HOLOMORPHIC EXTENSIONS OF LAPLACIANS AND THEIR
DETERMINANTS

YOUNG-HEON KIM

ABSTRACT. The Teichmiiller space Teich(S) of a surface S in genus g > 1 is a totally
real submanifold of the quasifuchsian space QF(S). We show that the determinant of the
Laplacian det’(A) on Teich(S) has a unique holomorphic extension to QF(S). To realize
this holomorphic extension as the determinant of differential operators on .S, we introduce a
holomorphic family {A,, , } of elliptic second order differential operators on S whose param-
eter space is the space of pairs of Beltrami differentials on S and which naturally extends
the Laplace operators of hyperbolic metrics on S. We study the determinant of this fam-
ily {A, .} and show how this family realizes the holomorphic extension of det’(A) as its
determinant.

1. INTRODUCTION

In this paper, we discuss determinants of Laplacians of Riemann surfaces and their holo-
morphic extensions.

Given a closed Riemannian manifold X with metric m, its corresponding Laplacian A is
a self-adjoint positive definite elliptic second order differential operator on functions on X,
which has discrete spectrum

M=0< A <A< <A < — 00,

The determinant of the operator A may be defined formally as the product of the nonzero
eigenvalues of A. A regularization det’(A) of this product was defined by Ray and Singer
[RS1] [RS2], using the zeta function of A.

This determinant det’(A) has appeared to be very important in mathematics. For example,
in [OPS1], (see also [Sa2]), Osgood, Phillips and Sarnak studied — logdet’(A) as a “height”
function on the space of metrics on a compact orientable smooth surface S of genus g. For
g > 1, they showed that when restricted to a given conformal class of metrics on S, it
attains its minimum at the unique hyperbolic metric in this conformal class, and has no
other critical points. Thus, to find Riemannian metrics on S which are extremal, in the
sense that they minimize — logdet’(A), it suffices to consider its restriction to the moduli
space M, of hyperbolic metrics on a Riemann surface S of genus g. It was shown by Wolpert
that this restriction is a proper function (see [W4]), which was used also by Osgood, Phillips
and Sarnak to show that the isospectral sets (with respect to the Laplacian) of isometry
classes of metrics on S are all compact in the C'* topology (see [OPS2]).
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The universal cover of the orbifold M,, with covering group the mapping class group
'y, is the Teichmiiller space Teich(S). The function —logdet'(A) lifts to a function on
the Teichmiiller space Teich(S) invariant under I';. In the first part of this paper, we are

interested in the function theoretic properties of logdet’(A) on Teich(S).

1.1. Holomorphic extensions of determinants of Laplacians. Before stating our first
main theorem, consider the special case of genus 1.

Example (JRS2] or [Sal], p. 33, (A.1.7)). For z € H, let T, be the flat torus obtained by the
lattice of C generated by 1 and z. Then the determinant of Laplacian of this flat torus is

log det/(A)(2) = log(2n(Im 2)2n(2)|?)

where n(z) = ¢V T[22, (1 — ¢") for ¢ = €*™ is the Dedekind eta function; this is a modular
form of weight 1/2.

The manifold H has a complexification H x H, and the function logdet’(A)(z) on the
diagonal {w = Z} has a unique holomorphic extension to H x H, namely,

zZ—w —
log (2m(=:—)"" n(2) n(w))

We show that even in higher genus g > 1, the function logdet’(A) has a unique holo-
morphic extension. In higher genus, the objects corresponding to H and H x H are the
Teichmiiller space Teich(S) and the quasifuchsian space

QF(S) = Teich(S) x Teich(S) = Teich(S) x Teich(S),
respectively where the real analytic manifold Teich(S) imbeds as the diagonal in QF(S).
Bers’s “simultaneous uniformization theorem” [Be] identifies the quasifuchsian space QF(S)
with the space of hyperbolic metrics modulo isotopies on the 3-manifold S x R, whose ideal
boundary at infinity is conformally isomorphic to a pair of Riemann surfaces. McMullen
recently used the quasifuchsian space to study the geometry of the Teichmiiller space via the
above complexification [Mc].
Now let us state our first main result.

Theorem 1.1. The function logdet’ (A) on Teich(S) has a unique holomorphic extension
to the quasifuchsian space QF(S).

Remark. Historically, the first result in the spirit of Theorem 1.1 is due to Fay [F] who
obtained a holomorphic extension of the analytic torsion from the Picard variety of a compact
Riemann surface to the space of C*-representations of its fundamental group.

Remark. We note that the holomorphic extension of logdet’(A,,) of the Laplacian acting
on the (n,0)-forms for n > 2 is given by McIntyre and Teo [TM] using the holomorphic
extension of Selberg’s zeta function. Their method does not work in our case of log det’(A)
=log det’(Ag)= log det’(Ay).

In the proof of Theorem 1.1, we use the Belavin-Knizhnik formula (see Theorem 2.6, also
see [W3] and [ZT]) and the holomorphic extension of the Weil-Petersson form constructed
by Platis [P]] (see Theorem 2.3).
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We remark that the asymptotic behavior of log det’(A) near the boundary of Teichmiiller
space is important in both geometry and physics and was studied in [W4] and [BB]. It
would be interesting to understand the asymptotic behavior of the holomorphic extension of
log det’(A) near the boundary of the quasifuchsian space.

In view of Theorem 1.1, it is natural to ask whether there is an actual family of elliptic
differential operators on S whose determinant realizes the holomorphic extension of det’(A).
To address this question we introduce a family {A,,} of elliptic second order differential
operators on S which is holomorphic with respect to its parameter (u, v), the pair of Beltrami
differentials and which uniquely extends the Laplacians of hyperbolic metrics. Because
of holomorphy of this family, the differential operators A, cannot be self-adjoint off the
diagonal {yt = v}. These operators A, , are new examples of non-self-adjoint elliptic second
order differential operators with a natural geometric origin!

1.2. Holomorphic extensions of Laplacians and their determinants. To state our
theorem on the holomorphic extension A, , of Laplacians we need a few terminologies. Recall
that a marking on S is a Riemann surface X, together with an oriented diffeomorphism
between X, and S. A Beltrami differential o on Xy is a complex (—1, 1)-form which in one
(and hence all) local representations

B dz

H= M(Z)E
satisfies ||1t]|ooc < 1. The space M (Xy) of smooth Beltrami differentials on X is a contractible
complex analytic manifold modeled on a Fréchet space. Denote by M (S) the space of smooth
complex structures on S, which is equivalent by the uniformization theorem to the space of
hyperbolic metric on S. Then M (X,) gives a complex coordinate chart on M(.S), in which
the origin 0 € M (Xy) corresponds to Xy € M(S) (see [EE]). Denote the complex conjugate

of M(Xy) by M(Xy). The diagonal
{(, 1) | e M(Xo)} € M(Xo) x M(Xo)

is a totally real submanifold. Given 0 < k < 1 and F > 0, we introduce the space of Beltrami
differentials
My, p(Xo) = {n € M(Xo) | [|ulloc <k and [lullc2(x,) < E}-

where the C*-norm || - ||c2(x,) is defined by the hyperbolic metric on Xj.

The upper-half plane H with its standard hyperbolic metric y—2?(dz? + dy?) is the Rie-
mannian universal cover of Xj; the covering transformation group G is called the Fuchsian
group of Xy. The Laplacian of H is given by the formula
) O

020z’
where z is the standard coordinate of H, and it induces the Laplacian A of the hyperbolic
surface Xy = H/G.
Denote by M¢ the set of Beltrami differentials on H which transform as
dg
pu(z) = u(g(Z))a—g

AH:(Z—E)
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for all g € G. Then M (X,) is identified with M. Tt is well known that for each Beltrami dif-
ferential 1 on H there exists unique quasiconformal homeomorphism f* : H — H satisfying
the Beltrami differential equation

of = nof

whose continuous extension to the real axis fixes 0,1, co.
We are now ready to state our second main theorem.

Theorem 1.2. There exists unique family of elliptic second order differential operators A, ,

on S parametrized by (pu,v) € M(Xo) x M(Xy), with the following properties:

(1) A, depends holomorphically on (p,v);

(2) the lift of A, to H is the pull-back of the Laplacian Ay by the quasiconformal
mapping f* : H — H, ie., A,, is the Laplacian of the hyperbolic metric on S
induced by the pullback hyperbolic metric on H by the map f*;

(3) given 0 < k < 1 and E > 0, there exists a constant € > 0 such that if u, v € My g(Xo)
and

= vlle2xy) <€

the determinant det'(A,,) is defined, and depends holomorphically on (p,v).

The operator A, , is constructed by modifying the explicit expression for (f#*)*Ay, incor-
porating the quasifuchsian parameter (u, v) and corresponding quasiconformal mapping f, .
We use a result of Ahlfors and Bers [AB], that the unique normalized solution of Beltrami
differential equation depends analytically on the Beltrami differential.

To establish property (3), we apply the definition of determinant using complex powers of
elliptic operators due to Seeley ([Sel], [Se2], [Sh], and [KV]). The restriction ||u—v||c2(x,) < €
is introduced to satisfy the conditions for the construction of complex power.

e~

Denote by det’(A) the holomorphic extension of det’(A) to QF(S) obtained in Theo-
rem 1.1. We have the principal fiber bundle

Diffy(5) —— M(Xo)
Teich(S),

where the projection 7 is known to be holomorphic (see [EE]). This gives rise to the principal

fiber bundle

Diffo(S) x Diffy(S) —— M(Xo) x M(X,)
(1.2) waﬁ
QF(S).

The lift (7 x 7)*det’(A) is holomorphic on M (X,) x M(X,). We know by Theorem 1.2 (2)
that

det’(A,W) = <7T X ﬁ-)*det,(A)(”>ﬂ)v
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and by Theorem 1.2 (3) that the determinant det’(A,,) is defined and holomorphic on
some open neighborhood N of the diagonal in M (Xy) x M(Xy). Therefore, by analytic
continuation, we have the equality

det'(A,,) = (7 % ﬁ)*dm)(u, v) for (u,v) € N,

and we may regard the holomorphic function (7 x 7)*det’(A) as the determinant of A, , even

for those (i, v) to which Theorem 1.2 (3) does not apply. That is, on all of M (Xy) x M (Xj),
we may define

—_——

(1.3) det'(A,,) = (7 x )" det'(A) (u, v).

Remark. From the family {A,, , }, we may construct holomorphic families of elliptic operators
in a neighborhood of each Teichmiiller point ([Xo], [Xo]) in QF(S), using the Ahlfors-Weill
section s of the fibre bundle (1.1) (see [AW] or [IT] pp. 153-157). This induces a holomorphic
section s x § of fibration 7 x 7 of (1.2), defined in a neighborhood U of the point ([Xo], [Xo])
in QF(S). Clearly, by (1.3),
det,(A(s[XLg[y])) = det/(A)([X], [Y]) on U.

However, this method does not give rise to a family of operators over all of QF(S), since by
Earle [Eal, there is no global holomorphic cross-section for the fibre bundle 7 : M (Xy) —
Teich(S) of (1.1).

Plan of the paper. In Section 2, we prove Theorem 1.1 and in Section 3, we prove Theo-
rem 1.2. In subsequent sections, we provide proof of the results used in Section 3.

Acknowledgment. This paper is author’s 2005 thesis for Northwestern University. He
deeply thanks his thesis advisor Ezra Getzler for guidance and support. He is also grateful
to Curtis McMullen, Peter Sarnak, Andras Vasy, and Jared Wunsch for helpful discussions
or comments. He thanks anonymous referees for valuable remarks.

2. HOLOMORPHIC EXTENSIONS OF DETERMINANTS OF LAPLACIANS

In this section, we use several fundamental facts of Teichmiiller spaces and the determinant
of Laplacians to prove Theorem 1.1.

2.1. Preliminaries. In this subsection, we review the facts that we need on Teichmiiller
spaces and quasifuchsian spaces, including the Belavin-Knizhnik formula and Platis’s theo-
rem. In the next subsection, we prove Theorem 1.1.

Determinants of Laplacians. Let A be the Laplace-Beltrami operator on functions on a
compact Riemannian manifold M. Let

(2.1) als) = > A7
A€Spec(A)\{0}
be the zeta-function of A. The determinant det'(A) is defined (see [RS1]) as

(2.2) —logdet/(A) = %3(0)'
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The sum in (2.1) is absolutely convergent for Res > 92 gufficiently large, and has a

meromorphic extension to the whole complex plane. This meromorphic extension is regular
at s = 0, and so there is no difficulty in taking the derivative at s = 0 in (2.2).

Teichmiiller spaces. A general reference for this section is [IT].

Let S be an oriented closed surface with genus g > 1. The Teichmiiller space Teich(S) of
S is the space of isotopy classes of hyperbolic Riemannian metrics on S, that is, metrics with
Gaussian curvature —1. By uniformization theorem, Teich(S) is also the space of isotopy
classes of complex structures on S.

The set of equivalence classes of hyperbolic metrics (or equivalently complex structures)
under orientation preserving diffeomorphisms on S forms the moduli space M, of compact
Riemann surfaces of genus g.

Denote the group of orientation preserving diffeomorphisms on S by Diff"(S), and the
group of isotopies by Diff,(S). The mapping class group

L'y = Diff*(S)/ Diff(5)

is a discrete group which acts properly discontinuously on Teich(S). Thus Teich(S) is almost
a covering space of M, with covering transformation group I'y:

'y —— Teich(S)

|

M, = T\ Teich(S)

The only caveat is that the action of I, is not free, i.e. there are points in Teich(S) which are
fixed under some finite subgroups of I',. These points descend to M, as orbifold singularities.

Fixing a hyperbolic metric on .S, we may decompose S into 2g — 2 pairs of pants, separated
by closed geodesics 71, ...,73,—3. A hyperbolic pair of pants is determined up to isometry
by the lengths of its boundary geodesics. Given the combinatorial pants decomposition of
S, we get a hyperbolic metric by specifying the lengths I; (I; > 0) of the geodesics 7; and the
angle 0; by which they are twisted along v; before gluing. Let 7, = ;6;/2m,i=1,...,39g — 3.
Then the system of variables

(ll, .. 7l3g—377-17 cee 77-3g—3)

is a real analytic coordinate system on Teich(S), called the Fenchel-Nielsen coordinates of
Teich(S). This coordinate system gives a diffeomorphism

Teich(S) ~ R~ x R%73.

There is a a natural symplectic form wyp on Teich(S), called the Weil-Petersson form.
By a theorem of Wolpert ([W1], [W2]; see also [IT]), this form is given in Fenchel-Nielsen
coordinates by the formula

39—3

(23) Wwp = Zdll/\ dTi.

i=1
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The Teichmiiller space Teich(S) has a natural complex structure, for which wyp is a
Kéhler form. The following theorem is well known. (See, for example, [Ah].)

Theorem 2.1. For a closed surface S with genus g > 1, Teich(S) is biholomorphic to a
bounded open contractible domain in C3973.

Corollary 2.2. There are global holomorphic coordinates z = (2',...,23973) on Teich(S).

Quasifuchsian spaces. While Teichmiiller space is a space of Riemann surfaces, the quasi-
fuchsian space defined by Lipman Bers (See [Be]) is a space of pairs of Riemann surfaces.
The quasifuchsian space QF(S) of the surface S may simply be defined as

QF(S) = Teich(S) x Teich(S).
Here, S denotes the surface S with the opposite orientation.
The complex conjugate X of a Riemann surface X is defined by the following diagram:

H — H
(2.4) ! i
X --» X

The upper arrow is complex conjugation, and the vertical arrows are the universal coverings
given by the uniformization theorem for Riemann surfaces. There is a canonical map from
Teich(S) to Teich(S) defined by sending a Riemann surface X € Teich(S) to its complex
conjugate X € Teich(S). As complex manifolds, Teich(S) = Teich(S), where Teich(S) is
the complex conjugate of Teich(S), i.e. the holomorphic structure of Teich(S) is the anti-
holomorphic structure of Teich(S).
The diagonal map
Teich(S) < Teich(S) x Teich(S)

sending X € Teich(S) to (X, X) embeds Teich(S) as a totally real submanifold into QF(S).
The action of I'y on Teich(S) extends to QF(S) by the diagonal action: for p € I'; and
(X,Y) € QF(S) = Teich(S) x Teich(S),

By Corollary 2.2, QF(S) = Teich(S) x Teich(S) has global holomorphic coordinates
(21,2297t w®i).
We abbreviate this coordinate system to (z,w). Then Teich(S) = {w =2z} C QF(S5).

Holomorphic extension of Weil-Petersson form. The following result is due to Platis
([P1], Theorems 6 and 8).

Theorem 2.3. The differential form iwwp on the Teichmiiller space Teich(S) has an ex-
tension € to the quasifuchsian space QF(S) which is a holomorphic non-degenerate closed

(2,0)-form whose restriction to the diagonal Teich(S) C QF(S) = Teich(S) x Teich(S) is

Z.CL)WP.

The following lemma is elementary.
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Lemma 2.4. Let U C C" be a connected compler domain, and let ¢ be a holomorphic
function on U x U whose restriction to the diagonal U C U x U vanishes. Then ¢ vanishes
on all of U x U.

We can now prove the following result.

Proposition 2.5. In terms of the holomorphic coordinate system
(z,w) = (24, ..., 2%73 wh .. w?)
on Teich(S) x Teich(S), the 2-form Q of Theorem 2.3 may be written locally as
Q=>"Qde' Adu.

2%

Proof. Since 2 is (2,0) form, we may write
Q=) (Ayds' Ade? + By dz' Adw’ + Cyj dw' A du’).
]

Because the restriction iwwp of € to the diagonal {w = z} is (1,1)-form, we see that A;;

and Cj; vanish on the diagonal. Since (2 is holomorphic, Lemma 2.4 shows that A;; and Cj;
vanish. 0

The Laplacian on hyperbolic surfaces and the Belavin-Knizhnik formula. Let X
be a compact hyperbolic surface of genus g > 1, and let A be the Laplacian on scalar
functions on X. On the universal cover H of X, the pull-back of A by the covering map may
be written as
, O

020z

The Siegel upper half space P, is the space of complex symmetric matrices in C9*9 with

A=(z—-72)

positive definite imaginary part. The period matrix 7 is a holomorphic map from Teich(S)
to Py.

We will use the Belavin-Knizhnik formula. (See the article by Wolpert [W3] and the one
by Zograf and Takhtajan [ZT].) We only need the following special case of this theorem
([ZT], Theorem 2).

Theorem 2.6. In Teich(S),

- det'(A) \ i
99 log (det(Im T)) BT

where Im 7 is the imaginary part of the period matriz 7. The differential operator 00 comes
from the complex structure on Teich(S).

This formula and the result of the next section together with the theorem of Platis are
the key ingredients in the construction of the holomorphic extension of log det'(A).
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2.2. Holomorphic extension of logdet'(A). The following is a key step in the proof of
Theorem 1.1.

Proposition 2.7. Let V and W be domains in the complex space C" diffeomorphic to the
open unit ball. Consider V- x W C C" x C", with holomorphic coordinates (z,w), and let
0, =dz' 9., and O, = du’ Ow; . Suppose ) is a holomorphic closed 2-form on V' x W which
15 locally written as
Q=>"Qds' Aduw.
i,J

Then there is a holomorphic function ¢ on V- x W such that 0.0,q = €.

Proof. Choose smooth polar coordinates on V' and W, and denote the centers of these coor-
dinate systems by zp and wq respectively. Denote the radial line in polar coordinates from
2o to the point z € V by v(z); similarly, denote the radial line in polar coordinates from wy
to the point w € W by w(w). More generally, if ¢ is a smooth chain in V| let v(c¢) denote
the cone on ¢ with vertex zy, and similarly if ¢ is a smooth chain in W, let w(c) denote the
cone on ¢ with vertex wy.

Define ¢(z,w) by the formula

q(z,w) :/ Q.
v(z)xw(w)

Since the chain v(z) x w(w) varies smoothly as (z,w) varies, the function ¢(z,w) is smooth.
Observe that ¢ is unchanged by isotopies of the coordinate systems on V' and W which fix
the centers zy and wy, and that ¢ vanishes on V' x {wp} and on {z} x W.

If ¢ is a differentiable curve in W parametrized by the interval [0, ], we have by Stokes’s
theorem

q(z,c(t)) — q(z,¢(0)) = / Q +/ Q- / Q- / dQ.
v(z)xc {z} xw(c) {z0} xw(c) v(z)xw(c)

The second and third terms on the right-hand side vanish, since 2 vanishes when restricted
to the 2-simplex {z} x w(c), and the last term vanishes since d€2 = 0. Taking the limit ¢ — 0,
we see that

(2.5) (0, (0))dq(z,¢(0)) = — /( . 1(0,(0))92.

Since € is holomorphic along {z} x W, it follows that ¢ is holomorphic along {z} x W as
well. A similar argument shows that ¢ is holomorphic along V' x {w}; combining these two
calculations, we see that ¢ is holomorphic on V' x W.

We now calculate 9,,0.q. By (2.5),

Dwa(z,w) Zdw / 1(Dyi ).

(2)x{w}
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If ¢ is a differentiable curve in V| parametrized by the interval [0,¢], we have by Stokes’s
theorem

(2.6)  (Owq)(c(t),w) — (0wq)(c(0),w) = Zdwi (—/ { }L(awi)Q +/ » }db(awi)Q) .

The second term on the right-hand side vanishes. Indeed,
dL(0y ) = —0,6Qid2" N dz? — 0,k Qduw® A d2?
== (0 — 0. Q) d2* A dz? — 0,0 Qduw® A d2

j<k

= —akajidwk VAN de.

Restricting to v(c) x {w}, this differential form vanishes.
Taking t — 0 in (2.6), we see that

1(¢'(0),0)d(0wq)(c(0), w) = — Z dw" 1(¢(0),0)0(0,:)2(c(0), w),

or in other words, 0.0,q = €. O

From Proposition 2.5, we know that the holomorphic 2-form 2 of Theorem 2.3 satisfies
the hypotheses of Theorem 2.7. Restricted to the diagonal Teich(S) = {w =z} C QF(S),
the differential equation in Theorem 2.7 for the holomorphic function g on QF(S) becomes

00q = iwwp.

Thus, the proof of Theorem 2.7 gives a method of constructing a Kahler potential for the
Kahler form iwwp on the Teichmiiller space, using the extended form €2 to quasifuchsian
space.

Example. (See p. 214 in [IT]) When S has genus 1, the Teichmiiller space Teich(S) may be
identified with the upper half plane H, and

wwp = —i(z —2) 2dz A dz.

One easily finds the Kéhler potential ¢(z) = log(z — Z). The method used in the proof of
Theorem 2.7, applied to the 2-form ©Q = (2 — w)~2dz A dw, yields the holomorphic function

q(z,w) = log(z — w) —log(zp — w) — log(z — wo) + log(z0 — wo)
on the quasifuchsian space H x H.
Using the holomorphic function ¢ on QF(S), we now construct the holomorphic extension

of log det’(A). The holomorphic function

q(z,w) = %(q(z,w) + q(w, E))

on QF(S) restricts to a real function ¢ on the diagonal such that

8567 = w wWP-
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Theorem 2.8. There exists a unique holomorphic extension of logdet’(A) to the quasifuch-
sian space QF(S). In coordinates (z,w) on QF(S) = Teich(S) x Teich(S), this extension
has the form

1 _
log det’(A)(z,w) = —6—7Tq~(z, w) + logdet((7(z) — 7(w))/2i) + f(2) + f(w).
Proof. By Theorem 2.6, the one-form
a= 8(10g det/(A) + GLCJ — log det(Im 7'))
s

is holomorphic. Since Teich(S) is simply connected, it follows that there is a differentiable
function f such that

df = a.

Since df = %' = 0, f is seen to be holomorphic. The theorem is now proved by analytically
extending each of the functions det(Im7), ¢, f and f in the holomorphic factorization

logdet’(A) = logdet(Im7) + Cyg+ f + f

on Teich(S) to QF(S). The holomorphic extension of ¢ is evident, since it is by construction
the restriction of the holomorphic function ¢ on QF(S). The function f is extended to f(z),
the function f to f(w), and the function det(Im7) to

log det((7(2) — 7(@))/2i).

(Note that the matrix 7(z) — 7(w) is everywhere invertible on QF(S).) The uniqueness of
the holomorphic extension of log det’(A) follows from Lemma 2.4. O

It would not be hard, using this theorem, to give an explicit lower bound for the radius
of convergence of the real analytic function logdet’(A) on Teich(S).

3. HOLOMORPHIC EXTENSIONS OF LAPLACIANS AND THEIR DETERMINANTS

In this section, we prove Theorem 1.2. In Section 3.1, we construct the family {A,,},
and show that it satisfies properties (1) and (2) in Theorem 1.2. In Section 3.2, we show
the property (3) of Theorem 1.2. In Section 4, we provides several necessary estimates on
quasiconformal mappings. Using the results of Section 4, we prove in Sections 5 and 6 the
results which are used in Section 3.2. From now on, we denote by d and 0 the Cauchy-

Riemann operators 3(9, — id,) and (9, + id,), respectively.

3.1. The holomorphic extension A,, of the Laplacian. In this subsection, we con-
struct the family {A,,} of elliptic second order differential operators of Theorem 1.2, and
demonstrate properties (1) and (2).

Unless otherwisely stated, we restrict our domain to H, and denote by p and v smooth
Beltrami differentials on H (that is, smooth complex valued functions on H satisfying ||| o,
|v||lo < 1). By fi we denote a Beltrami differential on the lower half plane H defined by
fi(z) = 7i(Z). Denote by 9, the operator d — ud, and by d; the operator 9 — 0.

The following definition is due to Ahlfors and Bers.
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Definition 3.1. Given a pair (p, ) of Beltrami differentials on H, denote by f,, : C — C

the unique continuous normalized solution (i.e. fixing 0, 1 and co) of the Beltrami equation
on C,

Oufuw =0, Imz >0,
Opfuw =0, Im z < 0.
Let f* = fu,..

We have the following result of Ahlfors and Bers [AB].

Lemma 3.1. f,, is a homeomorphism of the Riemann sphere C=Cu {o0}. In particular,
it is an open embedding of H into C, and Of,, is nowhere zero on H.

By complex conjugation of the Beltrami differential equation in Definition 3.1, we see that

(3.1) Sou(2) = fuun(2)-

In particular, f#(z) = f*(2) and thus f* maps H onto H. In fact, f,, maps H onto H if
and only if f¥|gr = f¥|r.

In our construction of A,,, we use the result of Ahlfors and Bers that the normalized
solutions of the Beltrami equations depend analytically on the Beltrami differentials. The
following lemma summarizes what we need (see [AB]).

Lemma 3.2. For each z € H, f,,(2), f,..(2), 0f..(2) and Of, .(2), depend holomorphically
on p and anti-holomorphically on v.

Now, we start with the following key calculation in our construction of A, ,. By Lemma 3.1
and the inequality |u| < 1, the function

1

32 C T o

is bounded on H.
Proposition 3.3.
(f#)*08 = |a? (_Mf)? +(1+|u?) 00 —10" + (D,loga) D + (9 log @) 5) .

One easily sees that when p = 0, the above formula for (f*)*90 reduces to 90.
In the proof of Proposition 3.3, we denote f* by f, and (f*)~! by h. By the chain rule
applied to the equations ho f = z and ho f = Z, and the Beltrami equation, we see that

(3.3) Oho f Ohof\ (Of Of _1_ a
| onos anor) ~\or ar) “lwa @ )

By the chain rule applied to the equation Oh o f = «, we see that
of Of\ (*ho f\ _ [0«
af of) \0ohof) \oa)’
Applying (3.3), we see that

3.4 00ho f =|al?d,loga
m
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Proof of Proposition 3.3. If u is a C* function on H, then
(f*)*00u = (00(uo h)) o f.
We have
90(uo h) =08 ((Ouo h)Oh + (Ju o h)Oh)
= (8%u o h)OhOh + (00u o h)Ohoh
+ (80w o h)Ohoh + ((79271 o h)0hoh
+ (Ou o h)9Oh + (Ou o h)JOh.
Composing on the right with f, we see that
(00(uoh)) o f =d*u(dho f)(Bho f)+ dOu(dho f)(Oho f)
+ 00u(dh o f)(Dho f) + O u(@ho f)(Oho f)
+ Ou(90h o f) + Ou(ddh o f).
Applying (3.3) and (3.4), the proposition follows. O

We wish to find an extension of (f*)*90 which is holomorphic in . Because the formula
for (f*)*00 contains quantities such as [0f#|2 and |u|?, simply replacing f* by f,., does not
give a holomorphic extension of d9. Nor do other simple extensions, such as (f*)*0 (f¥)*0.
On the other hand, replacing f*, f* and & by Juws fT,u, and 7, respectively we obtain by
Lemma 3.2 an operator which depends holomorphically on p and anti-holomorphically on v.

Definition 3.2. Given a pair of Beltrami differentials (u, ), let
1
Quy = 77— =77
" (1 — p)0f

Define a second order differential operator A, , on functions on H by the formula

A%V = (fxw - fT#)Q(QE)W/

where
(00) = QppBirs (11 8° + (1 + i) 80 — 0" + (D, log ) 0 + (95 log ay) ).

The principal symbol of A, , in complex coordinates (z,() on the cotangent bundle 7*H,

where 0(0) = i(, equals
UQ(AH,V)(C) = _(fu,z/ - fT,,u)2 %,um@ - MZ) (Z - ﬁC)

Lemma 3.4. The differential operator A, is elliptic for any pair of Beltrami differentials
(b, v).
Proof. By (3.1), we have

f,u,u(z) - fl/,u(z) = fu,u(z) - f,u,u(z)
which is nowhere vanishing on H, since f,, is a homeomorphism of C. The functions
0f., and m are nowhere vanishing on H by Lemma 3.1. We also have the bounds
|16(2) |0 ||[¥(2)]|oo < 1, and the lemma follows. O
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The following theorem is immediate.

Theorem 3.5. The elliptic family A,,, is holomorphic in (v and anti-holomorphic in v, and
coincides with (f*)*A when p = v.

The following proposition shows that A, is the unique such family of operators.

Proposition 3.6. Let A, , be a family of operators on C*°(H) holomorphic in p and anti-
holomorphic in v. If A, ,, =0 for all p, then A,,, =0 for all pu,v.

We need an elementary lemma.

Lemma 3.7. Let ¢(s,t) be a function of complex variables s,t which is holomorphic in s
and anti-holomorphic in t. Suppose ¢(s,s) =0 for all s. Then ¢(s,t) =0 for all s,t.

Proof of Proposition 3.6. Fix ¢ € C*(H), z € H, and Beltrami differentials p,v. Let s,t
be complex parameters. Then ¢(s,t) = (Aq—s)utsm,(1-t)utt?)(2) is holomorphic in s and
anti-holomorphic in ¢, and ¢(s,s) = 0 for all s. By Lemma 3.7, ¢(s,t) = 0 for all s,¢. This
shows the proposition. 0

Now fix a Riemann surface X, and the corresponding Fuchsian group G of the covering
map H — X,. We show that the restriction of the family {A,,} to G-invariant Beltrami
differentials p, v € M“ on H induces a family of elliptic differential operators on Xj.

Lemma 3.8. If u € M“ and g € G, g*(f*)*A = (f*)*A.

Proof. By the invariance of the hyperbolic metric my on H under conformal mappings, and by
the invariance of p under G, it is clear that the pull-back metric (f*)*my is invariant under
G. So the Laplacian (f*)*A associated to the pull-back metric (f*)*mq is also invariant
under G. O

Proposition 3.9. For every g € G, and for every p,v € M®, g*A,, = A,,.

Proof. Fix g € G. The family of operators g*A,, — A,, is holomorphic in p and anti-
holomorphic in v, and by Lemma 3.8, it vanishes for ;4 = v. Therefore, by Proposition 3.6,
g A, — A, =0forall u,ve MC. O

By Proposition 3.9 and the identification of M“ with M (X,), we have

Theorem 3.10. There is a unique family {A,, | p,v € M(Xo)} of elliptic second order
differential operators on Xy which satisfies properties (1) and (2) of Theorem 1.2.

3.2. Determinant of A, ,. In this section, we consider the determinant of A, and estab-
lish the property (3) in Theorem 1.2. To define the determinant of A, ,,
of using complex powers of elliptic operators developed by Seeley [Sel], [Se2], although we
follow Shubin [Sh]| more closely. (See also [KV].)

For the Fuchsian group G of Xy, let P be the closure of a fixed fundamental domain of G.

we use the method

Let @ be the neighborhood of P consisting of the union of all translates of P by elements of
GG whose intersection with P is nonempty.
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Definition 3.3. Given 0 < k£ <1 and F > 0, let
Mg = {pe M| |ullw <k, |ulle2@) < B}
where the C?-norm is defined using the flat metric on H.
The following theorems will be proved in Sections 5, 6.

Theorem 3.11. Given 0 < k < 1, E > 0 and 0 < 0y < m, there is € > 0 such that if
pv € My and ||p— vllevg) < e, then

|arg(02(A,,))] < fo.

Theorem 3.12. There exists a constant C > 0 such that for every p, v € MkGE and for any
nonzero eigenvalue A of A, , on Xo=H/G,

Al = € =O(llp = vlie2g)-

Fix 0 < 6y < m. For the rest of section denote A, , by A and assume that (i, ) belongs
to

Ne={(,v) | p,v € Mg and ||p = vllezq) < €
where € > 0 will be determined in the following.

3.2.1. Determinant of A,,. By Theorem 3.11, we know that for sufficiently small € the
principal symbol o5(A)(z, () does not take values in the closed conical sector

A={X:0y <argh <2m — 6y}

in the spectral plane C for any (x,() € T*S\ S. This condition ensures that Spec(A) N A is
finite, so there is a closed sector Ay C A which has only zero spectrum inside.
By Theorem 3.12, for sufficiently small ¢ > 0, there is p > 0 such that

Spec(A) N{z ]|z < p} C {0}
Given exp(if) € Ay, let I'(g) be the contour I'y y(p) U T'ge(p) UT'29(p), where

Iio(p) = {zexp(if) | z > p},
Too(p) ={pexp(i¢) |0 > ¢ >0 — 7},
Lip(p) = {zexp(i(0 — 7)) | p <z}

(

Denote by R) the resolvent (A — AI)~!. Then for Re s < 0, define
i
Ag) ) = — A Ry d.
(As)o) = 5 oy P
By the symbol calculus of [Sh], A is trace class for Res < —1. In the following, we omit
from the notation for (Ay)g) and I'g).

For s € C, define the modified complex power A*° of A by
AS°0 — AkAs—k:
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where k£ is an integer chosen so that Re s —k < 0. To see that this definition does not depend
on the choice of k, consider the operator

Py = — Ry d.

27 Jin=p

Observe that P} = By, PyA, = 0, and that Py commutes with A, A, and A*°. Then the
well-definedness of A%° follows since

APA_ = A AP =1-P,.
The modified complex power A®° has group property:
As,ko,o — As—&—w,o'

Following the arguments in [Sh] (pp. 94-106), we may show that the kernel A=°(x,y) dy
of A7%° can be meromorphically extended to all of C, with simple poles contained in the set

EEizopv =il 0

It follows that the meromorphic function

Tr(A™*°) = / A7z, x) dx
M
is regular at s = 0.
Definition 3.4. det’(A) = exp(—0s|s—o Tr(A7°))

As remarked by Kontsevich and Vishik in [KV], a change in the choice of contour I'y
changes Os|s—o Tr A~*° by an element of 2miZ. After taking the exponential, the determinant
det(A) is well-defined.

We summarize our discussion in the following theorem.
Theorem 3.13. There exists € > 0 such that det'(A,,,) is defined on N..

3.2.2. Holomorphy of det'(A,,). Suppose A belongs to a differentiable family of operators
all of which satisfy the above conditions for a fixed contour I'. Then we have the following
well-known variation formula for the determinant, which can be proved by symbol calculus
of the kernel of complex powers as in [Sh].

(35) dlog det/(A) = 68|5:0 Tr(SA—S—l,o dA)

In order to argue from (3.5) that det’(A,,) is holomorphic with respect to u and v, we
must clarify one subtle point: the contour I' must be chosen so that the spectrum of the
operator A, does not cross it as we perform the differentiation.

Fix py, v € M(Xo) and 6 > 0. For complex numbers |s|, |t| < d, let

(us,vy) = (u+ su1, v+try) € N,
and denote A, ,, by A(s,t) and A, ,, — A for A € A by Ax(s,1).
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Lemma 3.14. If ) is sufficiently small, there exists R > 0 such that the resolvent Ax(s,t)™*
s bounded on
Ar={N €A ||\ > R}.

Proof. Consider a parametrix B, (s,t) of A(s,t) and consider the equation
By(s,t)Ax(s,t) = I + Cy(s,1),
where Cy\(s,t) is a smoothing operator such that
(14 ADICA(s, D]

is bounded. (See [Sh] pp.85-86.) By continuity of the kernel of Cy(s,t) with respect to s,t,
we see that |[|Cy(s,t)|| is uniformly bounded for |s|, |t| < 0, when § is sufficiently small, and
from this the existence of R. O

The boundedness of the resolvent Ay(s,t)™! is an open condition; thus, if the operator
A(0,0) has no eigenvalues in the bounded domain

{z€e Ny | p<|z| < R},

then A(s,t) has no eigenvalues in this domain either, for sufficiently small §. Recall that the
only eigenvalue of A(s,t) inside the disk {z | |z| < p} is 0, for sufficiently small o.

In conclusion, for each (u, ) € N, we can choose a contour I' in such a way that the only
eigenvalue of A, ,, inside I is zero, for any small variation (4, ;) of (i, v) in N.. Since the
determinant is independent of the choice of the contour, we have

Theorem 3.15. The function det’ (A,,,) is holomorphic in the region N., where € is chosen
as in Theorem 3.13.

The property (3) in Theorem 1.2 is a direct consequence of this theorem. Note that the
flat Euclidean norm || - ||c2(g) for M and the hyperbolic norm || - ||c2(x,) for M(X,) are
equivalent since () is a finite cover of compact Xj.

4. ESTIMATES FOR QUASICONFORMAL MAPPINGS

We start by reviewing some basic facts about quasiconformal mappings due to Ahlfors
and Bers [AB]. Given p > 2, let C}, > 1 be the constant associated to p by Ahlfors and Bers
(see p. 386, [AB]); note that

lim C, = 1.
P\2

Fix 0 < k < 1, and choose p > 2 such that C, < 1/k. We abbreviate LP(C) to LP. Let p
and v be complex valued functions in L*>°(C) with norm ||pt|eo, ||V]|c0 < k.

Definition 4.1. [AB] The normalized solution w* : C — C of the Beltrami equation 9,w" =
0 is the unique continuous solution which fixes 0, 1, and oco.

It is known that the function w* is a homeomorphism of the Riemann sphere C = CU{oo}.
If w” = w” o w*, then
v—pu Owt

— — py—1
p= (1o o),
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and (w*)~! = w” where

(41) ji= (~u5e) o (w)

Note that [|7lloc =[]l
Denote the spherical distance in the extended complex plane by [z, 25]. By Lemma 16 of
[AB], there are positive constants a(k) and ¢(k) such that

[w (21), w" (22)] < (k) [21, 2]

Let D = {z € C | |z|] < R} be the disk of radius R in C. Since the spherical and
Euclidean distances are equivalent in compact domains, we see that if z1, 29 € Dpg, then

(4.2) lwh(z1) — wH(22)| < e(k, R) |21 — 2o|*®.
In particular, taking zy = 0, we see that
(4.3) [w!]| () < ek, R) R,

We also have the following lemma. (See p. 398 of [AB].)

Lemma 4.1. If u and v are Beltrami differentials on C with ltelloos IV]| oo < Kk, then for all
z € C,
[w(2), w"(2)] < CF) (|1t = V|-

In particular,
(4.4) [w" = w”|[ (D) < C(k, R) [ — Voo
We will need the following interior Schauder estimates for the operators gu-

Proposition 4.2. Fiz a bounded open domain 2 in C, a relatively compact open subset
Q1 CC Q, a positive integer n, and real numbers 0 < 6 < 1, 0 < k < 1, and E > 0.
Let pi and v be Beltrami differentials on C satisfying ||plloo, [[V]lee < Kk and ||p]|cn-1sq),

|v||en-160) < E. Then there is a positive constant C, depending only on the above data,
such that ||w"||cnsq,) < C and

[wh = w”|gnsgoy) < C{lln = vlign-159) + I = v}

Proof. As long as |||z (o) is bounded by k < 1, the operators 5;1 are uniformly elliptic on
), and we have the uniform Schauder estimates

[wH || ons oy < Cllw” || oy,

from which ||w"||cn.sq,) < C follows by (4.3).
Note that
Op(wh —w”) = (u — v)ow”

This implies the uniform Schauder estimates
= 0l ensqany < CLI" = w ooy + (1 — )0 onrsey
and applying (4.4), the desired estimate on ||w" — w"||cn.s(q,) follows. O

The goal of the rest of section is to verify the following theorem.
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Theorem 4.3. Let Q; CC Q CC C. Suppose that ||it|lcoc < k and that ||Op||r@) < oo.
Then the normalized solution w" of the Beltrami equation of u satisfies

iélf |Ow| > CeCloullLra)
1

We will first consider the case where p has compact support; we imitate the proof of
Lemma 7 in [AB]. First, we recall some results from [AB] on the inhomogeneous Beltrami
equation.

Definition 4.2. For o € L, let w*° : C — C be the unique solution of the inhomogeneous
Beltrami equation 0, w = o such that w(0) = 0 and Jw € L”.

Two properties of w* which we will need are

G o]
4- j 221 < p p
(45) 0w, < T2
and
Cpl||O
(46) [ (1) = w (22)] < ﬂ'k'('}’l Sl

(For the definition of the constant c,, see p. 386 of [AB].)

Lemma 4.4. Suppose that ||p)|l < k and that Ou € LP. If p has support in Dg, there is a
constant C', depending only on R, such that

1
B> L ~Cloul,
inf [0w"] = 3o7e '
Proof. Let A = w*% . By (4.5),
(4.7) 1Ol < Clloully,

while by (4.6),
21) — Alz2)| < Uplz1 — 22| 7.
[A(z1) = Az2)| < Cf|Opl],| |1
Since A\(0) =0,
(4.8) M) < Clapll|=' 2.
In particular, when |z| < R+ 1,
A=) < C(R+1)' 27| 0pl,.

If R4+ 1 < |2] <, then since OA(z) = 0 for |z| > R, Green’s formula shows that

wbﬁfm 27r//DR P deaz

1 )\
D) =g | e =y /D R dcdc

Thus
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By (4.8),

1 A(Q) ‘ 1 ri=2/p
2mi /ICT (¢ — Z)ch < 21 (r — |2])2 /CIT MO d¢] < C—(T — ‘Z|)2H5’,u”p.

o [ [ B < ot [ [ v

(ﬂ_RZ)l 1/p
2m(|z| — R)?

By (4.7),

<C 19ul[ o ()

Taking r — oo, we see that

194l
[dA(2)| < C(M_—RP-

Let 2 = z/|z|. It follows that

r

G < MR+ 1)z >|+/ dA(s2)] ds

R+1
*<d
< cloul, ((w+ e [T2).
1
In summary, we see that
(4.9) [Allso < CHORl.

Let p = €. Since Op = O(up), there exists a C* function f such that df = p and
Of = pup. As remarked in [AB], f is a homeomorphism on the extended complex plane C
and f(co) = oco. Clearly, the normalized solution w* is

IO
70 = F(0)

hence N
08 2 = o)

The numerator is bounded below by (4.9), while the denominator is bounded above using
the mean value theorem:

[f(1) = fO)] < sup(lof] + 0£1)
< (14 k)supel < (1 + k)eClonls, O
D
Proof of Theorem 4.3. Choose an open set ' such that € cC Q' cC Q. Let n be a C*

cut-off function which equals 1 on €' and 0 outside Q. Let 1 = w™ o (w*)~!. Note that
0 = 0 on w*[€Y']. Thus, on ¢,

Ow™ = (O o wh)ow*.



HOLOMORPHIC EXTENSIONS OF LAPLACIANS, DETERMINANTS 21

It follows that
|Ow™|

|09 0 wr|*

We must bound this below on 2;. The numerator is bounded below by Lemma 4.4.
To get an upper bound for the denominator of (4.10), note

(4.10) |OwH| =

sup |0y o w*| = sup |0Y|.
Q1

wh ]
Let r = dist(w*[2;], C\w#[']). Since ¢ is holomorphic on w#['], we see that for z € wH[{2],

_ 1 ¥(¢)
Ovlz) = 2mi /|g—z|r (S Z)2dC

and therefore,

sup |0y o w”| < r7! sup ¢
o wh[)

But, by (4.3),

sup [ = sup [w™ o (w")™}| = sup|w™| < C.
wH Q] wH Q] Q

It remains to bound r below.
Recall the definition (4.1) of the Beltrami differential fi. By (4.2) and (4.3), if z; € w"[(]
and z; € C\ w'[(Y], there is a constant a(k) > 0 such that

[wh (21) — wh(22)] < Clz1 — 2[*™).
From this, we have
dist(Q;,C\ Q) < Cdist(w”[Q4],C \ w[Q])".
So r > Cdist(Qy,C\ Q)" O

5. PROOF OF THEOREM 3.11
Recall that
UQ(AH,V) = _(fu,v - fT,u)2 ((1 - N7)2afu,um>il(c - NZ)(Z - EO

By invariance of A, , under G we only need to estimate the argument of this symbol on P,
and for this we will use the results of Section 4.

5.1. Angle estimates for (¢ — u¢)(¢ — 7(). Let o = u — v. Then
(¢ = pO)C —70) = (1 + )¢ — pC — ¢
= (14 P)e)? = (¢ +7¢%) + opl¢)? - of.
But
(1+ )¢ — (8 +7¢%) > (1— W)?[C)? > (1 - k)¢

while on P,
_ =2
|o7|¢I* = oC | < 2€[¢)*.
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Therefore, for sufficiently small €, we have on P
| arg((¢ — uC)(C = 7¢))| = O(e).

5.2. Angle estimates for —(f,, — f,.)%. We estimate arg(—(f,, — f,..)?) by means of
the decomposition

Fuw = Joe = (F* = T + (fuw = 1) + (F* = Fo).
Lemma 5.1. There is a constant C' = C(k, P) > 0 such that if p is a Beltrami differential
such that ||p||co < k, and z € P,
Im f#(z) > C.
Proof. Let F(K) be the family of K-quasiconformal mappings from the H to itself fixing 0,
1 and oco. In particular, f* € F(K), with

1+k
K="
1—kK

By Theorem 2.1 of [Le], F(K) is normal on H, that is, every sequence of elements of F(K)
contains a subsequence which is locally uniformly convergent in H. Let y be the infimum

= inf I .
V= pert eI )

Choose sequence (f,,) € F(K) and (z,) € P such that

lim Im f,(z,) — .

n—oo

Since P is compact, by passing to a subsequence, we may assume that (z,) converges to
a limit z,, € P. Since F(K) is normal, there is a subsequence which is locally uniformly
convergent in H, with continuous limit f,, such that Im f,(z+) = y. By Theorem 2.2 of
[Le|, feo is K-quasiconformal, hence injective. Thus, y > 0, since fo(25) is in the interior

of D. U
It follows that
ir;f[f“—ﬁ] > C.
By (4.4),
17 = Follzoecey + [ fuw = F*llzepy < Clloflse < Ce
Therefore, for sufficiently small €, we have on P,
| arg(—(fuw — fou)®)| = O(e).
5.3. Angle estimates for 1 — yv. We have
1—puw=1—|v]*— ov.
Since 1 — [v]? > 1 — k? and |ov| < €k, we see that

|arg(1 — uv)| = O(e).
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5.4. Angle estimates for 8fu7l,c79f“,l,. To estimate the argument of
0fu0fo, = (OfF +0fu, —Of*)(Ofr 4+ 0f,, — OfH)
= ‘af#|2 + 8f“(afu,u - af’“) + af“(afu,u - af”)
+ (0w = OF")(Ofvu — OFF),

we need a lower bound for [0f#| and upper bounds for df*, df,, — Of* and 9f,, — Of*.
Theorem 4.3, applied with 2; = P and §2 = @), implies that

; p
1%f\3f | > C.

By Proposition 4.2, we have the estimates || f*||c1spy < C,

Hfu,l/ - fMHCI"S(P) < CH/L - VHOO7

and || f,. — fHllcrspy < Ol — v|ler@) + |1t — v[|o). Therefore, for sufficiently small €, we
have on P,

|arg (0 0fuu)l = Ole).

Combining the above estimates, we obtain Theorem 3.11.

6. PROOF OF THEOREM 3.12

Before we proceed for the proof let us fix some notations. Let mgy be the Kahler form of
the standard hyperbolic metric on H, let

10— )
(frr = fr)?

be the Kahler form of the pull-back hyperbolic metric by f* induced on Xy, and let A,, be

the corresponding Laplacian. Let (—, —) be the inner product on L*(Xy,m), and let || - ||

be the L% norm. With respect to the frame {dz,dz} of the cotangent bundle T* X, @ C, the
Hodge star operator = (with respect to m) acts on 1-forms as

(3) == G ) )

From this, it is easy to see that for u € C*°(X)),

m = (f")'my = dz N dz

— i dz N dz
6.1 ldull = [ dunsduz [ (1= JuP)0uf + ouf) S 2
Xo P 2
> (1= k)l dullZ2x0,mo)-
If V is the gradient operator of the metric m, and V* is its adjoint with respect to (—, —),

then A,, = V*V; it follows that (A,u,u) = ||Vul|3.

Lemma 6.1. Let € = ||p — v||c2q). Write f = O;(€°) to denote that f is a C* function (or
tensor) such that || f|cipy < C(k, E)e'. Then we have

fuw = 02(1), (0fu) ™ = 00(1), fuw = f"=0a(€)  fuw — = Oale),

(1) -
Oy = 01(1)7 au 10g Oy = 00(1)7 m/mO = OO<1)7
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fu,u_fT,,u:fu_F_'_OQ(e)v O‘/L,V:O‘"i_Ol(e)

2 _ _
@) O,logay,, = 0,loga+ Oy(e), Oyloga,,, = Ozloga + Oy(e);

(3) Ay = A+ O1(€)90 + 01(6)0° + Og(€)d + Og(€)D.

Proof. (1) is by Proposition 4.2 and by Theorem 4.3, (2) is by straightforward calculation
using (1), and (3) is by (1) and (2) and the definition of A, , (see Definition 3.2). O

From Lemma 6.1 (3), we may write
A#,V = Am + 01(€)V2 —+ Oo(E)V,

where O;(¢) is a tensor on Xy whose C-norm is bounded by e. Localization (by a partition
of unity) and integration by parts shows that

(6.2) (u, Ay =(1+0(6) [Vul* + Oe)[[ull3.

Let U be the space of constant functions on Xy, let U+ be its orthogonal complement in
L?*(Xo,m), and let A% , be the adjoint of A, with respect to the metric m. If f € C*(X,),
AL fel L. Therefore, every eigenfunction u of A7, with nonzero eigenvalue A belongs to
UL, If we let

onumo
v=u— G,
on Mo
then clearly,
Idoll3 _ Nldull3 _ [[Vull3
[oll3 = Nullz fJull3
By (6.1),
V12 (xpmo) < lldvll3-

Since m and mg are equivalent metrics, that is, C~'my < m < Cmg, we see that

ol = / jof2m ~ / o[ mo.
Xo Xo

By the Poincaré inequality applied to v for the metric mgy on Xy, we see that

[Vull3

lull3

(6.3) 0<C<

where the bound C' depends only on k£ and FE.
Since u is an eigenfunction of A%  with nonzero eigenvalue A, we have by (6.2),

IAHlully = [{u, A ,w)| = (Auwu,u)]
> (1= 0() [ Vullz = O(e)full3.
Therefore by the Poincaré inequality (6.3), we see that for sufficiently small e,
|IA| > C = O(e).

This completes the proof of Theorem 3.12, since the spectrum of A, , is the complex conju-
gate of the spectrum of A, .
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