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Indefinite Integrals

1. Each part is worth 3 marks. Please write your answers in the boxes.
(a) Calculate the indefinite integral I = [ 22e=3*" da.

.3
6731

s +C

Answer: [ = —

Solution: Let u = 3z%, so 9 = 927, Then,

1 —323

e v e
I:— —u e — = — .
9/6 du 9 +C 5 +C

(b) Calculate the indefinite integral I = [ -*2=2—dx for z > 0.

Answer: Tlnjz 4+ 4| —4ln|z+ 2|+ C

integrand as partial fractions:

3z —2 A B A(x +4)+ B(z +2)

@+2)@+4) 242 2+4d  @+@+4d)

is, B = 7. Then,

4 7
I=— d
/x+2 x+/x+4

de =—4lnjx + 2|+ 7n|jz + 4]+ C.

Solution: Factorise the denominator z? + 6z + 8 = (2 + 2)(x + 4). Write the

Use xr = —2, so —8 = 2A, that'is, A = —4. Use x = —4, so —14 = —2B, that
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(¢) (A Little Harder): Calculate the indefinite integral [ z?sinx dz.

Answer: [ = —a? cos(z) + 2z sin(z) + 2 cos(x) + C

Solution: Use I.B.P. with u = 2% and v/ = sin(z) so v’ = 2z and v = — cos(x).
Then,

I = —2”cos(x) + Z/xcos(x) dx .

Use [.B.P again to solve the integral on the R.H.S. with w = x and 2’ = cos(x),
so w’ =1 and z = sin(z). Then,

I = —2” cos(x)+2 (x sin(r) — / sin(m)dm) = —2? cos()+2x sin(z)+2 cos(z)+C
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Definite Integrals

2. Each part is worth 4 marks. Please write your answers in the boxes.

(a) Calculate I = OW/S tan®(2x) sec?(2z) dz.

Answer: [ = %

Solution: Let u = tan(2z), so % = 2sec?(2z), u(0) = 0 and u(%) = 1. Then,

1 [t 1wt 1
I:—/u5du:—u— = —,
2/, 216, 12

(b) Calculate I = [{ z*Inz da.

142¢e3

Answer: [ = 5

Solution: Use I.B.P. with u = In(z) and v’ = 22, so v/ = L and v = ‘%ﬂ Then,
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(c) (A Little Harder): Calculate I = fol 23v/1 — 22 dx.

Answer: [ = %

Solution: Let = = sin(f), so % = cos(f), § = arcsin(z), 6(0) = 0 and 6(1)
Then,

I= /02 sin®(0)4/1 — sin*(0) cos(6)d = /02 sin®(0)| cos(6)| cos(0)d.

Since cos(f) > 0 when 0 < ¢ < 7, we have | cos(f)| = cos(#). Then,

™

2

I = sin®(0) cos?(0)do

™

2

sin?(#) cos?(6) sin(6)do

s
2

(1 — cos*(6)) cos®(6) sin(6)df

I
S— — S—

Now, let u = cos(f), so % = —sin(6), u(0) = 1 and u(%) = 0. Then,

Method II: Write the integral as
1
I= / 221 — 22 (vdx) .
0

Set u = 1 — 2%, so that zdx = —du/2. Since z = 0 and x = 1 maps to u
and u = 0, we use 22 = 1 — u and get

I 1t 1/2 2 2
I:——/(l—u)ul/Qdu:—/ (ul/g—ugﬂ) du==-[=-—=]=—.
2/, 2 Jo 2\3 5) 15

Method I11:

Let u = /1 — 22, so that 2 = Tz We get u(0) = 1 and u(1) = 0. Then,

1:—/01952(1—952)(\/%:62) dx:—/lo(l—uQ)UQdu:%.

Y

2

=1
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Riemann Sum, FTC, and Volumes

3. Each part is worth 4 marks. Please write your answers in the boxes.

(a) Calculate the infinite sum

21
I L
b ; n? (4 + 2 /n?)

by first writing it as a definite integral. Then, evaluate this integral.

Answer: In ‘ % }

Solution: ,
21 B 2% 1
n2(4+1i2/n2)  4+i2/n2 n’
So, Ax = %, x; =0+ % and =7 = z;. Then,

- 2 - 2" Loog
i S -t Ar= dx.
nLHc}o;nQ(ll—l—iQ/nQ) nirﬁo;zlﬂﬁ)z’ ’ /0 112"

(]

Let u =4+ 22, so that 2 = 2z, and u(0) = 4 and u(1) = 5. Then,

Loox °1
/ da:—/ —du:ln§
0 4"‘..'13'2 4 U 4

(b) For z > 0 define F(z) = ["t'/2dt and g(z) = /F(z*). Calculate ¢'(2).

3
Answer: 2:2 or
_2:2°v28 \ﬁ

2(243-1)

Solution: First, F(z) = %(x% — 1) and F'(x) = y/z. Now differentiate g and
use the chain rule twice to obtain,

, 43 F' (2
g(ﬂf)z—( )
2\/F(z%)
228t
(@)t 1)
So,
2-235v2¢ 64 64

2t _1) f263 VA2
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(c) Write a definite integral, with specified limits of integration, for the volume obtained
by revolving the bounded region between z = 2(y — 2)? and = = 6 — (y — 2)? about
the vertical line x = —2. Do not evaluate the integral.

Answer: [2T2 7 ((8 - 2)2)% — 2y —2)2 +2)%| dy

Solution:

0 5
_—

First, find the intersection points of the two curves xp = 2(y — 2)? (red curve)
and z7 = 6 — (y — 2)? (blue curve) by setting

20y —2*=6—(y—2)°.

This gives y = 2 + /2 or y.=2 = /2. Now, shift the functions so the rotation
is around the y-axis. Thisgives z =25 +2=2(y—2)*+2and x = 27 +2 =
6 — (y — 2)% + 2. Finally, integrate over y to get

V:w/:f‘(g—(y—sz—(2(y—2)2+2)2’dy.
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4. (a) Plot the finite area enclosed by y? = 2z and y = x — 4.

Solution: The plot for y?> = 2z (red curve) and y = = — 4 (blue curve) is as

shown, and the area is between these two curves.
|

L

Y ~

(b) Write a definite integral with specific limits of integration that determines
this area. Do not evaluate the integral.

Solution: First, find the intersection points of the two curves from

2

y
ARSI
5 — YT

This gives y =4 or y = —2.
Now, since z7 = y + 4 and zp = y?/2 satisfies x7 > g on —2 < y < 4, we
integrate over y to find the area A as

1 4 2
A:/ (xT—xB)dy:/ (y+4——) dy .
. . 2
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5. A solid has as its base the region in the zy-plane between y = 1 — 2?/49 and the z-axis.
The cross-sections of the solid perpendicular to the x-axis are squares.

(a) Write a definite integral that determines the volume of the solid.

Solution:

The cross section at z is given by a square of side [(x) =1 — %

2
So the area of the cross section is A(x) = (1 - g) :

7 72 2
pr— 1——
v=[(1-5) o

The volume is given by:

(b) Evaluate the integral to find the volume of the solid.

Solution: Let u = %, so that Z—g = % Then, u = =7 when x = —1 and u =7

when x = 1. This gives,

x/:/_77 (1— (%)2)2d:v:7/_11(1—u2)du

1 2w W51t 112
=14 1—20@+udu=14|u——+ —| =2,
/0( u” +ut) du {u 3+5} B
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