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Abstract

Ostwald ripening and chemotaxis are two different mechanisms that describe
particle motion throughout a domain. Ostwald ripening describes the redis-
tribution of a solid solution due to energy potentials while chemotaxis is a
cellular phenomenon where organisms move based on the presence of chem-
ical gradients in their environment. Despite the two systems coming from
disparate fields, they are connected by the late-stage dynamics of interfacial
motion.

For the Ostwald ripening system we consider the case of N droplets in
the asymptotic limit of small radii r; < 1. We first derive a system of ODEs
that describe the motion of the droplets and then improve this calculation by
including higher order terms. Certain properties, such as area preservation
and finite time extinction of certain droplets are proved and a numerical
example is presented to support the claims.

In the chemotaxis model we look at the asymptotic limit of diffusive
forces being small compared to that of chemotactic gradients. We use a
boundary-fitted coordinate system to derive an equation for the velocity of
an arbitrary interface and analyze a few specific examples. The asymptotic
results are also explored and confirmed using the finite element and level set
methods.

Our analysis reveals the mechanism of movement to be motion by cur-
vature in Ostwald ripening and a surface diffusion law in chemotaxis. The
governing rules of motion may be different in the two systems but the end
result is typically characteristically similar- exchange of mass and smoothing
in favor of a larger and more stable configuration of drops.
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Chapter 1

Introduction

1.1 Ostwald Ripening

Ostwald ripening, colloquially known as ’survival of the fattest’, is a coars-
ening process that describes the change of an inhomogeneous structure over
time. Similar particles separate into groups throughout a domain and ex-
change mass with each other, favoring larger regions over smaller ones. The
result is an increase in size and a decrease in the overall number of individ-
ual groups. Mass diffuses against concentration gradients in order to reduce
interfacial energy (the mean curvature of all interfaces). By the Gibbs-
Thomson condition, this reduces the gradient of the chemical potential and
thus the driving force for the diffusion (see [2]). Ostwald ripening can be
seen in an oil and water emulsion separating over time and typically occurs
after a phase transformation such as spinodal decomposition.

Spinodal decomposition is a form of phase separation in which a ho-
mogenous solution separates into regions of distinct concentration; that is,
uniform within the region. Spinodal decomposition may occur when an al-
loy composed of only two metals is sufficiently heated and then quenched
(rapidly cooled) into an unstable state. After this metastable equilibrium is
reached, the stage is set for coarsening and particles diffuse to reach a static
equilibrium.

The form of phase separation described above has been modeled by the
nonlinear Cahn-Hilliard equation, first proposed in [4]. The ground work for
this model comes from an earlier work by John W. Cahn and John E. Hilliard
in [5] where a measure for total free energy in a binary medium is derived.
From this free energy functional one can derive the chemical potential and
apply the diffusion equation to obtain a model of phase separation. Much
like how Ostwald ripening occurs after a phase transformation, a Mullins-
Sekerka free boundary problem can be derived from the late stages (t > 1)
of the Cahn-Hilliard equation that describes this coarsening process. This
is quite remarkable and gives credence to the belief that the Cahn-Hilliard
equation is an accurate model for phase separation.

In the literature review below, we present the Cahn-Hilliard equation and
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its derivation along with some interesting asymptotic results from [23]. We
employ matched asymptotic expansions and multiple time scales to derive
the aforementioned Mullins-Sekerka problem that will eventually lead to
Ostwald ripening.

1.1.1 Literature Review

We begin with the concentration u(x,t) of one phase in a binary mixture
contained in a domain 2 C R", and a function F' that is a measure of bulk
free energy density. Performing a Taylor expansion of this function F', we
see

F(u, Vu,Vu,...)
= F(u) + Z Oy, F'Oz,u + Z a}jﬁgixju +3 Z a?jﬁxiu%ju +...,
( i, i,
where a% 2 are defined by

J

af; = OF/0(0%u/0x0x;), of; = O°F/0(0u/0x:)0(0u/0x;).

We assume the solution to be isotropic, which allows us to discard the
‘off diagonal’ terms i # j. This means that there is no favored direction;
everything diffuses as one would expect. Assuming isotropy also means the
free energy needs to be symmetric under reflection and rotation of axes,
which allows us to conclude that the polarization vector (second term in the
Taylor expansion) must be zero. Thus, we have

GuziF =0,
ol = ay = [0F/0V?u],
aj; = ag = [0°F/(0|Vul)?].
Upon integrating over the domain, we obtain

/ [F(u) 4+ a1 Vu + ag|Vul|* + .. ] dV.
Q

Applying Green’s first identity to the second term in the integral, where the
boundary terms vanish due to imposed Neumann conditions, we have

/a1V2udV:—/ Vai - VudV.
Q Q
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Realizing that Vay = (0a;/0u)Vu and letting 12 = ay — (Oay/du) with
€ < 1, we arrive at the free energy functional, a measure of free energy of
u(x,t) in Q, as derived in [5]

Iu] = /QF(U) + 16| Vu(x)|? dx. (1.1)

The second term in the functional is motivated by the thought that
higher surface tension will increase the free energy in a system. F(u) is
chosen to be a double welled quartic polynomial. This double welled struc-
ture is known as the ’Flory-Huggins’ free energy density and, with its shape,
spinodal decomposition can occur (see [27]).

3 5 S m
ul” u? ul o ulf
u

Figure 1.1: u denote max and min concentrations respectively and f,, is
the equilibrium free energy level

Now, we take the variational derivative to derive the chemical potential

_o Iu + 0v] — Iu)
H=5u = 650 5 '
We calculate,

Iu+ dv] = / F(u+ 6v) + | Vu(z) + dv]* dx
Q

:/QF(u)qLF'(u)(str...qL562(|Vu(x)|2+2|Vu-V(6v)|+...)dx.
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Thus, we have

/ F'(u)dv + €2Vu - Vv dx.
Q

Now, applying Green’s first identity with Neumann boundary conditions
and with dv being arbitrary, we have

1= F'(u) — EAu. (1.2)

Finally, we apply the diffusion equation to above to obtain the Cahn-Hilliard
equation

ug = Ap = A(F'(u) — €2Au),
n-Vu=0, xe&€dQ; n-Vu=0, xe&odn.

Energy Decay

Here we prove that dI[u]/dt < 0, which implies that the energy will decay
as t — oo and thus the system will eventually reach an equilibrium concen-
tration. Taking a derivative of the free energy functional given in equation

(1.1)), we see that

dIu) dF(u) 4 5d ) / / ,
- 3€ 7 = | (F : _
dt /Q ( dt T3¢ dt!Vu| dx 0 ( (w)us + €“Vu Vut) dx

Applying Green’s first identity, we have

/ (62Vu-Vut) dx :/ <utgu) dx/ (EZUtAu) dx.
Q a0 n Q

Where the boundary term vanishes by the imposed boundary conditions.
Thus, we have

dIu)
dt

:/ut(—ezAu+F/(u))dx:/Au(—ezAu—}—F/(u))dx.
Q Q

Now, with p defined in (1.2), we substitute p into the equation above
and apply Green’s first identity once again. As before, the boundary terms
vanish due to the imposed boundary conditions and we obtain

dIu)
dt

= —/ |Vu?dx <0.
Q
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Thus, we conclude that the energy decays in time and we will eventually
reach an equilibrium solution.

After Internal Layer Equilibration

At this point many different directions can be taken with the Cahn-Hilliard
equation. [23] first looks at the behavior on a very fast (T = t/€?) time
scale. Instead of following this route we will restrict the analysis to consider
the normal ¢ scale and, in this way, derive a limiting system characterizing
Ostwald ripening.

First, we define the front I', that moves in time and divides 2 into two
separate regions {2 and 2_. We also assume that I does not intersect the
boundary of 2 and that u reaches the maximum concentration in Q4 and
the minimum in €_.

Most of the behavior in which we are interested occurs near I'. In order
to accurately characterize u and p near this front we define a new variable,
z, that measures the stretched normal distance from the front.

where ¢(x,t) is the signed distance from I' to a point x, ¢ > 0 if x € Q,
o< 0ifxeQ_.

One thing to note is that if a function depends upon (z,x,t) and x
changes in a direction normal to I' with z held fixed then the function
should remain unchanged, up to terms of O(¢). That is, w(z,x,t) = w(z,x+
OV p(x,t),t) for small real §.

We also need to define

n = Vo(x,t); k=V - mn; V = 09(x,t).

Here n is the unit normal to I' pointing towards €2,  is the mean curvature
of the interface, positive when the center of curvature is in 2_ and V is the
normal velocity of the front, positive when moving towards €2_.

With the new variable definition, v(x,t) = w(z,x,t) = w(@, x,t), the
derivatives change in the following way

1
Vv = Vyxw + —nd,w,
€
1 1
Av = Axw + —kO,w + — 0., (1.3)
€ €

1
atU = Otw + fVﬁzw.
€



1.1. Ostwald Ripening

There is no 0,Vxw - V¢ term in the second equation above because we
require that the function be unchanged when z is held fixed and you move in
a direction normal to the front. Continuing with the asymptotic expansion,
we expand g and w near the front as

Qo= fio + €fi1 + 2fia + ... L= Uy + €li] + €Ua + . . ..
Expanding terms of the Cahn-Hilliard equation to the lowest order yields

0= 82’2/740 - azz(Fl(aO) - 82'2&0)7
VO, g = 0,11 + KO, fig.

Integrating the equation for jig we see that

F'(tg) — 9.2t = apz + a1,

but we assume 4y must be bounded as z — +oo and thus ag = 0.

For a1 we look at far field values of z, z > 0 or z <« 0. Here, since the
phase transformation has ended and we are in a state of quasi-equilibrium,
we expect that the values of g will be constant in space; that is, 49 = u']
or 4g = u". Thus, 9,19 = 0 for z > 0 or z < 0 and, assuming u is smooth,
we determine that a1 = F'(tg(£00)) = fin (see figure for an example of
the structure of F”). Thus, the equation to solve is

fio = F'(fig) — Oz2ip = fm. (1.4)

Without loss of generality, we take F” (o) = @ —tip and as a result f,,, =
0, which centers the bulk chemical potential about 0 and has the maximum
and minimum concentrations of u normalized to 1 and —1, respectively. The
problem becomes

~3 ~ ~
Uy — Uo = O2Uo

lim dig(z) = £1, 1i(0) = 0.

z—+oo

Now, let W = 0,4y, thus 0,490 = W, = WWj,. This gives us a separable
equation that we can integrate as

~4 -9 9
(ﬂg—ﬂo)dﬂ():WdW—} %_%—FCQ: WT

By using the fact that @(+o00) = £1 and that the derivative is zero in the
far field as we are in phase equilibrium, we see that ¢y = 1/2, which gives us

6
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1
S(@ = 1) = (0-)*
Choosing the negative square root we obtain another separable equation
g 0,

z
= — = arctanh(dg) = —= + 1.

i-@) V2 V3
To match the boundary condition @(0) = 0 we set ¢; = 0. The other

two boundary conditions are already satisfied and we obtain an interface
that connects the two phases smoothly. Thus, the planar front profile is

iio(2) = tanh (é) .

This can be easily adapted to fit any F' of this type. To conclude this section
we define the front profile as U = g and U satisfies the planar front profile
equation given by

F'(U)—0,,U = fn (1.5)

Late-Stage Dynamics

Next, we provide a formal derivation of the Mullins-Sekerka free boundary
problem that gives us the equations used in [2]. We assume the solution
is at equilibrium on the O(1) time scale and define a slower time variable,
7 = €t. To continue with the matching, p; and ps are necessary. The higher
order expansions of y are given by

p=F'(ug+eus + ug +...) — EA(ug +...)
:FI(UO) + EF”(U,())Ul =+ GQ(F///(UO)UQ + %F”(UO)U% — AU()) + 0(63)

By writing p = po + €p1 + €pz + . .. we identify that

po = F'(ug), p1 = F"(uo)uq, po = F" (ug)us + %F"(uo)u% — Aup.
This gives us these three equations

0= Aug = AF (up),
87-11,0 = Aﬂl = AF”(UO uy,
Orur = Apz = A(F" (ug)uz + 3F" (uo)ui — Aug).
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These equations, as before, have Neumann boundary conditions and the
interfacial matching conditions come from matching to the inner solution.
The next step is to proceed with the inner expansion, now on the 7 timescale.
The derivative with respect to 7 for an arbitrary function v(x, t) = w(z, X, €t)
is

O = edyw + Vo, w.

As with the outer expansion, we need to develop more information about
the inner equations. The change in the spatial derivatives for the inner
functions /i and @ are the same as in (1.3). When we substitute these spatial
derivative changes with the asymptotic expansion into (1.2)) we obtain

ﬂo = F/(ﬁo) - azzfl,o, (1.6&)
= F"(u)tr — 0..u1 — kO, (1.6b)
o = F”(ﬁo)ﬂg — O,,U9 — KO, U1 + %F’”(ﬁo) — Axtg. (1.60)

Using this information we expand d;u = Ap as on the ¢t = O(1) time
scale. Since our lowest order term involving time is O(1) and the lowest
order term for spatial derivatives is O(¢~2), the time derivative term only
arises in the third equation. We obtain,

0 = 0, fio, (1.7&)
0= azzﬂl + ﬁazﬂo, (17b)
Vo,ug = 822[12 + K@Zﬂl + Axﬂo. (1.70)

The equation for fip has already been solved on the ¢ = O(1) time scale
and thus fig = f,, from . This is to be expected as to leading order the
solution should still be in equilibrium.

For the equation at the next order, we integrate it twice in z and sub-
stitute for f1; as defined in (1.6b)) to arrive at

boz + b1 = 11 = F”(U)ﬁl — Oyup — KJU/(Z). (1.8)

To determine the constants by and b; we need to derive the matching
conditions for u. Roughly speaking, for a point x on I', the value of the
chemical potential near this point can be described as x + ezn. Thus, to

8



1.1. Ostwald Ripening

derive boundary conditions, as z — 0% in the outer expansion and z — 400
in the inner, the chemical potentials need to agree. We require

(o + €pr + ...)(x + ezn, t) ~ (fip + €fin + ...)(2,%,1). (1.9)

For the left hand size we take z — 0% and for the right z — +00. Performing
a Taylor expansion (for z — 07),

ug + (i + 2Dapd) + € (g + 2Dmpi + 32°Dapd) + ..., (1.10)

where D, is the directional derivative along n. The same argument can
be made for z — 07. With this in hand we can describe the matching
conditions for the chemical potential by collecting terms of the same order

from (1.9) and (1.10).

W t) = (2 1), (1.11a)
(1 + 2 D)3, 8) = (2,5, ), (1.11b)
(3 + 2Dmpy + 522 Dipig) (%, ) = fiy (2,%, 1), (1.11c)

where for everything on the right hand side we are taking lim,_, 4.

Now, with these matching conditions in hand, we can solve for by in
equation . Since we know that 0,11 = bo(x,t) from , we can a take
partial derivative of the matching condition for fi; given in with
respect to z to determine by. This leads us to

n- V,u(f = 0.fl1, asz — too.

Since pp must match fip near the front from (1.11a), and fo = fp from
, we know that, near the front, Vg = 0 because f, is a constant. This
implies that the far field behavior of 0,fi; = 0 from the equation above and
thus bp = 0. To determine b;(x,t) in we first rearrange the equation
slightly and substitute in for bg, yielding

b1 + K,U,(Z) = F”(U)ﬂl — Oy yU1.

We now multiply this by U’ and integrate from —oo to oco. This gives us

/Oo (0 U+ kU"?) dz = /OO [(F"(U)U'ay — U'0..11] dz. (1.12)

—0o0 —00



1.1. Ostwald Ripening

Upon integrating the second term on the right hand side of the expression
by parts twice, we see that

/ U0,y dz = U’azaljw

—0o0

—aZU’azal\oo n / ..Uy dz.

[e.e]

The boundary terms vanish because U is the equilibrium planar front
solution and so the derivatives in the far field are zero. Substituting this
information into (1.12) we have

/OO (U + kU dz = /OO [(F"(U)U'=U"] @ d=. (1.13)

—o0 —00
Now consider taking a partial derivative with respect to z of equation (1.5]).
This tells us that
F//(U)U/ _ U/// — 0
Combining the above information with (1.13|) we determine that
o0 o0
by / Udz = —k(x,7) / U dz,

—0o0 —0o0

which yields

with
S:/OO U?dz, [U] = U(oo) — U(—00).

From (1.8) and the fact that by = 0 we know that b; = f1;. Using this
as the matching condition to the outer equation for the chemical potential,
we have arrived at a free boundary Mullins-Sekerka problem that describes
the late-stage dynamics of the Cahn-Hilliard equation, and, as we will soon
see, Ostwald ripening. The system is formulated as

App =0, xe€Q4 and Q_,
S
= —k(X,7)—, x€T, 1.14
0] (1.14)
n-Vyur =0, xe€o0.

10



1.2. Chemotaxis

The physical interpretation is that on this time scale (t = O(e™1)) the
chemical potential is in equilibrium and we have steady state diffusion. The
Gibbs-Thomson condition appears on the interface, relating the mean cur-
vature to the chemical potential. Finally, we derive how the front evolves
in time by looking at equation . Since [ig and [i; are constant with
respect to x and z respectively, the equation reduces to

Vazﬂo = azzﬂ2 .

Upon integrating both sides of the equation from z = —oco0 to z = oo we
have

V = [U]10./is io (1.15)

We can substitute in the matching condition for fip from (1.11c) after taking
the derivative of it with respect to z. This tells us that

n-Vui(x,7) = 0.jia(z,%x,7) as z — +o0,

which, when substituted into (1.15)), yields

[Il ) vﬂl (X7 T)]i
[U] '

Note that a very similar calculation can be done on an O(1) timescale,
which shows the front velocity to be zero at this order. In this case V is
related to the jump in the normal derivative of pg instead of pi. Since we
have already shown pg = f,, it is easy to see that the normal derivative
must be zero.

In summary, the late-stage dynamics characterizing the coarsening phe-
nomena for the Cahn-Hilliard equation is given by the limiting system .

Vix,7)=

1.2 Chemotaxis

Chemotaxis is a biological phenomenon in which organisms move about their
environment due to the presence of a chemical concentration. Bacteria such
as E. coli move seemingly randomly, switching between periods of swimminyg,
characterized by aligned flagella (arm-like appendages) resulting in straight
motion, and tumbling, where the flagella spread out and the bacteria rotates
into a new direction. In the presence of an attractive chemical gradient, F.
coli will swim in this direction and tumble when realignment with the gradi-
ent is necessary. They preference their movement along increasing amounts

11



1.2. Chemotaxis

of this chemical attractant (see [3]). Sperm cells also exhibit chemotactic
behavior, moving towards the oocyte due to a compound released from its
outer wall. Chemotaxis need not be attractive; some organisms sense poi-
sonous molecules (such as carbolic acid for E. coli) and direct their movement
away.

Aggregation of cells has been seen since the early use of microscopes but
it wasn’t until 1881 with the work of Theodor Engelmann and later in 1884
with the work of Wilhelm Pfeffer that an accurate description of chemotaxis
was made. By the 1930s the significance of chemotaxis was widely accepted.
Since then, much progress has been made, advancing the field not only
biologically but also mathematically.

The mathematical study of chemotaxis dates back to the 1950s with
work by Patlak in [22] and later in the 1970s with the work of Keller and
Segel [15]. Although there have been other attempts, the Patlak-Keller-
Segel (PKS) model is the prevailing one. This is due to the intuitive nature
of the equations, tractability, and clear representation of sought-after phe-
nomenon. The derivation is reasonable and clear; the assumptions made
are both biologically and mathematically logical. There is a strong connec-
tion between the source of the assumptions and how they manifest in the
equations. The general model is

u = V- (k1(u,v)Vu — ka(u, v)uVv) + k3(u, v),
v = Dy Av + ky(u, v) — ks(u, v)v,

where u is the organism concentration/density in a domain Q € R"™ and
v is the concentration of the chemical signal. k; represents the diffusivity
of the organism modeled by u and ko is the chemotactic sensitivity. As
the gradient of v increases, advection of u increases. ks is a cell kinematic
term for u, measuring growth and death. k4, and k5 are chemical signal
kinematics, representing production and degradation. We see that v obeys
a basic diffusion equation with an additional growth/death factor while w is
slightly different, involving diffusion and advection.

The original model, seen in [22] and later in [15], referred to as the
'minimal model” in [12], is

ug =V - (D, Vu — x,uVo); v = DyAv + pu — 0w,

with zero-flux boundary conditions imposed on the outer walls of the domain
2 and some specified initial concentration. Diffusivity (D, D, ), chemotactic
sensitivity (), and cell kinematic factors (p, d) are assumed to be constant.
Assuming that chemical kinematics occur on a much larger time scale or

12



1.2. Chemotaxis

possibly do not occur during aggregation, we can also ignore k3. This is
a reasonable assumption in many cases (see [12]). For the chemical signal,
kinematics are taken to be linear. There is an additional condition that the
model has, namely mass conservation.

6/ dxz/utdxz/v-(DuVuquVv)dX
ot Jo Q Q

= / (DyVu — xuuVov) -ndx =0,
o0N

due to the zero-flux boundary condition. Thus, we see that mass in con-
served as

/Qu(x,t)dx:/ﬂuo(a:)dX:M.

The model can be nondimensionalized to have a homogeneous steady
state such that (us,vs) = (1,1) and M = 1.

During the 1990s and early 2000s a series of papers (see [14]) proved
that the minimal model has a major deficiency. In 2D and 3D domains,
global existence depends on a threshold level of initial mass. If there is too
much mass in the system we see finite time blow-up. The cells in the model
aggregate to a spot with infinite density, which is obviously not biologically
feasible. Since, for a typical application, the initial mass lies above this
threshold, regularizations of the model are necessary. Initial aggregation is
only one small part in chemotaxis and thus, there is a need for a model
that allows for longer time scales without blow-up. We present a few of
these regularizations but focus specifically on the volume-filling case in this

paper.
1.2.1 Literature Review
Considering the simplified system of PDEs,
ur = V- (D(u)Vu — A(u) B(v)uVo) + f(u),
v = Av+ g(u)u —v.

Below is a table outlining the choices of functions for each of the regulariza-
tions considered.
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1.2. Chemotaxis

Model D(u)  A(u) B(v) f(u) g(u)
Minimal D U X 0 1
Nonlinear Diffusion Du" U X 0 1
Volume Filling D u(l—%) X 0 1
Signal Dependent Sensitivity D u m 0 1
Cell Kinematics D u X ru(l — u) 1
Saturated Signal Production D U X 0 ﬁ

This list is certainly not exhaustive. There are more covered in [12] and
even more that they mention as being left out. These excluded variations
have such properties as nonlinear gradient functions, nonlocal terms, or even
zero diffusion models.

We will now work through the details of each model individually, ex-
plaining the reasoning behind the regularization and the impact it has on
the behavior.

The Minimal Model

For completeness and ease of comparison, we present the details of the min-
imal model as well as the derivation. We consider the movement of each cell
as modeled by a biased random walk, where the bias is due to the chemo-
tactic gradient. This allows for an easier transition from microscopic to
macroscopic behavior.

Consider an infinite 1D lattice where particles may instantaneously jump
a constant distance h to the left or the right. Assuming the particles do
not interact directly, we have the following continuous-time discrete space
system for the particle density u(x,t) given by

ou(x,t)

5 T u(z—ht)+ T, u(m+ht)— (T) + T, u(x,t).

x

T+ is a probability function that gives a chance per unit time for a
particle at x to make a jump to z £ h. In the model, at each time step, we
have possible contributions from the point to the left and the right, = — h,
and x + h, respectively. This is represented by T;_h and T’ ,. There is also
loss from the currently position as particles jump away, which is indicated
by T,F and T} .

As stated before, the chemotactic sensitivity is incorporated through the
bias in the random walk, which we see in the T" function. We want to bias the
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1.2. Chemotaxis

jump with regards to a local spatial gradient of v, which we do by specifying
TF as

TF =a+b(v(z £ h,t) —v(z,t)),
where a and b are positive constants. The probability to jump in a given
direction increases if the concentration of the chemical is larger in that direc-
tion. Substituting this into the equation and performing a Taylor expansion
of the right hand side, we obtain

uy = h%(au, — 2buv,), + O(RY).

Now, we scale time by the transformation ¢t = Af. This results in

up = )\h2(aux — 2buvy), + O(h4),

where we assume that the limits limp,_,0 o0 a\h? = D,, and limhﬁo,)ﬁoo2())\112 =
Xu, Which results in a continuous space and time equation. Dropping the
hat for convenience, we arrive at

up = (Dyty — XuUUz )z

We assume the equation for v is a standard diffusion equation with linear
kinetics. Thus, in higher dimensions we have the following system of PDEs
with zero-flux boundary conditions on the outer wall of the domain 2

uy = V- (D, Vu — x,uVo); v = DyAv + pu — dv.

As mentioned previously, the minimal model can be nondimensionalized
to have mass, M, equal to 1 and the number of parameters reduced. In
one dimension, we have global existence of solutions, which was recently
proved in [20]. In two dimensions the model has finite time blow-up when
the initial mass is over some threshold level, which is why we employ these
regularizations. This result can be found in [14].

Nonlinear Diffusion

The nonlinear diffusion model considered is

ug = V- (Du"Vu — xuVv),

with the equation for v given as before. Thus, the only change is the non-
linear dependence on cell density for the diffusion term. As stated in [12],
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1.2. Chemotaxis

this dependence is neglected in cell movement but crops up in ecological ap-
plications such as population-induced insect movement. Hillen and Painter
suggest that, although most applications assume a constant diffusion co-
efficient, a nonlinear dependence is much more likely. This specific case,
involving u", was studied by Kowalczyk in [16] and Eberl in [9] as a model
for biofilm growth.

Much like the minimal model, after nondimensionalization the nonlinear
diffusion model has a homogeneous steady state of (u,v) = (1,1). Kowal-
czyk proved in [16] that this model has global existence of solutions in n
dimensions. The Lyapunov function

Lnonlinear (u) =

is used for this result.

Volume Filling

The effects of volume filling are explored in [11]. Since this model is of
particular importance to this paper we will go through the derivation of the
volume effects; that is, how and at what stage of the model they crop up.
Higher concentrations of cells should inhibit the ability for other cells to
move into a given region, creating a hard cap on the density in a given area.
This is modeled by a function g(u) that gives the probability of finding space
based on the local density u. We want ¢ to be a positive and decreasing
function. One such choice is ¢(u) = 1 —u/7v, v > 1, with u having a
maximum density of 7. Now, the jump function T becomes

Ty = q(u(z £ h))(a + b(v(z £ h) —v())).

Following the same steps as before, we arrive at

up =V - (D(q — ugqy)Vu — xuq(u)Vo); vy = Dy Av + pu — dv.

With ¢(u) given as g(u) =1 — u/, the equation for u reduces to

ut:V-(DVU—Xu(l—:)Vv>.

The volume filling approach is intuitive and easy to implement. Global
existence is achieved, as expected, and was proved in [10, 30] using the
Lyapunov function
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1.2. Chemotaxis

Lyolume(u) = i (u log(u) +~ (1 - :) log (1 - :)) :

Signal-dependent Sensitivity

The signal-dependent sensitivity model, also referred to as the receptor
model, is

XU
u =V - (DVU — 7(1 n av)2vv> ,
with v given as before (diffusion & linear kinetics).

The model is motivated by in vivo experimentation and observation.
Chemotactic response is controlled first by signal detection, through bind-
ing of the chemical to exterior receptors, followed by transduction, where
a change takes place in the internal receptor component. This not only
causes a change in movement but may also affect receptor production and
degradation. We want to build these effects into the model and thus add a
signal-dependent sensitivity function, specifically, the receptor form

X
(14 av)?’
At high concentrations of v we see that B(v) decreases, indicating that,
in a sense, the receptors on a cell are full and can no longer impact move-
ment. This is only one such model for signal-dependent sensitivity and there
are others that employ slightly different assumptions. Global existence of
solutions for this model was proved only very recently in [29].

B(v) =

Cell Kinematics

As stated previously, it is occasionally reasonable to ignore cell growth and
death. Dictyostelium discoideum, for instance, halts cell proliferation during
aggregation stages. In other cases the movement takes place on a much faster
time scale than growth, also allowing us to ignore those additional terms.
This is not always the case and with most bacteria these time scales match
up. Using a standard logistic growth models, we derive a cell kinematics
model given by

up =V - (DVu — xuVv) + ru(l — u).

Global existence of solutions in the cell kinematic model in n dimensions
is proved in[30)].
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1.2. Chemotaxis

Saturated Signal Production

The basis for saturated signal production comes from what was mentioned
previously about receptor binding and saturation effects. Since, biologi-
cally, a receptor binding to a site on the cell has other affects not limited
to movement but also influences signal production, the model is changed
accordingly. A saturated signal production model tries to correct the overly
simplistic assumption of linear kinetics through the term

1
g(u) = m,
which decays as u — oo. Thus, the production of chemical saturates the

environment and slows to a halt when cell density increases. The resulting
model is

ug =V - (DVu — xuVv); v =Av+

u
-

1+ ou

Global existence of solutions in n dimensions was proved in [13]. Thus,

we have global existence for all models considered with the exception of the
minimal model.

Stability

The survey by Hillen and Painter ([12]) gives a brief rundown of one di-
mensional linear analysis, which we summarize here. We assume the model
in question has a spatially homogeneous steady state solution, (@, ) and
linearize around this solution, which gives us

Uy = D()Uyy — A(0) B(0) Vs + f(0@0)U,

Ve = Vao + (g(1) + ug' (@)U = V.

We now define A = A(w), B = B(v), f = f(u), g = g(@). We take U and V/
to be the typical small perturbation function to derive the stability matrix
whose eigenvalues tell us the stability of the linear homogeneous solution.

—k’D+ ' Kk*AB
M=
g+ug —k*-1

On a closed interval [0, L] with Neumann boundary conditions we have k =
nm/L, n = 0,1,2,.... If the eigenvalues have positive real part then the
homogeneous solution is unstable and we expect pattern formation due to
the global existence of solutions for each model in one dimension. This gives
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us the following necessary conditions for instability in each of the models
considered

Model Necessary Conditions Unstable Modes k
Minimal x>D k2<% —1
Nonlinear Diffusion x>D k? <% —1
Volume Filling X( — %) >D k2 < X(ll;%) -1
Signal Dependent Sensitivity x > D(1 + a)? k2 < W -1
Cell Kinematics x > (VD 4 /r)? k% € (ki, k2)
Saturated Signal Production y > D(1 4+ ¢)? k? < D(lﬁ(ﬁ)Q -1

where k19 = X_QDD_T %\/(D + 7 —x)? —4rD. We see that in all models
considered the spatially homogeneous solution has a region of instability and
patterns may develop.

Numerical Results

In this section we present numerical results from [12] for the models con-
sidered and additional results from [11] for the volume-filling model. This
is to show the many different solutions that can arise. We provide extra
information on the volume-filling case to give evidence of coarsening as well
as comment on the parameter values that bring about these long transients.
In figure we see the myriad solutions that not only arise from the dif-
ferent way the model was regularized but also the different parameter values
inherent in each of these regularizations. The asterisk indicates, as in [11], a
"plateau” solution. We see that aggregation, when it transpires, can occur
in many different ways although qualitatively the results behave similarly
(grouping around a high concentration of the chemical signal). Figure
is similar to but depicts the solution over longer time scales. Finally,
figures through show coarsening effects for select regularizations.
This concludes the literature review and introduction. Next, we move on
to a more in depth look at Ostwald ripening where new results are presented.
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Figure 1.2: 1D simulations for the models considered. Minimal model is
given at different times where as others have varying relevant parameters.
The solid line is the adapted model where as the dot-dash line is the minimal
model steady state solution. In order, the models are: minimal, signal-
dependent sensitivity, volume-filling, non-linear diffusion, saturating signal
production, and cell kinetic. D = .1, x = 5. ICs: u(z,0) = 1, v(z,0) =
1+ .1exp(—1022).
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Figure 1.3: One dimensional numerical simulations for the models consid-
ered, now on a larger domain. Models appear in the same order as the
previous figure. D is given to be .1 and x = 2. Initial conditions are set at
u(z,0) =1, v(z,0) = 1 + r(z) where r(x) is a random spatial perturbation
of the steady state, .01 < r(z) < .01. We see that in most cases a coarsening
process occurs and what initially started as a multi-peak structure evolves
into fewer and fewer regions of concentration. This is not the case in the
cell kinematics regularization as we see a continual emergence of cells and
decay of peaks.

t = 50.001 t=100

=T I -

Figure 1.4: Here is an example of a 2D simulation. This is a time evolution of
a combination of a few regularizations, namely signal-dependent sensitivity
(ov = .4), volume-filling (y = 10), non—linear diffusion (n = 1) and saturating
chemical production (¢ = 1). D = .1, x = 5, Q = [0,20] x [0,20]. ICs:
u(z,y,0) =1, v(z,y,0) = 1+ r(x,y), Where r(a:,y) is the 2D analog from
the previous figure. We once again see a coarsening process as time goes on.
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cell density

Figure 1.5: A 1D time evolution picture that shows coarsening occurring on
a log time scale for the volume-filling model. In this case, initial cell density
is set at .5 with D = .25 and x = 4.

T=10 T=50 T=100 T=500 T=1000
T=1000

Figure 1.6: Coarsening of the volume filling model. The top row has initial
concentration of u = .5 and the bottom has v = .25. As above, D = .25,
X = 4. Here, the domain, Q = [0,25] x [0,25]. In this picture black is low
cell density where white is high cell density.
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Chapter 2

Ostwald Ripening

We begin this chapter with a deeper look at Ostwald ripening. From the
introduction, we left off with the free boundary Mullins-Sekerka problem
seen in (1.14). The problem has been rewritten slightly as

Au=0, xeQ\T,
ou
u=—-k, x€I} — =0, x€09Q,
on (2.1)
ou
V=—|—|, xel.
[371}
Here, the variable has been changed to u and has been scaled so that only
k, the mean curvature, shows up on the interface.

As mentioned in the introduction, the next step is to draw the connection
between this and the equations that govern Ostwald ripening. There are
many ways to do this, one of which can be seen in [2]. Instead, we will
present a matched asymptotic approach to arrive at a system of ODEs that
describe the motion of each drop.

2.1 Mullins-Sekerka to Ostwald Ripening
Dynamics

We start by considering an arbitrary domain 2 C R? with a collection of N
small circular droplets inside the domain whose boundaries are described by
I =|x—x;| =mr fori=1,2,...,N, where r; is the radius of the droplet
and x; the center. The interface between the two regions, I', is given as
I' = JTI. Since we assume the droplets are small, 7; = €p; for € < 1 and
pi = O(1). The droplets are expected to move in time so r; and p; depend
upon t. Since the interfacial velocity V is negative for a shrinking drop by
convection,
dr; dp;

V== = “a
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2.1. Mullins-Sekerka to Ostwald Ripening Dynamics

for a given 7. We also know the mean curvature, x, for a circular drop, is
given by

1 1
K= —=—
T €p;
Inside each drop we know that u_ = 1/r;(0), a constant, which means

that Op,u_ = 0 on I';. This tells us

B lau‘
r=r; e op P=Pi.

2] 2 g
on onl+ or
We know from that the jump in the normal derivative given above is
also equal to the velocity V. Therefore,

2dpi _ @‘
dt p lo=pi
Collecting this information, the problem that we need to solve can be rewrit-
ten as

Au=0, xeQ\T,

1 0
u=—, x€ely; —U:O, x € 012,
€D; on
with the droplet dynamics satisfying
2dpi _ ou
dt op lp=p:’

Determining u means we obtain a system of ODEs that describe the
motion of each drop throughout the domain. We can scale u by 1/e to
simplify the problem and remove the e that appears on the boundary of
each interface. Note that this also causes an additional power of € to appear
in our system of ODEs.

Proceeding with the asymptotic analysis, we expand u as

u:uO+VU1+V2UQ+...,
where ug is readily seen as an unknown constant that is determined as a

solvability condition in later expansion and v is the order of the subsequent
terms, also to be determined. For uy, the problem to solve is

Au; =0, x€Q\{x1,...,xn},
9 (2.2)
%:O, x € 0f); up~ 7, asx—xj, forj=1,...,N.
n

24



2.1. Mullins-Sekerka to Ostwald Ripening Dynamics

To figure out this singularity condition as x — x;, we move to an inner
expansion. We define y = e 1(x — x;) near the j' droplet and U be the
inner u function. Now, we have

U:U0+VU1+...

As with all matched asymptotic expansions, we require the outer solution
and inner solution agree as x — x; and as |y| — oo respectively. So we must
have Uy — ug as |y| — oo. The first two inner equations to solve are

Ayljo = 07 y g F]v
1 (2.3)
Uy = p—, y ely; Uy ~ug, asy|] = 0.
J
AyUl = 0, Yy g Fj,

(2.4)
Uy =0, yely; Uy~ 7, asly|] — oc.

Both equations can be solved by switching to polar coordinates and
looking for a radially symmetric solution. The corresponding solutions are

Uo = ; + By, (log(p) — log(py). (2.50)

Ui = By;(log(p) — log(p;)), (2.5b)

for constants By ; and Bp ;. To determine Bp; and Bp j, we look to the
matching condition for the inner and outer solution. Near the j*" droplet,
we must have (as x — x; and as |y| — 0)

UO+VU1+V2U2NUO+I/U1+...

Substituting in for Uy and U; from (2.5)) and switching to a common variable,
we see that

1
U + vuy + viug ~ o + Bo,j(log(|x — x;]) — log(e) — log(p;))
J

+vBy j(log(|x — x;[) —log(e) —log(p;)) + ...

In order to keep the order of the right hand side and left hand side con-
sistent, the log(e) term must vanish. This tells us that B; ; = C;;/ log(e) for
some arbitrary constant Cj;, where j corresponds to the droplet in question.
This also specifies v = —1/log(€). Rearranging terms, we now have
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2.1. Mullins-Sekerka to Ostwald Ripening Dynamics

1
uo +vuy ~ =+ Coj + v[Coj (log(jx — x;1) —log(py)) + Cj] + o@?).
j
Since ug = 1/p; + Coj, we see that Cy; = up — 1/p; which tells us the
singularity condition for wuy, specifically, u; ~ (ug — 1/p;)log(|x — x;|) as
x — x;j, for j =1,..., N since there are no other terms to match on O(v).
We can substitute this into equation (2.2)) and rewrite it as

N
1
Auy =27 E (uo - > I(x —xj), x€Q,
j=1 &

8u1
— = o0.
o 0, xe€

Here, ug is still undetermined. We use the divergence theorem to reveal that

Ny
wv =31
j=1Fi
and thus

Y e
wo = j=tp; _ 1
- - )
N Pharm

where pharm is the harmonic mean. This also tells us that Cp; = 1/pharm —
1/p;-

At this point we can conclude with a leading order expansion for the
dynamics of each droplet and the resulting system of ODEs. We substitute
By,; = —vCy; into and take a derivative with respect to p to determine
that

1 111
UO =V |: - :| e)
Pharm Pil P
and since, to leading order, u ~ Uy as x — X; (p — p;), we have

dp; 1 1] 1
dey _ 2 ou) %Vg[ _], J=1,...,N.
dt € 8/) pP=p; € | Pharm Pjl Pj

Principal Result 2.1: Consider the 2-D free boundary Mullins-Sekerka
problem given below.
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2.2. Properties of the System

Au=0, xeQ\T,
0
u=—-kK, xE€I} —u:O, x € 01,
on
ou
V=—|—]1, el.
[an] )
where w is the chemical potential, K the curvature and V is the interfacial
velocity. In the case where I' is the boundary of a collection of small circles
(radius ~ O(€), € < 1), the following system of ODEs describes, to leading

order, the coarsening phenomenon present.

dp; 0 1 1] 1
e ~V3[ —], j=1....N,
dt € 9plp=p; € [pharm  pj] pj

where v = —1/log(€) and pparm 18 the harmonic mean.

2.2 Properties of the System

Here we will derive a few properties of the system before moving on to a
higher order expansion. These properties are (i) the system is area preserv-
ing, (ii) the perimeter of droplets is non-increasing and (iii) the smallest
droplet will vanish in finite time.

2.2.1 Area Preserving

Consider the area of a given droplet, 77,022, and total area of the system
WZfV: 1 pZ, the sum of all the individual areas. We proceed by taking a
derivative with respect to time of the total area.

dL, L, & 1 1\ 1lv
%ZPiZQZPiPiZQZPi - — ;3
i=1 i=1 i=1 '

Pharm Pi

N N N
2u 1 1 2u N 1
G (Z ; pz) e (pharm ; pz)

i=1 Pharm

2 N
:?g a _Z
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2.2. Properties of the System

As a result the total area of the system is unchanged and the droplets
exchange mass with each other without any loss. The initial mass is the
same as the mass at any future time.

2.2.2 Perimeter Reducing

Consider the perimeter of a given droplet, 2mp;. The total perimeter of the
system will be the sum of all the individual perimeters. We take a derivative
with respect to time of the total perimeter to determine that

s GlE) s £

—1 pzpharm P; Pharm im1 P;
N 2 N
v |1 1 1
s|v(E5) -4

Since v/€3 is positive it suffices to show that Zfil a? > (Zfil a;)?/N.
This result means the derivative is negative signifying that the perimeter
decreases. We begin with

N N N N N N 2
OSZZ —Oé] :ZZ(Q?+Q?—2QZQJ):2N2&$—2 (Zal> ,
i=1 j=1 i=1 j=1 i=1 i=1

and thus

N N 2
NZa? > <Z ai>
i=1 i=1

The perimeter therefore decreases in time and the system moves to a
configuration with a smaller total perimeter.

2.2.3 Finite Time Extinction

Here we wish to prove that, for the particles in the system, all but the
largest go extinct in finite time. We are assuming that the timescale has
been adjusted to remove v/e? on the right hand side of the ODE equation.
To do this, we assume p1(0) < p2(0) < ... < pn(0) and show that for the
smallest particle, p1, there exists a time 7} such that p;(77) = 0 and
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2.2. Properties of the System

3 3
p1(0) <T < Np1(0)°pn (0)
3 pn(0) — p1(0)
This is sufficient because the calculation can then be repeated for the next

smallest particle. Consider the system of ODEs derived in principal result
2.1

OBEY S8 TN N 20

dt P1 | Pharm Pl p%’
where the inequality arises from discarding the first term on the right. Now,
we have

dp

2

— >
P1 dt =

If we separate the equation and integrate, we wind up with

—1.

1
()’ = =3t +p1(0)° 20, < 2pi(0)"

Thus p; is greater than zero for all ¢ less than the value shown above and
thus the extinction time must satisfy 71 > p1(0)3/3. For the upper bound,
we again look to the system of ODEs. First, consider

1 1 1 /1 1 1 1 1 1 1
——==(—-—+.. == <= ——— . (27

Pharm  p1 N \p2  p1 PN P NA\pn 7

From (2.6 we can see that

2dp1 1 _1
p]. dt pl °

Pharm P1
Combining this and (2.7)) we see that

2dp _ 1 <p1 —mv) 1 (m(O) — PN(0)>
o < l— )<\ )
dt = N PN N pn(0)
The last inequality arises because 1/pny < 1/pharm < 1/p1 which means
ply > 0 and p} < 1. This means the difference between p; and py will grow
in time and is smallest when ¢ = 0.
We can integrate the above equation as with the lower bound to show

that
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2.3. Summing the Logarithmic Terms

5 _ t (p1(0) = pn(0) Np1(0)?pn(0)
pilE)” < < on(0) on(0) — pr(0)

- N
This shows that p; is less than zero (extinct) for ¢ greater than the value
given above. We conclude with

p1(0)3 Np1(0)2pn(0)
5 =TS 00 - m(0)

> +p(0P2 <0, t>

2.3 Summing the Logarithmic Terms

In this section we go back to our leading order approximation for the droplet
evolution and make further progress, calculating the asymptotic solution for
all terms of O(v*) for any k. We begin by taking another look at the inner
expansion for u. We can rewrite U, this inner expansion, as

U:;+VBj(y)U1+eU2+..., (2.8)
j

for functions B;(v), j = 1,2,..., N to be found. The equation U; satisfies
is the same as in and thus has the same form: U; = log(p) — log(p;).
B;(v) is taking the place of By ; and B j from equation . Notice that
we have separated logarithmic dependence from Uy in and rearranged
it to lie within U and B;(v).

The idea is that all terms of logarithmic order can be captured by one
function for each droplet. Since this captures the terms of all logarithmic
orders it will result in a more accurate solution. Switching to the outer
coordinate, we have

1 1
U:;+VBj(V) 10g\X—Xj|+;—log(pj) +... (2.9)
j

The matching works very similarly to the leading order case but we now
group ug and uy as one function, ug. The equation uy satisfies is

Aug =0, xe€Q\{x1,...,xn},
ougy

— =0 o0
an , X€& s

1
ug ~ — + Bj(v) + vBj(v)[log |x — x;| —log(p;)], asx—x;, forj=1,...

Pj
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2.3. Summing the Logarithmic Terms

This can be solved by making use of the Neumann Green’s function
G(x;x;) which satisfies

AG:;”—(;(X—X]'), x € Q,
%:0, x € 08 /GdX:O,
on Q

1
G(x;%;) ~—§log|x—xj]+Rjj+o(1), as X — Xj,

where Rj; is the regular (non-singular) part of the 7™ Neumann Green’s
function and depends upon the domain 2. Thus, uyg can be written as

N
ug = —2m Z B;(v)G(x;%;) + uo. (2.10)
j=1

As before, ug is an arbitrary constant to be found. This system has N +1
unknowns (B;(r) and ug) but only N equations. To resolve this issue we
impose the area preserving condition

N
Y Bj(v)=0
j=1

To determine the rest of the unknowns we expand (2.10) as x — x;,
giving us

ug ~ vBj(v)log |x — x| — 27 | Bj(v)Rj; + I/ZBZ'(V)G]‘Z‘ + g,
i#

where Gj; is the ith Green’s function evaluated at x;. Now, we match this
with the singularity behavior determined from the inner solution in equation
(2.9). After canceling the log |x — x;| term in (2.9) and above, we wind up
with

1
=27 | Bj(v)Ryj + v Y _ Bi(v)Gyi| +uo = ;Bj(y) — vB;(v)log(p;),
i#j J

forj=1,2,...,N.
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2.3. Summing the Logarithmic Terms

We can rewrite this as a linear algebraic system for the unknowns B;(v)
and ug.

—271vGB + upe = pg + B — vPB, (2.11)

where G, e, pg B and P are given as

R Gij log(p1) 0
G = ; P = 5
Gji Rpy, 0 log(pn)
1 - Bi(v)
e= ;o po=1| | B= :
1 PLN Byn(v)

If we multiply (2.11) on the left by e, we realize that by the area
preserving condition on Bj(v), e’'B = 0. We are left with

—27ve’GB + Nug = eTpo - ueTPB,
and therefore,
1
Uy = N [27rVeTgB + eTpO — VeTPB} .
We can now return to (2.11) and substitute in for wg. Since ug is a
constant, we can swap which side of e it appears on. Thus,
—271vGB + 21vEGB + Epg — VEPB = pg + B — vPB, (2.12)

where E is given by

Finally, we can rearrange (2.12) to give us the following result:

I+v(I-E)(2rG —P)B = (E—1I)po.

Recall that the components of B are Bj(v). Therefore, when this system
is solved, we will determine the system of ODEs that describes the motion of
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2.4. Two Droplet Example

each droplets. We substitute Bj(r) and U, into (2.8) and take a derivative
with respect to p, giving us

dpj _ v Ou
dt €3 9plo=p,

Principal Result 2.2: Consider the 2-D free boundary Mullins-Sekerka
problem given below.

~
~

Au=0, xeQ\T,
0
u=—k, x€lj —U:O, x € 01,
on
ou
V=—|—1, el.
EJ b
where w is the chemical potential, K the curvature and V is the interfacial
velocity. In the case where I' is the boundary of a collection of small cir-
cles (radius ~ O(e), € < 1), the following system of ODEs describes, to
logarithmic order, the coarsening phenomenon present.

dp; B,
4&:1%‘ ~ VB0 N
dt S 0plp=p; € p;
where v = —1/log(e) and Bj(v) comes from the solution to the linear alge-

braic system given in .

As stated before, this will be more accurate than the previous example
as it contains higher order correction terms; in particular, it contains all of
the terms of O(v¥).

2.4 Two Droplet Example

In this section we look at a specific example of the system above with only
two droplets. This serves as a check to ensure that everything behaves as
expected.

Let © C R? be a circle of radius 1 centered at the origin. That is,
Q2 = {x||x| < 1}. Let ¢ = .05, r1(0) = .025, r2(0) = .05 which gives
p1(0) = 1/2 and p2(0) = 1. The droplets will be centered at x; = (—1/2,0)
and x2 = (2/3,0), along the z-axis.

In order to solve the algebraic system from the previous section we need
to first solve for the Green’s function that arises for this domain and bound-
ary condition. Once again, the problem to solve is:
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2.4. Two Droplet Example

1

AG=— —9d(x—x;), x€
%:0, x € 0§ /GdX—O,
87& Q

1
G(x; %) ~ —%logb{ —xj| + Rjj + o(1) as x — x;.

The domain was chosen in this example so that the Green’s function is
well-known. It is

X
X|Xj\—ﬁ
J

Glx.x)) = 5 | ~logl(x — ;) ~ log (

with regular part

X5
x|

R(x,x;) = % [— log <

x|x;| —

)+ 3l ) - )
Plugging in the given parameters, we determine that

R11 ~ —0338, R22 ~ 044927 Glg = Ggl ~ —.1344.

Now we must go through the steps of solving the 2 x 2 algebraic system.
We know that

_ _1 1 -1 . . o 27[‘R11 —log(pl) 27TG12
I-E = 2 (—1 1) ’ 27rg P o ( 27TG21 27TR22 —log(pg) )

Thus, we solve

AB = P0,

where

. <1 +vm(Ri — Ga1) — §log(p1)  vm(Gia — Ra2) + 4 log(p2) )
I/7T(G21 — RH) + %log(pl) 1+ V7T(R22 — G12) — %log(pg) ’

B1(V)> 1 (o=
B: 7 = — P2 Pl .
(Bg(l/) P \L-L
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2.4. Two Droplet Example

Leading order and Log Term Expansion for Two Droplet System

e
—_—
—_— —

0.8} — Leading p(0) = .5 |1
— Leading p(0) = 1
— — — Logp(0)=.5
o OO — — —Logp(0) =1

0 0.05 0.1 0.15 0.2

Figure 2.1: Here is a plot of the solutions to the system of ODEs that come
from both the leading order expansion as well as the one that includes all
of the logarithmic terms. You can clearly see in both cases that the system
is area preserving and the smallest drop extinguishes in finite time.

Since the system is 2 x 2 it is trivial to invert. We use MATLAB’s
ODE23s to solve the resulting system of ODEs. The first step was to scale ¢
so that the RHS of the system is O(1). We let t = 7€3 /v, a slow timescale.
As you can see from figure [2.1, the larger drop grows at the expense of the
smaller drop and we see the area preservation property as well as finite time
extinction.
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Chapter 3

The Chemotaxis Model

Now we return to our volume-filling chemotaxis model as mentioned in the
introduction. As we will see, the chemotaxis model has very similar be-
havior to that of Ostwald ripening, with surface diffusion replacing motion
by curvature but still maintaining a coarsening effects. This is the link be-
tween the two different systems- the mechanism for exchange of mass may
be different but the phenomena is qualitatively similar.

The system will be nondimensionalized and then studied in a general two-
dimensional domain with the use of a boundary-fitted coordinate framework.
After deriving the velocity equation that governs the interfacial motion we
will look at a few specific cases to verify intuition and motivate numerical
studies.

3.1 Nondimensionalization

With the model in hand we can begin nondimensionalization to simplify our
equations and highlight key parameters. The full model is

w=V- <DuVu—Xu <1—“> Vv), x €0 (3.1a)
v
v =DyAv+au—pv, x€ (3.1b)
ou ov
= Q. - = Q. 1
o 0, xe€d,; o 0, x€0 (3.1¢)

We make the following variable changes

N t R U
t= —; U =

T u*

. X
X ==
L’

Dividing by x in equation (3.1a)) and § in equation (3.1b)), we have
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3.2. Boundary Fitted Coordinate Expansion

uw a; 1 D,u* R e u*
XTt = LQVg < 1;( Vit —u™u <1 — 7u) V,»(v) ,
v} D, o
BT = BLQA;JH— Bu—v
We choose u* =, T = vL?/x and define
D, D, X «
Di=— Dy=—75 7= _—27; 0=
X BL? VBL? B

The hats over the variables are dropped for convenience and we assume
that D; < 1 as the diffusion strength, D,,, is typically much smaller than
the chemotactic sensitivity, x. We rename D; as € and remove the subscript
from Do, relabeling it as D. The nondimensionalized system is

up =V - (eu —u(l — u)Vo),

T = DAv+ 0 — v, (3.2)
ou ov
8—n—0, X € 09.; B—n—O, x € 0N).

3.2 Boundary Fitted Coordinate Expansion

Motivated by numerical results and other similar situations where this ap-
proach has been fruitful, we switch to a boundary fitted coordinate system.
The idea is to describe points in space by their distance from an interface
wall instead of standard cartesian coordinates. The derivation of the coor-
dinate system can be seen in appendix A.

We begin the calculation by unraveling the nondimensionalized chemo-
taxis model into this boundary fitted coordinate framework. The equa-
tions become

_ K n 1 9 Ug
N 1—I€77U77 1—m}s 1—kn

K 1 Vs
—f(u) [vm, — 1 Fmvn—i-l — Fm@s (1 — m?)
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3.2. Boundary Fitted Coordinate Expansion

Figure 3.1: A depiction of the boundary fitted coordinate system. 2 is the
outer domain and can be partitioned into two regions, Q_ (n > 0) and Q4
(n < 0) with T" representing the interface between them. Note the inward
normal and sign convention for 7.

K 1 v
Tup =D vm’_l—mnvn—i_l—nn&g(l—sﬁn)} +ou—wv,

where f(u) = u(1l —u). We solve these two PDEs in some domain €
with Neumann boundary conditions on the outer wall. We define 2_ to be
regions where u has value 1 and Q4 = Q\ Q_. T, known as the front or
interface, is the boundary of €)_.

Now we expand near the front, using the inner variable = n/e. We
obtain

1 1 K 1 Vs
=D | Vi~ (v, v
™ [EQVn € <1—m¢)€> Vit 1 —m?eas <1 —m?e)} tou=V

Expanding V as V = Vj + €Vi + €2Va + ..., we determine that for t = O(1),
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3.2. Boundary Fitted Coordinate Expansion

1 1
TOVo = D 503 Vo + — V1 + %Vrgaﬁ‘/o — k01
— K*70Vo + OssVo | + ou— Vo + ...

We can see from above that the leading order equation is

8,7,7‘/0 =0,

which has solution

Since v is bounded, Vj cannot grow linearly as 7 — +oo and thus Ay(s) =
0. Thus, we set Vo = Vy(s). This also tells us that 0;Vp = 0 which gives the
following first correction equation
aﬁﬁvl = 0,

with solution

Vi = Al(s) + B3 (S) (3.4)

where in this case we cannot make any conclusions about the growth of %
yet.

Now we apply the same treatment to the inner equation for U. Expand-
ing U as U = Uy + €Uy + ..., we arrive at the following equation

1 1 K
oUp = ¢ I:@aﬁﬁUo + EaﬁﬁUl — zaﬁUo + 655U0:|
1 1 K .
—f(Uo) {gaﬁﬁvo + =03 Vi + 93y Vo — —0pVo — kOpVi — K210 Vo + assvo}

1
o f,(UO + EUl) [aonast + EZ%Uﬁ] + ...

(3.5)

The %2 f'(Uo + €U1)V3U; that is left unexpanded is of particular impor-
tance and produces many terms; we shall focus on this now. Note that
05Vo = 0 and as a result can be eliminated from the equation. We calculate,
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3.2. Boundary Fitted Coordinate Expansion

1 1
' (U + eUn) VU == [ (Uo)93Un03 V1 + ' (Uo) 951052
+ ["(Uo)U1803U005 Vi + f'(Uo)03U00;Va.

Since we know that 0p3Vo = 0p3V1 = 0 they can be eliminated from
equation . Additionally, we can replace instances of 05V with Ay(s).
Substituting this information and the above equation into , the full
expansion becomes

1 1 K
0Ug = € gﬁﬁﬁUo + E&mw - zaﬁUO + 5son] — f(Uo) [0 Va — KA1(s) + 0ss V0]

1
*f/(Uo) |:83U085Vb + gé)ﬁUoAl(s)+c‘)ﬁU1A1(s) + aﬁanﬁI/Q

—f”(U())UlaﬁUoAl(s) + ...
(3.6)
Our goal is to derive an equation for the motion of the front, that is,
an equation that n/(t) satisfies. Supposing that the front changes slowly in
time, n = n(T"), where T' = €Pt. The change to u; becomes

up = uze 1y (T). (3.7)

We let 7 = 1/ (T) be the normal velocity to I' where 1 > if ' is expanding. p
is chosen to be 1 to match the slow evolution assumption and first correction
term.

Since the front evolves slowly, the leading order equation does not change
in time and is

6,777U0 — f/(Uo)aﬁUoAl(S) = O,

which can be written as

[05Uo — f(Up)A1(s)]s = 0.

After integrating once, we have a term depending on s on the right
hand side. Since we will have to integrate once more and can’t have growth
as ) — oo, this term must be zero. We now have a 1-D profile equation
parametrized by s.

03U — f(Up)Ax(s) = 0,

3.8
Up — 0 asn — —oc; Up — 1asn— +oo. (38)
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3.2. Boundary Fitted Coordinate Expansion

To identify A;(s) we consider the matching condition between the inner
and outer expansion for V. Returning to (3.3) and (3.4), the two-term inner
expansion for V is

V = Ao(s) + e[A1(s)i + Bi(s)] + ... (3.9)

In the outer region (to leading order), we have that u ~ 1 in Q_ and
u ~ 0 in 94, which tells us that the outer problem for v is

vt:DAv—v—l-J{ éigg_,

' + 3.10

@—O x € 0f) ( )
on '

Now, if the initial condition for v is such that v|Q2| = o|Q_|, where || is
the area of (), then we expect that v is near its steady-state and will evolve
slowly in time. Hence, v(x,0) = o|Q_|/|Q| for v satisfying (3.10).

If we expand the outer equation for v as x — xo(s) (as n — 0), where
xo(s) is a point on the interface I', approaching from the + direction, we
have (by Taylor’s theorem)

v=v|p+ Vo[- (x—x0) + ...

Recall from the boundary fitted coordinate system that

Us

Vv

= bt x=xols) +ns)

Thus, we derive that

U:”‘r+77“?7‘n:0+"'

as X — Xg. Recalling that 77 = /e and noting (3.9), we have that

ol + o], g+ -~ Ao(s) + e[Al(s)g + By(s)] + ...

We conclude that
Ag(s) = v Aq(s) :U’?‘nzo = Vv n|.

To summarize, in the outer region on the long timescale inherent to the
evolution of the front where v; = evp, v solves
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3.2. Boundary Fitted Coordinate Expansion

1l:xeQ_
DAv—v——a{ 0:xeQ,
ov
i 0
o 0, xe€09Q,

and with a given I', Ayp(s) = v‘r and Ai(s) =Vuv- n}r.
Returning to the 1-D profile equation for Uy (3.8)), we can write the exact
solution as

Uo(0)
Uo(0) + (1 — Up(0))e~4s(s)”
where Up(0) is some arbitrary value of Uy on I". If A;(s) > 0 then as 7 — oo,
which is inside of ', Uy — 1. Likewise, as we move outside of " (1) — —o0),
U() — 0.
Conjecture 3.1: Consider the outer problem for v. The solution of

(]3.1{]) is such that

Up =

Ai(s)=Vv-n|,>0.
For now we just assume this to be the case. Under this assumption we may

set Up(0) = 1/2, the mid-value, which gives a precise definition of I.
Now we return to equation (3.6). From (3.7) we have

8ﬁU07'7 = 8,7,7[]1—/4:877(]0 — f(Uo)aﬁﬁVQ + Kf(Ug)Al(S)
— f(U0)0ssVo — f'(U0)0sUp0s Vo — f(Uo)03U005Va
— f/(Uo)aﬁUlAl(S) — f”(U())UlaﬁUoAl(S).
(3.11)
From the leading order equation for U given in (3.8)), we know that
03Uy = f(Up)A1(s) so we can cancel those terms in the above equation. We
now define the operator L, such that

Lo = ¢4 — ' (Uo) A1(s)ds — [ (Uo) A1(s)05U0 (3.12)
Thus, becomes

95Uon = LUy — f(Uo) 05 Va— f(U0)DssVo— f'(Uo)0sUo0s Vo — f' (U ) 05Uo 05 Va.
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3.2. Boundary Fitted Coordinate Expansion

This can be written this more elegantly as

(3.13)

. 0;Up0s V(.
03Uty = LUY — (£(Uo)05V2),, — <"°°>

Ai(s)

We want to eliminate the terms contained in L so we need to determine
the adjoint operator L*. We look for L* such that (L¢, 1) = (¢, L*v) After
rewriting , we have

o
wo.0) = [ [6n— (TG A1()0),] v i
—o
Upon integrating the first term in the integral by parts twice and the
second term once, with the boundary terms vanish due to imposed boundary

conditions, we obtain

e}

(6, L") = / o + 1 (Uo) A (s)b5] & i,

— 00

and therefore,

L = gy + f'(Uo) A1 (s)¢y.
Lemma 3.1: Suppose that

Lo = ¢y — ['(Uo)A1(s) s — f"(Uo) A1(5)03Un b,

on —oo < 1 < 00, with ¢ — 0 as ) — £oo. Then for 1 bounded as ) — +o0,
we have

/Z Lo df = /Z SL* di

as the boundary terms cancel. Here,

L =" — AL f' (Vo).

The function in the kernel of L* is just a constant function. Without loss
of generality, we say the kernel is 1. Thus, using this solvability condition, we
multiply everything in by 1 and integrate from —oo to co with respect
to 7. This eliminates the terms in L (due to the boundary conditions and
adjoint operator kernel) and we are left with

/_ Z 0, Ui dij = — / h [( FUn)OVA), + (WU "

—00

43



3.3. Specific Domain Choices

We can immediately integrate the left hand side and apply the fact that
Up — 1asn — oo and Uy — 0 as 7 — —oo, leaving us with 7. Note that
7) does not depend upon 7} and can be factored out of the integral. Since Vj
and Aj(s) only depend on s, we can switch the order of the derivatives in
the second term of the right hand side and integrate 93Uy as we did on the
left hand side. This leaves us with

0= — /OO (f(U0)9;V2), dij — (jﬁ));

—0o0

The final integral becomes
oo oo
| (a1, di = Fwoesva
—c0 —00
Recall that f(Uy) = Uy(1 — Up) and that Uy — 1 or Uy — 0 as i) — +o0,
respectively. Thus, the integral vanishes and we are left with our key result,

= ().

Principal Result 3.1: Let I' be a simple closed smooth curve and let T = et
with T = O(1). Consider the outer solution v defined by the quasi-steady
problem

l:xeQ_
DAU—U——U{ 0:xeQ,’
ov
— =0 0N}
on , Xe& s

and I' evolves on the slow timescale et. The normal velocity 7(T) to T' on
the long timescale T satisfies the surface diffusion law

n=- <ZZ§’)> (3.14)

where s is the arc length of T', Vo = Ag = ’U‘F and A1 =Vuv- n|F. Note that
1 > 0 if the interface is expanding.

3.3 Specific Domain Choices

In order to analyze principal result 3.1 and verify some intuition about the
behavior of the system, we take a closer look at a few specific examples.
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3.3. Specific Domain Choices

The first example is the case of two concentric circles, where the domain
is the unit disk (2 = {x||x| < 1}) and I, the interface that separates Q4 and
Q_, is a circle. Next, we analyze the effects of a small perturbation to this
circular interface, where I' = ro + 6h(0), h(0) periodic, for § < 1. Finally,
we examine the case of many circular interfaces and how they interact with
each other as well as a brief look at the effects of small perturbations to
these many circular interfaces. In all of these examples we highlight how
the velocity from principal result 3.1 changes.

3.3.1 Concentric Circles

In our first example, we assume the initial amount of mass in the system
is small and choose the outer domain to be the unit disk; that is, Q =
{x :|x| < 1}. We also assume that the initial aggregation phase for u has
already occurred and we are in a metastable state of two concentric circles.
We have u =1 for x € Q_ and u = 0 for x € Q4, where Q_ = {x: |x| < J},
Qp ={x:|x|>d},and I" = {x : [x| = 0}, for some constant J.

Consider M, the initial mass of u. Since w is uniform within Q4 and Q_,

M:/udxz/ ldx = 7r? = 762,
Q Q_

we have

and therefore,

i
T
which means § = O(v/M). Since we assume M is small (M < 1), we must
also have § < 1.

We suspect that in this case, due to the radial symmetry of the domain,
the solution will be radially symmetric and therefore not depend upon s,
the arc length of I'. Since the solution will be independent of s, the velocity
from principal result 3.1 and will be zero and we are actually in the
case of a stable equilibrium, not a metastable one.

The reduced problem we have to solve is

1 :0<|x[ <4

DAv—v=—-0 ,
{ 0 < x| <1 (3.15)

ov
— =0 =1.
8n 9 ‘X’
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3.3. Specific Domain Choices

Expanding v in terms of § as v = vg + p(d)v; + ... and substituting in,
we have the following leading order equation.

DAvy —vy =0, |x|<1,

81}0
— =0, =1,
o x|
which has solution vg = 0. The O(u(9)) equation is
DAvy —v; =0, [|x]<1,x#0,
0
ﬂzo7 lx‘::l, v ?7 aSX—>O,
on
where the singular behavior of v; as x — 0 is determined by matching to
the inner expansion around 0. Now, consider the inner variable y = x/é and

the inner v function V. Using this change of variables for equation (3.15),
our inner equation to solve becomes

AV B 1 :lyl<1
DéT V= U{O dyl>1°

We now scale V as V = 6°W and expand W as

W =1log(0)Wo+ W1 + ... (3.16)

The choice of the log(d) term will be made clear shortly. Substituting
in this scaling and expansion, we wind up solving the following O(log(d))
equation for Wy,

AWy =0,
Wo bounded as y — oo,

which implies that Wy = Cp, a constant that will be determined by matching
to the outer solution. The O(1) equation is

_ o1 :yl=1
AWy = D{O yl > 1

This equation can be solved by switching to polar coordinates and using the
fact that the solution must be radially symmetric. With p = |y| we have

g

1 1 :p<1
appVVl + ;@Wl = —{ p=

D0 :p>1"~
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3.3. Specific Domain Choices

with W; well-behaved as p — 0. Solving in each region separately, we have

1.2 .
w, = { b (i +4o) ip<1
Bolog(p)+C1 :p>1
We impose continuity and differentiability at p = 1 to patch together the
two solutions together and solve for the unknown constants. The solution is

w={ BUEG ) st
—55log(p)+C1 :p>1

where C is undetermined and comes from matching to higher order terms

in the outer expansion. To proceed with matching the inner and outer

solutions and determining Cy and C7, we examine the behavior of W as

p — o0. Adding together Wy and Wi and switching to the outer radial

coordinate, r = p/d, we see that

W ~ log(6)Co — % log(r) + % log(8) + C4 + ...

As p — oo, W has an unmatchable log(d) term. This explains why we
expanded W as in (3.16]) and forces Cy = —o /2D to cancel this term. As a
result, for p > 1, W becomes

g g
= — 1 - 71 ...
5D 1800) — g5 loe(p) + €1

Since V = §2W, for |y| <1 (p < 1), we have

_ 5 =T og(0) = Z (Lyp G L
V=6 [ 2Dlog(6) D<4|y| . 1 +..., (3.17)

and for |y| > 1 (p > 1), we have

V=42 [—ilog(a)—%1og(|y|)+cl+...}. (3.18)

Now, as y — oo, we must have the inner and outer solutions match.
Switching to the outer variable in (3.18]), we have

(S + ... ~ 82 [—%log(|x|) +C1+.. ] ,

which means p(d) = §? and determines the problem v; satisfies as
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3.3. Specific Domain Choices

DAUl—Ulzo, |X|§1,X750,

0
%:0, x| =1; vlw—%log(\x\)—i—Ch as x — 0.

This equation can be solved by once again switching to polar coordinates
and leveraging the radial symmetry of the domain. The problem becomes

1
Oy + =001 — NP0 =0, r<l1,
T

o1 =0, r=1; vlw—%log(r)—{—Cl, r—0,

where A = 1/v/D. This ODE has solution
o oKi(1)

= — Ko(rA

u=5p N+ 51

where Iy and K are modified Bessel functions of the first and second kind
respectively. As r — 0, using [1] for the asymptotic expansions of Ko(r), v;
becomes

Ip(rA),

o oKi(1) o

where 7 is the Euler-Mascheroni constant. We can see that C7 must be

g Kl(l)
= — (log(2) — . 1
Finally, since v = 6%v1 + .. ., the solution to equation (3.15) is
o O oKi(1)
= —K — =] 2
0= (55 Kallxl) + 5 (bl ) + (3.20)

As suspected, due to the symmetry of the domain the solution v, to
O(6?), has no dependence on 6 and thus is independent of s. This means
the derivatives with respect to s in (3.14]) will be 0 and there is no movement.

As a check, we verify our asymptotic results numerically. For this choice
of domain €2 and interface I', the solution can be found exactly by expressing
equation in polar coordinates, using radial symmetry, and imposing
continuity and differentiability on the interface. The solution is

o+ Aly(|x|\) x| <9

0T { BIO(’X|A) + CKO(|X‘)\) 0 < ‘X’ < 1° (321)
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3.3. Specific Domain Choices

with A, B, and C given as

(Ko(0) — o)1 (1) + K1 (1)Io(5)
11 (1)1o(d) ’
B:CKI(D; - L,(6)o 7
L(1) W(Ko(9), 1o(3))
where W(a,b) = ab’ — ba’ is the Wronskian.

The two figures below compare the asymptotic and exact solution. We
chose 0 =1 and D = 1. Figure compares (3.21) to for0 <r < 1.
In figure , we compare the exact solution and the inner asymptotic
solution given in at v = 0 for changing values of §. In figure we
plot against 1 — 6.

A=C
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3.3. Specific Domain Choices

Figure 3.2: Asymptotic solution plotted with the exact solution for 0 < r <
1. Here, § = .05. We can see that for everywhere except very close to r = 0,
they are in almost complete agreement.

X 10_3 Exact vs. Asymptotic Solution
8 L] L] L] L]
— Asymptotic
7 F @) Exact i

3.3.2 Circular Domain with Perturbed Circular Interface

In this example we look at the case where the interface is a near annulus.
Once again, (2 is the unit disk and I' at time ¢t = 0 is the curve

r=ro+0h(9), with h(8) + 27) = h(8),

for0<rg<land 0<d<1.

The question to ask is how does I' evolve for near-circular initial inter-
faces. Since we don’t assume the interfaces themselves are small, we don’t
have an inner variable but instead two comparably sized solutions in which
we impose continuity and differentiability where they meet. The problem to

50



3.3. Specific Domain Choices

Figure 3.3: Asymptotic solution plotted with the exact solution for r» = 0.
Here, § ranges from .5 to .01. As § — 0, the approximation becomes more
accurate but is surprisingly accurate for fairly large values of 4.

Exact vs. Asymptotics for Varying &
0.35 - . . .
— Asymptotic
0.3 O  Exact -

0.25

0.2

(.001)

> 0.15

0.1

0.05

solve is

DAvT —vt =0, ro+dh(0) <r <1,
DAv™ —v™ =—0, 0<r <o+ dh(h),

ov
v, n continuous across r = rg + 0h(0); v regular as r — 0,
v, =0, r=1,

where v indicates the solution in the outer region and v~ is the solution in
the inner region.

The first thing we will do is unravel the inward normal for this interface.
In polar coordinates, the gradient and level surface, ¢ = 0, are
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3.3. Specific Domain Choices

1
Vo = v,.r + —vpb; ¢ =1 — (ro + 0h(0)).
r

As a result,
v Vo urér+ mvpty

—=—-Vu- =
on Mol = 2.9

At this point we can substitute in ¢, = 1, g9 = —0h/(0), and r = ¢ + dh(6)

is ¢ = 0 to derive
ov Vp — WUy (3.22)

- STt olO)w
with w given as
B On'(0)
~ (ro+0n(0))*

Now we will do a perturbation calculation by starting with

1
Avt — —ovt =0 Sh(f) <r<1
v v , ro+oh(0) <r<1, (3.23)

1
AvT ——v =0, 0<r<ryg+dh(0),
v DY r < 1o+ 0h(6) (3.24)
v~ non-singular as r — 0,

and we have the transmission and continuity conditions on r = r¢ + dh(6)

ovt v
oy, T 2
vErs on on’ (3:25)
with the normal derivative defined as in (3.22). The goal is to calculate
Ag(0) = vy, Ai(0) = OpvT | with T' = rg + 6h(f) for the velocity in

equation (3.14]).
The inner and outer equations are expanded in polar coordinates as

v+:1}6r+5vl+—|—52v;+...; v_:va—{—évf—}—é%;—i—...,

and we use
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3.3. Specific Domain Choices

vt (rg + 6h(0),0) = vt (rg) + Sh(0)v; (ro) + g

to gives us our radially symmetric leading order problem

1 1 o
+ + _ . _ -
AUO_BUO_O’ ro<r <1 AUO_EUO__E’ 0<r<r,
fU(_)F =y, T =70; 81““(—)’_ = ar'UO_, r =To,
vy non-singular as r — 0; Orvar =0, r=1.

This is precisely the problem specified in (3.15), which was solved exactly
in section 3.3.1. Written compactly, the solution is

Ko(Ar) + 5 o (w)

vy (1) = C, , ro<r<l,

0
Ko(Aro) + 75 To(Aro) (3.26)
Io(A
vy (r) =0+ (Co — U)IOO(()\;))’ 0<r<rg,

where A =1/ \/5, Ky and [y are once again modified Bessel Functions and
Cy comes from enforcing differentiability at r = rg. To determine Cj, we
will define 7 and 7 as

n(r) = Ko(Ar) + IE&) L) m) = LOw),  (3.27)
which gives us
va (r) = Cy n(r) ; vy (r) =0+ (Co—0) 72(r)

Imposing differentiability on r» = rg, we calculate that

mi(ro) _ 73(ro)\ _ _ m(ro)
o <n<ro> Tz(m)>_ (o)

If we multiply both sides of the above equation by 7 (r¢)7m2(r9) we obtain

CoW (12, 711) = —o7y(r0)71(r0),
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where W(19,71) is the Wronskian of 75 and 7;. It is not hard to work out
that W(ra, 1) = W(Io(Ar), Ko(Ar)) and, since W(Iy(z), Ko(z)) = —1/2z by
Abel’s identity, we determine that

Co = r0073(r0)T1(70), (3.28)
with 71 and 75 given in (3.27).

This tells us that the leading order approximation of Ag is

Ao = v | + O(8) = Co, (3.29)

lor

and we calculate 0,v; (r9) to determine A; as

I(/)()\T'())
Io()\T())

A = &nv(f(ro) = —87«’00_ (?”0) = )\(U - C()) + 0(5), (3.30)
with Cjy defined as in (3.28)).

Notice that A; is independent of # and as a result, independent of arc
length s along I'. Thus, A; can be used in the denominator of the surface
diffusion law in equation . We must show that A; > 0 to ensure we
have the correct sign of the velocity. Note that this was conjectured in
section 3.1, conjecture 3.1; with this specific case we can make asymptotic
and numerical progress. Substituting Cy from (3.28) into (3.31) we are left
with

I(/)()\To)
Io(Aro)”

Since Ip(z) and Ij(z) > 0 Vz, we only need to focus on the terms in the
parenthesis above. Now, consider 8 given by

A1 = )\0(1 — 7’07’5(7"())7’1(7’0))

(3.31)

B(ro) = roms(r0)T1(70). (3.32)

Determining the sign of A; reduces to showing that 8 < 1 for 0 < rg < 1.
First we consider the case when rop — 0. Here, 71(r9) = O(—log(ro))
and 75(rg) = O(rg) due to the fact that, as z — 0, we have

2

22 z
Ko(z)w—[log(g)-l-%](l—i-4+...>; Io(z)wl—i-z—i-...,

which implies 8 = O(r3(—log(ro))) and thus 8 — 0 as 79 — 0. Now, when
ro = 1, we have
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3.3. Specific Domain Choices

B(1) = A[Ko(NIH(A) — Ko(MIo(N)] = =AW(Io, Ko) = 1,
by Abel’s identity.
What is left to prove is that § is monotone increasing for 0 < rg < 1. For

now all we can do is conjecture that this is the case and provide numerical
evidence for a few values of X in figure (3.4

Figure 3.4: A plot of 3 as given in (3.32) showing monotonicity for a few
values of .

B vs. A for different values of A

D
0.8} 3
1

0.6}

04r}

0.2¢

0.8 1

We now make progress to determine the O(§) and O(6%) contributions.
First we take a closer look at our transmission and continuity conditions

(3.25)). Recall

2h(0)?

vt (ro + 6h(0),0) = U+‘0 + 5h(9)vﬂ0 + 5 vw}o

where f|, = f(ro,0). We expand v as

v+:v6r+5vf+52v;+...
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Combining these two equations we arrive at

2
v (rorth, 0) = v |+ 00 | +hdeeg ) +0% (| Hh0T ot e B[ )+

From this equation we can determine the O(d) and O(62) continuity
condition. They are

000): vf|,— v |, =My |, — g, =0, (3.33a)
_ _ h? _
0(52) : v;‘|0 — v, ‘0 = h(0,v] ‘0 — 8rvf'|0) + ?(&rvo ‘0 - 8m«v3"0),
(3.33b)

where the O(0) equation is simplified in that way since we already know
arvg ‘ o = Orvg ’ o from the leading order equation. Next we examine the
second condition in using . Since the denominator in (3.22)) is
independent of v it plays no role in the transmission condition and thus we
can ignore it and label

on

D = .
+7’0+5h

We can also expand 1/(rq + 6h)?

L Lo\ L2k
(ro + dh)? T(Q) 0 r% ro )

Using the above, (3.22) gives

ov

:—1{ (ro + 61, 0) —

on D 70

on’' 20h

7’8 <1 - —+.. > vy (ro + 5h,0)} , (3.34)

where v;’ (a partial derivative, not total derivative) can be expanded as
vy = vy (ro,0) + Shvy (ro,0) + ...

We can now substitute this and the fact that var is radially symmetric in to
(3.34) while also expanding v* as vt = vj + dv] + 6%v5 + ... to derive
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1
&}:—D[arvg +56Uf‘0+harrv()‘ )

on ‘0

h, /
462 <37~U;‘0 + hdpuf |, + arr’r"vO o — %afwﬂo) ]

With the transmission condition given as v, = v, , we can see that,
to leading order, d,vj |, = o = Orvg | o (as expected). The O(9) transmission
equation is

Opv] ‘0 &fuf‘o = h(0rrvg ‘0 Opr vy ‘ (3.35)
and O(6?) gives
0rvs |0 8,4}5‘0 = h((?wvﬂo Oprvy } (Oprrvg ‘0 awvg|0)
, (3.36)
891)1 ‘0 891)1_‘0).

We combine (3.23)), (3.24), (3.33a)), and (]3.35]) to obtain the O(d) problem

1 1
Avf — 2o =0, no<r<l  Av —zv =0, 0<r<r,
8va“ =0, r=1; v, non-singular as r — 0,

”Ho = ”1_|05 Orvq ‘o 6T”f|o = h(Orrvy ‘0 rr”(ﬂo)

The O(6?) problem can be found by combining (3.23)), (3.24), (3.33b)),

and (3.36)) to give us

1 1
Av;—ﬁv;:(), ro <1 <1 AUQ__B%_:O? 0 <r =m0,
8Tv; =0, r=1; vy non-singular as r — 0,
+ - _ — +
U2 ‘0 ) ‘0 = _?(arrvo |o — Orrg ‘o)’

with transmission condition

2

_ _ h _
0rvs 0rv, ‘0 = h(0pyv] ‘0 — 8rr11ﬂ0) + ?(&Wvo ‘0 — 8”,,1)3'{0)

o~
I

h _
891}1 Ogvy ‘0).
0

o~
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The main goal is to find terms of Ag that include 6 and breaks the radial
symmetry. We have

Ap(0) = U+|8F = v (ro) + 8(0rvg (r0) + v (ro,0)) + 0(82). (3.37)
which upon taking a derivative with respect to 6 gives

Ay(0) = 5(8rv§(ro)h'(0) + Ogvy (r0,0)) + ...

This shows that our goal is to calculate ﬁgvf (ro,0) and despite developing
the equations for the O(62) correction term, it may, in principle, not be
necessary.

We return our focus to the O(9) equation, which can be rewritten as

1

Avf—)\%fzo, ro<r<1; Avf—ﬁvfzo, 0<r<rg,
Orvf =0, r=1; v] non-singular, as r — 0,
o] + - _
vl o = vr s Orvy [o = Oy |y = o,

(3.38)
with vo = 0prvy (ro) — 8rrv8r (ro). In order to solve this PDE we first assume
that h(f) has a complex Fourier series expansion; that is,

o0 ) 1 2
hO)= > hne™
n=-—oo
Since the problem (3.38) is linear and the only inhomogeneous term is from
the jump in the right hand side, we can write the solution as

_ —inf
=2 s h(6)e™*"" db.

o0
=90 Y haFne™, (3.39)
n=-—o0o0
where F}, solves
1! 1 / n2 1 /
Fi 4+ F = 5F— 5Fa=0, 0<r<l  F1)=0,
F,, non-singular as r — 0; F,’l(rar) — F/l(ro_) =1, r=nrg.

F,, is very similar in form to the solution for vy given in (3.26]) and once
again involves modified Bessel functions. The solution is
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K,(N)
Kn(Ar)——7~ In(Ar)
Tn II(*}()‘) ro<r<l1

Fo=1 " KaOro)- 528 1) :
0<r<mrg

~ Ip 6\7‘)
T, (o)

where 7, = 7,(ro) is determined by imposing F/,(rf) — F\(ry) = 1. To
impose this condition, let us first define 71 (r,n) and m»(r, n) in an analogous
fashion to 71 and 75 from (3.27). We have

T1(r,n) = Kp(Ar) — II{IA((;\; I, (Ar); To(r,n) = I (Ar).

The derivative jump condition for F;, is then

o) - s = (B - 2R =1

Multiplying both sides by 71 (rg,n) and 72(rg,n), we obtain

T W(T2(r0,n), T1(r0, 1)) = T1(r0, n)T2(T0, 1).

Once again, it is not hard to see that W(a(ro, n), 71(ro,n)) = W(I,(Arg), Ko(Aro))
and thus again using Abel’s identity we have

7A'n = —7”07'1(7’0,7‘&)7’2(?”0,77,), (340)

which fully determines the solution for vy in (3.39)). With this information
in hand we can now analyze how a perturbation to a circle evolves in time.
Recall the velocity equation

. a5140
n——( - ) (3.41)

and since A; is independent of s, we can write this as

) 1
n~ —IlassAO -+ 0(5)

To translate the arc length derivatives in polar coordinates we use the fact
that

ds _
g

V (ro + 6h)2 + 8212 ~ 1o + 5h + O(82).
Thus,
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ds ds\? d’s
aGAO - asAO@y 899140 - 85.9140 <(19> + a5140@-

But, since ds/df ~ 1o + 6h, we have that d?s/d6* ~ O(5). This gives us

Ogo Ao = 8551407‘(2) + 0(6)85140

This can be substituted into (3.41) along with the expression for Ay(6) given
in (3.37)) to obtain

. 5
0~ = (O (ro) W (60) + Doy (70,0)) -
17o
Recalling that on this order A; = —d,vy (ro) and that vy (ro) = vy (ro)-

Using this, we can simply the above expression to be

1) 1)
9~ —=h"(0) — —— vy 0).
i 2 (0) e hovy (0, 0)

Substituting in v; from (3.39) and the fact that F,(ro) = 7,,, we now have

I < o o § <~ (0
. 2 inf 2p ~ _inf _ n 2 ind
n~ -5 Z n hn6 + m Z n hnTne = 7 Z <141 - 1) n hne 5

r 2
0 n=—00 n=-—00 0 n=co

where v = Opvg (10) — Orrvg (ro). This can easily be calculated from the
ODE that v satisfies. This ODE is

_ 1. _ 1 _ o
Oty + 20wy = ¥ =~
1 1

+ + + _
8TT'U0 + ;07«'[)0 — BUO =0.

Taking the limit as r — rar and r — 7, and then subtracting the U(—)’— equation
from the v, one (noting the use of continuity and differentiability), we arrive
at

o

Y0 = arrvo_ - arrv(—)i— = _5-

After substituting in A; from (3.31) and -y, from above, the velocity becomes

o0

. 1) A%nIO()‘TO) 2 in6
i~ 2 ((1—5)16<Aro>“>"h"e '

r
0 n=—oc0
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Note that the velocity is independent of 0. We can substitute in for 7,, from
(3.40) to isolate terms that depend upon n. The velocity becomes

8¢ _ AroloAro)Cn oy ine
i~z 3 (- ) e

0 n=—co

with C), given by

K/ (A
Cy, = Ln(Aro) Ky (Arg) — I/"(()\)) I (Aro)2.
We remark that S5 is simply
Ko(M)

B(ro) = roM)(Aro) | Ko(Arg) —

ey Iy(Aro)
and that we showed numerical evidence that 0 < 8 <1 Vrgin 0 < rg < 1,
vYA>0.

To analyze how a perturbed initial interface evolves in time we look to
a specific example with h(6) = cos(n#) for some choice of n. Thus, we have
that hy, = 1/2 and all other terms are zero. The only terms that remain
are

)~ —é — —)\TOIO()\TO) n? cos(n
TR (-2 ﬂ)Ié(Am)C”> ) 342

Notice that the negative sign in front is trying to make 7 < 0 when
cos(kf) > 0, which means a bulge will flattens out. The second term, due
to the C),, has an unknown sign which we will now investigate further. To
do this we consider a few limiting cases.

Case 1: Suppose A — oo, i.e. D — 0 and 9 > D. The following identities
can be found in [1]. As z — oo, we have

z 4n? — 1 4n? — 1

which tells us that

61



3.3. Specific Domain Choices

Ky(2) - <8z +4n? + 3) N <1 N 4n? + 3>

I!(2) 82 —4n? -3 4z
and thus
K] (N 9 _oa 4n% + 3 e”‘ 4n? — 1
T ~ — 1 1—
_ 1 g 1
2)\7“0 (1 + O(A )

We can combine (3.43)) and (3.44)) together to determine C,, as

1 4n2 -1 6—2)\(1—7‘0)
)~ c ).
¢ 2\rq < 8A2r2 ) +0 ( A

The second term is exponential small which means it can safely be ignored.
The conclusion is that

1
anm(l—i-O(A%)), as A — oo.

What remains is to estimate 5 and I} (Arg)/Io(Aro).

/8(7'0) :7’0/\ I ()\To)Ko(/\T'Q) ((;\))I ()\7’0)[0()\7"0):|

ATO 72A(177"0)
~ T\ ¢ e~ ! +olf——
27‘(‘)\7‘0 2)\7“0 8/\7“0 8)\’/“0 A

1 1 e~ 2\(1=70) 1 1
b o ] e

For Iy(Aro)/I{(Arg) we have

Arg 1 1
[0()\7’0) \/ZTI’)\T’() (1 + 8/\ro) (1 + 8)\r0> n 1
Ié()\r()) erro (1 o i) (1 3 > 2)\’)“0’
V2T Arg 8Aro 8Arg

which leads us to our end result for this case
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o (k) () o

- 2Arg

1+ 550e
~2<<%+2:£0>)<1+o<;>>~1+o<;>,

and therefore

Arolo(Aro) 1
l—— o ——C, ~ O (52
i- a0 O~ O )
as A — 00.
As X — oo we see that the velocity 7 < 1 but the sign of the O(1/)\?)
term has yet to be determined. What is clear is that if there is any instability

it will be very weak.

Case 2: Suppose n is fixed and A\ — 0 which corresponds to large diffusive
forces. For n > 1 and z — 0 we have the following identities

WG RO~ B

n!

RO~ g (7 K-

which tells us

In()‘)Kn()‘) ~ o

Now,

K] (N E(A)_(m_l) 1 Ao\ 27 ran
oy e (7)<

2(n—1)!
and thus for A — 0 we have C,, > 0 and

2

1
Co v 5-(L=1g").

To finish off this case we again need to estimate 5 and Io(Arg)/I)(Aro)
as A — 0. For the Bessel functions we have
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() 2
oy N
and for
ﬁ(’l“o) = 7‘0)\ |:I/ ()\To)Ko()\’l“o) — Ké()\) Io()\To)I/ ()\7"0):|
" (V) "

ol 2

Ar L\
55 0og() — 5 °]
2

<

—

~r2.

~ TN [O(Alog(A)) 3

From this we can conclude that

Arolo(Arg) o ATQ i 1-— 7‘8” N 1-— r%”
(1= B)I}(Aro) "1 —1ro \ o n n(l— 7’%).

Therefore for (3.42) in this limit, we obtain

. g 1—rg" 2
M~ e <1 — 71(1—7”3)> n® cos(nb). (3.45)

We conclude that as D — oo, perturbations will stabilize. To see this, we
define

1—-k"

f(k):”—m,

where k = r%. Since 0 < rg < 1, the second term in f(k) can be represented
as

1— k"

(1—F)
Now, consider f(0)=n—(140+...4+0) > 0if n > 1. We also have that
f(1)=n—(14...41) =n—n = 0. Now, since f’(k) is monotone decreasing
on 0 < k < 1, we have that f(k) cannot have a zero in 0 < k < 1. This
means the velocity in is negative when cos(nf) > 0, i.e. a perturbation
returns to a circle.
Case 3: Now, we consider the case where g < 1 but A = O(1). We have

=(1+k+...+&" 0.

Kp(V)

B(ro) = roX | Iy(Aro) Ko(Aro) — 0N

To(Aro) IH(Aro) | -
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Now, as rg — 0, we have

B(rg) ~ roA[O(rolog(ro)) + O(ro)] — 0, asry— 0.

Thus,
Arolo(Arg) o 21
(1= B)IH(Aro) " Aro

since Io(Arg) ~ 1 and I{j(Arg) ~ Arg in this limit. What is left is to compute
C,. Forn > 1, as rp — 0, we have

Cn, ~2C,, asrg—0,

1
I, (Aro) K (Arg) ~ —.
(Aro) Kn(Aro) ~ o -
Also,
KI
I:((;\; In()\’l“o)Q = O(T[T)Z)v as rop — 0.
Thus,

)\7"0[0()\7‘0) l
(1—=B)I(Aro) "
We conclude that for ry < 1, that

PR <1 - ;) n? cos(nf). (3.46)

Assuming that ro > O(J), with r = 79+ cos(nd), this law suggests that
a bulge flattens out with velocity proportional to O(5/r3),

Case 4: Finally, we consider the case where A and ry are fixed and let
n — 0o. We want to establish is the interface is stable to a ‘high frequency’

perturbation cos(nf) for n > 1.
The only term that requires estimation is C),. Recall that C,, is given as
Kn(A)

Cn = In()\’l“o)Kn()\To) - n

rn

For n — oo we use

and therefore,
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For the derivative terms we have

o (2 A (5
" 2mn \2n 2n  z/2mn \2n/ '

—(n+1) e n T /ez\ "M
K'(2) ~ —ny | —— (iz> e __n 7(7> .
n(?) " 2mn \2n 2n z\ 2mn \2n

This gives us

K/ (\) 9 1 e\ "2 fedro\ " ran
n\ N ~—— (& ~_T0
T(v) o) n m

Combining these results we can see that for n > 1, we have

SO

but since 0 < rg < 1, we have C;, ~ O(1/n). In the asymptotic limit of
n > 1, we conclude that

_ ) Arglo(Arg) 1\ o
M~ _7% <1 - (1—5)16(/\7“0)2n> n® cos(nb). (3.47)

0~ _jg <1 -0 <711)> ? cos(nd),

it follows that a bulge flattened out rather quickly.
Remark 3.3.2.1: Consider G, (79, A) given by

Since

_Arg Io(Aro)
1 — B(ro) Iy(Aro)

Note that G, (79, A) is the term with an undetermined sign that appears in

(3.42). In figure we plot G, (rg, \) versus ry for a few values of A\ and
n. For each pair of A and n, G, crosses the rg-axis for a certain critical
value of 9. We believe that this sign change is not an instability but comes

Gn(ro,\) =1 Ch.
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from boundary effects. The Neumann boundary conditions on the outer wall
create a mirroring effect, attracting the perturbed drop to its image outside
the domain.

3.3.3 Many Circular Interfaces

We now consider the case where I' is initially a collection of N disjoint disks
of radii dr;, i =1,..., N so that

N
Q5:UQ5¢5 Q, = {x: |x — x| <y}
i=1

‘We then must solve

_ 1:x€Qs
pav=v= U{UZXGQ\QW (3.48)
ov
— = Q.
o 0, x€0

We will assume that § < 1. In our original analysis we used € < 1,
so here we need to assume € < 6 < 1 so that the profile for u across a
cross-section of one drop is as in figure |3.6

Now from our previous analysis we know that the normal velocity of
085, (the boundary of the 4™ droplet) is

0s. Vo
. ’
nj = ( j(Sj)>S. , X €08, (3.49)

where s; is the arc length of the boundary of the 7' drop and A;(s;) is
given as
Aj(s) = Vo-m|g,,

and

VO:U‘@Q,;J.'

For a circular drop of radius dr;, we have s; = 07,0, where 6 is a local polar
coordinate.

We will use strong localized perturbation theory to calculate a high-order
approximation for v. We begin by looking at the inner region near the j*"
drop, where we let
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G2 vs. 1 for different values of A (33 vs. 1y for different values of A
2 2
oF
-2
-4
[<=N
-6
-8
-10
-12
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T
(a) Go for A = .2,1,5 (b) Gs for A =.2,1,5
G4 vs. 1y for different values of A G5 vs. 1y for different values of A

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

o o

(c) Ga for A=.2,1,5 (d) Gs for A=.2,1,5

Figure 3.5: G,(ro,A) for n = 2,3,4,5, A = 2,1,5on 0 < 9 < .95. In
each plot it is clear that there is a critical ry value such that G, < 0 and
thus 77 > 0 when cos(nf) > 0, signifying growth of the perturbation and an
instability.
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Figure 3.6: Profile for u across a cross-section of one drop centered at z;,
where the drop is of size O(9).

Uu
O(e)
0(6) T
1 ~
x — x|
X — X;
V(y) =v(xj+0y), ¥y ==—5,
Then,
Dyv_v_ L:ly| <7y
ﬁAyV] Vi = G{ 0:lyl>r; "
This suggests that we expand V; as
V; = 6%log(8)Woj + 6 W1 + ...
We substitute to obtain that Wy ; is a constant and that
o 1:]y|<r
A = - :
yWi; D { 0:l|yl>r; (3.50)

To solve this equation we look for a radially symmetric solution and obtain,
upon imposing Wy j is C! across p = |y| = r;, that

g 2 o .2
—appP° +Cj+ 4pri p<7j
W, :{ iD T 4D - (3.51)

kjlog (%)—J—Cj Lp >y
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3.3. Specific Domain Choices

where k; = —0’7’]2-/2D and Cj is an arbitrary constant to be found from
matching to the outer solution. Note that k; is found by imposing differen-
tiability across p = r;.

Remark 3.3.3.1: Suppose that was such that (25, was an arbitrary
closed region. Then we could not solve as in but we could still calcu-
late k; and show it is constant. Let 2; = €25, /0 so that ; has area that is
O(1). The analogous Wi ; equation is

_ o 1:]y]€Qj
AyWi; = D{ 0:lyl €9,

Now, as |y| — oo it still follows that W1 ; ~ k;log(|y|) for some constant k;
to be determined. Using the fact that Wy ; is C1 we have from the divergence
theorem that

lim AWy jdy = 27 lim Ran’j

= 2mk;
R—oo /B, R—o0 8]y] T

lyl=R

where Br = {y : |y| < R} with R large enough to contain ;. However,
since AW, ; = —o/D inside Q;, we also have

lim AWL]‘ dy = —%|Q]’ = 27['kj,

R—o0 BR

and thus,

Y
J 2D’
where |Q;] is the area of ;. Notice that if |Q;] = 7r? as for a circle, then

kj = —UTJQ- /2D as derived for equation 1| We conclude that the solution
to

o _g 1: |y| S Qj
AYWLJ - D { 0: ’y’ g Q] ) (352)

has the far field behavior as |y| — oo given by

Wij ~ kjlog(ly]) + Cj +o(1), asy — oo.

Here, C; is an arbitrary constant. We observe that since a constant solves
(3.52) then C; is a constant that is undetermined from the inner problem
and will be found by matching to the outer solution.
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Returning to the circular drop case, recall that the inner expansion is
given as

Vj = 6%log(8)Wo,; + 8 W1 + ...

In terms of the outer variable p = |x — x;|/d, the far field behavior for the
inner expansion is

Vi ~ 82 log(8)Wo j + 62[k;j log(|x — x;|) — k; log(0) — k;log(r;) + Cyj] + ...

Rearranging the above equation,

Vj ~ 6%1og(8)[Wo j — kj] + 02[kjlog(|x — x,|) — k; log(r;) + C;] +..., (3.53)

with k; = —Jrjz/QD.

Here, we see that Wy ; must be

Woj=Fk;, j=1,...,N.

If Wy ; was not chosen in this way, the outer solution, a second-order elliptic
PDE, would be forced to satisfy a point constraint (v = 6% log(8)v*, v*(x;) =
Wo,; — kj), which is ill-posed.

It follows that in the outer region we must expand the outer solution as

v=2056% +...

Upon substituting this expansion into (3.48), we obtain that v; solves

Avl—)\Zvlz(), XGQ\{Xl,...,XN},

81}1
— =0, € 09,
on x
v1 ~ kjlog(|x — x;)| — kjlog(r;) + Cj, asx —x;, forj=1,...,N.

(3.54)
As before, A = 1/v/D.
To solve (3.54)), we introduce the reduced-wave Green’s function G\ (x; x;),
which satisfies,

oGy

AG)\—)\2G,\:—(5(X—X]'), x € W

0, xe€of.
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We can decompose G (x;x;) globally in Q as

1
Gi(x;x5) = —%log(\x —x5|) + Ra(x; %), (3.55)

for some globally defined C* function R)(x;x;). As x — x;, we have,

Ry(x;xj) ~ Ry; + VRA|XJ_ (x—x5)+O0(]x — Xj|210g(]X - x5)),

where Ry; = Rx(x;;%;) is the regular part of the reduced-wave Green’s
function in (3.55)). Additionally,

VRi|,, = VEA(x %)), -
We can now write v; globally in Q by introducing singular Dirac forces
as

N
Av; — N2y :27r2k¢(5(x—xj), x € Q; (?;;;—O, X € 0N
i=1

The solution to this PDE can be represented as the superposition

N
V1 = —QWZ kiG)\(X;Xj).
i=1
Now we expand as x — x; to obtain

1
v ~ —27kj | — %log(]x —x5]) + R)\j+VR/\‘xj (x — xj)]

N
= 2m Y ki |Gogi + VG, - (x =)

i#£]
which can be rearranged into
N
U1 ~ kj 10g(|X - Xj’) — 27 |:ij,\]' + Z k’iG)\ji + k‘jVR,\‘xj . (X — Xj)
i#]

N
+ ) kG, - (x—xj)].
i#j
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This long expression can be written more compactly as

N
v1 ~ kjlog(|x —x;[) — 27 | kjRy; + Z Gyrji| +a;- (x—x;), (3.56)
i#j
as X — X; and with v ~ 6%v1. In this equation, a; is a vector-quantity
defined by

N
aj =2 | kK;VR\[ +) kVGi| | (3.57)
i#]
Ignoring a; - (x —x;) in (3.56)) for the moment and matching (3.56) with
the required behavior in (3.53), we obtain that

N
Cj - k‘j log(rj) = 27 k‘jR,\j + Z k’iG/\ji > for ] = 1, ce ,N,
i#£]
which yields
N
Cj = kylog(r;) — 2 |kjRyj + Y kiGhji
1#£]
This can be written in matrix form as
(P —271G\)k = C, (3.58)
where
10g(p1) 0 Ry G)\ij
P= e ; g)\ - I )
0 log(pn) G)ji Ry
ki(v) Ci(v)
k=1 1 |3 C=|
kn(v) Cn(v)

Remark 3.3.3.2:
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1 1t i determined by (3.08)), the inner solution for 1s determine
i) With C; d ined by (3.58), the i lution for O(62) is d ined
from (3.51)).

(ii) By Remark 3.3.3.1, with C; determined by (3.58), the O(52) term for
the inner problem for Wi ; is a well-posed problem for an arbitrary
shape €2;. In particular, if x; is any point in {25, then we must solve
uniquely the following problem.

‘__g 1:yEQj
AyWi; = D{ 0:y&€Q;”’

Wi ~ kjlog(ly|) + Cj+o(1), as [y| = oo,
where Cj is found from (3.58) and k; = —o|Q;|/(27D). For this
general problem, we can set r; = 1 in P so that P = 0 since in

(3.51), we would write Wy ; ~ k;log(ly|) + C; as |y — oo and put
ly| = |x — x;|/6. Thus, for the general problem, —27G k = C.

Remark 3.3.3.3: We now compare our theory with results obtained for
the annulus 0 < |x| < 1 with r = |x|. For the annulus, we can find an
exact solution. Note that this has already been found in . Expressed
differently, the exact solution is

Io(Ar) .
(vE—J)IP((/}g)) +o :0<r<é
_ 1o
v UEKO(M) 16/@) o) d<r<1’
Ko(A0)— 0% 1 (2)

with vg given as

Vg = Ao [I{)()\é)KO(M) _ 26(%) L)L) | -

Now, in the outer region with r; =1, j = 1, we have

w062

i) G (x;0),

g

55 ) Galxi0) =

where for the unit disk the Green’s function is given as

v~ —276> (

Gaxs0) = 5 | Kolr) = ZEE ()

Since Ky(z) ~ —log(z/2) — v as z — 0 with v as Euler’s constant, we have
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GA(x;0) ~ —%log(r) - % [log <;> +v+ -20((;\))] +o(1), asr—0.

Thus,

Ry =

Ky
[log()\) —log(2) + v+ I(’)O(/\) } ,

is the regular part of G at x = 0. In the inner region with Ry; given above,

we have from (3.58|) that

Cr = (log(/\> —log(2) + v + IZ’)(/]((A/\))D ki, k1= —%.

Note that with D = 1, we can see that this is exactly the constant found in
(3.19). Thus, in the inner region, we have for r = O(d) that

™

O'T2 ag .
~ k%log(d) + 024 “apw TCitap o ir<o
Vi~ k107 log(9) + { ki log(r) — Ky log(8) + Cy <7 > 6

We can see that this is the exact inner expansion derived in section 3.3.1
(equations (3.17) and (3.18))) and our analysis for many droplets reduces to
a single drop when N = 1.

Now we return to the case of N circular drops and we go to higher order
to determine non-radially symmetric contributions that result in a non-zero

normal velocity.
We return to (3.56), and notice that there is an unmatched term due to
the gradient effects. We write the outer solution as (with x — x;),

N
v~ 62 | kylog(lx — x50) — 27 [ kjRyy + > kiGji | +a5 - (x— %)
i#]
where a; is given in (3.57)).
Note that all the terms except for a;-(x—x;) have already been matched.

In the inner variable this unmatched term can be expressed as §3[a;-y+o(1)].
This suggests that in the inner region near the j* drop we must expand

V=4 log(é)k‘j + (52W17j + 53W2,j —+ ...
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Upon substituting into (3.48) we obtain that in all of y € R? that

AyWo; =0, yeR% Wa;~a;-y+o(l), asl|y|l]—=oo. (3.59)

The o(1) condition at infinity eliminates constant terms and thus, to have a
smooth solution in R? we must have that Ws j is linear in y. Thus, we have
exactly in R? that

Wzyj = aj 'y

With this solution we have the three term inner expansion near the j** drop
as

o 2 g .2
—1pP” + 0+ 1p7; tpST 3
+d6°a; - y+...
kjlog(p) — kjlog(rj) + C; :p 2> 7y
(3.60)

This is the key result that will allow us to predict the interface motion
starting from an initial configuration of N circular small disjoint droplets of
radii 071, ...,0rN.

The question we are trying to answer is how do the droplets move ini-
tially. We know theoretically that for all time ¢ > 0 we have that the area
of each droplet is preserved in time since

4 1dx—/ ﬁ‘ds-—(asj‘/())‘ =0
dt Jo, o0, Aj(sg) ) log; 7

by periodicity.
We now return to (3.49). The normal velocity with s; = 67,6 is

V = §log(6)k;j + &* {

oo 1 %W
= (527“]2- Aj ’

where we have used that, to a first order approximation, A; is a constant
independent of §. Now we use the inner solution to calculate A;. Recall,

= —52kj1| L

(s:) = Vo - - _ i
A](S]) = Vv n‘aQ(;j - /UT’T‘Z(ST]' p =071 T ’

Now we write the non-radially symmetric terms of v as

v=(...)+ 8ajipcos(8;) + ajepsin(6;)],
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where (...) encapsulates the radially symmetric terms and 6; is the local
polar coordinate measured with respect to y =0 (x = x;). Thus, we have

BpoVo ~ —8°rj[aji cos(6;) + ajasin(;)], p=rj.
Substituting in for A; and 9peVy, we see that

. 1 —537’jaj =
;= — 2 ) 5
0272 _5ki
I

where ep, = (cos(0;),sin(0;)). Simplifying, we have

7'] . _aj . 99].
kj
Substituting in for £;, we arrive at the non-zero normal velocity
2Da; - €g.
= O (3.61)
or;

where a; is given in (3.57)).

This result shows that the normal velocity to the interface is asymp-
totically independent of the radius O(J). We can write equation (3.61])
equivalently as

N
i=2m VR, +> %VGA{XJ_ ey, (3.62)
i#j 7
This is the main result for this section. The initial motion of a collection
of small circular droplets of radii d71, ..., dry is on an O(1) timescale (recall
7 is on an O(1/e) for the general PDE) and is critically influenced by the
configuration of all the other drops. Notice the radius factor r;/r;. If r; is
large compared to the other drops, then the j*™ drop moves essentially by
VR)\‘XJ_.
Remark 3.3.3.4:

(i) Suppose x1,...,xy are such that equation is identically zero for
each j. These locations are an equilibrium state for the dynamics and,
in particular, if r; = r, V¢, then the equilibria would be to put N small
disks of a common radius at the roots of unity on a ring concentric
within the unit disk. There are other ‘symmetric configurations’ that
can be found. These will be touched upon shortly.
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(ii) The result (3.62) shows that an initial configuration of N small circular
drops will not remain circular as time increases and the boundary of
0€); will change as t increases.

(iii) In (3.62), the first term measures the self interaction with the boundary
of the domain, 9Q2. The second term is larger when r; /r; is large, i.e. if
a small drop of radius r; is surrounded by larger drops of radii r; > r;,
the small drop will deform the most due to the other drops.

(iv) To determine the direction which the drops move, we first consider a
previous result on spot dynamics for the Gray-Scott model as derived
in [7]. There, a 1-spot solution with center at xo € Q C R? satisfies
xo(t) with

x( = —€’kVR)\(x;Xo)|

x=Xq’
for some k > 0.

A collection of N spots with centers xg,...,Xxy_1 satisfies

N—-1
X = —ekj | S VRA:%)) |y, + D SVEAK X))y
i#]
for j =0,...,N —1, and some k; > 0, S; > 0 (see principal result 3.1
in [7]). The dynamics are known to be a repulsive interaction. For a
single spot, xg — Xge in €2 as ¢ — 0o, where xq. is the minimum of
R (x;%0). Thus, the boundary is repelling and spots too close together
are pushed away.

Our result, in (3.62)), has the opposite sign. Thus, for one droplet
aligned with the x-axis in the unit disk we have

)

= 2w |:8IR)‘|X:(11,O):| cos(;).

The bracketed term is positive from results in [7] if 7 > 0. Thus,
for cos(f;) > 0, we have 7 > 0 and 7 < 0 for cos(f;) < 0. Here,
droplet interactions are attractive in the sense that they will deform to
each other. In the single droplet case the droplet deforms towards the
boundary due to the "mirror” effect of Neumann boundary conditions.
A depiction of this can be seen in figure 3.7,
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Figure 3.7: A depiction of the results for the case described in Result 3.3.3.4
(iv). We see that the opposite sign for the velocity in the chemotaxis model
causes the attractive behavior and thus, a circle off the center deforms and
moves towards the boundary.

Initial configuration

\ U,

Deformation to boundary

(v) In part (i) of this remark we discussed equilibrium locations for a col-

lection of droplets. To find alternative configurations, we must find
points x1,...,xy for given radii rq,...,ry, that satisfy n = 0, where
N is given in . This can be done numerically by evolving the
system of ODEs

N
r_ 2 2 o
xi = — erRA\X]_ +ZriVGA\Xj , j=1,...,N,
i#]
with the given initial positions and radii. Due to the negative sign and
analogy with spot dynamics, we will have x; — xj. as t — 0o, where
Xje is the equilibrium location and satisfies 7 = 0.

3.3.4 Arbitrary Shaped Initial Droplet Pattern

We now discuss the case where the initial droplet pattern has N small drops
of ‘radius’ O(§) but arbitrary shape. Let x; € 5, be any point in s, and
all such points are O(9) close together.

Let € denote the entire region with holes included. We must solve
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3.3. Specific Domain Choices

. 2 __g 1 XGQ(S

Av— A = D{O x e\ Qg
v
v Q.
o 0, xe€0

We now solve this problem by a matched asymptotic expansion. In the
inner region, near the j** drop, we have

V ~ 52 log(0)k; + 0°Wy ; + 8%a; - y, (3.63)

where W ; now satisfies (as described in Remark 3.3.3.2),

o[ 1l:yey
AWy =—2 i
v D{ 0:y &9, (3.64)

Wi j ~ kjlog(ly]) + Cj +o(1), as |y| — oo,

where

kj = —o|Q;|/(27D); C; = —2m(Gxk);.

Here, the j subscript for ((G)k); signifies the j™ entry of the vector. The
solution to this problem is unique since Cj is specified and was found by
matching to the outer solution. Since it is found by solving C = —27G,k,
it involves all other droplets.

Note that in the O(6%) term is precisely the same as for the N
circular droplets. This results from the fact that the problem for Wy ; (3.59
is independent of €2;. The one key new feature is that we must solve (3.64
for an arbitrary €2; and then determine how the shape changes under the
surface diffusion law given by equation . The solution for W1 ; can be
decomposed as

Wi =o;+Cj, (3.65)
where ®;(y) is the unique solution to

_ o 1:y€Qj
By®; = D{ 0:y¢Q;”’ (3.66)

®j ~ kjlog(ly]) +o(1), as [y| —= oo

The o(1) condition above is the condition that makes the PDE uniquely
determined. A key feature here is that ®; is a local problem in the sense that
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3.3. Specific Domain Choices

it is independent of any interaction with the other drops. The interaction
effect with other droplets is simply additive in (3.65)).
Lemma 3.3: The solution to , with ds = dsidso, is given as

D;(y) = log(ly — s) ds

7
27TD Qj

Proof: We let Gy = —log(|s — y|)/27 satisfy, in the s-plane, the equation
for the free space Green’s function, AsGy = —d(s —y). Now,

o 1:s€Q;
A <I> = —— J ,
®; ~ kjlog(ls|) +o(1), as[s| — oco.
We have
0P; oG
lim | (GfAs®; — ®;AGy)ds = lim G220 9, 0 g,
R—o0 BR R—o0 8BR an an

(3.68)
where B, = {s: |s| = R}. The left hand side is

R—o0

lim </ GfAS(I)j ds + @j(y)) = <I)j(y) — U/ Gf ds
Br D Jq,

g
=®i(y)+ = [ log(|s—yl|)ds

21D Qj
(3.69)
Now, the right hand side of (3.68) is
o, _IG
lim (Gfaf jf> ds =
R—oo Jop, on on
k; oG
= i — L log(ly —s|) — (k51 1)) ds.
dim [ (g toally ) = (s loa(R) +o(1) 1) s

and
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3.3. Specific Domain Choices

6G 1 .S
oLy ‘S "= %8@ log(|s — y])‘S:R 8|S| <log(|s|) S >

which yields

3Gf 1 1
ler~ 55 +O <R2>

Substituting this information into the right hand side of (3.68), we obtain
with s = R

lim <G o _ ]aGf> ds =
R—o0 9Br on 15

— 27 lim K_Qleog(R) + (k; log(R) + 0(1))2;]%) R}

R—o0
In the right hand side of this equation we see that the log(R) terms cancel.
Note that it is critical that the additional term on the right hand side be
o(1) to ensure the boundary integral vanishes. Thus, since the right hand
side of this equation vanishes we obtain the desired result from (3.69).

Qi(y) =— A log(|y —s|) ds
J

7
27D
We now conclude that
o
Wiy = 55 [, losls =3 ds + ;.
the exact solution of (3.64)).
Remark 3.3.4.1: We would like to verify directly that ®; satisfies (3.67).

First note that if y & €}, then Ay log(|s —y|) =0s0 Ay®; =0. If y € Q,
we have

To establish the far-field behavior of ®;(y) we let |y| — oo and write

1 1 1
loa(y—s]) = 5 log(ly—s[*) = 5 log[(y—s)-(y—s)] = 5 loglyy” ~s"y—y"s+ss"]
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3.3. Specific Domain Choices

Since s’y = y”'s, we have
1
log(|y —s|) = 5 log[ly|* — 2y - s + |s|*]

1 2y -s  |s|?
:log[y2<1— +—
2 8 WP T Ty

1 2y -s  |s|?
= log(ly +log(1— + 15
(¥D+3 y? o lyl?

Noting that log(1l — z) ~ —z if z — 0, we have

gy —sl) ~ () + %3 +0(, ,2) for [y| = o,

Thus, for |y| > 1,

3 = =525 [ tosty=shis~ =575 [ (i) + ¥o2 0 () s
J 2w D Qj |y|2 |y|2 .

So,

o190 /
Byly ~ g loally) — g [ sds

The second term is indeed o(1) as y — oo and in fact
®;(y) ~ kjlog(ly]) + o(1), as [y] —= oo.
In summary, the exact solution to (3.64) is simply

o
W= -2 [ log(]s - 5 .
1,5 2'/TD /QJ Og(|S Y|)dS+C] (3 70)

To determine the local change to the interface due to Wi ; we write

. aSj‘/O
n=— 4 ) x € 0Qs;.

j
We put s; = 05;, with §; € (0,]0€;|), which is the length of 0€2; mea-
sured in the y-variable. This yields

10V
T= 752 U4,

> , XE 8Q5j. (3.71)

J
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3.3. Specific Domain Choices

We have

5 O

. ~ 620: Wi - ~ 52 )
asjvb ~ 5 65;‘ 17]‘893- 5 2D 8§] Qj 10g(|Y(S]) S|) dS,
1 1 Wi s
Aj= Vv m=<Vyv-nn~ —5526&14.

Substituting these into the velocity equation (3.71]), we obtain

. 1 (C%]- Wl,j)
n~—=< s
0 anWl:j 35
which shows that 7 = O(1/§). This means the interface responds quickly to

an initial deformation of the non-circular initial shape. This deformation is
only due to the drop itself and not the other drops.
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Chapter 4

Numerical Results for the
Chemotaxis Model

In this chapter we discuss numerical solutions for the volume filling model.
This serves as a verification of the analytic results for geometries in which
asymptotic analysis is not possible as well as a way to see interface evolution.
We solve the quasi-steady problem discussed in previous chapter, where the
organism has aggregated into regions of uniform concentration. The problem
to solve is

DAU—U:—U{ 1:XEQ_,

OIX€Q+ (41)
ov
— =0 o0
on y KEO,

where 0 C R? is some domain and €)_ is some initial configuration of cell
colonies. The inner region may be a single mass or a collection of disjoint
groups. Each of these inner regions represent the initial aggregation of the
cells in the system and the interface is the boundary of €2_, given by I

The main goal is to use the finite element method to solve the steady
state equation of the chemical potential and then to calculate the velocity
on each interface using our asymptotic results (principal result 3.1). We
then pass this information to a level set framework where the velocity is
extended in a narrow band around each interface and then evolved in time.
With the new location of the interface I', the steady state problem is solved
once again and the process is repeated.

The level set method was chosen for many reasons. It is known for
its ability to easily handle complicated domain evolution where merging or
splitting may occur (see [26]). It has been successfully used in applications
such as Stefan problems, flame front evolution, and computer vision. Since
the chemotaxis equations devolve into a moving boundary problem it seems
like the natural framework with which to view it.
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4.1. Steady State Solution Using the Finite Element Method

4.1 Steady State Solution Using the Finite
Element Method

The first step is to solve the steady state problem in (4.1) so the velocity
may be calculated. The finite element method was chosen so we can easily
fit the mesh to complicated interfaces. Since the forcing term in the problem
is a step function it is desirable to have the tessellation respect the inner
and outer regions. To achieve this we use two different tessellations, one for
the inner and and one for the outer regions, that share the same nodes on
their common interface (see figurd4.1)).

For the tessellation, Per-Olof Persson’s distmesh (see [24]) package was
used. The first step is to construct 24 and Q_ separately. We then marry
the two tessellations together by adjusting the triangle node numbering in
a consistent fashion and appending the additional nodes and triangles onto
the original lists. This gives us a single tessellation of 2 with a ‘tight’ hold
on the interface. Note that around the interface we adaptively refine the
triangulation for improved accuracy in calculating the velocity.
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Figure 4.1: An example of a tessellation generated using distmesh and the
described methodology.
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4.1. Steady State Solution Using the Finite Element Method

The steady state problem is solved in a standard manner. We construct
the weak form by first assuming that if v solves (4.1), then for any u we

have
/DAvudX—/UudX:—a/ U dX.
Q Q

Applying Green’s identity to the first term on the left hand side, we now
have

—/(DVU'Vu+uv)dx+/ uavdx:—a/ udx.
Q oo On

Since v is subject to Neumann boundary conditions, the boundary integral
vanishes and we obtain the following weak form of (4.1).

/(DV@-VU—Fuv)dx:a/ udx.
Q

where u is an arbitrary ‘trial’ function in H'(£2), the Sobolev space given as
HYQ) = {u € L%(Q) : ug,, usy € L2(Q)}.
We use a Galerkin approximation to approximate v and u as

N N
U(Qj‘,y) :szNl(xay)a u(x,y) :ZulNz(xay)v
i=1 =1
where N; are finite element basis functions. Since u is arbitrary we can set
each u; = 1 in turn. The problem to solve, for each i, is

[/Q(DVNZ-(x,y) - VNj(z,y) + Ni(x,y)Nj(z,y)) dx] v, =0 Nj(x,y) dx.

Q_
(4.2)
We approximate the solution by using quadratic basis functions over
mapped triangles. For mapped triangles that lie on 02 or I', we use an
isoparametric mapping to improve the accuracy with which these curves are
represented (see figure [4.2).
The integrals in are evaluated by mapping the basis functions to a

reference element (see figure |4.2). For a given triangle, the reference map is
defined by

6 6
l‘:Fl(w,E) :szNl(w7£)7 y:FQ(wvé.) :Zlez(wa£)7 (43)
i=1 i=1

87



4.1. Steady State Solution Using the Finite Element Method

where z; and y; are the vertices of the triangle that correspond to the node
where the basis function N;(w, ) is one and (w, §) are the reference element
coordinates. On the reference element the basis functions can be written
explicitly as

M=(1-w-1-20-2); N=w@w-1); N3=¢@26-1),

Ny = 4wé; Ny =4¢(1 —w — £€); N = dw(l —w —&).
(4.4)
Applying the map from to the integrals in , we have (for a mapped
triangle K and corresponding reference triangle K),

D/ VN; - VN; dA:D|det(J)|/(J—T©Ni)-(J—TﬁNj)dA,
K K
K K K K

where J is the Jacobian of the map given in (4.3, which can be written
explicitly as

J = (aw Z?:l I‘Z]\:f@(W,f) a& Z?:l xz&z(”af)) _ (4.5)
O 301 YilNi(w, &) 0 300 yiNi(w, €)

Once on the reference element we use 10-point Gauss quadrature to
evaluate the integrals.

(73,93)

(351,?41) (an) (1,0)

Figure 4.2: A depiction of a triangle with a mapped edge and the reference
triangle in w, € space. The dotted line indicates the previously unmapped
quadratic or possibly linear triangle edge. G(x,y) is the equivalently written
as 71 (w,§).

88



4.1. Steady State Solution Using the Finite Element Method

Initially, we tried piecewise linear elements but they were not sufficiently
accurate for our purposes. Since the velocity on the interface depends upon
the arc length of I', accuracy of the initial solution and representation of
the interface is very important. Quadratic elements were also tried before
implementing isoparametric quadratics. Since the interface will typically
be curved and not polygonal, mapping the triangle edges that lie on the
interface gives us smooth tangent and normal vectors as well as a more
accurate representation of the forcing term in . Since the domain is
discretized with special care taken at the interface and boundary, we are
able to handle the forcing term properly and maintain O(h?) accuracy in
the L? norm.

As a check, we consider problem with Q@ = {x: |x| < 1}, the unit
disk, Q_ = {x : |x| < .25}, 0 = 1 and D = 1. With this given droplet
configuration the exact solution, v, can be found and is given in . The
solution is

v — O'—FAI()(|X|)\) : |x| < )
~ | BIo(Ix|\) + CKo([xA]) :6<|x| <1

with A, B, and C given as

A—C [(K0(5) —o)li(1) + K1(1)Io(9)
11 (1)1o(6) ’
_ CKl(l); O Li(0)o 7
I(1) W(Ko(9), Io(9))
where 0 = .25, c =1 and A = 1.

We calculate the numerical solution, V', with quadratic and isoparametric
quadratic elements and create a log-log plot of the L? error ||V — v||p2
against the mesh edge length h. Clearly the isoparametric elements are
more accurate and converge faster (O(h%) for isoparametric and O(h?) for
quadratic), as seen in figure A surface plot of the numerical solution
can be seen in figure 4.4,

4.1.1 Comparison to Asymptotics

The next step is to ensure that the numerical and asymptotic results agree.
To this end, we investigate the case where () is a circular domain with
many circular interfaces analyzed in section 3.3.3. The problem we solve
is given in equation (4.1) with @ = {x : [x| < 1}, 0o = 1, D = 1 and
Q- ={x:[x—(—.15,—45)] < d}U{x: |x —(.25,.25)] < 2§}. Since the
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4.1. Steady State Solution Using the Finite Element Method

Log-log plot of L Error vs. Mesh Size

-8
10}

-12f

IV - vl,2

14}

—— Quadratic
—©— Isoparametric

16}

-18 . . .
-4 -3.5 -3 -2.5 -2

Figure 4.3: Log-log plot of the L? error versus mesh size. The isoparametric
mapping improves accuracy and leads to a higher convergence rate indicated
by the steeper slope. The slopes are 3.67 for the isoparametric elements and
2.02 for quadratic.

problem is solved asymptotically in the limit § — 0, we analyze the error
for decreasing ¢ on a fixed initial mesh size h = .015.

The derivation of the asymptotic solution can be found in section 3.3.3
and is given as

N
v —6221 Z kiGa(x;x5),
i=1

where GG, is the reduced-wave Green’s function that solves

AG,\—)\2G,\:—5(X—Xj), X € %:0, x € 0f.
When 2 is a unit disk, as in this case, the reduced-wave Green’s function
can be found explicitly and is given in appendix B. A surface plot of the
numerical solution using this reduced-wave Green’s function is given in figure
4.5

As 6 — 0, the difference between the numerical and asymptotic solution
should decrease. This can be seen in table 4.1, where the [?> norm of the
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4.2. Calculating the Interface Velocity

Single Colony Solution with & = .25

0.1

Figure 4.4: The solution to the steady state equation with a single cell colony
centered at the origin. Here, § = .25 and the initial edge length is .05.

difference between solutions is shown for different values of §. Note that, for
a given mesh size, there is a lower bound constraint on § as there need to
be sufficient degrees of freedom in the FEM model to represent the interior
regions accurately.

This result helps to confirm the asymptotic solutions presented in section
3.3.3 as well as the accuracy of the numerical computations.

4.2 Calculating the Interface Velocity
Recall our asymptotic result,

i=-(28), =~ (oos).

where V} is the first term in the inner expansion of (4.1) and A; arises from
the second term. This is the velocity we need to calculate in order to use
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4.2. Calculating the Interface Velocity

Two Colony Solution withd = .03125

x 10"

XS

2

DO

SS

A

5%

Figure 4.5: The solution to the steady state equation with two cell colonies

located at [-.15, -.45] and [.25, .25] with radii of 6 and 2§ respectively. Here,
0 =.03125.

the level set method and capture interface motion.

The arc length derivatives are calculated by determining the tangent
to the interface from the isoparametric mapping and taking the dot
product of that with the gradient of v. This is because 0sf(x) = V f(x) - t,
where t is the tangent vector of the curve at the point x. The gradient is
calculated using the finite element framework. For a given triangle K and
point (x,y) € K, the gradient is defined as

6
vv<m7 y) = Z UivNi(‘ra y)7
i=1

where N;(z,y) are the non-zero basis functions on that triangle. We can
take advantage of the reference element to say that the gradient is
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4.2. Calculating the Interface Velocity

J difference (I?)
.25000 3.3275
.12500 .44805
.06250 .05868
.03125 .00977

Table 4.1: A table of the error for decreasing values of §. The error quickly
decreases as d decreases, coinciding with the asymptotic limit of 6 < 1.

6
Vo(z,y)=J T Z v VN;(w, €),
i=1

where N; (w, &) are the local basis functions and J~7 is the inverse transpose
of the Jacobian of the reference map. The reference basis functions are given
in and the Jacobian is given in . The normal vector n is calculated
using an outward normal by taking the vector perpendicular to the tangent
t.

Since the gradient and normal vectors are not well defined at the vertices
of a triangle we instead only calculate the velocity at the mapped quadratic
nodes that sit between two vertices that lie on the interface. To calculate
the velocity elsewhere we pass a periodic spline through those points and
interpolate. This gives us the normal velocity at all of the nodes on the
interface and in principle anywhere on the curve.

To check the accuracy of the velocity, we again look to the problem
problem with Q = {x : |x| < 1}, the unit disk, Q_ = {x: |x| < .25},
o0 =1and D = 1. Since the solution is independent of 6, the arc length
derivative will be 0 and thus the velocity is 0. We calculate the velocity
on the interface with quadratic and isoparametric elements and use the
maximum value as a measure of accuracy. Figure is a log-log plot of the
maximum velocity value versus h, the initial mesh size. The convergence
rates (slopes) are 1.24 and 1.68 for the quadratic and isoparametric elements,
respectively.
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4.3. Interface Evolution Using the Level Set Method

Log-log plot of the Maximum Velocity Value vs. Mesh Size
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Figure 4.6: Log-log plot of maximum velocity value on the interface versus
mesh size. Once again the isoparametric elements provide an improvement
in accuracy.

4.3 Interface Evolution Using the Level Set
Method

The level set method was developed by Osher and Sethian in [21] and it
offers an accurate and robust way of evolving interfaces. The formulation
for the level set method is as follows. Given a normal velocity field V, we
evolve the surface z = ¢(x,y,t) according to the hyperbolic conservation
law

where ¢(z,y,t) = 0 defines the moving interface we want to track. At
the first step ¢ is initialized as a signed distance function that, at each
point in space, describes the distance to the interface. Since the level set
equation requires a normal velocity field for all level sets, we need to build
an extension velocity off the interface. Thus, before we proceed with the
evolution, we need to construct this signed distance function and extension
velocity field.

As an example, a circular interface of radius R can be represented as the
signed distance function
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4.3. Interface Evolution Using the Level Set Method

o(z,y) = V22 +y? — R.

An interface comprised of a collection of disjoint regions can be repre-
sented as a union of a collection of signed distance functions ¢;, where each ¢;
is an embedding of a simple closed curve. The value for ¢(x,y) =, ¢i(z, y),
at a point (z,y) in space, is given by ¢(z,y) = min;(¢;(z,y)). This simple
fact allows one to represent complicated domain configurations as a mini-
mum over much simpler ones.

The level set equation is typically solved on a rectangular grid with uni-
form spacing. We chose to do the same and thus we embed the finite element
mesh in a square domain and impose artificial periodic boundary conditions.
Since curve evolution only requires local information, the boundary effects
never come into play. We will now take a deeper look at more specific points
of the implementation.

4.3.1 The Signed Distance Function

Evolution by the level set equation does not strictly require a signed distance
function but a signed distance function has many nice properties that im-
prove the accuracy of numerical computations. A signed distance function,
¢, gives the shortest distance from a point x to the boundary ¢ = 0 and also
has the property that |V¢| = 1. This normalized gradient diminishes the
negative effects that large variations in the gradient may have on numerical
computations. This is why a signed distance function is often chosen.

Throughout evolution, the level set equation can have a distorting effect
on the interface, causing very steep or flat gradients (see [18]). This means
small perturbations in the velocity or interface can have large and unphys-
ical effects on the solution. This problem is ameliorated by reinitializing
¢ as a signed distance function at every iteration. In order to reinitialize
a level set function into a signed distance function we evolve the following
reinitialization equation proposed in [28] to a steady state.

¢ = sign(9)(1 — [V¢)).

Typically, very few iterations are required for a reasonably accurate reini-
tialization.

For points within one grid space of the interface we use a subcell fix
(see figure [4.7). Russo and Smereka in [25] explain that for these ‘close’
points, a standard discretization will not remain upwind. Thus, for the
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4.3. Interface Evolution Using the Level Set Method

|

/

Figure 4.7: An example of a set of points (identified by the crosses) one grid
node away from an interface.

point (,7) on the n'" iteration, the subcell fix changes the right hand side
of the reinitialization equation given above to

sign(¢7)|97;] — Dijo

where d)ﬁ ;= é(xi,y;5,t,) and D; ; is an approximation of the distance from
the node (x;,y;) to the interface. D; ; is given by

Aﬁbg{j = \/(Dz¢2j)2 + (Dy¢?7j)2

where h is the grid spacing, Dﬂbgj and Dy¢?’j are the maximum absolute
value of a small parameter ¢, along with the central, forward, and backward
difference operators in the x and y directions, respectively. A¢>2 ; is given as
above because merging or breaking interfaces may result in small values for
the denominator and this formulation keeps the distance, D; ;, numerically
robust. Note that this fix is only done for points within one grid space away
from the interface and for all others we use Godunov’s method.

An example of the effectiveness of reinitialization with a subcell fix can
be is seen in figure 4.8
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4.3. Interface Evolution Using the Level Set Method

Contour Lines for Skewed Level Set

Figure 4.8: An example where reinitialization, particularly with a subcell
fix, is very effective at correcting defects in a level set function. Here, ¢ =
fx(/(x/4)?+ (y/2)2 — 1), where f = .1+ (z + 3.5) + (y + 2)°.
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4.3. Interface Evolution Using the Level Set Method

4.3.2 Regular Grid Initialization and Velocity Extension

As mentioned previously, the level set equation is solved on a regular grid.
Since the velocity is only defined on the interface, it needs to be interpolated
to this grid and then extended outward in a reasonable fashion. The only
strict stipulation [26] imposes upon this extension is that it be continuous
at the interface. This can be done in the manner suggested in [17]. First,
the velocity is extended to the rest of the triangulated mesh by solving the
following equation.

AV =0, xeQ\T; V=n xel
4.
[Z—:ﬂ:o, x eI g—z:o, x € 0fL. (4.6)
We solve Laplace’s equation with Dirichlet boundary conditions away
from the interface and initialize the velocity that was already solved for
on the nodes corresponding to the interface. We also enforce a zero jump
condition in the normal derivative on the interface to impose differentiability.
Since this system is overdetermined it is solved in the least squares sense
using the normal equations.
The reason we extend the velocity in this way is because, in a weak sense,
we enforce the fact that V¢ - VIV = 0. To show this, consider the integral

/ PpAV dx = 0,
Q

which is true because of (4.6). This can be decomposed into a sum of two
integrals,

PAYV dx + AV dx = 0,
Q- Q4

Applying Green’s identity, we have

—/ng-Vde—l— ¢a—vdx— qﬁa—vdx—i- qba—vdx:()

Q o On oq, On oa_  On

where the sign for the last two integrals is opposite because of the different
normal directions. The last two integrals vanish due to the imposed jump
condition on the interface and the second integral vanishes because of the
Neumann boundary conditions. Thus, we have

/qu-Vde:O,
Q
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4.3. Interface Evolution Using the Level Set Method

and therefore, in a weak sense, we have V¢ - VIV = 0. The reason why this
condition is important is because it helps maintain ¢ as a signed distance
function. To see this, suppose that initially |V¢| = 1 and we evolve the
interface using the level set equation ¢ + V|V¢| = 0. Now, consider

d|Vel?
dt

Since |V¢| = 1, we have that V|V¢| = 0. Now, with V¢ - VV = 0, we have
that

d
=2Vop- %ngb = —2(V¢-VV|V¢|+ V¢ -V|Vo|V).

dVel* _

da

and therefore |V¢| = 1 for all time as it is a unique solution to the ODE.

This is why we impose V¢ - VV = 0; having ¢ as a signed distance func-

tion, as mentioned previously, improves numerical accuracy and robustness
significantly.

Once the velocity has been extended to the rest of the triangulated do-
main we can initialize it to a set of points on the regular grid. We choose
these points by selecting those that lie within a certain small distance (given
by ¢) from the interface, ¢ = 0. The finite element method gives us a nat-
ural interpolation scheme; we find which triangle a mesh point lies in and
interpolate using the basis functions for that triangle. For the rest of the
points in the domain we set the velocity to zero.

Once the velocity has been initialized we can smooth the jump between
initialized and non initialized grid points with the velocity extension equa-
tion. This extends the initial set of points with non-zero velocity further
outwards and alleviates discontinuities. The velocity extension equation is
% + sign(gb)’gz‘ VYV =0.

This equation advects the initial velocity away from the front in the
proper upwind direction (see [6]), maintains continuity between the interfa-
cial velocity and extension velocity at the interface, and in equilibrium has
the property that V¢ - VV = 0. This property, once again, helps maintain
¢ as a signed distance function and works in conjunction with the finite
element extension method described in (4.6)).

Since the velocity depends upon the solution to the steady state PDE
given in (4.1) and the shape of the interface, it is only valid on a very small
timescale for the level set equation. This means we only need to extend the

0,
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velocity to a narrow band around the interface as we are forced to discard it
and re-solve the steady state equation. An example of an interface velocity
curve and the corresponding extension can be seen in 4.9

4.3.3 Interface Evolution

Finally we come to the interface evolution step. Here, we solve the level set
equation

for a small time step before recovering the interface and passing the new
configuration back to the steady state equation . The interface is re-
covered by passing a periodic spline through the oriented collection of points
that represent the zero level set ¢(z,y,t) = 0 and then sampling this spline
at evenly spaced values along the curve.

As ¢ moves towards equilibrium the values of the velocity field will de-
crease. Since we need to interpolate the velocity from the interface to a
regular grid, the interpolation process will cause unphysical results when
the interpolation error is the same order as the velocity. To fix this problem
and continue with the evolution we can switch to a simpler front tracking
method when the maximum velocity value falls below some tolerance based
on grid size. By this stage the level set method will have handled the topo-
logical changes and non-convex interfaces that are so difficult to capture
with front tracking.

Front tracking is very simple to implement and only requires that one
calculate the normal vector for nodes on the interface and advance these
points in that direction, scaled by the velocity 7.

4.3.4 Discretizations

Following the intuition given in [6], we use a third-order total variation
diminishing Runge-Kutta scheme for solving the reinitialization, level set
and extension velocity equations. This scheme was chosen to avoid temporal
instabilities arising from the discretization. Consider the following general
equation

¢t = L(9),

where L is the spatial operator. The third-order TVD scheme is then given
as
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Velocity on the Interface

0.5 1

Extension Velocity Field

Figure 4.9: An example of a normal velocity curve on the interface and the
resulting narrow band extension.
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o) = 0 + AtL (),
¢ = 34 4¢>” IAtL(¢W),
@ =160 1 252 1 ZAtL(4?),

where L is the discrete spatial operator.
For the spatial discretization we again follow [6]. Consider the spatial
operator of the level set equation, given as

L(¢) = =VIVg.

This is discretized using Godunov’s method to make sure upwinding is han-
dled properly. Godunov’s method gives us

L(¢) = —max(V,0)V* —min(V,0)V ",

where

+ =[max(max(D ¢, 0)2, min(D "%, 0)?)+
max(max(D ¢, 0)%, min(D¥¢, 0)%)]'/2,
=[max(max(D "¢, 0)%, min(D ¢, 0)%)+
max(max(DY¢,0)?, min(D¥¢,0) )]1/2,

with D*? representing the forward and backward difference operators in the
x direction, respectively. To improve accuracy the forward and backward dif-

ference operators are discretized using the second-order ENO scheme found
n [18]. The schemes are

D+x¢i,j — w _ §m1nm0d(Dmm¢ZJ’ Dmm¢i+l7j)’

—x ¢’L, ¢i— 7'
i = JTU

where D** is the standard central difference approximation to the second
derivative and the minmod function returns the argument with the smaller

absolute value. These are all reproduced in an analogous fashion for the y
direction.

h
+ §minm0d(Dm¢m, D™ ;1 ),

The reinitialization and velocity extension equations are handled with
similar discretizations, also using Godunov’s method. For the sign function
that arises in these equations, we use a smoothed version to alleviate any
numerical issues given as
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¢

sign(¢) = Wa

where h is the grid spacing.

4.4 Results

In this section we present a few canonical results from which the behavior of
many different configurations can be explained. We also verify some of the
asymptotic results found in section 3.3.2, 3.3.3 and 3.3.4, where instabilities
and different timescales are present. In all examples the outer domain 2
is a circle of radius one centered at the origin and the level set equation is
solved on a regular grid with 200 grid points in each direction.

4.4.1 Off-Center Circle

Figure is an example of interface evolution where I' is an off-center
circle. Here, Q_ = {x : |x — (.25,.25)| < .25}, o =1 and D = 1.

The reason the drop moves away from the center is due to the Neu-
mann boundary conditions on the domain wall which creates a mirroring
effect. The droplet is attracted to its image droplet and ‘reaches’ out to-
wards it. This also confirms the analysis from section 3.3.3, in particular
remark 3.3.3.4 (iv), where it was found that when off-center the drop ini-
tially bulges outwards. With this level set formulation it would be hard
to capture exactly what occurs when it reaches the boundary due to our
embedding the circular domain in a regular gridded square.

We also plot the area loss versus iteration count (area at current iteration
- initial area) in figure . This is a rough metric for accuracy of the level
set method in this case when there is no exact solution. Despite losing area
per time step the total loss remains small.

4.4.2 Two Axisymmetric Perturbed Circles

In figures through we examine the case of two axisymmetric per-
turbed circles, where the perturbation is relatively small. In polar coordi-
nates the shapes are given by r = .0175(cos(66) 4+ 12) with a shift of .45 and
—.45 in the z direction. Here, D =1 and o = 1.

The evolution of this example can be broken into four phases. The first
phase is that in which the perturbations rapidly smooth out to a circular
shape (ﬁgure. The second phase is the much slower evolution of the two
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circles moving together and eventually merging into one mass (figure .
The third phase is the barbell shape of the two merged circles smoothing
out into an ellipse (figure . Finally, the last phase is the equilibrium
state of a circular drop centered in 2 at the origin (figure .

These four phases serve as canonical results that explain the chemotac-
tic evolution process for many different droplet configurations. For typical
parameter values, perturbations to circles will smooth out and drops will
move towards each other and merge into one large group. The behavior is
very similar to that of the Ostwald ripening in this regard.

The slow merging in the second and third phases relative to the quick
smoothing in the first suggests that the two evolution processes happen on
different timescales. This confirms the asymptotic result derived at the end
of section 3.3.4.

4.4.3 Asymptotic Result: Boundary Effects Cause
Instabilities

In figure [4.16, we confirm the asymptotic result in section 3.3.2, remark
3.3.2.1. In this case, I' = rg + 0 cos(n#) was shown to be unstable when
ro was above some critical value that depends upon n and A. Instead of
returning to a circular shape as in figures through [4.15, we have growth
of the perturbation. This instability is due to effects of the domain boundary
and Neumann boundary conditions, which cause the drop to reach outwards
towards its mirror image. Notice that the entirety of the perturbation does
not grow, only the sides that reach out beyond r = .5.

The parameter values selected that satisfy this condition are D = 250,
rg = .65, 6 = .15, n = 2 and 0 = 1. Figure highlights this instability
and the aforementioned growth of the perturbation.

4.4.4 Asymptotic Result: Perturbations to Small Drop
Decay Faster Than Perturbations to Large Drop

Figure is a confirmation of the result from section 3.3.2, specifically
equation . Here, we assumed that the interface, I', is a near circle
given by r = rg + dcos(nf). In the limit where § < rg < 1 and A\ =
1/v/D = 0(1) (D from ), we have that a perturbation flattens out with
velocity proportional to O(§/r3). This indicates that a small circle with a
size § perturbation should flatten out faster than a larger circle with the
same size perturbation.

For the steady state PDE, we set D = 1 and o0 = 1. The interface for
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the small near-circle is given by r = .25+ .05 cos(660) and large near-circle is
r = .5+ .05cos(60). Figure shows that the smaller near-circle returns
to an equilibrium state faster than its larger counterpart.

4.4.5 Asymptotic Result: High Frequency Perturbations
Decay Faster Than Low Frequency Perturbations

Figureis a confirmation of the result from section 3.3.2, equation (3.47).
Here, we assumed that the interface, I', is a near circle given by r = rg +
d cos(nf). In the limit where D and pg are fixed and n — oo, where n is
the order of the perturbation, we have that the perturbations flatten with
velocity proportional to O(n?). This means a high frequency perturbation
will decay faster than a lower frequency one for the same ry and 6.

For the steady state PDE, we set D = 1 and o = 1. The high frequency
interface is given by r = .35 4+ .05co0s(90) and the low frequency is r =
.35+ .05 cos(60). Figure shows that the higher the frequency, the faster
the perturbations decay.
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T =0.0020101

T =0.19095

T =0.084422

T=0.27136

Figure 4.10: Off-circle example. Blue is the outer domain, the dotted black
line is the initial position and dark red is the moving drop. For the triangu-
lated mesh we start with an initial edge size of .05 with 100 fixed nodes on
the interface. The time step for reinitialization, constructing the extension
velocity and solving the level set equation was chosen to be h/5, where h is

the regular grid mesh size.
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X 10‘3 Area Loss vs. Iteration

1.4

Area Loss

0 20 40 60 80
Iteration

Figure 4.11: Plot of area loss versus iteration count for the off-center circle
example. Area is lost at each iteration but remains small.
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Two Drops: Phase 1

T =4.0201e-05 T = 8.0402e-05
T =0.0001206 T =0.00020101

= - N

Figure 4.12: Phase 1 of the two perturbed circle example. Blue is the outer
domain, the dotted black line is the initial position and dark red is the
moving drop. For the triangulated mesh we start with an initial edge size of
.05 with 100 fixed nodes on each interface. The time step for reinitialization,
constructing the extension velocity and solving the level set equation was
chosen to be h/5, where h is the regular grid mesh size.
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Two Drops: Phase 2

T =0.00020101 T = 0.080402
T=0.15075 T =0.20101

== po o === 5 ==
!_..., \I. _|/ |_I_., \.|_/

Figure 4.13: Phase 2 of the two perturbed circle example. Blue is the outer
domain, the dotted black line is the initial position and dark red is the
moving drop. For the triangulated mesh we start with an initial edge size
of .05 with 100 fixed nodes on each interface which becomes 200 fixed nodes
when the domains merge. The time step for reinitialization, constructing
the extension velocity and solving the level set equation was chosen to be
h/5, where h is the regular grid mesh size.
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Two Drops: Phase 3

T=0.20101 T =0.26533
T=0.33166 T =0.40201

Figure 4.14: Phase 3 of the two perturbed circle example. Blue is the outer
domain, the dotted black line is the initial position and dark red is the
moving drop. For the triangulated mesh we start with an initial edge size of
.05 with 200 fixed nodes on the interface. The time step for reinitialization,
constructing the extension velocity and solving the level set equation was
chosen to be h/5, where h is the regular grid mesh size.
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Two Drops: Phase 4

T = 0.40201 T =0.46633

T =0.53266 T =0.60302

Figure 4.15: Phase 4 of the two perturbed circle example. Blue is the outer
domain, the dotted black line is the initial position and dark red is the
moving drop. For the triangulated mesh we start with an initial edge size of
.05 with 200 fixed nodes on the interface. The time step for reinitialization,
constructing the extension velocity and solving the level set equation was
chosen to be h/5, where h is the regular grid mesh size.
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T =0.0020101 T =0.064322

T =0.15075 T=0.20101

Figure 4.16: An example of an unstable perturbation due to boundary ef-
fects. Blue is the outer domain, the dotted black line is the initial position
and dark red is the moving drop. For the triangulated mesh we start with
an initial edge size of .05 with 180 fixed nodes on the interface. The time
step for reinitialization, constructing the extension velocity and evolution of
the level set equation was selected as h/5, where h is the regular grid mesh
size.
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T =2.0202e-05 T = 2.0202e-05

T = 6.0605e-05 T = 6.0605e-05
T =0.00010101 T =0.00010101

Figure 4.17: Different sized perturbed circle example. Blue is the outer
domain and dark red is the moving drop. For the triangulated mesh we
start with an initial edge size of .05 with 100 fixed nodes on the interface
when ro = .25 (left) and 200 fixed nodes on the interface when ro = .5
(right). The time step for reinitialization and constructing the extension
velocity was selected as h/5, where h is the regular grid mesh size. In order
to capture the quick perturbation-flattening effects, the time step for the
level set equation was h?/5.
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T = 2.0202e-05 T = 2.0202e-05
T = 4.0403e-05 T = 4.0403e-05

T =6.0605e-05

T = 6.0605e-05

Figure 4.18: Different frequency perturbed circle example. Blue is the outer
domain and dark red is the moving drop. For the triangulated mesh we
start with an initial edge size of .05 with 150 fixed nodes on the interface.
The time step for reinitialization and constructing the extension velocity was
selected as h/5, where h is the regular grid mesh size. In order to capture the
quick perturbation-flattening effects, the time step for the level set equation
was h?/5.
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Chapter 5

Conclusion

In this thesis we studied the interfacial motion present in the two-dimensional
Ostwald ripening and volume-filling chemotaxis systems. For both prob-
lems, we derive the governing partial differential equation model and use
the method of matched asymptotic expansions to determine the laws which
dictate motion. After this motion law is derived, we verify the result against
intuition and expected behavior with numerical simulations and specific ex-
amples.

The Ostwald ripening system is derived as the late-stage dynamics of
the Cahn-Hilliard equation and results in a Mullins-Sekerka free boundary
problem. We consider a collection of N small circular droplets in a domain,
Q C R?. We construct an inner and outer solution to the problem and en-
force matching to derive a system of ordinary differential equations which
describe the motion of the radius of each drop, to leading order. Following
this, we improve our solution, solving the problem to terms of all logarith-
mic order where, at this order, the interaction is captured by a Neumann
Green matrix. The system of ordinary differential equations is improved
and now requires solving a linear algebraic system involving the radius of
each drop and the Neumann Green’s function. The system is seen to be area
preserving, perimeter reducing, and have the finite time extinction property
where the smallest droplet vanishes in finite time. These properties push
the system towards an equilibrium state of a single, large drop that holds
all of the initial mass. We verify the derived system of ordinary differential
equations with a simple two drop numerical simulation.

For our study on the volume-filling chemotaxis system, we derive the
model by assuming an organism exhibits a random walk on a one-dimensional
infinite lattice with preferred movement in the direction of a chemical gradi-
ent. Volume-filling is included with a monotone decreasing function which
decays to zero when the concentration of the organism reaches the normal-
ized maximum value of one. We define the interface, I', as a collection of
simple closed curves which separate regions with concentration one and con-
centration zero of the organism. In the limit of small diffusive forces, we use
a boundary fitted coordinate system and matched asymptotic expansions to
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derive a surface diffusion law that describes the velocity on this interface.
The velocity is then used to determine the behavior in a few specific cases.

In the case of two concentric circles, the velocity is identically zero and we
are in a stable equilibrium. This is confirmed by solving the problem exactly
as well as with a matched asymptotic expansion when the initial mass of
the system is small. Next, we examine what occurs when the circular shape
of the droplet is perturbed. In the limit of a high frequency perturbation or
large chemical diffusion, we see the velocity stabilizing the system. When in
the limit of small diffusive forces, we cannot confirm the system stabilizes
but if any instability occurs it will be very weak. The third case is that of
many small circular interfaces. Here the movement is critically influenced
by the configuration of all other drops due to gradient terms in the Green’s
function. We see that there is a weakness in the model as the equations
dictate an unphysical stable equilibrium of IV small disks of a common radius
located at the roots of unity on a ring concentric within the unit disk. We
also determine that a single off-center drop will move away from the center,
in the direction of its image across the domain wall. This case also shows
that a small drop will deform the most and a collection of N small circular
drops will not remain circular. In the final case study we derive information
about the velocity for N small arbitrarily shaped drops. Here we see that, to
leading order, the drops are influenced not by interaction among themselves
but due to their arbitrary shape.

We analyze and verify the asymptotic results with numerical simulations,
making use of the finite element and level set methods to capture compli-
cated geometries and merging of interfaces. An interface-fitted mesh is used
along with isoparametric quadratic elements in the finite element method
to solve the steady state partial differential equation with sufficient accu-
racy. We use this solution to numerically calculation the velocity on each
interface. This interfacial velocity is then interpolated to a regular-gridded
domain and extended outwards for use with the level set method. The level
set method robustly handles the evolution and merging of each interface by
describing them as a signed distance function. This process is repeated by
recovering the interface and again solving the steady state problem. We
confirm many of the asymptotic results as well as show a set of canonical
drop interactions.

The analysis of these two systems suggest many open problems and fu-
ture work. For Ostwald ripening, we would like to extend the work in [§]
to two dimensions. Here, they consider the Mullins-Sekerka free bound-
ary problem with kinetic drag. We would also like to extend the equations
of motion in Ostwald ripening to incorporate perturbations to the circu-
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lar shapes. In the chemotaxis model we assumed the volume-filling term
was q(u) = 1 — u. The surface diffusion law can be extended to include
a more general volume-filling term. For chemotaxis, numerical simulations
revealed boundary effects when the radius of a near-circular drop was be-
yond a certain critical value. This phenomenon was only observed and not
characterized; it would be interested to see analytic results verifying these
simulations. Additionally, we conjecture in section 3.1, conjecture 3.1 that
the denominator of the surface diffusion law must be positive. Proving
this is important for completeness of understanding the surface diffusion in
chemotaxis. Finally, the analysis on a collection of arbitrarily shaped small
initial droplets concludes with a local solution that is independent of any
interaction with the other drops. Extending this analysis to higher orders
will answer the question of whether the system leads to a circular shape on
a longer timescale.
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Appendix A

Boundary Fitted Coordinates

Here we derive the boundary fitted coordinate system used in the chemotaxis
model. Let 1 be the minimal distance from a point in some domain 2 to
boundary 0€2. We choose 1 such that n > 0 inside 2 and 7 < 0 outside €.
Assuming 2 is smooth, there exists have a unit tangent vector t and unit
(inward) normal vector n at each point on 9.

We can parametrize 02 by arc length giving us (v1(s),72(s)) as the
parametrization. We also know that the normal vector and tangent vector
are related through curvature, x. That is, % = Kn. K is positive for convex
sets, as seen from inside.

Let (z1,z2) be any point near 0f2 in cartesian coordinates (the notion

of near is clarified below). The change of variables becomes

r1=71(8) +nna(s);  n=(ng,n2),
x2 = Y2(8) + nna(s); t = (71,7%)-

Differentiating with respect to x; and z2 and letting ex, = (1,0) and
ex, = (0,1) we wind up with

€x; = 7,(5) 0s + 877 n+77n/(8) 0s )

a$1 (91’1 81‘1 (A 1)
exs = 7 )ﬁ+ﬁn+ n'( )ﬁ .
o = Oxy  Oxo s Oxy’

Since n is a unit vector, n - n = 1 and thus

d dn
T n-n)=92"—.n=0.
7 (n-n) 7 n=>0

This means that dn/ds is perpendicular to n and thus we have dn/ds = at
for some « to be found. To find a we take two derivatives with respect to s
of t, giving us

d*t , n
— =K (S$)n+ K—.
ds? (s) ds
Taking the dot product of above with respect to t we arrive at
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2

ML S £t
e = kt - — = kat - t = ka.
ds? ds

Since, as stated above, dt/ds = kn and n is perpendicular to t, t- (dt/ds) =
0. Thus, consider

_i @ = L%+@ ﬁ—na—l—nQn n=r(a+ k)
~ ds |ds 7 ds?  ds ds N '

Since k # 0, we have that a = —k. Substituting the information we just
derived into the equation for ex, and ex, we wind up with

ds dn

ex; = (1— Hn)Tmt(s) + Tmn(s)’
ds dn
ex, = (1— &n)d—xzt(s) + d—mn(s).

Now, taking the dot product of these two equations with respect to t we
wind up with

ds ds t
- ) = A2
Vs (dajl’ dm2> 1—kn (4.2)

Similarly, by taking the dot product of the two equations with n we wind
up with

_(dn dn\ _
Vn = (dml’ dx2> =n. (A.3)

This implies that 7, the distance, must satisfy 7 < 1/k. This is the precise
definition of a point being near the boundary.

With this in hand we take an arbitrary function u(xi,z2) and write Vu
in terms of the new coordinates. This gives us

Vu = Uz, €x, + Ug,€x,
(u53$1 + uﬂnzl)Kl - Hﬁ)sxlt + 77$1n]
+ (ussﬂﬂz + unnmz)[(l - Hn)smt + nrzn]'

Expanding and rearranging, we wind up with

Vu = (1— sn)ust(ss, + s5,) +wmn(ns, +n2)
+ usn(Sgy Ny + SzpMay) + (1 — ’m)unt(sm Ny + SaoMay)-
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Realizing that s, 1z, + Sgyz, = Vs - Vn =0, we have

Vu = ||Vs[*(1 = wn)ust + [Vl un,

but, since we have expressions for Vs and V7 (A.2 and |A.3)), we can simplify
further

Us
Vu = T m7t + uyn. (A4)

We would also like to see how Awu changes under this new coordinate
system. We begin by calculating An as
dn t K

An=—-Vs=—kt- =— .
" ds s " 1—kn 1—kn

(A.5)
We do the same for As to give us

/ .
A$:M+t.v 1 .
1—kn 1—kn

We know that Vs = t/(1 — xn) from so the first term on the right hand
side vanishes by the fact that t’-t = 0. We wind up with

k'nVs + kVn
(1= rn)?

From we know that V7 = n and n is perpendicular to t so the second

term in the numerator vanishes. Substituting in for Vs we arrive at

K'nt k'n

As =t - = . A6

o=t | ] = o (40

We are now in a position to finish the calculation. Taking a dot product

of the gradient in the boundary fitted coordinate system and Vu from [A.4]
we have

AS:t'|:

Au = Uy | V|12 + s || V|| + 2us, Vs - V) 4+ upAn + usAs.

Substituting in for Vn, Vs, An and As from |A.3| [A.2] |A.5| and |A.6, we can
simplify to

K N 1 N K'n
u u
L—rn " (L=rn)? " (1-kn)

or, written in a slightly different way, we arrive at our final equation

Au = Uy, — Us,
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Ay — K n 1 d Ug
U= Y lfm]u?7 1—knds \1—rn)"
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Appendix B

Green’s Function for the
Unit Disk

This work was taken from a paper [7]. We want to find the Green’s function
corresponding to the PDE given below in the domain Q = {x: |x| < 1}.

oGy

— 2 — — — . -
AG)\ A G)\ (S(X Xo), XEQ, on

0, xe€09, (B1)
where \ = 1/\@
The first step is to switch to polar coordinates. The PDE above becomes

1 1 1
0ppGa + ;apGA + ?59963 - NG = —;5(P —00)0(0 — 6o),

where the boundary conditions become G (p, +27) = G (p,0), 0,GA(1,0) =
0 and G has the proper log singularity as p — 0.
This can be solved by making use of the complex Fourier series. We have

1 — A ,
G)\(p703p0700) = % Z GA,n(ﬂa vaeo)eiln97

n=—oo

27
Gan(p; o, o) =/ ™G \\(p, 0; po, 0p)do.
0

Substituting this in leads us to

n? 1

_ 1 _ _ _ .
aPPGA,n + ;apGA,n - ﬁGk,n - )\2Gn = ;5(10 - pO)emeoa 0< p < 17

an(l;po,eo) = 0; @n(o;po,eo) < oQ.
(B.2)
The solution to this is

) K (A
Gan(p; po.bo) = | Ky (p>A) — )

inf
I;L()\) Iﬂ (p>)‘) € OIn (p<)‘) )
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Appendix B. Green’s Function for the Unit Disk

where this can be found by solving equation on either side of py and
then enforcing continuity and the jump condition. Here, p. = min(py, p)
and ps = max(pg, p). Thus, the full solution to is

KN,
1,(N)

Ga(p.B5 ) = o 3 e ) [ Kalp) -

n=—oo

In(p>A) | In(p<A).

(B.3)

We wish to improve the convergence of this series which is known to

converge slowly ([19]). Consider the free space Green’s function Fourier
representation,

[e.o]

1 —in(0—
Gy(p,0; po, bo) = TKO(RA) o e MO K (ps M In(p< ),

n=—oo

where R = \/p2 + p3 — 2ppo cos( — 6p). At this point the p. and p- nota-
tion can be dropped and replaced with pg and p. Rewriting the term above

in B.3], we see that

1 I = _into—on KL (A
Glp.0s o t0) = - Fo(BN) = 5 3 & TR (o), o)

To approximate this numerically we truncate the infinite series. Be-
fore doing this, realizing that K, (z) = K_,(z) and I,(z) = I_,,(z) we can
rewrite the infinite sum to instead go from n =0,1,2,.... If we rewrite the
exponential term using Euler’s formula the sine terms will cancel and gives
us

1 Kj(A)
21 Ih(N)

1
G(p,0; po, o) = ?KO(R)‘) - Io(poA)Io(pA)

——Zcos (6 — B9 )K/()\) Ly (po M) In(pA), 0<p<l

Numerically, this can be implemented with MATLAB’s built in K, (z)
and I,(z) and using the recurrence relations, 0,K,(z) = —(Kp—1(2) +
Kn+1(2))/2 and 0,1,(2) = (In-1(2) + In+1(2))/2 for the modified Bessel
function derivatives. Terms in the infinite sum are calculated until the next

126



Appendix B. Green’s Function for the Unit Disk

p | po | M| Py

.08 | .08 | 32 | -9.7502e-09
.05 | .08 | 17 | -4.9680e-09
.05 | .05 | 12 | -2.4060e-09
.02 ].08] 9 |-3.6761e-09

Table B.1: This table shows the convergence rate for the improved Green’s
function for select values of p and pg. M is the number of iterations required
to reach the specified tolerance of le-8 for Py;. D =1 and 6 = 6.

term is below some tolerance, say le-8. Under these conditions the Green’s
function for the unit disk converges very quickly, in as few as 9 iterations
for some values of p and pg. The required number of iterations and Pys for
the final term in the sum for different values of p and py are given in table
B.1.
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