrangement in which all the points are an equal distance from each other. We have
to distribute the points in such a way that the sum of the contributions over each are
the same. In geometrical terms, this is related to the symmetry of the configuration.
Since the rows of G are all the same, there have to be rotations of the sphere that

maintain the same configuration.
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Similarly to when we were looking for equally-spaced points, there is a finite
number of point distributions that exactly satisfy that condition, namely, the pla-
tonic solids. We can arrange 4, 6, 8, 12, and 20 points in a sphere such that their

corresponding matrix G will also have e as an eigenvector.

For homogeneous configurations with a different number of spots, € will cease
to be an eigenvector. However, what we have observed is that by arranging the
points in the most homogeneous possible distribution, the first eigenvector of G
will be close to e (see table 3.1). A condition on a homogeneous distribution of NV
points on a sphere is that it maximizes the minimal distance between the points. A
collection of these optimal point distributions, numerically computed, is available

for up to 130 points, and can be found at Neil Sloane’s webpage [55].

Interestingly enough, maximizing the minimal distances does not necessarily
correspond to platonic solids. For 8 and 20 nodes the minimizing configurations
do not correspond to either a cube, or a dodecahedron, respectively. This was also

empirically observed in [61].

Configurations of points that are the most homogeneously distributed on a
sphere for a given number of points are called elliptic Fekete point distributions.
Mathematically, Fekete points maximize the product of the distances between all

pairs of points,

N N
J:H|xi—xj\, VzZlog]mi—xj. (3.74)

j=1 Jj=1
JF#i J#i

Since log is monotonic, then maximizing .J is equivalent to maximizing V.

Notice how close that equation is to the eigenvalue equation in (3.73).

As mentioned earlier, an alternative description is that of a group of equally
charged particles that repel each other on the surface of the sphere. Minimizing the

electrostatic potential yields the Fekete problem, and in this context is known as
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the Thomson problem [58]

The Fekete points can be numerically computed by considering V' to be a
spring-like potential, adding a relaxation term (friction), and using Lagrange mul-
tipliers. We solved the system with a symplectic numerical scheme, following the
description in [51].

For various optimal spot locations from the numerical Fekete configurations,
we computed the difference between the eigenvector corresponding to the smallest

eigenvalue of G and €.

Number of points n~ ||x,, — e,]]
4 3.8459¢ — 16
6 1.8626e — 10
8 6.0301e — 16
10 0.0216
12 2.9374e — 16
20 0.0050

20, 8.5142e¢ — 16
50 0.0029
100 0.0029
120 0.0015
130 0.0027

Table 3.1: The norm of the difference between the first eigenvector and e,
both normalized, for different spot configurations.

Although, as can be seen in table 3.1, we can no longer expect to find € as
an eigenvector of the distribution of points, the first eigenvector of distributions
with minimal distances between points maximized is in fact close to €. Notice too,
that in the 8 point case (a rotated cube), the difference in norm is within machine
error, despite the fact that we no longer have a platonic solid. However, the optimal
distribution in the sense of maximal minimal distances for 20 points yields a result
accurate only to 3 decimals. The result 20, corresponds to a true dodecahedral

distribution of 20 points, and instead we have ||x,, — e,|| = 8.5142e — 16. For
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comparison, a random distribution of 100 points has a norm difference of 0.2512.

3.5 Numerical method for reaction-diffusion patterns on
the sphere

To validate our asymptotic stability theory for the Brusselator and the Schnaken-
berg reaction-diffusion models, we need to compare our results with full numerical

simulations of these PDE systems on the surface of the sphere.

Previous work on reaction-diffusion systems on spheres can be found in [61],
[10], [16], [17]. The first work that we are aware of is that of [61]. In this
study, they numerically solved a generic reaction-diffusion system on a sphere and
were able to obtain spotted and striped stationary solutions, depending on the the

strength of the cubic and quadratic terms respectively.

The numerical method they used was to write the Laplacian in spherical co-
ordinates, and integrate in (6, ¢) space explicitly with an Euler method after an
appropriate patching of the boundary. This approach was also used in [17] where
they also considering growing spheres, although the method was implicit-explicit.
The disadvantage of this method is that the finite difference method subdivides the
(0, ¢) domain into equal subsections, and on the full sphere this corresponds to a
majority of the grid points being close to the poles. Since the maximum time step
in two dimensions for an explicit time integration scales as (Ax)?, with Az be-
ing the smallest distance between points, the integration time will reflect the scale
at the poles, making it very numerically intensive to resolve events that happen

elsewhere, such as in the vicinity of localized spots.

The work by [10] involved simulating a reaction-diffusion system that mod-
elled tumour growth. The numerical method used was a method of lines with
a spectral component in the reaction terms that was generalized for any reaction

terms. Our previous experience with spectral methods on systems with localized
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patterns was limited by the small number of grid points and their distribution. Al-
though these methods typically have a high degree of accuracy and very fast con-
vergence rates, the large number of points needed to resolve the structures made

them unreliable, at least in our implementation.

The approach that we chose to implement is the recently-developed Closest
Point Method (see [50]). The basic idea of this method is to solve the PDE system
on a grid on an embedding domain of dimension greater than the system. The
method works by propagating the values of the solution on the embedded domain
to the grid, iterating the solution on the grid to the next timestep, and propagating
back to the embedded domain via a suitable interpolation algorithm ([7], [46]).
Instead of working with the full 3-D space, it is sufficient to restrict the problem
to a narrow band around the embedded domain, with the width of the band thick
enough to contain enough points to make the interpolation of the same order as
the differentiation scheme. This approach has the advantage that the problem is
solved on the grid using basic Laplacian operators, and the geometry of the system
is handled through the way the solution is propagated to and from the grid. Other
than the closest point algorithm, the rest of the approach is standard explicit or

implicit solvers, plus an interpolation algorithm in 3-D.

For the problem of simulating spot dynamics for either the Brusselator or the
Schnakenberg model on the surface of the sphere, we need to be perform very
long-time integrations since the time-scale for the motion of the spots is O(1/< 2).
To be able to take large time steps the method has to be implicit, or at least
implicit-explicit, as the CFL condition limits explicit methods to time steps of or-
der O((Ax)?). For a simulation with 81 grid points in each direction, we have
that At = 0.0005. Currently in our full numerical simulations we typically use
e = 0.1 as a trade-off between computational difficulty and reasonable accuracy
of the asymptotic theory. To fully validate the asymptotic theory we would need
to use somewhat smaller values of € . However, this has a detrimental effect on the
stability of the computations, as the discretized diffusion term becomes stiffer. As
a result of this computational challenge, we were not able to validate our asymp-

totic results for the dynamics of spots for the Schnakenberg model, nor were we
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able to numerically realize a “chaotic attractor”, consisting of intermittent spot
self-replication and annhilation events, for the Brusselator model. However, as
we discussed, the stability theory that we undertook for the Brusselator model did

strongly suggest that such an attractor should exist.

Therefore, our numerical experiments for the full Schnakenberg and Brusse-
lator system were undertaken only to exhibit spot self-replication and competition
instabilities for moderate values of ¢, since it is these instabilities that occur on
a fast O(1) time-scale. In addition, the explicit version of this method that we
implemented was sufficient to validate the results obtained in [17] on stationary
spheres. As observed also in [61], and predicted in the asymptotic analysis, the
number of spots that can stabilize on a sphere depends on the radius of the sphere,

or equivalently on the value of the inhibitor diffusivity.

Closest Point Method. One of the main authors of this method [49] graciously
shared with us a basic explicit code that solved a linear diffusion problem on a
sphere. We improved it by changing the interpolation method, which was a ba-
sic divided-differences approach, to a barycentric interpolation method (see [7]),
which is about an order of magnitude more efficient. Interpolation an a 3-D lattice
(N3 points) was done by first interpolating in the z direction N2 times, then using
those values to interpolate in the y direction IV times, and finally do a single inter-
polation on the z direction ([46]). Integrating to 7" = 100, on a grid of 40 x 40 x 40

takes around half an hour on a computer with an Intel T9400 processor (2.5 Ghz).

We now briefly summarize the Closest Point Method [50]. The key idea of the
Closest Point Method lies in the closest point extension. If the intrinsic gradient
and divergence operators on the surface are denoted V, and V-, by mapping the

points in the grid to their closest point on the surface, we have on the grid that

Vsu(z) = Vu(CP(x)), Vs u(x) =V - -u(CP(x)).

This is intuitively easy to see, as it all depends on the fact that u(C'P(z))
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is constant in directions that are normal to the surface. This can be generalized
to higher order operators too, and for our purposes we used that Vg - (Vu(z)) =
V- (Vu(CP(x))) = Au(CP(x)), for the Laplace-Beltrami operator on the surface
of the sphere.

When the embedded domain is a unit sphere, centred at the origin, the closest

point algorithm is simply

cp_x = closest_point (x)
d sgrt(x (1) "2 + x(2)72 + x(3)72)
cp_x = x/d

The following pseudo-code represents an explicit algorithm for updating w(™ to

w1 in a differential equation of the form w; = rhs(w):

for i=1 to num_points

x = domain_border + dx=*1i

cp_x = closest_point (x)

w_temp (x) = interpolate(w(n),cp_x)
end

for i=1 to num_points
w(x,n+l) = w_temp(x) + dt*(rhs(w_temp)))

end

With more complicated domains, the part of the algorithm that finds the closest
point can get significantly more computationally expensive. However, this com-
putation only needs to be done once, and this is the only part of the code that has
to be adjusted for different domains. In that sense, a very powerful feature of the
Closest Point Method is that it can deal with general domains independently from

the discretization or interpolation algorithms.
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Chapter summary

In this chapter we derived a localized spot-type solution for the Schnakenberg
model, and we analyzed its stability. By employing a full nonlinear derivation
that results in a DAE system similar to the one obtained for the Brusselator in the

previous chapter, we obtained the threshold for a self-replication instability.
We analyzed in detail the possible spot distributions that would result in solu-
tions with equal spot strengths, and connected it with the Fekete problem, as was

also the case in the Brusselator problem.

We did full numerics using a specialized algorithm for solving PDEs in general

surfaces called the Closest Point Method, thus verifying the analytic results.

Furthermore, we considered the case of the spots motion on the surface of the

sphere and derived differential equations for the dynamics of the full system.

In the next chapter we will discuss 1D mesa solutions for the GMS system,

derive solutions and study their stability.
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Chapter 4

Case study: mesa patterns on the
GMS system

4.1 Model formulation and Turing stability analysis

One of the first models for a Turing system was introduced by Alfred Gierer and
Hans Meinhardt in 1972 [15]. This model was constructed as a simplified repre-
sentation of an activator-inhibitor reaction with sources, and can give rise to a large
number of patterns. It was first used as a simple model for biological morphogen-

esis, and used to model patterns on sea shells [34].

The standard GM model has been shown to exhibit spike-type solutions [63].
On the other hand, an extension on the GM model that adds saturation to the reac-
tion kinetics can exhibit mesa-type patterns [22], i.e., truncated spikes with wide

flat tops, separated by two sharp interfaces from a quasi-constant solution.

In this section we will study the dimensionless Gierer-Meinhardt model with
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saturation, which in non-dimensional form can be written as

2
2 2 u
=ec“Au+f =e‘Au—u+ ———<
Ut 9 U (U,’U) 9 U u ’1)(1 ku2) ( 1)

Tvs = DAv 4 g(u,v) = DAv — v + u?,

on z € [—1, 1], with homogeneous Neumann boundary conditions. Here k > 0 is
the saturation parameter. We consider the singular limit where ¢ < 1, and we will

study the solutions that arise for various parameter regimes.

We will consider the case of a growing domain, both dynamically L = L(t),
and adiabatically, and discuss the modifications that need to be made in the dy-
namic growth case. In the splitting regime we will analyze the effect of varying the

growth rate.

4.1.1 Turing stability analysis

A spatially homogeneous stationary solution to (4.1) occurs when

u2 2

v(1 4+ ku?) - =

which involves solving the cubic equation u + ku® — 1 = 0. We will consider
positive values of k only, therefore the curve h(u) = u + ku? — 1 is monotonically
increasing, thus guaranteeing that there will only be one homogeneous solution.

For example, when & = 2.5, which was the used for most of the numerical cal-
2

culations below , the stationary homogeneous solution is us >~ 0.5603,vs = uz.
Starting close to the homogeneous solution, the evolution of the u(z) solution can
be seen in Figure 4.1. The mesa profiles appear relatively quickly, and over a much
longer time-scale they rearrange to occupy the domain equally distributed, as can

be seen in the solution at ¢ = 50, 000.

According to Turing theory (see [60], [37]), when the ratio of the diffusion
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Figure 4.1: Solution profiles for various integration times starting close to the
homogeneous solution. The figure on the left has the time evolution of
the solution for u(x) up to ¢t = 500, with time in the y-axis. The figure
on the left represents four different snapshots, att = 1, ¢t = 50, ¢ = 500,
and t = 50,000. Weused x = 2.5, D = 10,7 = 1,and ¢ = 0.01 on
(4.1), with a random initial condition close to v = 0.5603, v = u?. The
numerical method we utilized was an implicit-explicit scheme.

coefficients is large (D /e 2 > 1), the homogeneous solution becomes unstable and
a stable heterogeneous solution develops. By linearizing around the homogeneous
solution it is possible to determine the domain length L at which the new solution
appears, as well as to derive general conditions on the existence of heterogeneous

solutions.

The linearized problem around the equilibrium solutions previously computed
is

2
U = € AU+ [y (Ueg, Veg)U + fo(Ueg, Veg)V
t Ju( q q) f( q q) 4.2)

U = DAV + gy (Uegq, Veq)U + Go(Ueg, Veq)V-

Using separation of variables, w(x,t) = (u,v)’ = w(t)W(z), the spatial com-

ponent leads to the eigenvalue problem

AW + E*W =0, (h- V)W = 0.
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For the 1-D domain [0, L] we have that the eigenvalues are k = nm/L, and the

corresponding eigenvectors are W o cos(kx), for n € N.

Likewise, the purely temporal solution of the linearized system is w oc e*.

The full solution to the linearized problem is then given by

w(z,t) = che)‘twk(:c) = che)‘t cos(kz),

k k

with the constants c; defined by the initial condition. Upon substituting into (4.2),

we get the system

AW, = —Dk’W ), + AW,

D — [52 0 ] A — [ fu(ueqaveq) fv(ueqvveq) ) (4.3)
0 D/t Gu(Ueq Veq) /T Gu(Ueq, Veq) /T

Nontrivial W, solutions will exist for values of A determined by the roots
of the characteristic polynomial of the matrix A — Dk?. Since the equilibrium
solutions are constant, we have a 2 X 2 constant matrix, and thus we have that the

characteristic polynomial for A is

N A NEX(D/T+€2) = fu—gu/T) + h(E*) =0
hk?) = k'e®D/1 — k*(e%go /T + fuD/T) + fugo/T — fogu/T.

We are looking for solutions that are stable in the absence of diffusion, there-
fore if k& = 0 we require f, + g,/7 < 0 (tr(A) < 0) and fug9y — fogu > O
(det(A) > 0).

The particular solutions we are interested in become unstable when spatial ef-

fects are taken into account (k # 0).

Spatially heterogeneous solutions will appear when the real part of \(k?) be-

comes positive. A necessary condition for this to happen is h(k?) < 0, hence we
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require the additional condition that € 2g, + f, D > 0.

To satisfy a sufficient condition we must also require that h(k?) < 0 for some

. . . ., . . 2
k2. By differentiation we find that the critical value is k2, = %, and

(5 2911 + qu)2

h(k2,.) = det(A) — T

min

Together, we have four conditions that need to be satisfied in order for the

system to have a bifurcation to non-homogeneous solutions. These are

fu+gu/T <0,
fuGv — fogu >0,
%9y + fuD >0,

(5 291} + qu)2
4e2Dr

(4.4)

det(A) — < 0.

The values of L at which heterogeneous solutions appear, for various eigen-

modes n, are shown in Table 4.1.

Eigenmode n L
1 0.3729
2 0.7458
4 1.4917
8 2.9833

Table 4.1: Some domain length values at which non-homogeneous solutions
appear, according to Turing theory. The values were computed using the
constants 7 = 1, = 0.02, D = 1. The eigenmodes correspond to one,
two, four, and eight peaks. These values can be seen overlapped in the
full bifurcation diagram of Figure 4.4.

When considering systems with domains that grow dynamically, the standard
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Turing equations need to be modified accordingly.

When considering the extended reaction-difusion equations (RDE) system in
(4.10), we considered very small growth rates r, say r < 1. As a first approxima-
tion, assuming ¢ = O(1), the only thing that changes in the Turing conditions is
that the eigenvalues shift to the left. Instead of (4.3), the —~'W term appears in the
diagonal as

AW = —DE*Wj, + AW}, — 11,

and the eigenvalues for this case are A\, = A\; —r, with respect to the \; eigenvalues
of the stationary system. In § 4.2 we will discuss recent analytical results that
describe in more detail the effect of growing domains on the four Turing conditions
(4.4).

4.2 Domain growth extension

It has long been speculated that domain growth is one of the mechanisms that
influences pattern selection. In the work by Kondo and Asai [25], a domain length-
dependent term in a reaction-diffusion system was introduced, and the resulting
patterns successfully mimicked the characteristics exhibited by growing fish. Fur-
ther work ([12], [13], [3]) specifically addressed the effect that domain growth had
on patterning, and recent research has generalized the formalisms of Turing anal-
ysis to account for domain growth, both numerically ([27],[17]), and analytically
([451], [35], [28D).

Moreover, one of the main criticisms to Turing’s postulation of RDE as mod-
els for pattern formation has been that mode selection appears to not be robust
enough when compared to naturally occurring patterns. Adding domain growth to
the equations has shown in some cases to increase the robustness of patterns [45],

and in itself works as a mechanism for pattern selection.

A general system of RDE for a fixed domain €2, in one or more dimensions, can
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be extended to account for growing domains. The following derivation was based

on Plaza et al.’s work [45].

Consider a parameter (spatial) s € [0, 1], defined for each time ¢, which is used

to parametrize the mapping v;, such that for every time ¢t > 0,

x(s,t)
T,Z)t : [0, 1] — Rga wt = X(Sa t) = y(37 t) (45)

z(s,t)

It is required that ¢; : 9 C R — R3 be C? for every ¢ > 0, and continuously
differentiable with respect to t. Thus, (4.5) defines a regular curve C; embedded in
IR3, with the characteristic that for every s € [0,1], and t > 0

Xs(s,t) #0.

The arclength o (s, t) of the mapping v, as a function of s and ¢, and its derivative

with respect to s, are:
0’—/ | Xs(s',t)|ds’,
(4.6)
= | X(s,t)]|.

Let ¢ be the concentration (mols per unit length) of the chemicals ¢ = (¢1, ¢2, ...)T.
Assuming that the chemicals diffuse according to Fick’s law, the flux vector J of

the chemicals, proportional to the concentration gradient, is:
J = -DV¢,

for a particular diagonal diffusion matrix D (no cross diffusion terms are consid-
ered). Given that the rate of change in the chemicals’ concentration is proportional

to the flow through the boundary 0S2, for any outer unit normal 1i, the volume that
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exits ) through the element dS' is —J - ndS.
d . .
/ ¢pdX = —-D J-ndS =D V¢ -ndS. 4.7)
dt Jou o90(1) 290(1)

By rewriting (4.7), and using the parametrization from (4.5), making a change of
variables, using (4.6), and integrating in a segment [s1, s2| of the curve C;, defined
by ¥ ([si, s2], t), with [s1, s2] € [0, 1], the left hand side yields:

il =[x, 0),00u5,1

— qbdX:/ (X (s,1),t)os(s,t)ds.

dt Jou dt J, #
Notice that since €2 is a line, 02 corresponds to the two endpoints of the interval.

Doing the same change of variables for the right hand side of (4.7) results in:

52 82 52
_D/ 3S<VX¢-’XS‘>dS—D/ 85<¢8>d
51 51 | Xs] 51 Os

Dropping the integral sign on both sides (as it’s valid on any interval [s, se] C

D Vé-idS = DV x 6
a0 (t)

(0,1),t > 0), the generalized RDE on a growing 1-D domain is obtained:

D SS S
¢ = — (cz»ss = fjcbs) -,

(08) S S

or, equivalently

o = 2 B <¢S> —O(Inog)e. (4.8)

Os s

For the standard pattern-formation problem with two reactants, ¢ = w = (u,v)’,
(4.8) corresponds to the uncoupled portion of the equations. The coupling comes
from the reaction term F'(w) = (f(u,v), g(u,v))?, as seen in models such as the
Schnakenberg, Barrio-Varea-Aragén-Maini model (BVAM), Gierer-Meinhardt, etc.
)T

The full model, for two interacting chemicals w = (u, v)*, in non-dimensional
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form, with D = (%“ DOU ), is

D

wim 2 (W= %) - Pk ) “9)
Oy Og Os

In 1-D, a number of simplifying assumptions can be made that make the problem

much more analytically tractable, while keeping it physically meaningful.

Assuming that the system grows isotropically, it is possible to separate the
growth term from the manifold parametrization, X (z,t) = p(t)Xo(s). Moreover,
a straight line domain, characterized by X(s) = (s,0,0)7, with s € [0, 1], results

inos =1, gss =0.

The system can be further simplified by assuming slow exponential growth

(p(t) = exp(rt)), hence
T _ e

O p

With all of the above assumptions, the simplified version of (4.9) is, then

Wy = ;W‘SS —rw + F(w) (4.10)
The effect that domain growth has on the four conditions necessary for a diffusion-
driven instability was recently studied [28]. Even in the simplified case of exponen-
tial growth in (4.10), the effective diffusion coefficients become non-autonomous,
invalidating the standard linear approach. Asymptotic analysis showed that the
conditions for patterning on growing domains are less strict, i.e., it is possible to
observe patterns on systems with activators on both components, and similarly for

short-range inhibition and long-range activation systems.

In terms of bifurcation theory, systems with domain growth exhibit delayed
self-replication events when compared to solutions obtained by adiabatically vary-
ing the domain length parameter L (integrating for each value of L until equilib-
rium is achieved). This behaviour was encountered in [3] for the 1-d Schnakenberg

system (figure 5a), although the delayed bifurcation phenomena was not discussed.
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4.3 Stability of 1-d mesa patterns for the
Gierer-Meinhardt model with saturation (GMS)
model when D = O(1)

In the previous section we derived a set of Turing conditions for the existence of
non-homogeneous patterns in the GMS model. We also extended the reaction diffu-
sion system to account for growing domains. We will now use the previous results
to investigate numerically the effect of domain growth on mesa patterns, as well
as the difference between domains that grow adiabatically versus dynamically. We
will use results from numerical bifurcation theory, and perform analytical contin-
uation on stable solutions in order to obtain a global picture of the bifurcation

diagram. Our computations are for the parameter range where D = O(1).

4.3.1 Construction of a single mesa

Solving the GMS system numerically reveals that the solutions past the Turing
thresholds have a mesa profile (see Figure 4.2). A single mesa is essentially a
saturated pulse solution with a symmetric flat profile in the centre of the domain,
separated from a quasi-zero solution by sharp interfaces located at x = 4[. Analo-
gously to pulse systems such as the Schnakenberg system (cf. [52]), in this param-
eter regime increasing the domain length will split the solution into images of the

single mesa.

The mesa solutions can tought of as two back-to-back heteroclinic solutions
that are separated by a plateau regio. This characteristic can be exploited to obtain
a first asymptotic approximation of the system. This approach was done originally

in [23], and we outline the construction here.

We start by looking for an asymptotic solution near the interface © = [ to the
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Figure 4.2: Mesa profiles for various values of x, obtained by numerically
solving (4.1). The other parameters used are D = 10 and L = 1. The
system was integrated using an implicit explicit scheme on a 500 point
grid.

steady state problem u; = vy = 0:

u=Uy(y)+eUi(y)+..., v=Wy)+eVily)+..., Yy =

To O(1), since D,, = O(e ?), the system is

U’ = U, _Uig
0T YTV + kUR)

Vo' =0.
From the boundary conditions we have that Vj is a constant. To determine its
value, we use the Maxwell line condition [31], which states that in order to have a

heteroclinic connection between x = 0 and « = L, there has to be a value v, such

2.,
that the area under the roots of a(u, v.) = —u+ W is zero. The three roots of
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a(u,v) occuratu = 0 and at u = ug (v) = VR with 0 < u_(v) < uy(v).

The non-zero roots can be expressed as v = h(u) = 1775 for 0 < v < vy, , with

v = vy, the value at which both roots coalesce. Hence, the solution to the O(1)

equation is Vy = v., with v, the value that satisfies the Maxwell line condition

/uc a(u,v.) =0, Ue = Uy (ve), 4.11)
0

and Uy the unique heteroclinic connection satisfying Up(—o0) = u(v.) = u. and
UU(OO) =0.

To O(e ) we have the system

L(U1) = Ul + au(Up, Vo)Ur = —a,(Uo, Vo)Vi
V' =o0.

The solution to the second equation is Vi = Vi1y + Via. Since L(Uf)) = 0, we
can derive a solvability condition to determine Vi3 in terms of V1,
o

V12/ av(UO,Uc)Uédyzvll/ av(Uo, ve)yUpdy.

—00 —00

Furthermore, matching to the outer solution yields that V;; = v/ (I%).

There are two outer solutions, to the left and right of the internal layer at x = [,
that when matched will determine the value for v’(I*). The problem to the left of
the layer, 0 < z < [, is

D" =b(u,h(u)) = g(u),  v(l)=ve,  V(0)=0, u=uy(v),
(4.12)
whereas the outer problem on the right side of the layer, [ < x < L, is defined as

Dyv" = b(0,v), v(l) = v, v'(L) = 0. (4.13)
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Since V7 is a constant, the matching condition is that v/(I7) = v/(I™)

Multiplying (4.12) by v" = h'(u)u’ and integrating yields the following equa-

tions for u, and vy,

2F (u;ugp) du  |2F(u;u)
N DN (u) ’
with F'(u;ug) f g(s)h/(s)ds. Upon integrating between ug = u(0) and

u(l) = u., we obtain the followmg relationship:

l U / / C7
- — = (u) du = (u UO \/2F (u; up)du.
v D w  \/2F (u;up) g(u

(4.14)

The exact solution on the outer region given in (4.13) can be calculated analyt-

ically as

cosh [(L - x)/\/ﬁ}

cosh [(L — l)/\/ﬁ} 7 VD=~

v(z) = v,

[(L ) /\/5} .

(4.15)

Ve
VD

Finally, since v'(I") = v'(I7), we can solve for [ in (4.15) and substitute it into

(4.14) to obtain the critical points at which the domain will split,

— tanh ! < 2F(UCaUO)> \/ UC,UO / mdu

(4.16)

L
VD

From a practical point of view, the u., v, values can be found using a quadra-
ture, and a simple numerical integration will then yield the three terms in (4.16). In
the next section we will calculate this threshold and compare it with numerical re-
sults of systems with growing domains. The remainder of this chapter will consist

of numerical experiments based on numerical bifurcation theory.
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4.3.2 Bifurcation analysis

In the previous section we derived a solution for the D = O(1) case by treating the
mesa solution as two back-to-back heteroclinic curves. Equation (4.16) determines
a critical value in terms of L or D, beyond which the heteroclinic cannot exist. This
provided us with an analytical estimate of the domain length at which splitting or

self-replication will occur.

We now want to study the splitting behaviour as the domain increases both adi-
abatically (when stationary solutions are recomputed at each domain length value),
and dynamically (when the domain length itself is a dynamic variable). We start by
focusing on how solutions change numerically as the domain length increases. The
boundary conditions were homogeneous Neumann, and the values of the constants
were k =25, 7=1,D =1,ande = 0.02.

In the adiabatic growth case, numerical solutions to the full 1-D problem were
computed for increasing values of L. An initial solution was iterated until conver-
gence for some domain length L = Lg; the stationary solution thus obtained then
became the initial solution for an increased domain length L = L1, and so forth
for increasing values of L. Typical solutions for three different values of L are
given in figure 4.3, while on the two-mesa regime. The three solutions all occur
for varying values of the domain length. They were all obtained through numeri-
cal continuation on the L parameter. We started by obtaining a stationary solution
from random initial data, and from it we used the numerical continuation package
AUTO-07P [14] to follow the curve of solutions for varying L, using max (V) as
the bifurcation parameter.

Solution I is essentially the leading eigenvector ¢ = Acos(2nmwz/L), first
estimated through linear stability analysis, and as expected from Turing theory, un-
stable. Going up on the branch beyond solution [ leads to the homogeneous Turing
solution v = 0.5603, v = u2, and traversing the branch in the other direction leads

to the stable mesa branch.
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Figure 4.3: Three distinct two-mesa solutions to the GMS system. Solution
1 is close to the Turing instability, /I is the stable mesa solution, and
111 is the unstable solution that develops when the domain length is
increased past a critical point. The image on the right is the bifurcation
diagram for the branch of two-mesa solutions.

Solution /1 lies in the stable branch. This is a characteristic mesa structure, and
it is far from the Turing equilibrium. Continuing on the branch along increasing
L eventually leads to a fold point, beyond which we reach the unstable branch
characterized by solution I77. Going beyond the fold point causes the solution to

drop to the next branch of solutions, which will have double the number of mesas.

The bifurcation diagram for one, two, four, and eight mesa solutions is given
in figure 4.4. The thickest line is a stable solution that is recomputed for increasing
values of L. It traverses the stable branches from left to right, and at each fold
point it falls to the next branch, which manifests in the solutions as a doubling in
the number of mesas. Since each successive branch doubles the number of mesas,
the critical value L. at which the new set of mesas will split doubles with each
iteration, hence L.(n) = L.(1) x 2"~1. This exponential relationship can be
readily seen in the symmetry of the bifurcation diagram of figure 4.4, which was

plotted on a logarithmic scale.
This numerical results show that there will always be a stable solution in the

(D, ) = O(1) parameter regime, for all domain lengths. The asymptotic formula

(4.16) provides us an estimate of the critical values L.(n) at which an n mesa
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Figure 4.4: Four branches of the GMS system, with an overlay of the family
of stable solutions obtained by traversing it left to right . When reaching
the fold point of each branch the solutions fall to the next branch, effec-
tively doubling the number of mesas. The upper horizontal unstable line
are the unstable Turing solutions, and the red points on it are the values
shown on table 4.1.

solution splits into 2n mesas.

In order to numerically compute the value, we first found the ., v. values that
satisfy the Maxwell line condition, shown in (4.11), via a quadrature. It was then

straightforward to numerically integrate F'(u.; ug) and the third term in (4.16).

The resulting value was L, = 2.1010 for —L < =z < L, or half that for
0 < x < L (as shown in Figures 4.3, 4.4). The location of the fold point in the
I-mesa branch was then calculated by solving the full system, using ¢ = 0.002
and 1500 grid points. The value thus obtained was L. = 2.1325.

Furthermore, the system exhibits hysteresis, traversing the bifurcation diagram
left to right produces a very different picture. Traversing left to right shows the
splittings occurring at the points predicted in (4.16), whereas traversing in the op-
posite direction results in in the solution staying in the 8-mesa branch until the left

edge of the stable branch, beyond which the solution will jump either to the 4-
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mesa branch, or to the 2-mesa branch. In principle, estimating those points should
involve very similar analysis as was done in Section § 4.3.1. The differences be-
tween the bifurcation structure of u(x) when traversed in either direction are shown

in Figure 4.5.

Figure 4.5: The full solution curve for u(x) as the bifurcation branches in
Figure 4.4 are traversed from left to right (image on the left), and from
right to left (image on the right). The solutions are all plotted on a
normalized domain, and the proper domain length L is represented on
the y-axis.

All of the work above was done with the domain length L fixed; when a stable
solution was attained it was used as the starting point for the next computation at a
slightly changed L. When considering dynamically varying domains, i.e., making
L = L(t), the system needs to be modified. A general framework on how to
extend stationary equations into growing domains was discussed earlier in § 4.2.
The extended system for isotropic exponential growth is relatively simple,

2 2
ut:%Au—pu—u—l—m

D
Tvt:ﬁAvfpvaquf
Ly =pL,

with p the rate of domain growth.
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We solved the system by discretizing in space using centred differences, with
second order boundary conditions, and Matlab’s ode15s routine was used for time
integration. The solution curves for various values of p were obtained, and when
overlapping them in the bifurcation diagram of Figure 4.4 we can see a delayed
bifurcation effect in the left image of Figure 4.6. Notice the sharp transitions of
the static solutions in Figure 4.5, compared to the soft dynamic transitions on the

right image in Figure 4.6. The stability of the branches highlighted in the above
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Figure 4.6: Solution curves for systems with growing domains, L(t) = et
Notice the delay in the bifurcation (jump between branches) as p gets
larger. The figure on the right shows the effect on Figure 4.5 (left) when
adding domain growth, with p = 0.002. The y-axis represents L(t), and
L = 15 is reached when ¢t = 1354.

figures had to be obtained independently from the continuation software used to
generate the bifurcation the diagram. The package that we used (AUTO-07P [14])
is designed primarily for finite dimensional systems; stability can be established in
a straightforward way for systems of ordinary differential equations (ODE). When
extended to dealing with parabolic partial differential equations (PDE)s this ca-
pability is lost. We performed the eigenvalue analysis separately by saving the
stationary solutions obtained while traversing the branches, and using them as the
basis of a Taylor expansion on a perturbation to the solutions. The algorithm in
AUTO utilizes non-uniform grids, a spline on the output was used to generate a

uniformly spaced grid amenable with the discrete Jacobian.
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In order to study stability we introduce the perturbation
u(z) = us(x) + Mo(x),  v(x) =vs(z) + M(), (4.17)

with ug, v, the stationary solutions and ¢ < 1, ¢ < 1. Substituting this into (4.1),

we get

AP = 52A¢ + au (s, V)P + ay(us, vs) Y
AT = DAY + by (us, vs)d + by (us, vs)th.

This can be written as an eigenvalue problem in matrix form, Aw = Aw, with
w = (¢,¥)T, and A as

2
e £°A + ay(us, vs) ay(us, vs) . .18)
bu(us,vs)/T DA/7 + by(us, vs)/T

Plotting the eigenvalue with largest real part versus the corresponding L value
for the stationary solutions reveals the stable and unstable manifolds in the branches.
In Figure 4.7 we show such a curve for the full range of stationary solutions along
the one-mesa branch. The labelling regarding stability on all the previous figures
was based on this calculation, and due to the symmetry of the system, the curves
for the different branches are essentially identical. The region in Figure 4.7 where
the eigenvalues have negative values is roughly a straight line of magnitude O(e ).

This was expected from the estimates done on [24].

4.3.3 Hopf bifurcations of 1D mesa patterns

So far we have examined the instabilities that occur for increasing L, which typ-
ically result in the splitting of solutions. A second mechanism for generating in-
stabilities is when the value of 7 increases. In all previous calculations we’ve

worked with 7 = O(1), and the difference in difusivities marks the v(x) equation
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Figure 4.7: Stability curve of the maximum eigenvalue vs L for solutions on
the 1-mesa branch.

as the fast component in the system. However, if 7 grows to be O(1/¢<), or even
to O(1/e?), the v equation will slow down and approach the time scale of the u
equation. When this happens, feedback will happen between the two equations,
and phenomena characteristic of delay differential equations such as oscillatory

instabilities will occur.

During oscillations it is even possible that the width of the mesa might exceed

the splitting threshold, which would result in a mesa splitting bifurcation.

We start by doing a perturbation analysis with 7 as a parameter, similar to
what was done in (4.18). We start at a stationary solution on the stable part of the
one-mesa branch, and we vary 7 until we find a zero eigenvalue, using Newton’s
method. The critical value for a stable solution originating at L = 2.02 is 7 = 278.
Plotting the eigenvalues with largest real part as 7 increases shows how a set of

complex conjugate eigenvalues becomes unstable, as depicted in Figure 4.8.

The type of instability generated by large values of 7 are oscillations on the
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Figure 4.8: Real part of eigenvalues as 7 approaches critical value. The x
and y axis are the real and imaginary components of the eigenvalues,
respectively.

width of the mesa. We computed full numerical solutions for two different cases
beyond the Hopf threshold, and these can be seen in Figure 4.8. In the first case,
the domain length of the original stationary solution was small enough, that even
with 7 beyond the threshold the mesa doesn’t split. The complex pairs have largest
real part, so stable oscillations develop. This type of instability is called a breather

type instability, and we will study it in more detail when we discuss systems with
D=0(1/e)in§4.4.

The second case involves a single mesa on a slightly larger initial domain.
When 7 grows, the oscillations bring it beyond the splitting threshold, and this
causes the mesa to split into two mesas. The two new mesas now have domain
lengths that are half the length of the original one, so they quickly stabilize. This
case highlights a dynamic splitting bifurcation.
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Figure 4.9: Solution graphs for both u(z) (top), and v(x) (bottom), for large
7. Both numerical computations were done for 7 = 380, the ones on
the left with a domain length . = 1.6 and the ones on the right had
L = 2.02. The horizontal axis is time, and the vertical axis is the domain
length.

4.4 Mesa patterns in the near-shadow limit

When considering the GMS model with a diffusion coefficient D = O(1), we have
shown in the previous sections numerical results highlighting the existence of both
splitting and oscillatory instabilities, and an instance of an oscillatory-triggered

splitting instability (Figure 4.9).

We now want to extend the results obtained previously to the near-shadow
limit, i.e., D = D/e with D = O(1). We will show that this limit is more tractable
analytically. We will observe that the behaviour that we observed in the numeri-
cal experiments of the previous section is amenable to asymptotic analysis when

working in this regime.
We want to construct a K —stripe stationary solution on = € [0, 1], with L =

1/K the period of the solution, and [ the length of each individual mesa, as shown
in Figure (4.10).
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Figure 4.10: A typical mesa profile in the stationary solution v(x). The left
and right edges of the mesa are labelled as x; and , respectively; and
the length of the mesa section is [.

The stationary system

2

u

0=c?upp —u+———5 0) = uy(L) =0
€ Uge — U+ v(l—l—kuQ)’ ufE( ) uw( ) ) (419)
D

0= "y — v+ u?, v, (0) = v, (L) = 0.
5

Beyond the stability of 1D mesas, we will extend the mesas in the y-direction to
form stripes, and derive conditions on the parameters to guarantee stability with

respect to transverse perturbations.

4.4.1 Construction of a multi-stripe pattern

To leading order, we have that v,, = 0. Applying the Neumann boundary condi-

tion, we have then that v ~ V), and the value of the constant can be estimated by
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integrating over the whole domain,

1 L
y=_ / u’dx. (4.20)
L Jy

In the inner region near the left boundary of the mesa we have that v = V), and
we do a change of variables for u = Vw and y = € ~!(x — ;). The resulting

equation is

U}2

wyy + f(w) =0, —00 <y < 00, f(w):_w—i_mv

(4.21)
with b = kV2. Now, we are looking for a heteroclinic connection in u as the tran-
sition mechanism that generates the mesa, one for each side of the mesa. For a
heteroclinic connection to exist in (4.21), it has to satisfy the Maxwell line condi-
tion [31].

05 ]
—_
2
=
0
w w
- +
05 i i i i i i i
205 0 0.5 1 1.5 2 25 3 35 4
w

Figure 4.11: A plot of the function f(w) given in (4.21).
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The function f(w) = 0 has zeros at w = 0 and wy = 1EV1=40 V21_4b, with distinct

real values for w4 existing in the range 0 < b < 1/4. The profile of the curve in
that range can be seen in Figure (4.11). The Maxwell line condition states that a
heteroclinic connection will exist for the value b = by such that [;** f(w)dw = 0.

Integrating f(w) we get

w4 ’U)2 w 1 1 w4
; f(w)dw ( 5 + REETE arctan(b w)) .
wi W4 1 1/2
= —7 + E - b?’W arctan(bo w+),
0
and since we have that by = w;; 1, the Maxwell line condition will be satisfied if
+

—1
by = W+ — \/ﬁ(“@ +1) = 2wy arctan(\/ﬁ). (4.22)

wy

This can be solved numerically to obtain the critical values by = 0.211376, and

w4 = 3.295209. For use later in Section §4.4, we need to compute
o
B = / wdy
—o00

Next, we multiply (4.21) by w’ to get

d [(w? d 9

with 7 = — [[° f(s)ds. We then obtain

00 wy W4
g :/ w'dy :/ w' ! dw :/ vV 2F (w)dw. (4.23)
—00 0 0

wl

This can be numerically calculated using the previously computed value for
w4, to get B ~ 1.49882.
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Linearizing around w = 0 for y — —o0, and for w = w4 for y — oo, we get

that for b = by we have a heteroclinic solution

1 w
w w) = 0, —o00 <y < 00, w) = —w ,
+ Jw) y<oo. flw)=-w+
w~ d_eY, asy — —oo,
we~wy —dye” 'Y asy — 0o,

for vy = /1 — 2/w,. To break translation invariance we take w(0) = w, /2, in

order to guarantee uniqueness.

A full mesa solution will consist of two back-to-back heteroclinic curves, and

can be constructed as

uNV[wl+wr_w+], with wlww<x_xl>’ wrNU)(XT_x).

e 9

Integrating (4.20), we get that to first order V ~ +V?wil, with | = x, — x,
the width of the mesa. We then have, since by = k)2, that

IVk _
Vbow?

Therefore, a necessary condition for a K —stripe solution to exist is that

VE
Vbow?

Vi ~ %—1—0(5), l L.

1.

To refine the solution, it is necessary to further expand u(x) and v(x). In the

outer region we expand v and v as

v~V Adev +elvg oo
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Since outside of the mesa u is exponentially small, and in the plateau region
u ~ Vwy + O(e), by substituting into (4.19), we get that

V forO0 <z < xg
Dvige = S V(1 = Vw?) =V(1 - L/lI) forx; <z <xr (4.24)
V fory, <x <L

with v1 ;(0) = v1 (L) = 0. In order to find the conditions on v; at the transition

layers x; and x,, we expand u as u ~ Vwy + Uy +...on xy; < x < Xp-

Substituting into (4.19), we get that

—Ui + gu(V'LU+, V)Z/[l + gU(Vw+, V)’Ul =0,

with
2

9, v) = v(1 + ku?)

Since 1 + bowgr = w4, the linearization terms simplify to

2'UJ+ 2

Vwy V)=t = =

gu( W+ ) (1 _i_bowi)g w

) (4.25)

Vwp, V) = —F =

v +> 1+ b()w_%_ +>

and this yields
2 wi
—U; + —U; — w4v = 07 = U = ——ws.
w4 2— w4

We now expand v and v near the left transition point z = x; (zooming in

Y= 6_1(95 —X1)) as

u=uy+ecu; +eug+--, v=V+eVi+e Vot -,
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with ug = Vw,. Substituting into (4.19), the O(e ) system is

Luy = = uy — u1 + gu(uo, V)u1 = —gu(uo, V)V1

(4.26)
Vi =0.
For V; we get that V; = Vyo + V11y. We also have that Luj, = 0.
The solvability condition on (4.26) is that
o] 0 ,w2
/ /
/_OO gu(ug, V)Vyupdy = /_Oo T bwzw Vidy = 0. 4.27)

Substituting in V; = V19 + V11¥, the condition from (4.27) implies that

[e’¢) ’U)2’LU/ [oe) w2w/y
V ——dy+V —=dy = 0.
101m1+bw2 y+ 11/;Ool+bw2y

Since V; = O(eg), V11 has to be zero, as otherwise for |y| > 1 we would
have V; = O(1). Consequently, Vj also has to be zero, and the conclusion is that
V1 = 0. We have then that L1 = 0, and therefore we also have u; = 0.

This result yields that

v1(x1) = vi(xr) =0,

and now we have enough conditions to solve uniquely for v .

Using the fact that x, — x; = [, and that Vwi = L/I, the full solution to (4.24)
is
%(wz—x?) for0 <z < x;
v = VgglL) [(z —x1)? = l(z —x1)] forx; <z <xr
%[(L—x)Q—(L—XT)Q] fory, <x <L
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It is possible now to calculate vy , close to the transition layers. We have

Yy V(L —1
V12X ) = Dl’ oLa () = (22) )’ (4.28)
N )] YL —xr) '
/Ul;x(X'r‘ ) - 2D ) ,Ulyx(X’l' ) - D )

This suggests that there is a term to next order, as V ~ v; »(x;). Expanding to
next order in the inner region, as u = ug + € 2ugandv =V + £2Vs, and defining

go(w) = %, we have the system
Lug = uy — uz + go(w)uz = go(w)Va,

Vy = 0.

We have then that Vo = Vog + yVo1.

We can derive a solvability condition from Lus = go(w)Va, since Lw' = 0.
We get

/ Vago(w)w'dy = / (Voo + yVa1)go(w)w'dy = 0,

—0o0

We can now match the inner solution to the outer solution evaluated at the

interface, to determine Voo and V1. We get that

V4e?(Voo+yVor)+---=V4evi(x) +evia (X)) —x1) + () + - -

From this we can conclude that V1 = vy ;(x; ), and that Vog = v2(x;). This
last value, for both the inner and outer solutions, can be calculated from the solv-

ability condition given that we now know Vs;.

Furthermore, repeating the matching procedure with x — XZJF yields the same

value, as the outer solution has no ambiguity. From this we get that vl,m(xfr) =
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v1,.(X; ). Repeating the procedure yet again at the right boundary ., we get the
same result, i.e., v1,(x;") = v1.(x, ). Since we already knew from (4.28) that
v1,2(x;") = —v1.2(X; ), we can solve for x; and y, to get that the position of the
boundaries of the mesa on [0, L] are

L1 L+l

Xl:Ta Xr 9

with [ the length of the plateau. A corollary from this result is that stationary mesa

solutions have to be centred.

We can find a second solvability condition that will be of use later on. Differ-

entiating with respect to y, we have
Luy = —go(w)ugw' + go(w)Vs + go(w) Vo',

and using the fact that Lw’ = 0, the solvability condition we get is

v [ gotwidy = [ (gh(wVa - giw)ua)uay,

o o (4.29)
oat) [ ooty = [ (ahtw)ve — g wyuayoay,

since V5 = Vo1 = —v1 2(X7)-

4.4.2 Transverse stability in the near-shadow limit to perturbations
in the y direction

We will now extend the solutions obtained in the previous section for a 1D mesa
to R? by extending the mesas along the y-direction to form stripes. We will study
the stability to perpendicular perturbations, which can give rise to buckling in the

solutions.

We assume that the solutions exist in a rectangular domain [0, 1] x [0, dp], with
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Neumann boundary conditions on all sides. We introduce a perturbation on the

equilibrium solution (ue, v ) of the form

. , k
u:ue+e)‘t+lmyq§($), U:'Ue‘i‘e)\t—ﬂmyw(m); m = diﬂ-a k= 1727"'7
0

with |¢| < 1, and |[¢]| < 1.

Substituting into (4.1), we get the following eigenvalue problem

5\(;5 =L, ¢ + gv(uea Ue)w =€ 2¢II - Qb + gu(uea 'Ue)¢ + 9v (Ue7 Ue)wa (4.30a)

€ _ o 2
5&+TM¢—¢M mAy + e, (4.30b)

with A = A+¢ ?m?2, and Neumann conditions ¢, (0) = ¢,(1) = 1,(0) = ¥, (1) =
0.

As shown in (4.25), in the plateau region we have that g, (u., ve) = 2/w,, and
gv(Ue, Ve) = —w. Substituting into (4.30a), we have that, to first order and when

A < 1, the asymptotic form of ¢ on the plateau region is

2
wy

¢ =, with  p = ; Xt <@ < Xr

2*U)+

Near the boundary region ¢ is asymptotically small, therefore, near the transition
layers located at x;, X, ¢ is proportional to the derivative w’ of the heteroclinic

connection. We have then the following asymptotic form for ¢

cii(w' (e “Ha — xu)) + O(e)) for z ~ xy;
¢ ~ R cri(w' (e "N — xm)) + O(€)) forx ~ i
¢Z:Mw forxe(Xl’hX’r‘i)? i:17"'7K7

with the constants ¢;;, ¢,; to be found.

Since ¢ is localized near the transition layers, we can estimate it in the sense
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of distributions, approximating u, as ue ~ Vw

K
2€ Uep 2e2Ve; [ p
o~ Zl ( D /OO wywidyd (x — Xxui)

2e2Ve, [
D

2eV
wrw;dy5 (x — xri) + Dw+/’th[XliaXri]> ’

—0o0

with H[meri] = lonzx € (xu, xri), and zero elsewhere.

This then yields

K 2 2 2 2

2€ Up e“Vqwi e“Ve,wi

5~ El <D 5(1‘—Xli)+7,p d(z — Xri)
1=

2 Vw“'lupH[Xme'} >
+ D

Substituting into (4.30b), we get that ¢ satisfies

27,2
e Vwy

¢xx_921/}:_

D (b (@ = xii) + crid ( — Xri))] , (43D

i

with 6 the piecewise constant function

0= (m2 + W)mv forx ¢ UL, [xui, Xrd]
b= 2, € 2wy 1/2 K
0, = (m +5 <1+T)\+m)) , forx e UL, [xui, Xri]
(4.32)

Since w' is localized, we can define w), = w'(z — x;) and w).,, = w'(z — xri),

and multiply it into (4.30a), to obtain the matrix eigenvalue problems

Cli(wfw L. w;'z) + (wfi,gv(ue, Ve)) = Cziﬁ(w&, w;i)> (4.33a)
CTi(wania Le w;z) + (wyl»ia gv(uea Ue)w) = Crij\(w;iv w;*z‘)a (4.33b)

where (f,g) = fol fgdzx.
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The second term in (4.33a) and (4.33b) can be readily estimated, using the fact

2
_wm
1+b0w2 > as

that w” — w = go(w), and that g, = —gg, with go(w) =
1 K o]

(wiiagv(uea 'Ue)w) = / wgﬂﬂgv(ue,ve)daﬁ = —¢€ ZWXu)/ wIQO(w)dy
0 i=1 —00

K K wg
=—¢ ZWXH)/ w'(w" —w)dy = —¢ Z¢(Xli)7+7
i—1 i=1

(e}
—0oQ
and similarly,

K 2
(wii,gh(ue,ve)ﬂ)) = —¢€ Z¢(Xm)w27+
i=1

The third term can be estimated straight from the definition of 3 in (4.23). We
get

o0

(whyr ) ~ ¢ / (w')?dy = < B.

—0o0

The first term can be estimated using some of the results previously obtained.
We have that

Le w; = (wf)// - w; + gu(uevve)MZ'

We can approximate g, (ue, ve) as

gu(uea Ue) ~ gu(wva V) + 52(guu(wva V) + guv(wvv V)) e
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_w?

The derivatives can be related to go(w) = 1752

in the following way:

2u 2w

/
Gu(u,v) = o(1 + ku2)? ~ (1 + bow?)2 = go(w),
12— 6ku? 1 2— 6byw? 1,
Guul:0) = A TEmE Y YT hpw?)  p 90
2u 2w 1,

gun(:0) = =T R~ TV b v

Substituting them in, we get

2
€
Gulte; ve) ~ go(w) + 35 (g5 (w)ua = go(w)Ve) + -+,
2
£
Lewp; ~ V(Qg(wu)w — go(wis) Vo) wy,.

We can now express the first term as

c 2 1
(wh Lewfy) ~ 55 [ (g s = ghwn)Ve) wftda
0

g3 [®
= V/ (g&’(wh)Uz - gé(wlz’)V2) wf?dy

Using the solvability condition in (4.29),

v [ awwdy = [ (ghwv - gh(wpuurdy

—00 —00

we get

3 00 3 oo
(who Lowi) ~ 5V [ so(witdy = 595 [ (w—wu'dy

—Oo — o0
_ 53V§w2 _ & 3v1e (i) w2
2y 2V
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Similarly, on the other side of the plateau the process is identical, except for a

sign change in the slope,

P () wk

(W), Lowl) ~ 5y

1)

Putting everything together results in the following 2K x 2K system

3

g g
edcyfB ~ Vclzle(Xlz) i - ?ﬁ(Xu)wi,
I 3 2 € 2
e XS ~ —@criv1x(xm)w+ — §w(><m)w+,

and since from (4.28) we know that

V(L -1
V12 (X)) = Viz(Xri) = (QD)’
the above system can be simplified to
- L —Dw? w?
ABeri ~ 52(4,D)+Cli - 7+¢(Xzz‘),
(L — D w2 (4.34)

\ o 2T t.. . _ £ )

AﬁCT’L 3 4D Cri 9 ¢(sz)

This equation, together with (4.31) constitutes a system for A and ¢ = [cy;, ¢4].

The system given in (4.34) depends on v (x,;) and ©(xy;). Solving (4.31)
explicitly, we get

¢(Xl1)7c(;(;i%9 ;51)) for0 <z < xn1
inh(6 ri— h(# i
sy = VORI VSRR S, or <o <
— sinh (0 Xi(i+1)—Z Slnh(9 (:E sz)) .
w(xm)smh(@ (Xl(z+J1r)1 Xri)) + 1/}(Xl 1) Snh(0- (Xi(i41)— X))’ for xri <o < Xi(iy1)
(xrr )0 (1)) for y,x <o <1

cosh(0—(1—xrx))’
4.35)
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fort=1,..., K.

We have that x,; — x;; = [; similarly, we define d = x;(;11) — Xri = % -1,

and the constants
¢; = cosh(6 41), s; = sinh(6 1),
cq = cosh(0 _d), sq = sinh(0 _d)

Additionally, the jump conditions that solution (4.35) has to satisfy are given
by

QV 2
() — e (X)) = et = b,

25 , (4.36)
(s (6h) — 0] = e = b

fori=1,..., K.
This results in a linear system, with b;; defined as

3 cd a
bii = r(i-1)0 - | sa — = wm +¢h 9—5 +9+37
Cd a
+wl1 <0 + 0+> )
Sd S
and similarly,

0 c c
:_¢l(z+1 7_wlz +'¢m (0+l+9d>,
S1 Sd

fori = 2,..., K — 1. The values at the boundaries are slightly different and have
to be derived separately. Using the identity

sinh(z/2)  cosh(z) —1
/

cosh(z/2)  sinh(z)
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we finally have that

c 0_ c 0
bin = ¥ (9d+9+l> —

s S4 s s

c 0_ c 0
brk = Yrk <9—d—+9+l>— Ik —

sqg S sy s

We can now write the 2K x 2K system of equations in matrix form as M J =b,

with M the tridiagonal matrix

[a+c b
b c a
a ¢ b
M = ;
b ¢ a
a ¢ b
i b c+aj
and where
a:—ei, b:—ei, 02%9_+ﬂ9+.

Sd S1 Sd S1

The eigenpairs of M can be found explicitly (appendix B in [48]), and for the

reader’s convenience we will reproduce the calculation.
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The M matrix can be simplified into M = @) + cI, with

)
S O R

We use the property that eig(M) = ¢ + eig(Q). We start by looking for an
eigenvector § = [z,t22, 23, t24, ..., t22K]T, with t, 2 € C, |z| = 1, and corre-
sponding eigenvalue o. From the second equation to the second to last we get the

following system,

atz' 7t bt = o2, if [ is odd,
(4.37)

b2l 4 a2 = ot if [ is even.

Since zZ = 1, hence 1/z = z, we can solve for ¢ in the above system to get

_,az+bz
© az +bz|

which implies that |t| = 1.

In order to satisfy the first and last equations, we look at the extended system
Q(Ah+Bh) = o(Ah+Bh), with b = [t, ¢, tz*T1]7. The first and last equations

are

a(At + Bt) + b(Az + Bz) = o(At + Bt),
b(AtZQK +BE§2K) -I—CL(AZ2K+1 +B22K+1) — U(A22K+1 +B22K+1).
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The first and last equations will then be satisfied if

At + Bt = Az + Bz,

At22E 4 BEz2K — A 2K+1 | pz2K+l

Nontrivial solutions for A and B exist if

(z—t)(1 —12)2%K = (2 - 1) (1 — t2)2*K

is satisfied. Since |z| = |t| = 1, we have then that z*% = 1. If we write z in polar
27 (j—1) . .
form, we have that the roots of z*% = 1 are z = ¢’ 5K ,withj =1,2,...,2K.

Substituting it into (4.37), we get

o = +t|az + bz| = £/a2 + b2 + 2abcos(0),

with 0 = % Since we have both positive and negative values, we are count-
ing twice when ranging j = 1,...,2K; therefore the range can be restricted to

obtain the following set of distinct eigenvalues

gji:j:\/aQ—l—bQ—l—Qabcost, WitthZ%, Jj=1...,K-1,

O+ =a=xb.

Going back to (4.36), we can express the jump condition as the following sys-

tem,

2v7,,,2

e “Vwy
D

v=M"'p= Mg

and we can use it to substitute J in (4.34), resulting in the system

. L—Dwi = Vuwi
AB8:52<< 4D)w+1 ;’;M—l)a (4.38)

Since A = XA + €2m?, and M~1¢ = 6 1¢ with 6 = ¢ + o, we have then that
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in the limit when e — O,

PV 5 (L—Dwi VYwi
I 2y =Tt T ps T app it

ji=1,...,K.

To establish the stability of the system, we want to establish conditions that

guarantee that the eigenvalues will be negative, hence stable.

The largest eigenvalue corresponds to the largest & value; since both a and b
are negative, the largest o values corresponds to j = 1; and as the number of mesas

increases the largest eigenvalue tends to ¢ + |a + b)|.

On the other end of the spectrum, we have that the smallest eigenvalue is always
positive,
cgd— by 0_ 04 819_(Cd—1)—|—5d9+(01—1)

cta+b = c—|a+b| = + - =
Sd Sy Sd S] SdSi

since cosh(z) > 1 for x # 0.

From (4.32) we have that to leading order both § _, 0 | ~ m. Let

-1 - -1
0= ———= b= ———— ¢ = coth(md th(ml
“ sinh(md)’ sinh(ml)’ ¢ = coth(md) + coth(mi),
the stability condition is, then
(L — w2 s Vwi
74Dﬁ <m +2Dﬂaji
9 Lwi 1

)

2DSI R N )
pim éi\/&2+b2+2&bcos (%)

forallj=1,....,K —l,andm =5 k=1, .
0
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A sufficient condition for stability is as follows: if

(L - )l

D
> 4723

then the K —stripe system will be stable.
For the m = 0 mode, and to first order, we approximate a, b, and c as
1 1 1 1

a=—-+0(¢), b:—j—i-O(a), C:ﬁ+7+0(€)’

Since 6+ = a + b+ ¢ would be zero to first order, we can approximate c to

second order for that particular case, resulting in

1 1 1

We have then that

11 1 1 2 .
Ujiw+j:\/cl2+l2+cos(9j), J=1...,K-1,

d 'l di
1

Oy ~ 5(de% +10%),

. 2

OK— ~ —.

l

Similarly, we have that the eigenvalues A;4 for the full system, for the m = 0
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mode, are

(L—-Dw? Lw? _
Ay = €2 < = i 2Dﬁ+ng1+ , (4.392)

Lwi 1 2w 9
= —€ /Bl |:K_2—’w+:| +O(5 )<0,
o ((L—=1Nw?  Lw? i 5 lw?
_= - )= et 4.39b
Ak- =€ < D3 2DBI2 ©“apg <Y (4.39)

L —Dw? Lw? .
Aji:g2<( 4D;+_2Dﬁ+lgjil>’ j=1,....,K -1,  (4.39%)

C 2 (L—l)wf__ Lw? g+2 -1
4Dp 2DpL |d 1 ’

:62<<L—l>wi  Lw} [Z<L—Z>D o

4D 2DBL | 2L

with (4.39a) being negative resulting from the previous numerical estimation w ~
3.30 in (4.22).

This shows that for the mode m = 0, all the eigenvalues A\;, j = 1,..., K
are negative. Hence, a 1-D K —stripe mesa pattern with D = O(e ~!) is a stable

solution to the GMS system.

For the GMS system, we computed the eigenvalues of a two-mesa solution.
Of the four possible eigenvalues, their corresponding eigenvectors show that the
instabilities will lead to either two breather stripes, or two zigzag stripes (using the
notation from [22]). In the Figures 4.12 we have the four eigenvalues as a function
of the mode m. The most unstable pair corresponds to a zigzag-type instability,

and the other two correspond to a breather instability.

We also found the critical value where % = 0 and A = O for one of the

breather and zigzag eigenvalues.

Using these results we simulated the full system on a 2D domain (—1,1) X

(0,dp). Varying the length of the domain d, we observed mode-one and mode-
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Figure 4.12: Eigenvalues for a two mesa solution. The parameters are D =
0.5, e = 0.001 and x = 3 for the Figure on the left. The A_ eigenval-
ues are the zigzag ones, while )\ are the breather ones. The Figure on

the right has the critical (k, D) values for instability.

two instabilities develop over time (Figures 4.13). Since the mode m = o

Figure 4.13: Full 2D simulation with parameters € = 0.01, D = 0.5, k =
1.5. The solutions were integrated using an IMEX algorithm. The
solution on the left has dy = 1.5, and the solution on the right has

do = 2.

is immediate from the formula in (4.38) that increasing the domain width will

destabilize the system.
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Both solutions were integrated until 7" = 10, 000 from an initial condition that
had previously converged to two mesa stripes, and that had a small amount of noise
added. When integrating the same system for dy = 1 no transverse instabilities

were observed up to T' = 20, 000.

Chapter summary

In this chapter we analyzed mesa-type solutions to the GMS system. We started
by analyzing the Turing-type solutions and considering the case of domain growth.
We used numerical continuation to extend the Turing solutions to the fully non-
linear regime, where we observed the solutions split as the domain length was in-
creased. We studied the cases of both a dynamically growing domain and adiabatic

growth.

We next constructed a matched asymptotic solution for the fully nonlinear
regime by joining two heteroclinic solutions. Studying its stability we were able
to corroborate the splitting thresholds observed numerically in the splitting regime.
Upon extending the mesas into stripes on the plane, we were able to derive ana-
lytic thresholds for the stability to perpendicular perturbations of multiple mesas,

and verified it with full numerics.

In the next chapter we will extend the theory developed for the GMS system to

general mesa systems, and apply the model to a Predator-Prey model.
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Chapter 5

The stability of mesa stripes in
general reaction-diffusion
systems

We have previously studied the stability of mesa stripes in the GMS model in both
one and two dimensions, and considered the parameter regimes D = O(1) and
D = O(e7'). In this chapter we will extend this previous analysis and obtain
analytical results for the stability of a mesa stripe pattern for a general reaction-
diffusion system when D = D/e, with D = O(1). At the end of the chapter we
will apply the results to a predator-prey RDE.

The general system that we will study is the following two-component set of

reaction diffusion equations:

up = e 2Au+ f(u,v)
D (5.1)
TUE = ;Av + g(u,v),

with homogeneous Neumann boundary conditions on z € [0,1] x [0,dp]. We
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consider the limit where ¢ < 1, and regard all the other constants as being O(1).
Some conditions on f and g are needed for the existence of a mesa pattern (see

below),

5.1 Construction of the solution in the near-shadow limit

The following analysis is based on work done by Kolokolnikov and McKay [32].
We will use their results to extend the analysis done earlier for the GMS model to

consider the transverse stability of a general stripe pattern.

We want to construct a K —stripe stationary mesa solution on =z € [0,1]. A
mesa structure is characterized as a function u(z) ~ uy on —/ < z < [, and
u(z) ~ u_onl < |z| < L; with uy > u_, and both values joined by a sharp

interface.

The mesa pattern will be formed by two back-to-back interfaces. We will start
by constructing a solution on [0, L], with the interface centred at x = [. A full
mesa solution can then be constructed by adding an even reflection, and a K —mesa
solution will simply be K copies, with 2K interfaces. The stationary equation we

want to solve is

0 =& 2ugy + f(u,v), ugy(—L) = uy (L) =0,
D (5.2)
0= ~Ura + g(u,v), vz(—L) =vy(L) = 0.

To first order, we have v,, = 0. Applying the Neumann boundary condition, we
have then that v ~ V), and the value of the constant can be estimated by integrating

over the whole domain. The resulting equation is
(5.3)

with v = V constant.
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Now, we are looking for a heteroclinic connection in u as the transition mech-
anism connecting v = u4 to u = u_. This imposes the algebraic constraint that
fuy,V) = f4 =0,and f(u_,V) = f_ = 0, which has to be satisfied together
with the Maxwell line condition [31] [** f(w,V)dw = 0. For both branches to
be stable we also require f,(u+,)) < 0. Solving the algebraic system determines

U4, and vg = V.

In the inner region near the interface of the mesa, we have that v ~ V), and we
do a change of variables for y = £ ~1(z — 1), and u(z) ~ Up(%"t) . Integrating

(5.3) in two parts across the interface yields the following result

D [! ! D
0= 5/ Vg —I—/ g(u,V)dx = —v,(I7) = —lg4,
0 0

L L
0= f/ vm—l—/ g Ve = ?vz(lJr):(L—l)g_.
l l

Since the v solution doesn’t have sharp interfaces, we obtain to leading order
that

———L+0(e). (5.4)

Furthermore, since 0 < [ < L, we require that the following consistency

condition be satisfied:
g,

9- — 9+
Here, as with f1, we have defined g+ = g(u, V).

0< <1, (5.5)

We will divide the half-mesa branch into three regions: the outer part on the
mesa plateau, 0 < = < [; the outer part of the mesa beyond the plateau, x > [; and

the internal layer around x = [ bridging the two outer regions.

z—I

To zoom into the inner layer we lety = =, u(cy+1) = U(y), v(ey+I) =
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V (y), which when substituted into (5.2) result in

Uyy+f(U7V):0, OO<y<OO’ U_>U:|:asy_>:FOO,
g3 (5.6)
Vyy—i_fg(U?V):Oa oo <y < 09, V — Viasy — Foo.

In the outer region, 0 < z < [, we have

f(u,v) =0, uz(0)

e
Uy + 59(’&7 U) = 0)

<
8
—~
=)
S~—
Il
o o

with the boundary conditions stemming from the even symmetry imposed on the

mesas. Similarly, for the region = > [ we have

f(u,v) =0, ug(L) =0,
€ (5.7)
Vgz + —=g(u,v) =0, vy (L) = 0.
D
Performing an asymptotic expansion v = u_+5uy+---, v = V+5Fv1+---,
and substituting into a Taylor expansion of f(u,v) in (5.7), we obtain
£ — —
flu—, V) + E(fu ur+ fy o)+ =0.
Therefore, u; = —2=v;, where = folug,V),and £ = fu(ug, V).
From (5.7) we also obtain that
Vigr = —G—, onl<zx<lL, with g_ = g(u_, V),

le(L) = 0, 1)1(1+) = V1,

where we have imposed the boundary condition v1(I*) = v;_ in terms of an

unknown constant v;_ to be calculated later.
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The solution in this region is

1

vi(z) = —g_ <2(ac . %(L - l)2) +vp_. (5.9)

Therefore, we have that in the outer region ! < x < L

u~u_ + % (fv_vl(x)> ,

Gu

£
v~V Evl(x).

(5.10)

Either by taking the derivative of(5.10), or integrating (5.8) over | < x < L we get
that v, (I7) = v|_ = g_(L —1).

An analogous calculation in the outer region 0 < x < [ yields

£
_l’_

g
o (L),
u

D
Vit So(z), with vi(z) Lo L +
v~ —v1(x vi(r) = — - — — v
D 1 s 1 9+ 9 9 14>

again with a boundary condition v1(I™) = v14 in terms of an unknown constant to
be found.

Threfore, for both sides of the interface, we have

le(li)
)

/
V14 = _g+l7

, (5.11)
vi_ =g-(L—1).

Ulm(l

Taylor expanding both solutions near = [* provides matching conditions

for the inner solution. The problem for the inner layer, in terms of the variable
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y=c¢c Yz —1),is

+
€
Uy + f(UV)=0, —oo<y<oo, Uwui—DL];”ivliasy%:Foo,
u

3

Viyy = —%g(U, V), —co<y<oo, V~V+ %(V& +€yV1/i) as y — Foo.

Expanding the inner solution, U = Uy + 5Uy +---, V=Vo+ 5V1 +---,
we get

L(Ur) = Uryy + fu(Uo, Vo)Ur = — fv(Uo, Vo) V1,
Vigy = 0.

The matching condition for Vi = hyy + ho is Vi ~ v11 asy — Foo. Thus,
we must have that h; = 0, and hy = v14 = v = V1.

A solvability condition can be obtained, since by translational invariance we
have that £(U))) = 0. Hence

/ (ULLUY — UrLUL)dy = —Vi / UL for (Uo, Vo)dy = 0.

—00 —0o0

We can conclude then that if fi # 0, then V4 = 0, thus V31 = 0. We also have
then that U; = cUJ}, and without loss of generality we take ¢ = 0.

To O(e ) we have then

o(@) = {V+ a5 (g-(x =L +g-(L—-1)?), I<z<L,

VY — g (x? —1?), O<z<l.
2D9+2( ) (5.12)
u— + 0(%), l<x<L,
u(z) = (;_%)
uy +O0(%), 0<z<l
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In the inner region we expand to second order, u = Uy + %Ug +--- and
v=V+ S Vo4, toget

L(Uz) = Usyy + fu(Uo, Vo)Uz = — fv(Uo, Vo) Va,
V2yy =0,

with the matching condition that V2 ~ yv), as y — Foo, and vy the O(e /D) term
for v(x) in (5.12).

We must have then that V5 (y) = Hag+ yHa1, and we can conclude that Hyy =
V., = V{_. Using (5.11), we can now recover the result from (5.4):

g (L-1)=—gl — I1=—9=—11

The constant Hyy can be found in terms of Hs; via a solvability condition,
since LU, = 0, and

LUy = Usyy + fu(Uo, Vo)Usz = — fv (Uo, Vo) (Ha20 + yHa1),

We have then that

/ (Hao + yHa ) Uy fv (Up, Vo)dy = 0,

75 yU fv (U, Vo)dy
75 U fv (U, Vo )dy

/
hence Hgop= —V|,

In the outer expansion, v(z) =V + Fuvi + %Ug, we require then that va (1) =
Hoyy.
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5.2 Transverse stability of the K-mesa solution to
perturbations along the y-axis

We will now use the general mesa construction outlined in the previous section to

study the stability of mesa stripes to transverse perturbations.

We start by considering a one-mesa steady-state solution in the domain [— L, L] x

[0, do]. We consider small perturbations of the form

u(®,y) = ue(z) + e e(z),
v(w,y) = ve(w) + MM (),

which yield the eigenvalue problem

)‘¢ = 52¢xw - 52m2¢ + fu(u67 ve)¢ + f’U(u67 Ue)¢,

D D (5.13)
TMU = ;wmaz - ;m2¢ + gu(“ea Ue)d) + gv(“e: ve)q/}‘

We now multiply the ¢ equation in (5.13) by u,, and integrate it by parts on
[0, L]. Given that the equilibrium problem satisfies € 2u,, + f(u,v) = 0, we have
then

52(”1)3::1: + fuuz + fvvx = 0.

We define the operator L. u by
Lou = e ugy + fuu,
and we have that the equilibrium problem satisfies
Loy =& (Up)ar + fulle = — fova,

and from (5.13) we get
£€¢ + fvw = 5‘¢
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Integrating first on —L < x < 0, we have

0
/ (Umﬁs ¢ — L. ux)dx = 52[“3:?153: - Qbu:m] ’

—-L

The two terms on the left side of the integral each equate to

/0 Uz Lo pdx = 5\/_0 Uz Pdx — /0 Uy frtodx

—L L —L

/ OL oLeusde =~ [ OL bFs0r.

Putting it all together leads to

0 0 0
X/_L Uz pdr — / Uy foPdx + /_L D foy = 52[“x¢x - Qbumz] (iL.

—L

We now make use of the following facts: u;(—L) = u,(0) = 0 from Neumann
boundary conditions and even symmetry considerations, respectively. Both ()

and v, (x) are approximately constant, hence ¥ (z) = ¥(—I), vy(x) = vy(—1).

Since () is localized near the interface, we have that
0 0

/ Uppdr = c_/ ulda.
-L —L

This reduces the equation to

e /_OL u?cdx =~ (1) /_i Uy fodx — vy (=1)c— /_(; Sfotgdr — az[tﬁum] (iL,
0 0
Py /_L uldr =2 h(=1) — ve(=1)c_] /_L Ug fodx — € 2[PUigy) Li ,
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We now estimate

¢

= 0(1)7 o

rz=—L N

= 0(1), as well as

=0

Ugy

rz=—L N

0
L= O(e?).

therefore we have that & ?(pu,)

Changing variables to y = ¢ ~(z + ), we have that

0 [e'e) U4
/ Uy fodx ~ / U(/)(y)fvdy = / fodu,
—L —00 u—

since © — u+ when y — Zoo. Similarly, we can make the same change of

variables to have

* 1o L[ e
usdx ~ 7L€—2(U0) dx = - (Uy)~dy.

—L —o0

This yields the simplified equation

Ae— /oo (UD)Pdy ~ e (1) — c_vg(—1)] /u+ fodu +O(e?).

—0o0

‘We now define

gy
CT O fudu

The integral in the numerator, | fOOO(U[’))Qdy, can be further estimated by inte-

grating the U equation in (5.6)

) Uy 1 Uy
| vbdn~ [0 v = [ eFd
—00 y
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with F(u) = — [ f(s)ds.
Then,

Mege_ ~ g [P(=1) — vp(—1)c_].

Repeating the procedure for the 0 < =z < L region, we obtain the analogous

equation

Megcy ~ & [—(1) + v (D)ey],

with the sign change from the fact that with a change of variables y = ¢ ~!(z — )

and the transition layer at x = [, in this region we have v — u4+ when y — Foo.

We recall from (5.9) and (5.10) that v, (I) ~ 59— (L — [), and we also know
from (5.4) that | = —9=L_ therefore

9-—9+
e\ g-9+L
ul) =-(5) 2=
(0 D/ g —g+
Furthermore, since v(z) is an even function, we have that v, (—1) = —v,(I).

We can collect both equations into the following linear system

e kg <C+> ~ <_¢(l
c_ (=1

(5.14)

12
Y
<
T
\:\{_\‘/ N~—
~_
|
—
IR
~
DS
L
P~
-~
o 0
I+
~__—

Remark

(i) The goal is to find A; to establish the conditions under which the system is lin-
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early stable or unstable it is sufficient to determine the sign of A. To fully solve
the system in (5.14) we need to find ¢)(+£1), and this has to be done by finding the

equilibrium solution for the second equation in (5.13):

Yow =M+ = (9u6 + gu¥0) = 0. (5.15)

(i1) At this point we want to consider solutions consisting of K —mesas. The one
mesa problem in —L < x < L can be extended to the K —mesa case on —L <
x < (2K — 1)L by means of Floquet theory. This can be accomplished for the 1)

equation by using the following boundary conditions:

G(2j-DL) = Z(-L),  W(@2-DL)==/(-L), forj=1,-- K.

At the boundary of the whole interval [—L, (2K — 1)L], we have ¢ ((2K —
1)L) = 254 (—~L). We can get standard periodic boundary conditions then by

choosing 2% = 1.

(iii) Systems with homogeneous Neumann boundary conditions can be extended to
periodic boundary conditions by adding an even reflection on one of the bound-
aries, yielding a system on twice the original domain. By the same token, a system
with periodic boundary conditions, with even symmetry, can be folded in half into
an equivalent system with Neumann boundary conditions. Applying this idea to
the extended X —mesa system implies that we have to consider 2K mesas in the
periodic case, and thus z = ¢2™#/2K L =0, .. K —1.

The case for K = 1 has to be considered separately, and will be discussed in
detail in § 5.2.1.

Since u(x) is approximately constant except at the interfaces, we can approxi-

mate the eigenfunction ¢ ~ c4u,, and similarly ¢ ~ 1 (+£l) when z ~ £l.
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In the flat regions || < [ and [ < |z| < L we have that f,¢ + f,20 = Ap. We

will show later that A < 1, and this can be used to approximate

_l’_
v

~ = for |x| < I,
u

qbw—f%l/; forl < |z| < L.

Substituting it into (5.15), we end up with the ODE

Yog — O iw =0,
which is defined everywhere except at the interfaces, and where

A
ol =m?+ %F&i + %, with

_l’_
/<;+E—<g;“—1jrg;:> >0, when |z| <1

u

K—

_<gv_—vg;) > 0, when | < [z| < L,
fu

and as before, we are using the notation f, = %(u*, V).

Remark

(5.16)

(5.17)

(i) We will eventually show that for m # 0 we have that A = O(e?), and that
A = O(e) form = 0. It is tempting to disregard the 7Ae term in (5.13), however,

we will keep this term in order to analyze the case when 7 — oo.

Since 1 is smooth, the jump across x = = can be estimated in the sense of

distributions through the term g,,¢. We start with the jump across « = [, with the
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standard inner change of variables y = ¢ ~1(z — 1),

I+ +oo

gusdod(e 1)~y [ guUiydyd(o 1)

—00

~en [ gugdUnd(a =)~ eig- - g:)3 - ).

+

gu¢ ~ GuCqUg — C+/

(5.18)

Similarly, for the jump across z = —I, with y = ¢ ~!(z + 1), we have
-~ +o00
Guugdxd(z +1) ~ c_ / gu,Uoydyd(x + 1)

—00

Jud ~ GuC_Ug — C_ /

-+

Ut
~eo [ gudUod(a 1) ~ e (91 — 9-)5(a + D).

(5.19)

Therefore, we have

Gup ~ c4(9- —g+)6 (z — 1) + c—(9+ — g-)d (z + 1),

effectively taking into account the contributions from both interfaces.

We can now write (5.16) defined on the whole interval —L < z < L as

€

wxx - O':th = 5(9— - g-i-) [C+6 (37 - l) —c_0 (.CU + l)]v

with the added conditions that the solution has to be continuous across the inter-

faces at x = =+I; that the jump conditions ), L = C-5 and Y, = c4S

-
are satisfied; and that the Floquet boundary conditions ¢ (L) = zt¢(—L), and

Y'(L) = 210’ (— L) are satisfied as well.

For the jump conditions we have s = 5(g- — g4)
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A solution to the system with prescribed continuity across the interfaces is

'W_Z)ZZZ};[[Z__(SULt?]] + Apsinhfo_(z 4+ 1)), —-L<az< -,
o) = Qo T LoD Il D)
¢(z)(;(())s:;1[[‘;‘_ (<LL :3;))]] + Agsinhlo_(z —1)], l<az<L,
(5.20)

the four unknowns Ay, Ar, ¥ (1), (—1) can be determining by enforcing all four

boundary and jump conditions.

We start with the Floquet boundary conditions. The four relevant terms are

W(L) = cosh[aw_((l; = + Apgsinh[o_(L —1)],
2p(—L) = COShT;/}_((_lf)— 0] — zAp sinh[o_ (L — )],

Y (L) = Ago_ cosh[o_ (L —1)],
29)'(—=L) = zApo_ cosh[o_(L —1)].

From the condition on ¢/(L) = 2v¢'(—L), it can immediately be seen that
zAp = Ag.

From the condition that ¢ (L) = z¢(—L), we get

() —zp(=1) .
coshjo (L—1)] ~ —22z Ay sinh[o_ (L — 1)],
hence
(1) — 2¢(—=1) = —zAr sinh[20_ (L — )] (5.21)
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For the jump conditions, the four relevant terms are

¢x(l+ = —¢(l)o_ tanh[o_(L — )] + Aro_,

) (
Y (I7) = () oy coth(20.41) — (—1)oycsch (2041),
Ve (—11) = Y(l)oesch (2041) — y(—1)o coth(20,1),
Ve (—17) = —(=)o_tanh[o_(L — )] + Apo_.

The two jump conditions, ¥(I*) — ¢(I7) = cys and (—IT) — Y(=17) =
—c_s, yield

—(l)o_tanh[o_(L — )] + Agro_—

Y(l)ot coth(2041) + ¢(—1)oycsch (2041) = cqs,
(—l)o_tanh[o_(L — )] + Apo_—

Y(l)otesch (2040) +(—1)ot coth(2041) = c_s

Simplifying things slightly, and using Agr = z A, we get

— (1) (o= tanh[o_(L — 1)] + o4 coth(2041)) + ¥(—)oyesch (2041) = cs — zAL0—,
— Y(l)oscsch (2041) + ¢(—1) (o— tanh[o_(L — I)] + 04 coth(2041)) = c_s — Apo_
(5.22)

Putting together (5.22) and (5.21), we can express 1)(+1) as the solution to the

() ()= () o)

) = —Apzsinh[20_(L —1)]

linear system
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with

= o_tanh[o_(L — 1)] + 04 coth(2041),
= oycsch (2041).

Q]

Solving for Ap,

in the second equation, and substituting it into the first one
yields

L (e
GF——sEero( 17”),
ZX

with

- z - 1 sinh[20_(L — 1
b(): ( > ; 1= ( ) X = [ ( )]
1 z o_

(5.23)
where
1 - 1 2 1 (1
B:—bOT_— z ) 1 z ’
ZX zx \1 =z X\z 1
since zzZ = 1.
Recall that the eigenvalue system that we want to solve, from (5.14), is
- —(l
e kg C+ ¥(l) + (1) C+ ’
c_ P(=1) c_
or, using compact notation
e "M AkoC = 7 + v (1)@, (5.24)
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Solving for 7'in (5.23), and substituting it into (5.24) yields

D) l
e M0 g4 pytes g (5.25)
S S
Now,
ve(l) e g-g+L D g-g+L
5 Dg-—g+e(g+ —9-) (9+ —9-)?
And since I
== 5 o2
9- — 9+ g- !

CHONINS LY\ L\ 1
- =T (1 — l) = (1 — l) ﬁL‘ (5.26)
Similarly, ~ ~ ~
5_1)\/4,0 6_1)\/60 D )\I‘ioi
S

S elgr—g)/D €29 L
Substituting into (5.25), with A = X+ €2m?, we obtain

(G+ B) e+ L ﬁLa—m%a:ﬁAa (5.27)
1) L2 g2’

with o = —ggno (Z)

The eigenpairs A and ¢ of (5.27) are given in terms of the spectrum of the
two-by-two matrix (G + B)~!,

(G+ B) 'y = wiiy,
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they are given as

and

a
g2 L\ I? 9
— and )\—a[w+<1—l> ﬁL—m Oé:|.

oL
Il
j_l
>
+
|
™
[\o}
| — |
&
+
+
N
—_
|
| =~
—
)
~
|
3
no
Q
| E—

(5.28)

1

oL
I

This will yield two eigenpairs for each value of z. Thus we only need to find
the spectrum of (G + B)~!, and this can be done by first calculating the eigenpairs
of G + B, and then taking the reciprocals of the eigenvalues.

1
G+B:<d e>+1< Z>
e d xX\z 1

Since the matrix

is a Hermitian matrix, then all the eigenvalues must be real, and it is possible to
find an orthonormal basis.

We let (G + B)V = o/, and we have

Thus

and we have used the fact that zz = 1.
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Thus

and we can conclude that the eigenvalues of (G + B)~!, needed in (5.28), are
simply

1
wi =

172
d+ i + (62 + é + %Re(z))

Now, in order to calculate the eigenvectors we first notice that
1 -
d+ — —o=%|f], where f:e—l—i, and |f] = (f)?
X X
is the length of the complex vector f.

Thus, for w, we have

d+1— z ~
X _U et X vy = ’Ji‘ ! /y =0, therefore vy = ‘f‘_ .
e+ i d+ X0 7l —f

Similarly, for w_ we have

_|jf| / 7. =0, hence 7 = |j;| .
A f

Notice that in a generalized dot product defined as

ai

, where a=| : i = (ay,--,an),

an
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then

aw7:dn—ﬁ<g§=0

Therefore I/, U are orthogonal with respect to this inner product.

Lemma 5.1 The spectrum of (G + B)™'Ux = wi vy is as follows:

W+:; _’+ ‘f|,
d+ 5 +|f] -f)’

(5.29)
I S _(m)
= - =",
a+ 17 i
where
z
f=e+ " e = o4csch (2041),
inh[20_(L —1
Y = sinh{20_( )}7 d = o_tanh[o_(L — )] 4+ o4 coth(2041).

Lemma 5.2 Consider a steady-state solution of K —mesas on an interval of length
2K L with Neumann boundary conditions. Then the linearized problem admits 2K

eigenvalues.

The eigenvalues are given by

g L l2 2 .
)\ijZE wi; + 1—7 ﬁL—moz forj=1,--- K -1,
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where

1
W4, = j:L...)K_l_

! 1 2 1 2e . /2’
d+ £ (e + ?+¥COS(7T]/K)>

Finally, the two remaining eigenvalues are

g? L\ 2 9

with
1 1

d+€’ W_K =

WK =

These are the eigenvalues that correspond to a K —mesa pattern generated by

gluing together K mesas.

The various quantities are:

d = o_tanh[o_(L —l)] + o4 coth(2041),
e = oycsch (2041),
X = o~ tsinh[20_ (L —1)],
€ fiE ETA
U?t:m2—p<gf—igf> T

Now, we calculate with a little algebra
d+ e =o_tanh[o_(L — )] 4+ o4 coth(o4l),
d—e=o_tanh[o_(L — )] + o tanh(o41),

d+ >1< = o_(tanh[o_(L —1)] + o4+csch [20_(L — 1)]) + o4 coth(2041).
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In addition,

1 2e 1/2
2 .
e” 4+ — + — cos(2my K) =
( X* X (2mi [K)

and
1
e+ — =oycsch (2041) + o_csch [20_(L —1)],
X
4e
— =40 0_csch(2041)csch[20_(L —1)].
X
Thus
1
w:l:j: 5 1/27 .7_]-7 7K_1
1 1)\" _degin2 (7L
d—l—lez{(e—l—X) \ Sin (2 >]
Finally,
we Do (LY, o lxWldy L g
O\ T Y fdu T L g —gs

In order to find the eigenvalues for a specific RD system, the key elements that
need to be determined are v, u_, ), which are obtained through the heteroclinic

Maxwell line condition

f(u_,V) =/ =0,
/“+ f(w,V)dw = 0.

Regarding the stability of the heteroclinic, we also require that f, (u+x, V) < 0.
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The mesa half-width [ can then be determined in terms of the domain half-width
L,

g— — g+

with g+ = g(u, V), and similarly fy = f(ux, V).

Lastly, in order to determine ko we need ffooo(U(’))Qdy, and this can be deter-

mined in the following way,

/_OO(U0 dy—/ V2F (u)du, with F(u / f(s

The rest of the terms necessary to determine the breather and zigzag eigenval-

ues can be trivially calculated from these results.

5.2.1 The one-mesa special case

The case of the stability of a one-mesa solution with Neumann boundary conditions
will now be considered. This has to be done separately, as the Floquet theory used
in the K'— mesa case is for j = 1,--- , K — 1, and therefore excludes the case
K=1.

Since the analysis is analogous to what was previously done for K —mesas, we

will start at (5.14), which we write as

e g (?) - <;Ep_(g> + () (?) , (5.30)

wl) = (5) 22

with
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and () satisfies

Analogous with (5.20), we obtain that

cosh[o_(x + L)]

. v(=0) coshlo_ (L —1)] ’ —L<z<-
Y(z) = Tﬂ(—l)w + w(l)w, —l<z<l,
e (L]
with s = 5(g+ — g-).
it
The unknowns v (=£!) are to be found by satisfying the jump conditions v, =

It

= cys. Hence, we get

—c_s, and V¥, .

¢(1)[o- tanh[o_ (L —1)] + o4 coth(204.1)] — ¥(—1)o4csch (2041) = —cys,
Y(l)ojesch (2041) — (=) [o4 coth(2041) + o tanho_ (L — 1)]]

—C_S.

We can write this as the linear system
d
e P(l) _ ’ a d e ,
e d) \—=v(=1) c_ e d

d = o_tanh[o_(L — )] 4+ o4 coth(2041),

where

e = o4csch (20410).

194



Inverting G and substituting into (5.31), we get

e Ak <C+> _ vz (1) <C+> Lo (c+>

with v, (1) /s as in (5.26),

v,() € g-9+4L D  ggL <1 B L> e

s Dgy—g-clgr—g-) (94 —9-)? 1) L?

and similarly,

€ _15\/*?0 € _15\50 D - ( l >
= =73 )\HO .
s (€/D)g+—9-)  €%g-

Putting it all together, we conclude that

2
Gl <z*> + (1 - ?) %L (Z*) - —gg_ Ao <£> (Z*) . (5.32)

with
1 d —e
71_
oot [t )

Thus, the stability of a single mesa is governed by (5.32).

Remark

(i) As a sanity check, we need to show that (5.32) evaluated for the GMS system

yields an equivalent equation as the matrix problem in equation (5.15) of [22].

(ii) Similarly, we also need to show that the general K —mesa matrix problem given
in (5.27) is also equivalent in the GMS case to the previously computed system in
(4.38).

195



We have from (5.15) of [22] that

L A - . Cy
“A-—L) -G Yeée= =N thée = 5.33
T [ ) N

where L is the width of the mesa, and the domain has constant length 1; and

A 1 d 2BLD o
G_l_d2—62< e), o= 52 , B = wdy.

e d

Remark

(i) Notice that in the formulation for ¢'in (5.18) and (5.19), when compared to ¢, we

have that ¢; = c_, but ¢, = —cy.

Rewriting (5.33) in the notation we have been using, we have that L = 2[ is

the width of the mesa, and we have

G- 2l)I] e= -2 (5.34)

. 1)D
with o« = M

wh

Now, in our formulation, if we restrict it to the case L = 1/2 (domain length

1), we obtain

Dro(20) -
(e i —ann)e= — 2o xg (5.35)
€2g_
For the left hand side, we expand (5.34) as
a —
*m [dCl + ecr] + l(l — QZ)CI = 672)\01,

2 [dey + ecy] — (1 —20)e, = —g;\cr.
—e
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Interchanging the rows, we can write this as

1 d —e Cr cr a- (| ¢
—_ —1(1-2] =——)\ ,

and since ¢, = —c4, and ¢; = c_, this system is equivalent to (5.35), provided that

the right hand sides match, and that the d and e values are consistent.

Thus, we only need to show that

461D  2lkeD
=7 = v
wy g_
or, more succinctly, that
25 ko
wi g’
where
> Joo(Ug)?dy
b= [ wldy Uh=Vu@). wo= 1T g =g V)
For the GMS model, we have that
g(u,v) = —v + u?,
u2
f(u,v) = —U—i—m, and u_ = 0.

When v =V, we integrate

Ut J Ut u2 J
J == [ eyt
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Now, we substitute ©u = Vw, uy = Vwy, and get

Uy w4 w2 ] 5
/u fvdu = —V/O mdw, with bo = kV".

From the definition of the system in (4.21), we have that
2
"

TR 0
w —w — =
1—|—b0w2

Multiplying by w’ and integrating from y = —oo to iy = oo, we get

w'? o0 w? |0 ©  w?  dw
S N GV
2 lmoo 2 l-00  J_oo 1+ bow? dy
2 w 2
wi tow
Y dw =0
> +/0 e

Hence

and we can conclude that

We also calculate that

[ wtray=v [ @iy g =g vy= v,

—0o0 —0o0

We conclude that

(w')?dy.

@ B V2 fjooo(w,)Qdy B ) /oo
g-  V(=Vwi/2)  wi ) .
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Now, the only thing remaining to ensure compatibility between our result and

(5.15) of [22] is to show that the decay rates o4 and 6 1 are the same.

We have from (5.17) that

ol =m?+ %(Hi + 7)), with

T g
/@+:—<gv —igu>>0,

u

u

and from (4.32) that 6 4+ is

0= (m?+ 5(1?))1/2’

0. = (m2+s(1£m) (1+z(2w+ ))1/2

’LU+—2)

0 =

We have then, that for the GMS system,

u- =0 uy =Vwy, v=YV, whereV =

5o
w4 21
Now, we have that g, = 0,and g, = —1,hence k_ = 1, and thus 0 _ = o_.
Similarly, since u satisfies f(u4,)) = 0, and thus
up = V(1 + rud),
we have,
2U+ 2 2V
=2uy, fl=-1 =-14 =—-14+—,
Ju e * V(1 + ku?)? 14 ru? + Ut
2
u U
g'j_ = 17 +t=— + TNy
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We have then

f+ U+/V 2U3
o sy —uy

w4 — 2 l(w+ — 2)

-1+

This shows that o+ = 6 4, hence the GMS results in (5.15) of [22] are consis-
tent with ours general result. Thus, the GMS results constitute a particular case of

our general framework.

Our final result is that on a domain [—L, L], with mesa width 2/, we have

2
Gl <Z*) n (1 - ?) %L (Z*) - E‘Z Ao G) (Z*) . (5.36)

where
1 d —e
71_
R

d = o_tanh[o_(L — )] + o4 coth(2041),

e = ocsch (2041),

€
ai =m?+ E(mi +TA),

+ f+ +
H-‘r:_(gv _igu> >07
U

K—:_<gv_—fvg'u_,> >Oa

A= \+e?m?
9- =g(u-,V),
)y

D e
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It is now convenient to define

= ol 1)

Then, with [ the identity matrix, we can rewrite (5.36) as

L\ 2 a
—1 o _ 2 —»: —
<G + (1 l) —LQLI m 0J> C —62)\6

The eigenpairs of the system are then

g2 L\ 2 9

(1 (5.37)
C+ = -1 )

with w + the eigenvalues of G~1, given by

1
Wi = = [o_tanh[o_ (L — )] + o4 tanh(lo)] 71,
—e
1 —
e [0 tanh[o_ (L — 1)] + o coth(loy.)] "

The (A4, &4 ) eigenpair corresponds then to the breather mode, and the (A, ¢_)

is the zigzag mode.

Two cases are worth considering,

e The case m # 0, 7 = O(1):

We have that, irrespective of the sign of «, and for m sufficiently large, we
will have that A+ < 0, i.e., the stripe is stable to short wavelength perturba-

tions in the y-direction.

We have that w + > 0, and in factas L — oo we have w 4 ~ ﬁ Given that
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1 — L/l < 0, with the ratio L/l remaining constant when only the domain
length L is increased, we have that on a small enough domain the stripe will
always be stable, and that there will be a critical length L beyond which the
stripe will become unstable.

The case m = 0, 7 = O(1):

When ¢ — 0 we have that 0+ — 0. For the zigzag mode (A_), we have that

th(o4l) = ~ ~ =40
04 CO (U+ ) tanh(a+l) l( o U§l2) I + (0+)7

and since o_ tanh[o_ (L — 1)] ~ o2 (L — [), we have

-1
w_ ~ I:U%(L—l)+;+0(0_2i_):| =1+ 0(c%,0%).

We conclude that for m = 0 we have

Ao~ — 1—7 ﬁL+l+O(U+,07) ~ Iz L+0(c7,07)],

(%

and stability is guaranteed for this mode when o < 0.

Remark

(i) When 7 > 1 this analysis is consistent provided that the term in w 4,
e 7\ < 1. Since this shows that A = O(e 2), the condition for self-consistency
is that 7 < O(1/e3).

Now, for the breather mode A, we have that

1 1
v o (L—1)+02l o*L+1(02 —02)
Since 02 = 5(k_ + 7A), and 03 — 02 = 5(k4 — K_), we have that
9 D
Wi~ l .
eL [(he +7A) + £ (k4 — k)]
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In terms of the breather eigenvalue, this yields that

g2 L\ 2 eD 1
AM=— |lwe+(1-2) =L| ~=—= )
e e Gt ) - e e vy

Notice again that since [/L < 1 we have stability of this mode provided that
a < 0.

Remark

(i) Notice that the breather eigenvalue Ay = O(e ), while the zigzag eigen-
value \_ = O(e?).

(ii) The consistency condition for the breather case is that 0 < 7 < O(e ~1),
since A = O(g,TA).

5.3 Hopf bifurcation on 1-d mesa patterns in the shadow
limit

In the previous section we studied in detail the breather and zigzag instabilities

that arise from transverse perturbations. We will now use the estimates on the

eigenvalues for the m = 0 case to consider the possibility of a Hopf instability

giving rise to oscillatory instabilities.

The eigenvalues of 1-d mesa patterns are given by (5.37) when considering the

g2 L\ I?
)\+:a|:W++<1l> I/QL:|’

l2

T2

€ L
A= — |w_ 1—-— L

case m = 0,

(5.38)

N
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where

1
W4 = p = [U, tanh[O',(L — l)} +oy tanh(lour)]_l’
1 p—
- = 2 = o tanhlo_(L = )] + o coth(lo)] !,
with
€ D 1
oy = E(Fai—l-T)\), a_—ginof’ .
Y (O e S e ()L -
+ 9y 1itgu 5 0 f;j_ fvdu .
Remark

(i) There are several distinguished limits in 7 that are relevant.

Case I: The natural distinguished limit is when Ay = O(g2). In this limit we
need both w 4 and w _ to satisfy w + = O(1), and thus we require that o = O(1)

(we showed earlier that w 1 and w _ have different limits as 0. — 0).

To satisfy this condition we require that % = O(1) in order to have 04 =
O(1). Given that A = O(e ?), this means that 7 = O(g ~3).

The equations can be simplified by eliminating some constants via a suitable

change of variables. Let 75 and A be defined as

From (5.39) we obtain
o+ =10+ O(e),
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and the equations in (5.38) become

1 L\ I
A== V7oA [tanh(v/ToA(L — 1)) + tanh(y/7oAl)] a (1 a l> ﬁL’ 540
Ao 1 Ly 2, 640

V& [tanh(v/70A(L — 1)) + coth(v/roAl)] (1 - 1> A

for the zigzag and breather eigenvalues, respectively.

In order to find the Hopf bifurcation values, we let A = id /79, and for the

zigzag case we get

) 1
Lo —L=0.

T /i3 [tanh(vid (L — 1)) +tanh(m1)} L)L

We must now find values for § and 7 such that
F+ = RC[F+] + 1Im[F_,_] = 07
hence we require both Re[Fy| = 0 and Im[Fy | = 0.

We have then that the Hopf bifurcation values in (5.38) are the roots of

1 L\ 17
e Vi [tanh(\/ﬁ(L —1) +tanh(\/$l)} _ i (1 - l) =Y

(5.41a)

1
Im + o =0. (5.41b)

Vis [tanh(x/ﬁ(L —1))+ tanh(\/ﬁl)} |

This setup decouples the system in terms of finding  and . To find both

values one must start by solving (5.41a) in terms of ¢, and then substitute the
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values into (5.41b) in order to find 7

O = —

1

Im

\/ﬁ[tanh(\/ﬁ(L—l))—%tanh(\/ﬁl)]

Figure 5.1: Plots of both the critical 7 and A; at which a Hopf bifurcation
occurs, as a function of the domain length L for the GMS model. The
parameters used in the computations are D = 50, ¢ = 0.01. The two
top figures are for x = 1, and the bottom figures are for k = 0.65.

Using a straightforward Newton method the system can be easily solved, Fig-
ure 5.1 shows the Hopf curves for both the imaginary part of A and 7. At the point
where the eigenvalues become positive, the critical value of 7 becomes discontin-

uous. Throughout the range where Ay remains negative, the breather eigenvalue
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will always be smaller for small values of L.

Plotting the critical 7 values provides the Hopf bifurcation threshold, as seen
in the two bottom images in figure 5.1. We will later do a numerical simulation of

an RD model when considering 7 in the Hopf regime.

5.3.1 ODE-PDE system

We will now compute a full time-dependent solution for the case where 7 =

O(e 73),and A = O(e?).

We start again with the full system (5.1),
ug = € 2Au+ f(u,v)

D
T = —Av + g(u,v),
€

where we look for a time-dependent mesa solution on the domain [—L, L], with
the two interfaces located at z = I; and x = l5. Since A\ = O(e 2), the proper time

scale of the interfaces is

lh = ll(E Qt); I = 12(6 2t).

We also let 7 = 7 /e 3, and we define T = ¢ ?t.

We have then that (5.1) becomes

e2up = e?Au+ f(u,v)

- D (5.42)
?UT = ;AU + g(u,v).

We now do an asymptotic expansion near around the right layer (a similar
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expansion will also have to be computed for the leftmost layer), with

u=Uo(y1) +eUir(y1) +--,
v=Vo+eVip+eVor+---,

where y = ¢ ~1(z — I3(T)), and therefore up = —e ~'U{}l}. Substituting into
(5.42), we obtain that

—e UL = U + e Ulg + f(Uo, Vo) + € fQUIR + € foViR + -+

As before, we take Vj = constant, and define u,u_, Vj in terms of the hete-

roclinic Maxwell line condition

/u+ fu, Vo)du = 0, fus, Vo) =0, fulus, Vo) < 0.

Thus, around the right transition layer we have

Ul'r + foUir = — fyVig — LU, —00 < & < 0.

Similarly, for the V' equation we have

. D
ovir = (W' +e V' + ) + 9(Uo, Vo) + -+

Since Vj = constant we have that
1
o(1) = 6fQDVﬁQ +0(1),

ererore = U. € also nave thal ~ Vp on the en ire in erval, thererore in
therefore V; = 0. We also have that V' ~ Vj on the entire interval, theref

the internal region we cannot have V; growing at infinity, hence
Vir = VIR(T),
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independent of y.

The inner problem on the rightmost layer is

LU = U+ Uy = —fOVig — UL,

Since LU, = 0, the solvability condition is
o0 oo
1y [~ vy~ vin [~ 1035 =0
—0o0 —0oQ

and as we did before, since Uy is a heteroclinic connection,
o) U_ Uy
| svgy= [ goave =~ [ goav,
—00 U U_

Thus, the ODE for the rightmost layer is

diy f o fodUs.
I = =W 5.43
The same procedure on the leftmost layer at x = l2 yields that
l f“+ fO dUo
=V 5.44
1L(T f = Uy (5.44)
To find values for V7, and V; p we need to match with the outer solution.
Now, in the outer region we expand V' = Vy + V] + - - -, and we obtain from

substituting into (5.42) that

9+ ifly <z <ly

ToVir = DVige +
0T tre {g_ ifli<x<Lor —L<x<ls.
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The matching condition is that

VlL(T) == ’Ul(lg,T),
VlR(T) == ’Ul(ll,T).

We now define w by
U1 = g%/wa
7
and recall that 9*9%"’ = —i, with [, the equilibrium half-length of the mesa.

We can now write an ODE-PDE system that can be solved to obtain the location

of the mesa interfaces as a function of time,

L
’U)T:’Dowmz—l—l—i-f[H(:L‘—ll)—H(.%'—lg)],

w, =0atx = =£L, y
% = (i, 1), (5.45)
% = —pw(lp, T),
where |
S SRS i

Remark

(i) By performing linear stability analysis on (5.45) it is possible to recover (5.31).

(i) Numerically solving (5.45) has the complication that it is necessary to discretize
a Heaviside function. Doing this directly will introduce errors of order h, with
h the mesh spacing. This limitation can be mitigated by using a differentiable

approximation to H (z).
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In our numerical calculation we used the following discretization,

H(z) if |z| >
HE o~y
2+25+2wsm(5) if |2 <

with § = O(h).

To illustrate the theory, we solved (5.45) for the GMS system, and compared it
with a full numerical simulation. We chose parameters similar to those in Figure
5.1, specifically k = 1. From the top figures we can see that for a domain half-
length L = 2.5, the solution will become unstable first to a breather instability. The
critical 7 for the breather and zigzag instabilities is 7 ~ 10,000 and 7 ~ 40, 000,
respectively. We can see from Figure 5.2 that the full numerical solution compares
well with the ODE-PDE approximation. As expected from the threshold values,
the solution became unstable to a breather instability, and the ODE-PDE system
matches well the period and amplitude of the full solution.

When choosing a 7 value that is above both the breather and zigzag instabilities,
it is possible to get solutions where the mesa walls collide with each other. This is
not an issue in the ODE-PDE system, however, attempting to solve the full system
will result in the solution collapsing, as can be seen in Figure 5.2 on the right.
A similar result was studied in more detail in [33], although they worked in the

parameter regime 7 = O(c~2), whereas in our system we consider 7 = O(¢73).

5.3.2 Stability proof for the breather case

In order to prove that the system is stable before the Hopf point, we will utilize the
Nyquist stability criteria. The argument principle states a complex function f(z),
analytic in a simply connected domain G except for at most a finite number of
poles satisfies
Z-P= Aug(fc.
7r
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10000 T T T T T T T 10000

9000 [~ 1 9000 [~

8000 1 8000

7000 1 7000 -

6000 - 1 6000 -

5000 1 5000

4000 - 1 4000 -

3000 1 3000

2000 1 2000

1000 - 1 1000 -

-25 -2 -1.5 -1 -0.5 0.5 1 15 2 25 -25 -2 -15 -1 -0.5

Xo

Figure 5.2: A comparison between the ODE-PDE system (5.45) and the full
numerical simulation for a system beyond the Hopf threshold. The fig-
ures in the left correspond to 7 = 25,000, and the images in the right
to 7 = 65,000. The rest of the parameters are D = 50, = 0.01. The
solution was integrated until 7' = 10, 000, with an IMEX scheme with
800 grid points.

with Z and P the number of zeroes and poles of f(z) in G, respectively; C a closed
contour in GG not passing through any of the poles or zeroes; and Aarg(f)|c the

change in arg(f)|c as C'is traversed counter-clockwise.

The Nyquist stability criteria is an application of the argument principle on a
contour that encompasses the right half-plane. If a dynamical system represented
by a function f(z), with no poles on the right half plane is thus shown to have

Aarg(f)|c = 0, then the solutions to the system will be stable.
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We will focus on equations (5.40); with A = z/7y we have that f(z) is

f+(z) = Z 4 !

N <1 _ L) z
70 V/z[tanh(y/z(L — 1)) + tanh(y/zl)] a (5.46)
. 1 L\ 12 '
f-(2) To + vz [tanh(y/2(L — 1)) + coth(y/21)] " (1 - l) L

If we approach z = 0 along the imaginary axis, as = — 0 we have that

1
f+(z)—fz7

z l L\ 2 12
f_(z)_m+,z(L—l)+1+<1_l>L_L

therefore fi (z) has a simple pole at the origin, whereas f_(z) has a removable
singularity instead.

Taking this into consideration, we will check the Nyquist criterion on f (z) on

the contour given in Figure 5.3, whereas for f_ it would only be necessary to use
CRr and the full imaginary axis.

Figure 5.3: The contour on which to check the Nyquist stability criterion.
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The four sections on the contour are given by

Cr:z=Re"?, —7n/2<60<n/2,
C.:z=ce®, 7w/2>0>-7/2,
/2, R>t>e,

Im_ : z=te"/2, —e >t>—R,

Im, : 2z =te

and we consider the limit when e — 0 and R — oo.

On Cgr, we expand tanh(z) as

tanh(a) + tanh(ib) _ sinh(a) cos(b) + i cosh(a) sin(b)
1 + tanh(a) tanh(ib)  cosh(a) cos(b) + i sinh(a) sin(b)
(5.47)

tanh(a + ib) =

In this case we have that a + ib = /Re?/?(L — 1), hence a = VR(L —
I)cos(h /2), and b = VR(L — 1)sin(6 /2), with —7/2 < § < /2. Since for
x — oo we have that sinh(z) ~ cosh(z), we have that on C'r tanh(z) — 1, and

R 10 R 20
= LOERTMY) o)~

70 70

f(2)

Thus, the change in argument in Cp is Aarg(f)|c, = 7/2 — —7/2 = 7.

On C,, we can see from (5.47) that when a,b — 0

tanh(a + ib) ~ g = ° + b,
therefore, we have that
e 6719 ei@ L l2 ei@
~ — 1—— ) =~
/) 70 +L5+< l)L Le’

fore — 0.

Therefore, the change in argument in C; is also Aarg(f)|c. = 7.
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On Im,, we have z = it, on R >t > . We have that

o 1 _Lye
f+(it) = P Vit [tanh(Vit(L — 1)) + tanh(v/itl)] i <1 l> L

When ¢ — oo we have

Therefore, since the contour is traversed counterclockwise, we have arg( f)|ico =
—m/2.

Similarly, when ¢ — 0, we approximate tanh(x) ~ z — %3, and upon expand-

ing f, we get

i) ~
Pl = ey BL2(12 _3[] + 312)2

2 .

EE(L? - 3L1 4 31%) — itL A
1)L’

and upon cancelling the fourth order term in the denominator, we get that the real

and imaginary components are

L? — 6Ll + 612

s , (5.482)

Relf(it)] =~
1

— 5.48b
i (5.48)

I/ (it)] =~ —

with the real part independent of ¢.

Equation (5.48a) defines a new condition on the existence of a Hopf bifurca-
tion for the breather eigenvalue. If (5.48a) is negative, then the change in argu-
ment in both imaginary axis segments will be of —27 combined, cancelling the

contributions from Cr and C., and thus guaranteeing that solutions will be sta-
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ble. However, if the domain length L satisfies that either L < (3 — \/§)l, or that
(3 4+ v/3)l < L, then (5.48a) will be positive at one point. If it so happens that f
is positive while crossing the real axis, then the change in argument will have the
opposite sign, and by the argument theorem we will have two positive real-valued

zeros, hence instability.

Therefore, solutions will be stable provided that

L? — 6LI + 61?

. 5.49
3L <0 (549)

Since the change from negative to positive in the real part doesn’t necessarily
have to happen at the two endpoints we approximated, it is best to estimate it

numerically in order to get an idea of the dependence on .

It would be interesting to explore the conditoin (5.49) on a numerical simula-

tion.

5.4 Case study: the predator-prey model

We will apply the mesa theory developed in §5 to a spatio-temporal predator-prey
model. We will focus on the transverse stability of a K-mesa solution in the near-
shadow regime D = O(1/¢ ), and we will present some numerical results in the

mesa-splitting regime D = O(1).

The specific model we will study is a ratio-dependent predator-prey system
with a Michaelis-Menten type functional response. The spatially homogeneous
model was originally posited in [64], and the full spatio-temporal model was dis-
cussed in [2], and [62].
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The model in question is

ON N aNP

Y DIWVAN 4N (1- 2 ) - 2

o vV AT < K> P+ aBN’

op Vp (5.50)
ex

DV AP

o 2 Tt P AN

where IV, P are the prey and predator densities, respectively; Dy, Do are their dif-
fusion coefficients; r is the maximal growth rate for the prey, K is the carrying
capacity, « is the capture rate, (3 is the handling time, e is the conversion efficiency,

and v is the predator death rate.

By nondimensionalizing time (see [2]), the system can be simplified to

AUV
U =DyVU+UQ1-U) -
U+V
BUV (5.51)
V= DyV?V — OV
v TV
and the parameter values used in the paper were Dy = 1, Dy = 8, A =

1.1, B = 0.9, and C = 0.1; and with V' and U the populations of predators

and prey, respectively.

It is possible to simplify the model a bit more. By letting & = z/L, and
rescaling in the domain length, for 1D we get, after dropping the hats,

auv
utzezum—i—u(l—u)— zszum—i—f(u,v)
U+ v
(5.52)
buv
TU = Dvgy — v + = Dugy + g(u,v).
u—+v

In terms of the original parameters in (5.50), we have that a = a/r, b = 7%

_ 2 _ D _ D .
T=r/v,°= ﬁ, and D = 5 L22. The parameter 7, for instance, represents the

ratio between the maximal prey growth rate and the predator death rate.

We will discuss two distinguished regimes: the near-shadow regime where
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D = O(1/¢), and the splitting regime where D = O(1).

5.4.1 Preliminaries

There are three possible homogeneous steady-state solutions, however, the only

non-trivial one that can yield a Turing instability is given by

The Turing space associated with the system, as a function of the parameters a and

b, is given by Figure 5.4.

1.4 1.6 1.8 2 22 24 2.6 2.8 3

b

Figure 5.4: Turing space for the system given by 5.52, in term of the param-
eters a and b.

In the near-shadow limit, when D = D/e, with D = O(1), the width of the
mesa can be established in a straightforward manner. Integrating over half of the

stationary v equation in 5.52, and from the Neumann boundary conditions and the
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symmetry at the centre of the mesa we have that

L
/ g(u,V)dx = 0.
0

Furthermore, splitting the integral in two, at the location of the interface, yields

e L/D
0= / <U$LL‘ + g(u,V)) dx + / ('Uzz + g(u, V)) dx,
0 € I+ 3

0= Duali7) + glug, V)i = D) + glu, V)L~ 1),

g(u,,V) _U++V

l= =
g(u—7 V) - g(u.,., V) bU+

L,
with v, (I7) = v, (I") from the fact that v(z) is a smooth function.

Plotting the half-mesa width versus the parameter a yields the result shown in
Figure 5.5. Notice that for much of the parameter space which satisfies the Turing

conditions the mesa width would be very close or above the domain length L.

For these two specific choices in b we get the consistency conditions that a >
1.45 for b = 3, and a > 1.2 for b = 2. The stationary u(z) solution with a wide
mesa depicted in Figure 5.5 corresponds to parameter values that fall squarely in
the Turing regime. The parameters that give rise to the narrower mesa (a = 3,b =

2) are outside of the Turing space.

The bifurcation diagram for the solution as the domain length L increases, as
a function of the L2 norm of the solution, is shown in Figure 5.6. The branch of
solutions connects with the Turing solution, and eventually with the homogeneous
solution, at the lowest part of the branch, on one edge with the 1-mode Turing

solution, and on the unstable side with the 2-mode Turing solution.

Past the cusp we have the unstable solutions that lead to the splitting of the

solution. As in the GMS case, there will be a family of identical branches for larger
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Figure 5.5: The figure on the left shows the projected half-width of a mesa
versus the parameter a, for two values of b, and for L = 0.5. Notice
that there is a consistency requirement on a, given that we must satisfy
[ < L. The second figure shows two stationary solutions for different
values of the parameters that illustrates the change in mesa width.
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Figure 5.6: The bifurcation diagram for the one mesa solution, and solutions
corresponding to various points along the branch. The bifurcation di-
agram was computed using AUTO [14]. The parameters used were
a=3,b=2,7=1,D =1, with the asymptotic term ¢ = 0.02.
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5.4.2 Stability in the near-shadow regime, D = O(c ')

We now study the stability of mesa stripes to transverse perturbations. We will
apply the general results from § 5 and test the theory in a different model. This
type of analysis was previously computed for the GMS model in § 4.4.2.

From the general mesa theory developed in § 5.2, we need to first compute the
heteroclinic Maxwell line parameters w4 and V (it is straightforward to check that
u_ = 0). These will be the key elements necessary to determine the zigzag and

breather eigenvalues. We need to find w4 and V such that

u+7 f(o V)
(5.53)
/ f(u,V)d

Computing the values was done using a Newton method. The results are shown
in Figure 5.7, where we show the numerical values for u4 and V, as well as for
Bpp = | fooo (U{)?dy. This last value was constant for the GMS model, but depends
on the parameter a in the Predator-Prey model. These are the building blocks that

0.7

0.6

051

0.4

0.3

0.2

011

0

I I I I I I I I I 0 L L L L L L L L L
1 12 1.4 16 18 2 22 24 26 2.8 3 1 1.2 14 16 1.8 2 22 24 26 28 3
a

Figure 5.7: The values of u4 and V that satisfy the heteroclinic connection
as a function of the parameter a (right figure), and the parameter 3, =

[ (UG)?dy.
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are required to establish the stability of a K-mesa solution. From lemma 5.2 we

have:

A steady-state solution of K mesas admits 2K eigenvalues, and these are given

by the following formula

P Y U 7 W forj—1,- K—1
:I:'—a w:l:j l 12 m-o oryg=1, ) )

for the first 2K — 2 eigenvalues, and where
1 .
wij: 1/27 j:]-u)K_l
d+ L+ (e2 + Ly 2 Cos(wj/K))

Finally, the two remaining eigenvalues are

g? L\ 2
= — 1—2) —L—m?
ALK 5 [wﬂ(-i-( l) 12 m a],

with

W+K=d+6

The various quantities are:

d = o_tanh[o_(L — )] + o4 coth(2041),
e = oycsch (2041),
X = o~ tsinh[20_ (L —1)],

D ” D
k
m d—z,fork: e
_ g
l= L+0(¢)
9- — 9+
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It is worth noting that in the regime with 7 = 0(1), the term 5{))‘ in o4 can be

discarded, as we have that A = O(e ?).

Implementing this in software was very straightforward. We started by choos-

ing a value of a, and computing the eigenvalues for the two-mesa case for a range

of values in the parameter b. We wanted to find a set of parameters that enabled us

to observe a transverse instability, so we next chose a b value that resulted in A > 0,

specifically for the zigzag eigenvalue A_. With this set of values for (a, b), we next

ranged on the mode M, as this would determine the type of instability (mode one,

mode two, etc.)

6 L L L L L 3

(s ES

Figure 5.8: The four eigenvalues of a two mesa solution, as a function of b
(left), and as a function of M (right). The parameters are D = 3, A =
1.6, = 0.01,L = 1,, and M = m for the figure on the left, and
B = 3.5 for the figure on the right.

The results from the eigenvalue calculation are shown in Figure 5.8. With the

parameter choice (a,b) = (1.6,3.5) we expect to have a solution that becomes

unstable to mode-one on a domain with width dy = 1, while remaining stable to

mode-two instabilities. If the domain width were to increase to dy = 2, we could

expect to see mode-two instabilities as well (since m = km/dy, withk = 1,2,...).

Armed with the parameters previously computed, we proceeded to run a full
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numerical simulation of the Predator-Prey model on a 2D lattice. We used a very
similar scheme as the one used for the GMS simulation, although this model has a

less diagonally-dominant matrix, necessitating higher numerical accuracy.

Figure 5.9: Full numerical simulation of the Predator-Prey model on a 2D
lattice. Weused e = 0.01,D = 0.4,a = 1.6,b = 3.5,7 = 1. Both
lattices were —1 < x < 1, and the lattice on the left had 0 < y < 0.8,
while the lattice on the right had 0 < y < 2. The figures on the left
were integrated until 7' = 5, 000, and the figures on the right until 7" =
10, 000.

We integrated until 7" = 10,000 (Figure 5.9), and chose the domain width
to allow for a mode-one instability (left), and a mode-two instability (right), and
recorded an image at 7' = 5,000. Both mesas started from a stationary solution

with a small amount of noise added. As expected, the solution on the smaller
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domain became unstable to a mode-one instability, and when extending the domain

we saw the emergence of a mode-two instability.

Chapter summary

In this chapter we extend the results obtained for the GMS system to general mesa
systems. We start by constructing a solution and then derive thresholds for the

transverse stability of multiple mesa stripes on the shadow regime.

Furthermore, we study the stability to Hopf bifurcations and derive an ODE-
PDE system that reduces the problem to that of finding the location of the mesa
interfaces as a function of time. The system is compared to full numerics and
found to be in good agreement. We study the analytic stability for the breather

case by means of the Nyquist stability criteria.

The general model is then verified by applying it on a Predator-Prey model
and analyzing its stability to transverse perturbations. In the splitting regime we
generate a bifurcation diagram by means of numerical continuation, and in the
near-shadow regime we compare the results of the theory on a two stripe system

with full numerics.
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Chapter 6

Future directions

The following is a list of topics that we think would be interesting to explore in

more detail.

1. The instabilities that we studied in the Brusselator model, particularly the
self-replication and the competition instabilities, could interact with each

other and give rise to complicated dynamics.

We observed that as f — 1, the stable region where the real part Re[\] < 0
decreases. we suspect that it is possible to find a regime where the splitting
and competition instability thresholds are close enough that when one of the
instabilities is triggered the system lands in the unstable regime for the other
instability, and vice versa. A train of events could occur with the instabilities
alternating. This is close in spirit to the work by Painter et al [44] on a

chemotaxis model.

The main hurdle to studying this problem is that it is computationally ex-
pensive to integrate for long enough time to observe multiple events. The
time scale for the slow motion of the spots is O(c ~2), hence an efficient

numerical solver would be key.
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2. The problem of the slow motion of the spots was addressed for the case of
the Schnakenberg model on the sphere, and a similar calculation should yield

similar results for the Brusselator model.

From what we can tell, the dynamical system that we obtained is new; it
would be interesting to determine the existence of stationary solutions and
stable orbits, and how they relate to the quasi-stationary solutions and the

Fekete problem.

3. While most of the work we did was in the fully nonlinear regime, it would be
interesting to connect the results we obtained with the wide body of literature
that exists on Turing systems in the weakly nonlinear regime. There are two

approaches where the tools of weakly nonlinear analysis would be beneficial:

e To obtain a global bifurcation picture for solutions on the sphere by
connecting both regimes by means of a numerical continuation. This
could throw light on the existence of asymmetric solutions, as well as

clarifying the picture of the degenerate solutions on the sphere.

e The particle-like solutions we obtained in our analysis were useful in
determining bifurcation thresholds, however the technique did not al-
low us to determine analytically the type of bifurcations, although from
numerical experimentation it seems they were subcritical. Performing a
weakly nonlinear stability analysis on the particle-like solutions would

be useful to get a more complete picture of the bifurcation structure.

4. Beyond non spherical domains, the problem for a general surface has yet to

be addressed. Three possible avenues for study are possible:

e The case of perturbations on the sphere.

e Other structures where a Green’s function can be obtained, such as

spherical hemispheres, or paraboloids.

e General surfaces, where the problem is that of obtaining a Green’s

function. As far as we can tell this hasn’t been done yet.
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5. Back to the Brusselator case, we established the Hopf bifurcation threshold
numerically but for lack of time were not able to study it in detail. Full
numerical analysis is necessary to complete the picture, and it is possible
that it can interact with the other two instabilities in a complicated dynamical

system.

6. As was done for the mesa case, where a general theory was developed, it
should be possible to obtain a general theory for systems with spot solutions
on the sphere, both for the stability of the solutions, and for the slow motion

of the spots.
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Appendix A

Spherical coordinate
tranformations

Lemma A.1 Consider a point on the unit sphere
Zj = (cos¢;jsinf ;,sin¢;sinf j,cosb ),
with 0 < ¢; < 2w, 0 <0 ; <. We will now show that as x — x; then
|& — Z;| = |g| + small terms, where § = (Y1,Y2) = (Sin9jq£, (;AS),

andwhere(;g:qﬁ—d)j,andé =0 -0 Withg1;<< 1, and 6 < 1.

Proof Using the standard spherical coordinate transformation, we let

T = cos¢sinf, y =sin¢sind, z =cosf.
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Linearizing ¢ = ¢; + (;AS, 0 =0;+ 0, we get

T = —sinqﬁjsinequ—i-cos@cosejé + e
y:yj+cos¢jsin9jq3+sin¢jcosﬁjé 4+

z:zj—sinejé 4
In matrix form we have

~

; —sing;sinf ; cosg;cosb ;
a‘:’::i}—i-M(é), with M = | cos¢;sinf; sin¢;cosf;

0 —sinf ;
with M a 3 x 2 matrix. We then have
| — [ = (7 = 35)" (7 - &) = (Mof)" (Mog) = §" Mg Mog,
with

—sing;sinf ; cosg;cosb ;

A . 9 _A
g = (y1> = <smé jqﬁ) , and Mo = | cos¢;sinf; sing;cosf

b2 0 —sinf ;
We can now check that M&FMO =1.
Therefore, we conclude that as ¥ — &;, we have
|Z — Z;| = |g| + small terms. |}
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Appendix B

Rigorous properties of NLEPs

The nonlocal eigenvalue problem in (2.100) has the general form

2 Jo pwidp

DL T =N,  0<p<oo, B.1
= pwdp (0 p <00 (B.1)

Ap1/~1—1;+2w1/~1—7w
with 9’ (0) = 0 and ¢) — 0 as p — oo. Here v = ~(\) is an analytic function of
A in the right half-plane Re(\) > 0, and w is the radially symmetric ground-state
solution of A yw — w + w? = 0 where A,v =" + p~ 1.

Remark

(i) Since this problem is not self-adjoint we must expect that complex eigenvalues
are possible. We remark that an NLEP of the form

o0

mi—mm/'BWWM:A&

—0o0

is self-adjoint if and only if the operator Ly is self-adjoint, and A(x) = cB(z)

for some ¢ independent of x. Since instead we have w?(p) [ pw(p)dp, our
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NLEP is not self-adjoint. A further complication arises because the multiplier ~y

also depends on .

(i) The local operator in (B.1) is defined by
Lot = Apih — ) + 2unp.

It is well-known that the local problem Lo = o1 has a unique positive eigen-
value o > 0 with even eigenfunction 1/70 > 0 (see [63]). Since the nonlocal term
vanishes identically for eigenfunctions that are odd, hence reducing the NLEP to
the local problem without nonlocal term, we need only consider the even eigen-
functions of (B.1).

Next, we will convert (B.1) into a transcendental equation in A\. We write (B.1)

as . ~
Iy~ pwipdp

(Lo — N —yw?] =0, where J = “f———,
Jo~ pw?dp

This shows that 1) = v.J (Lo — A\)~'w?, and hence

J

_ IS pw (v [Lo — A7 1w?) dp _ ’nyOOO pw(Lo — N)"tw?dp
Jo pwidp Jo~ pwidp

We need only consider the eigenfunctions for which J # 0 (since if J = 0 the
eigenfunctions of the local problem are well known). Therefore, we can cancel J

in the equation above and obtain that A is a root of g(A) = 0, where

1 I5° pw(Lo — N) " Lwidp (B.2)
C\)=——\, F(\) =20 .
2 (N 2 Jo~ pwidp

In terms of the roots of g(\) = 0, our stability criterion is as follows. We have
instability if there exists A with Re(A\) > 0 such that g(A\) = 0. We have stability
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if for all roots of g(\) = 0 we have Re(\) < 0.

Theorem B.1 Let \ be real. Then, the properties of F(\) are as follows:

F0)=1, F = +oo as X = oy, F <0for A > oy.

F'(A) >0for0<A<o9g. F—0as\— +oc.

Here oy > 0 is the unique positive eigenvalue of the local problem Eozﬁ = m/;.

Proof

o)

e Recall that Low = w?. In other words, Low = Aw — w + 2w? = w?.

Thus,
F(0) = Jo oo wrdp " pw(w)dp
Jo~ pwidp Jo~ pwidp

1.

Now, (Lo — A)~! does not exist at A\ = 7 the unique positive eigenvalue of

Lo. Hence (Lo — A\)~! is unbounded at A approaches oy.

F — +ooas A — og'; F — —ocoas A — oy .

The proof that & < 0 for A > o¢ is more technical and is based on the

following lemma:

Lemma B.1 Let £(p) be a solution to
(Lo —N)E =, on0 < p < oo,

with £'(0) = 0and £ — 0 as p — oo. Assume that v is smooth, with v > 0
on0 < p < oo, andv — 0asp — oo. Then if A > og we have £ <
0 for p > 0.
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Proof Assume to the contrary that there exists pg > 0 with £(po) > 0. Then
by continuity of £, £(p) > 0on p € (p1, p2), with either

(@) &(p1) =&(p2) =0, &(p1) 20, &(p2) <0, p1 < p2. Or
(ii) p1 =0with&(0) >0, £'(0) =0, &(p2) =0, &'(p2) <0.

Let [,mﬁo = 001/;0 with g > 0 and 1;0 > ( since it is the first eigenfunction.
We then use Green’s identity to & and 1o on the subinterval p1 < p<pato

get
P2, - - ~ 2
[ (ot~ ecato) po = p (o€’ ~ ¢it) |,
P1 P1
P2, - ~ P2
/ (Pwo[)\f +v] = ,05001#0) dp = po§ .
P1 1
Note that — p&% " 0 in either (i) or (ii). This becomes
p1
P2 P2 ~ P2
/ pbovdp = (09 — A) / po&dp + phoé ,
p1 p1 !

We have that the first term is positive since both @Z)O, v > 0, whereas the
second term is negative since A > og, and the third term is < 0 by (i) and

(ii). This is a contradiction, hence we conclude that £ < 0 Vp. |}

As a consequence,
£=(Lo—N)"'w? <0 when\ > oy,

which implies that

_ Jo pw [(Lo =N w?] dp

F(A
) [y

<0 forA> oyg.

(i) Now F — 0as A — oo is evident since (Lo — A)~! = O(A7!) for A > 1.
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Next we use Low = w? to write

B Jo~ pw(Lo — N~ tw?dp B Jo~ pw(Lo — A~ Lowdp

F) Jo© pwidp Jo~ pwidp ’
T pw(Lo - N 7H(Lo — Nw + Aw] dp
B Jo~ pwidp ’
T ew (wHALo— AT w)dp

Jo~ pwidp
From this last expression we can readily calculate F'(\) as

_ Jo (o = N Ttwdp  Jy” pw(Lo — A)Pwdp

F' (N
Jo© pw2dp Jo~ pwidp

Then, we can integrate by parts on the second integral to obtain

_ Jo~ pw(Lo —N)"twdp N )\fooo ((Lo—N)""w) (Lo —N)"w) pdp

‘F/ )\ o0 o0 )
*) Jo pw2dp Jo~ pw?dp

so that

_ ) R (o= N ") pdp

Jo~ pwidp Jo~ pwidp ’
where h()) is defined by h(X) = [~ pw(Lo — A)'wdp. The second term in
F'(X) is positive for A > 0. Therefore, in order to prove that F'(\) > 0 on
0 < X < oy it suffices to prove that h(A) > 0on 0 < A < oy.

F'(N) (B.3)

To establish the positivity of h(A) we will use a simple Calculus argument to
show that ~(0) > 0 .and A'(A) > 0on 0 < A < 0. We first use the remarkable
identity £y'w = w + 1pw’ to show that h(0) = I pwlytwdp > 0. This
identity is readily derived by the direct verification that £y (w + pw’) = w. We
calculate h(0) as

h(0) = / pw (w + pw’) dp = / pw’dp + / p* (wuw')dp.
0 2 0 2 0
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To determine the sign of this quantity we use integration by parts to get
= w - —(w )
. pw-ap ) P dp P

= / pw?dp + ZpQU)Q‘ — 2/ pw?dp = 2/ pw?dp > 0.
0 0 0 0

This shows that 4(0) > 0. Furthermore, we calculate that
h'(\) = / pw(Lo — N) " 2wdp = / P [(ﬁo — A)_lw]2 dp > 0.
0 0
In addition, A(\) — 400 as A — o, . Hence A(A) > 0on 0 < X\ < 0y.

Thus, by (B.3), 7/(A) > 00on 0 < A < gg. This concludes the proof. |

Next, we return to (B.2). We conclude that if C(0) > 1 and C is analytic in
Re(\) > 0, then the curves C() and F(\) must cross at some A > 0 real on the
interval 0 < A < oy.

Theorem B.2 Suppose C(0) > 1, C(A) is analytic in Re(\) > 0. Then there
exists an unstable eigenvalue to the NLEP in Re(\) > 0.

Implication Suppose that v(0) < 1. Then there exists an unstable eigenvalue on
0 < X\ < o9 thatis real. This is precisely the criterion that was used in establishing
the principal result (2.110) of §2.5.1.

For instance, consider the competition instability threshold studied in §2.5.1.

Then, from (2.108)
2[f = (A +1)]
f= A+ 1)1 +¢Dy)

Y(A) =
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We calculate
2(f-1)
f= (0 —¢Do)

Our rigorous result above shows that if 7(0) < 1 then we have an unstable real

7(0) =

eigenvalue. Thus, we obtain such an instability when (see (2.110) of §(2.5.1))

4f?

'D0>D005m.

It is much more difficult to prove the converse, namely that we have stability for
the competition modes when Dy < Dy.. Although we anticipate that such a result
is true based on our full numerical simulations of the Brusselator model, we have
been unable to prove it from the NLEP. The technical difficulty with completing
a rigorous proof is that one must track all the complex eigenvalues of the NLEP.
We recall that if v was a constant, independent of A, and that v > 1, then such a
stability proof was given in [63]).
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