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Abstract

Via duality of Hopf algebras, there is a direct association between peak quasisymmetric

functions and enumeration of chains in Eulerian posets. We study this association explicitly,

showing that the notion of cd-index, long studied in the context of convex polytopes and

Eulerian posets, arises as the dual basis to a natural basis of peak quasisymmetric functions

introduced by Stembridge. Thus Eulerian posets having a nonnegative cd-index (for example,

face lattices of convex polytopes) correspond to peak quasisymmetric functions having a

nonnegative representation in terms of this basis. We diagonalize the operator that associates

the basis of descent sets for all quasisymmetric functions to that of peak sets for the algebra of

peak functions, and study the g-polynomial for Eulerian posets as an algebra homomorphism.
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1. Introduction

In the enumerative theory of partially ordered sets, one is often interested in
enumerative functionals that are nonnegative for a given class of posets. Thus, for
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example, the generalized lower bound theorem for convex polytopes asserts that
certain functionals of the flag f -vector, the so-called g-vector, will be nonnegative for
all convex polytopes.
In recent years, there have been a number of papers linking the enumerative theory

of posets to the study of coalgebras and Hopf algebras, leading to a deeper
understanding of one such functional, the cd-index of Eulerian posets. See
[1,4,14,15,19,20] for a sample of such work and [12] for a relatively recent survey
of the state of such enumerative questions.
In the theory of symmetric functions, one is often interested to know when certain

symmetric functions can be expressed as nonnegative linear combinations of a
preferred basis (the Schur functions, for example). The recent breakthrough of
Haiman on the Macdonald positivity conjecture [23] is one such instance.
Setting questions in posets and symmetric functions in the context of Hopf

algebras has led to a deep understanding of their relationship. In [21], Gel’fand et al.
show the Hopf algebra of quasisymmetric functions to be dual to the Hopf algebra
NC ¼ Z/y1; y2;yS; which they called noncommutative symmetric functions. Billera
and Liu [18] considered elements of the algebra Q/y1; y2;yS ¼ Q#NC as flag-
enumeration functionals on all graded posets, and they defined a quotient AE of
Q/y1; y2;yS; which consists of all such functionals on Eulerian posets. Bergeron
et al. [9,10] showed that the algebra AE is dual to Stembridge’s algebra P of peak
quasisymmetric functions [33]. More precisely, they showed that both of these
algebras have natural coproducts that make them into Hopf algebras, and that these
Hopf algebras are, in fact, dual. This duality links the study of the enumerative
properties of Eulerian posets, including associated geometric objects such as convex
polytopes and hyperplane arrangements, with that of Stembridge’s enriched
P-partitions and related questions having to do with peaks and shuffles in
permutations.
We will explore some of these links here. In particular, we will show that the

natural nonnegativity questions on each side are closely related. The weight
enumerators of all enriched P-partitions of chains were shown by Stembridge to be a
basis for the peak algebra P: An immediate consequence of the result of Bergeron
et al. is the fact that the formal quasisymmetric function FðPÞ of an Eulerian poset
P; as defined by Ehrenborg [19], is an element of P: The coefficients of FðPÞ in terms
of this basis are given by the cd-index of P: Thus, nonnegative representation for
quasisymmetric functions of Eulerian posets is equivalent to their having a
nonnegative cd-index. More precisely, we show that the linear forms defining the
coefficients of the c-2d-index give a basis for AE dual to Stembridge’s basis for P:
This completely unexpected result shows the cd-index to be a natural concept in spite
of its initial ad hoc definition.
We give the basic definitions in the rest of Section 1. In Section 1.1 we define the

algebra Q of quasisymmetric functions over Q and the subalgebra P of peak
functions. In Section 1.2 we discuss graded and Eulerian posets and the algebras of
flag-enumeration functionals on each class. In Section 1.3 we define the relevant
coproducts on these algebras that make them pairs of dual Hopf algebras. Finally, in
Section 1.4, we look at different bases for Q and corresponding representations.
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In Section 2, we relate the representation of the quasisymmetric function FðPÞ in
terms of Stembridge’s basis to the cd-index of the poset P; in particular to the c-2d-
index studied in [14]. One consequence is that the quasisymmetric functions
corresponding to zonotopes lie in the (half) integral sublattice of P spanned by the
Stembridge basis.
In Section 3 we consider the map W; defined and studied by Stembridge,

associating the weight enumerator of all P-partitions for a fixed labeled
poset with that of the corresponding enriched P-partitions for the same data. When
applied to a quasisymmetric function coming from a representable geometric lattice,
one obtains the quasisymmetric function arising from the corresponding zonotope.
We show this map to be diagonalizable on P; and we give an explicit basis of
eigenvectors. The principal eigenvector in any degree is given by the distribution of

peak sets in the corresponding symmetric group. In fact, the operator 1
2nþ1W can be

viewed as giving a random walk on the peak sets of Snþ1 having this stationary
distribution.
Finally, in Section 4, we extend the usual g-polynomial of Eulerian posets to the

algebra P (in fact to Q), where it defines an algebra homomorphism to the
polynomial ring Q½x�: It is hoped that this way of viewing the g-invariant will lead to
a better understanding of its properties.

1.1. Quasisymmetric functions and the peak algebra

We let Q denote the algebra of quasisymmetric functions over Q; that is, all
bounded degree formal power series F in variables x1; x2;y such that for all m; and

any i1oi2o?oim; the coefficient of x
b1
i1
; x

b2
i2
?x

bm

im
in F is the same as that of

x
b1
1 x

b2
2 ?x

bm
m : Equivalently, Q is the linear span of M0 ¼ 1 and all power series Mb;

where b ¼ ðb1; b2;y; bkÞ is a vector of positive integers (a composition of
b1 þ b2 þ?þ bk) and

Mb ¼
X

i1oi2o?oik

x
b1
i1

x
b2
i2
?x

bk

ik
: ð1:1Þ

We denote by Qnþ1 the subspace of Q consisting of those quasisymmetric functions
that are homogeneous of degree n þ 1; equivalently, Qnþ1 is the linear span of all Mb;

where b is a composition of n þ 1: It is straightforward to see that the 2n such Mb

form a basis for the vector space Qnþ1: For an integer k40; let ½k� :¼ f1; 2;y; kg and
½0� ¼ |: It will be helpful for us to consider the equivalent indexing of this basis by
subsets of ½n�; where for S ¼ fi1; i2;y; ikgC½n�; MS :¼ MbðSÞ and bðSÞ ¼ ði1; i2 	
i1;y; ik 	 ik	1; n þ 1	 ikÞ: When n þ 1 is not clear from the context, we will write

M
ðnþ1Þ
S : For further details about quasisymmetric functions, see [32].

Definition 1.1. Let nX0 and SC½n�:

(1) S is said to be left sparse if 1eS and iAS implies i 	 1eS:
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(2) Similarly, S is right sparse if neS and iAS implies i þ 1eS:
(3) For an integer k; let S þ k ¼ fi þ k j iASg:

We note that [26] uses the terms left and right sparse in the opposite sense than
used here.
The peak algebra P is defined to be the subalgebra of Q generated by the elements

YS ¼
X

T :SCT,ðTþ1Þ
2jT jþ1MT ; ð1:2Þ

where S is a left sparse subset of ½n�; nX0: Here the sum is over TC½n� and
MT ¼ M

ðnþ1Þ
T : Defining Pn ¼ P-Qn; we have that dimQðPnÞ ¼ an; the nth

Fibonacci number (indexed so that a1 ¼ a2 ¼ 1) [33, Theorem 3.1].
We consider an equivalent indexing of the basis of P to that by left sparse subsets

in (1.2). Let c and d be indeterminates, of degree 1 and 2, respectively. For a cd-word
w ¼ cn1dcn2d?cnkdcm of degree n; define the subset SwC½n� by

Sw ¼fn1 þ 2; n1 þ n2 þ 4;y; n1 þ n2 þ?þ nk þ 2kg

¼fi1; i2;y; ikg;

where ij ¼ degðcn1dcn2d?cnjdÞ: Note that Sw is always left sparse and every left

sparse SC½n� is of the form Sw for some cd-word w of degree n: Thus, there will be no
ambiguity if we relabel this basis to

Yw ¼ YSw
; ð1:3Þ

where w ranges over all possible cd-words. (For w ¼ 1; the empty word, we have

Y1 ¼ 2M1
| :) Note that degðYwÞ ¼ deg w þ 1; so the ambiguity about the degree in

the earlier notation is no longer an issue.

1.2. Eulerian posets and enumeration algebras

Recall that a graded poset P is one having a unique minimal element #0 and

maximal element #1 for which every maximal chain has the same number of elements.
Thus if xAP has a maximal chain

#0 ¼ x0ox1o?oxk ¼ x;

we say that x has rank k; denoted rðxÞ ¼ k (and so rð#0Þ ¼ 0). Further, we define the

rank of P to be rðPÞ :¼ rð#1Þ: For a graded poset P of rank n þ 1 and a subset SC½n�;
we denote by fSðPÞ the number of flags (i.e., chains) in P having elements with
precisely the ranks in S: Note that the ranks 0 and n þ 1 are not included here. The
function S/fSðPÞ is known as the flag f -vector of P: Recall that a graded poset is
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said to be Eulerian if its Möbius function m satisfies mðx; yÞ ¼ ð	1ÞrðyÞ	rðxÞ for every
pair xpy: See [29] for general background in this area.
In [18], elements of the free associative algebra Q/y1; y2;yS were associated to

flag numbers of graded posets. If b ¼ ðb1; b2;y; bkÞ is a composition of n þ 1; let
yb ¼ yb1yb2?ybk

AQ/y1; y2;yS: We associate fS for posets of rank n þ 1 to ybðSÞ:

For kX1; we define

wk :¼
X

iþj¼k

ð	1Þi
yiyj ;

where the sum is over all i; jX0 and we set y0 ¼ 1 for convenience. The element wk

corresponds to the Euler relation for rank k posets. Let IE be the two-sided ideal in
Q/y1; y2;yS generated by the wk; kX1; and define the algebra of forms on Eulerian

posets to be AE ¼ Q/y1; y2;yS=IE: Letting degðyiÞ ¼ i; Q/y1; y2;yS is a graded
algebra and, since IE is a homogeneous ideal, so is AE: It is shown in [18] that

AEDQ/y1; y3; y5;y; y2kþ1;yS ð1:4Þ

as graded Q-algebras. As a result, we have that for nX1; the dimension of ðAEÞn is

again an; the nth Fibonacci number.

1.3. Coproducts and graded Hopf duality

Noting the equality of the dimensions of Pn and ðAEÞn; Bergeron et al. studied the

relationship between them. To do so, they described coproducts on P and AE;
respectively, that make each a Hopf algebra [9]. The coproduct on the subalgebra P
is inherited from the usual coproduct on Q; defined by DðM0Þ ¼ M0#M0 and

DðMaÞ ¼
X

a¼a1�a2
Ma1#Ma2 ;

where a1 � a2 is the concatenation of compositions a1 and a2; and either a1 or a2 may
be the empty composition of 0. It was shown in [10, Theorem 2.2] that P is closed
under this coproduct.
There is a coproduct on Q/y1; y2;yS defined by

DðykÞ ¼
X

iþj¼k

yi#yj; ð1:5Þ

where the sum is over all i; jX0; which extends to all ofQ/y1; y2;yS by virtue of its
being an algebra map. In [9], it is shown that this coproduct is well defined on the
quotient AE:
With the augmentation map that is zero in positive degree and the identity in

degree 0, both Q and Q/y1; y2;yS are bialgebras. The existence of an antipode on
each of these bialgebras, making them Hopf algebras, follows from the fact that they
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are graded (see, e.g., [19, Lemma 2.1]). More precisely, if X has degree n; then

DðX Þ ¼ X#1þ
Xn	1
i¼0

Yi#Zn	i;

where Yj and Zj have degree j; and the antipode is defined recursively by sð1Þ ¼ 1

and

sðXÞ ¼ 	
Xn	1
i¼0

sðYiÞZn	i: ð1:6Þ

We can compute the antipode explicitly for P and AE: If we denote by wn the

reverse of the cd-word w; e.g., ðccdÞn ¼ dcc; then we have the following. We delay the
proof until Section 2.1.

Proposition 1.1. In terms of the basis fYwg; the antipode of P is given by

sðYwÞ ¼ ð	1Þdeg wþ1Ywn :

Recall that if b ¼ ðb1;y; bkÞ is a composition of n þ 1; then we denote yb ¼
yb1?ybk

AQ/y1; y2;yS: If bn ¼ ðbk;y; b1Þ is the reverse composition, then we

have

Proposition 1.2. In terms of the basis fybg; the antipode of AE is given by

sðybÞ ¼ ð	1Þnþ1
ybn ;

where b is a composition of n þ 1:

Proof. We show first that sðynÞ ¼ ð	1Þn
yn: By (1.5) and (1.6) we have sðy1Þ ¼ 	y1:

By induction,

sðynÞ ¼ 	
Xn	1
i¼0

ð	1Þi
yiyn	i

 !
¼ 	ðwn 	 ð	1Þn

ynÞ:

The assertion follows since wn vanishes in AE:
The proposition now follows from the fact that the antipode is an algebra

antihomomorphism. &

A key result for our purposes is that AE and P are dual as graded Hopf algebras
[9, Theorem 5.4]. By dual we will always mean graded dual; that is, if a graded
algebra is of the form V ¼ V0"V1"? as a graded vector space, then its graded
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dual is, as a vector space, Vn ¼ Vn
0"Vn

1"?; where Vn
i is the usual dual space to

the finite dimensional space Vi:
Thus, we have that elements of P are characterized by having coefficients that

satisfy the generalized Dehn–Sommerville equations for Eulerian posets [2,3].

Proposition 1.3. If F ¼
P

SC½n� fSMSAQnþ1; then FAP if and only if
P

SC½n� aSfS ¼ 0

whenever
P

SC½n� aSybðSÞAIE:

If P is any graded poset of rank n þ 1; then following [19] we define the formal
quasisymmetric function associated to P by

FðPÞ ¼
X

SC½n�
fSðPÞMSAQnþ1: ð1:7Þ

Then it follows from Proposition 1.3 that the quasisymmetric functions of Eulerian
posets are elements of P: However, the converse does not hold; it is possible for a
graded poset P not to be Eulerian, yet still satisfy FðPÞAP: The smallest such
example has f| ¼ 1; f1 ¼ f2 ¼ 3 and f12 ¼ 6:

1.4. Bases and interval representations

It will be helpful to consider two other bases for Q and the corresponding
representations of arbitrary FAQ: For SC½n�; we define

FS ¼
X
T*S

MT ð1:8Þ

and

KS ¼
X
T*S

FT ¼
X
T*S

2jT j	jSjMT : ð1:9Þ

Again all sums are over TC½n� and MT ¼ M
ðnþ1Þ
T ; when the context does not make it

clear we will write F
ðnþ1Þ
S and K

ðnþ1Þ
S : It is easy to check that the FS and KS are again

bases for Qnþ1 and that

MS ¼
X
T*S

ð	1ÞjT j	jSj
FT ð1:10Þ

and

FS ¼
X
T*S

ð	1ÞjT j	jSj
KT : ð1:11Þ

Define the flag h-vector and flag k-vector by the relations fS ¼
P

TCS hT and hS ¼P
TCS kT : The following is immediate from the definitions.
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Proposition 1.4. For FAQnþ1; if F ¼
P

SC½n� fSMS then

F ¼
X

SC½n�
hSFS ¼

X
SC½n�

kSKS:

Note that Proposition 1.4 holds, more specifically, for a graded poset P of
rank n þ 1: if FðPÞ ¼

P
SC½n� fSðPÞMSAQnþ1 then FðPÞ ¼

P
SC½n� hSðPÞFS ¼P

SC½n� kSðPÞKS; where fSðPÞ ¼
P

TCS hTðPÞ and hSðPÞ ¼
P

TCS kTðPÞ:
If I is a family of subsets of ½n�; then we denote by b½I� the blocking family of I;

defined by

b½I� ¼ fSC½n� j S-Ia| for all IAIg:

We note that if I is an antichain in the Boolean lattice 2½n�; then we can recover I as
the set of minimal elements, under inclusion, in b½b½I��:
We are particularly interested in the case in which the familyI consists of intervals

in ½n�; i.e., subsets of the form fi; i þ 1;y; i þ kg: If I is such an interval family, we
denote by FI the element Qnþ1 defined by

FI ¼
X

SC½n�
SAb½I�

MS: ð1:12Þ

We call the FI interval quasisymmetric functions. For SC½n�; if we set I ¼
IðSÞ ¼ ffig j iASg then FIðSÞ ¼ FS:We will see in the next section that the basis for

P can be represented in a similar manner.
In [16], antichains of intervals were used to describe the extreme rays of the

closed convex cone generated by all flag f -vectors of graded posets. Equivalently,
the same description can be used to describe the closed convex cone in Q
generated by all FðPÞ arising from graded posets. The following is essentially
[16, Theorem 2.1].

Proposition 1.5. The extreme rays of the closed convex cone in Qnþ1 generated by all

elements FðPÞ; where P is a graded poset of rank n þ 1; are precisely the interval

quasisymmetric functions FI corresponding to interval antichains in ½n�:

Finally, we note that one can interpret the chain decompositions of [16,17]
as giving multiplication formulae for the FI: In particular, the proof of
[16, Proposition 2.8] yields the expression

FðPÞ ¼
X

C

X
SAb½IðCÞ�

MS ¼
X

C

FIðCÞ; ð1:13Þ

where the first sum is over all maximum chains C in P and IðCÞ is the interval
antichain defined in [16, p. 86]. As in [16, Corollary 2.6], we have FI is the limit, as
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N-N; of elements of the form 1
f½n�ðPN ÞFðPNÞ; and one can use (1.13) to compute the

representation of FI1
� FI2

in terms of the FI:

2. The cd-index and the peak algebra

Now suppose P is an Eulerian poset of rank n þ 1 and FðPÞ ¼
P

SC½n� fSMS: We

wish to express FðPÞ in terms of the basis fYwg for Pnþ1: An unexpected outcome is
that such a representation is provided by the cd-index of P:

2.1. Blocking representations of Yw

We begin by giving a representation of the basis Yw in terms of interval families
associated with sparse subsets.

Definition 2.1. Let S ¼ fi1;y; ikgC½n� and w a cd-word of degree n: Then

(1) if S is right sparse, let

IS ¼ ffi1; i1 þ 1g; fi2; i2 þ 1g;y; fik; ik þ 1gg;

(2) if S is left sparse, let

IS ¼ ffi1 	 1; i1g; fi2 	 1; i2g;y; fik 	 1; ikgg and

(3) Iw ¼ ISw :

When defined, both IS and IS are antichains of disjoint two-element intervals in

½n�: The interval antichains IS and IS are among what Bayer and Hetyei refer to as
even interval systems and so give rise (after their doubling operation) to limits of flag
f -vectors of Eulerian posets [5, Propostion 2.6; 6]. We show that in this way Iw will
give rise to Yw:
It is straightforward to see that for a degree n cd-word w and subset

SC½n�; SwCS,ðS þ 1Þ if and only if SAb½Iw�: Thus it follows from (1.2) and
(1.3) that

Yw ¼
X

SAb½Iw�
2jSjþ1MS: ð2:14Þ
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If we define the map D : Qnþ1-Qnþ1 by DðMSÞ ¼ 2jSjþ1MS; then (2.14) is equi-
valent to

Yw ¼ DðFIwÞ;

where FIw is defined by (1.12).
It follows from [16, Corollary 2.6] and the remark following [5, Definition 4] that

1
2
Yw is the quasisymmetric function corresponding to what Bayer and Hetyei call the

doubled limit poset DPðn;IwÞ: From [5, Theorem 4.2] we obtain

Proposition 2.1. The Yw are among the extreme rays of the closed convex cone in Q
generated by all FðPÞ arising from Eulerian posets.

It will be helpful in what follows to have a representation of the Yw in terms of the
basis fFTg of Q:We let jwjd denote the d-degree of the word w; i.e., the number of d’s
in w: The following is essentially [33, Proposition 3.5].

Proposition 2.2. For any cd-word w of degree n;

Yw ¼ 2jwjdþ1
X

T ;TAb½Iw�

FT ;

where the sum is over all TC½n�; and T ¼ ½n�\T :

Proof. By Proposition 1.4 and (2.14),

Yw ¼
X

hT FT ; ð2:15Þ

where the hT are defined uniquely by

X
TCS

hT ¼ fS ¼
2jSjþ1; SAb½Iw�;
0 otherwise:

(

Since jwjd ¼ jSwj; we need to show that

hT ¼
2jSwjþ1; T ;TAb½Iw�;
0 otherwise:

(
ð2:16Þ

Assuming (2.16), we computeX
TCS

hT ¼ 2jSwjþ1 � nw
S ; ð2:17Þ

where

nw
S ¼ #fTCS j T ;TAb½Iw�g:
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If Seb½Iw�; then nw
S ¼ 0: If SAb½Iw�; let

T1 ¼ fiASw j iAS; i 	 1eSg;

T2 ¼ fiASw j i 	 1AS; ieSg;

T3 ¼ fiASw j fi 	 1; igCSg

and

S0 ¼ S\ðT1,ðT2 	 1Þ,T3,ðT3 	 1ÞÞ:

We have jT1j þ jT2j þ jT3j ¼ jSwj and jS0j ¼ jSj 	 jT1j 	 jT2j 	 2jT3j: For a subset

TCS; both T and T are in b½Iw� if and only if

T ¼ ½T1,ðT2 	 1Þ�,R3,R4;

where R3 consists of one element from each pair fi 	 1; ig; iAT3 (these pairs are
disjoint), and R4 is any subset of S0: Thus

nw
S ¼ 2jT3j � 2jSj	jT1j	jT2j	2jT3j ¼ 2jSj	jSwj;

and by (2.17) X
TCS

hT ¼ 2jSwjþ1 � nw
S ¼ fS;

verifying (2.16). &

We can now verify the form of the antipode of P:

Proof of Proposition 1.1. It follows from [19, Proposition 7.2] that if s is the antipode
on Q; and P is Eulerian, then

sðFðPÞÞ ¼ ð	1ÞrðPÞ
FðPnÞ;

where Pn is the dual or opposite or polar poset to P: Thus the antipode ofP is simply
the antipode s restricted to P: Recall from [25, Corollary 2.3] that on Q; s is given on
the F basis by

sðFTÞ ¼ ð	1Þnþ1
F

T
3
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for FT ¼ F
ðnþ1Þ
T AQnþ1; where, for SC½n�; S3 ¼ fn þ 1	 i j iASg: Therefore

sðYwÞ ¼ s 2jwjdþ1
X

T ;TAb½Iw�

FT

0@ 1A
¼ð	1Þnþ12jwjdþ1

X
T ;TAb½Iw�

FT3

¼ð	1Þdeg wþ1 2jwjdþ1
X

T ;TAb½ðIwÞ3�

FT

0@ 1A ¼ ð	1Þdeg wþ1Ywn ;

where ðIwÞ3 ¼ fI3 j IAIwg ¼ Iwn

: &

2.2. Cw and the cd-index

For any Eulerian poset P of rank n þ 1; there is a polynomial of degree n;
cPAZ/c; dS; called the cd-index [7]. (Here we assume deg c ¼ 1 and deg d ¼ 2:)
We denote by ½w� or ½w�P the coefficient of w in cP: The coefficient ½w�P can be

expressed linearly in terms of the sparse flag k-vector, that is, in terms of the
numbers kSðPÞ for right sparse SC½n�: See [13, Proposition 7.1] for this expression.
Of interest here is the inversion of this relation [15, Definition 6.5], which we write as
follows.

Proposition 2.3. For right sparse SC½n�;

kS ¼
X

SwAb½IS �
jwjd¼jSj

½w�:

Proof. The expression in [15, Definition 6.5] sums over all w of degree n that cover S

and have jSj d’s. Noting that in [15], the indexing is by dimension, not by rank as in
this paper (and in [13]), it follows that w covers S if and only if SCSw,ðSw 	 1Þ:
Since jSj ¼ jSwj; we can conclude w covers S if and only if SwAb½IS�: &

Remark 2.1. We note that the relation in Proposition 2.3 (more precisely, its inverse
[13, Proposition 7.1]) gives us a way to define a cd-index cF for any
F ¼

P
kSKSAPnþ1—in fact, for any FAQnþ1—by defining ½w� ¼ ½w�F ; for deg w ¼

n; directly from the coefficients kS: Further, for nonhomogeneous FAQ; we can
define ½w�F for all cd-words w by ½w�F ¼ ½w�Fi

; where Fi is the homogeneous

component of F of degree deg w þ 1:
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Example 2.1. For FAQ3; F ¼ k|K| þ k1K1 þ k2K2 þ k12K12 and so we define

cF ¼ k|c
2 þ k1d: For FAQ4; F ¼

P
SC½3� kSKS and so

cF ¼ k|c
3 þ ðk2 	 k1Þcdþ k1dc:

Note that in both cases, the values of kS for nonsparse S are not relevant to the
definition of cF : For FAP; these values are determined by the others. For general
FAQ; this is no longer the case since there are no relations on the fS; and so on the kS

[18, Proposition 1.1].
We now define another set of anþ1 elements in Qnþ1 indexed by words w of degree n

and relate them to the Yw:

Definition 2.2. For w a cd-word of degree n; let

Cw ¼
X

SAb½Iw�
jSj¼jwjd

KS;

where the sum is over only right sparse SC½n�:

Consider the projection operator F/F on Q defined by

MS ¼
MS if S is right sparse;

0 if not:

(

Note that if S is not right sparse then KS ¼ F S ¼ 0: This projection operator is
injective on P:

Proposition 2.4. If F ;GAP and F ¼ G then F ¼ G:

Proof. It is shown in [3] that a consequence of the generalized Dehn–Sommerville
relations is that the flag f -vector for Eulerian posets is determined by its values on
right sparse subsets. It follows from Proposition 1.3 that this continues to hold for
elements of P: &

Corollary 2.1. For any FAQ; there is a unique element pðFÞAP such that pðFÞ ¼ F :
The corresponding map p : Q-P is a linear projection.

Proof. Again, from [3] we have that the right sparse subsets form a basis for the
flag f -vectors of Eulerian posets, and so for all of P: Given an FAQ; the values
of fS over all right sparse subsets and the generalized Dehn–Sommerville
equations determine values for the remaining fS in such a way as to determine
an element of P: Call this element pðFÞ: That pðFÞ is unique follows from
Proposition 2.4.
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Note that if FAP; pðFÞ ¼ F : That the map p is linear follows from its
construction. &

Example 2.2. For FAP3; the generalized Dehn–Sommerville relations imply that
f2 ¼ f1 and f12 ¼ 2f1: Thus for any F ¼ f|M| þ f1M1 þ f2M2 þ f12M12AQ3;

pðFÞ ¼ f|M| þ f1ðM1 þ M2 þ 2M12Þ:

We call pðFÞAP the Eulerian projection of F : That p is not an algebra map

can be seen from the fact that pðMð2Þ
1 Þ ¼ 0 but pðMð2Þ

1 � M
ð2Þ
1 Þa0: Note that

for any FAQ; ½w�F ¼ ½w�pðFÞ and so the fibers of p consist of FAQ having the same

cd-index.

The elements Cw form a basis for the subspace Q ¼ spanfMS j S

right sparsegCQ: We see next that for FAQ the coefficients of the expression of F

in terms of this basis are given by the cd-index of F :

Proposition 2.5. For FAQnþ1;

F ¼
X

deg w¼n

½w�Cw;

where ½w� ¼ ½w�F :

Proof. By Proposition 1.4, we can write F ¼
P

S kSKS and so

F ¼
X

S sparse

kSKS ¼
X

S sparse

X
w:jwjd¼jSj
SwAb½IS �

½w�

0BB@
1CCAKS; ð2:18Þ

by Proposition 2.3, where the sum is over w of degree n and ½w� ¼ ½w�F : Here sparse

means right sparse. When jSj ¼ jwjd ¼ jSwj; we have SwAb½IS� if and only if

SAb½Iw�; so (2.18) becomes

F ¼
X

deg w¼n

½w�
X

S sparse
jSj¼jwjd
SAb½Iw�

KS

0BBBB@
1CCCCA ¼

X
deg w¼n

½w�Cw: & ð2:19Þ
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2.3. Yw and the c-2d-index

We determine the relationship between Cw and Yw and thereby a formula for the
representation of FAP in terms of the Yw:

Proposition 2.6. For any cd-word w;

Cw ¼ 1

2jwjdþ1
Yw:

Proof. Suppose w has degree nX0: By (2.14) we have

Yw ¼ 2
X

S sparse
SAb½Iw�

2jSjMS; ð2:20Þ

where all SC½n� and sparse means right sparse.
Using (1.9), we write

Cw ¼
X

S sparse
jSj¼jwjd
SAb½Iw�

KS ¼ 1

2jwjd

X
S sparse
jSj¼jwjd
SAb½Iw�

X
SCRC½n�

2jRjMR

0@ 1A: ð2:21Þ

Now suppose SaS0 are both right sparse, jSj ¼ jS0j ¼ jwjd and S;S0Ab½Iw�: Then
any R*S,S0 is not right sparse and so MR ¼ 0: Thus, combining (2.20) and (2.21)
we get

Cw ¼ 1

2jwjd

X
S sparse
SAb½Iw�

2jSjMS ¼ 1

2jwjdþ1
Yw: &

Following [14], for any FAQ; we call the quantities

½½w�� ¼ 1

2jwjd
½w� ð2:22Þ

the coefficients of the c-2d-index of F ; where ½w� ¼ ½w�F : When FAP; these

coefficients provide a representation of F in terms of the basis elements Yw:

Theorem 2.1. For FAP

F ¼ 1

2

X
w

½½w��Yw:
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Proof. We know from Propositions 2.5 and 2.6 that

F ¼
X

w

½w�Cw ¼ 1

2

X
w

½½w��Yw:

But if

F 0 ¼ 1

2

X
w

½½w��Yw;

then F ¼ F 0 and so F ¼ F 0 by Proposition 2.4. &

We restate the theorem explicitly in the poset case as

Corollary 2.2. If P is any Eulerian poset, then

FðPÞ ¼
X

w

1

2jwjdþ1
½w�PYw;

where the ½w�P are the coefficients of the cd-index of P.

In [14,15] it is shown that any zonotope Z has an integral c-2d-index, and so if
FðZÞ is the lattice of faces of Z; then if we let FðZÞ ¼ FðFðZÞÞ; we have

Corollary 2.3. For a zonotope Z;

2FðZÞ ¼
X

w

½½w��Yw

is in the Z-span of the Yw in P:

This remains true for the dual face lattice of any oriented matroid [14]. Since the

cd-indices of P and Pn are related by

½w�Pn ¼ ½wn�P ð2:23Þ

(see [7, Section 3]), we have

Corollary 2.4. If P is the face lattice of any hyperplane arrangement or, more

generally, oriented matroid, the quasisymmetric function FðPÞ has a half-integral

representation in terms of the Yw:

Remark 2.2. It follows from Theorem 2.1 that one can also view the elements Yw as

the limit as m-N of 2ð2
m
Þjwjd FðPw;mÞ; where Pw;m is the poset defined in the proof of

[31, Proposition 1.2]. Another possible approach to Theorem 2.1 could be made via
[5, Proposition 2.9] (see Proposition 2.1 and the comments preceding it).
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3. The Stembridge map

We describe in this section an algebra map defined by Stembridge in [33, Theorem
3.1(c)]. It is most natural when viewing the algebras Q and P as arising from
ordinary and enriched P-partitions of labeled posets. In this case, for a given labeled
poset, the map sends the quasisymmetric function in Q obtained via the ordinary
theory described in [22] to that in P obtained via the enriched theory described in
[33]. In the case of a labeled chain, it relates bases for these algebras in a simple
manner that will serve as our definition.
For SC½n�; define

LðSÞ ¼ fiAS j ia1; i 	 1eSg: ð3:24Þ

For any S; LðSÞ is clearly left sparse. If one writes S as a unique union of minimally
many intervals, LðSÞ will consist of the first element of each such interval, excluding
the element 1. For example, Lðf1; 2; 3; 5; 8; 9gÞ ¼ f5; 8g: If one thinks of S as the
descent set of some permutation p in the symmetric group Snþ1; then LðSÞ consists
of those descents that are preceded by ascents, that is, the peaks of p:
We define the map W : Q-P by WðFSÞ ¼ YLðSÞ for any SC½n�; nX0; where YS is

labeled as in the original definition (1.2). It is proved in [33] that W is an algebra map.
It arises naturally as the map that associates the weight enumerator of all P-
partitions of a labeled poset with that of all enriched P-partitions of the same poset.
See [33] for details.

3.1. A random walk on peak sets

As a linear map, the restriction W :Pnþ1-Pnþ1 can be written, for SC½n�;

WðYSÞ ¼ 2jSjþ1
X

T ;TAb½IS �

YLðTÞ; ð3:25Þ

using Proposition 2.2. Equivalently, we can write

WðYwÞ ¼ 2jwjdþ1
X

u

Zu;wYu; ð3:26Þ

where

Zu;w ¼ #fTC½n� j T ;TAb½Iw�;LðTÞ ¼ Sug: ð3:27Þ

If we let w and u be cd-words of degree n; Sw ¼ fw1ow2o?owlg; Su ¼
fu1ou2o?oumg; u0 ¼ 0 and umþ1 ¼ n þ 2; then we have (assuming the empty
product to be 1)
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Proposition 3.1. For cd-words w and u;

Zu;w ¼
0 if j Sw-ðui; uiþ1Þj41 for some i;

Pðuiþ1 	 ui 	 1Þ otherwise;

(

where the product is taken over all i; 0pipm; such that Sw-ðui; uiþ1Þ ¼ |:

Proof. Let A ¼ fTC½n� j T ;TAb½Iw�;LðTÞ ¼ Sug: For disjoint intervals I ; J of
natural numbers, we will write I!J whenever xoy for all xAI and yAJ: Consider
the partition Sw,Su ¼ I1,?,Ir into maximal intervals, where I1!?!Ir: Since
Sw and Su are both sparse sets, consecutive elements in each Ii alternate between the
two sets. It is then easy to see that for all TAA; T-Ii ¼ Su-Ii for every i: In
particular, T-Ii does not depend on T ; and so we only need to consider the possible
elements of T outside of Sw,Su:
Let ½n þ 1�\ðSw,SuÞ ¼ J1,?,Js be a partition into maximal intervals. An

interval J is said to have type xy; where x; yAfw; ug; if Ii!J!Iiþ1 for some i; and
the last element of Ii is in Sx and the first element of Iiþ1 is in Sy: For the sake of the

argument, if an interval has more than one possible type, we always choose the
unique type which favors u: If f0g!J!I1 then J will be given type ux; where x

depends on the first element of I1; and if Ir!J!fn þ 2g; then J will be given type
yu; where y depends on the last element in Ir: Every Ji now has a unique type.
The condition jSw-ðui; uiþ1Þj41 for some i is equivalent to the existence of some

Jk of type ww: In this case, for any TAA; there exists some wj such that

LðTÞ-½wj;wjþ1� ¼ | and T contains exactly one element in each interval ½wj 	 1;wj �
and ½wjþ1 	 1;wjþ1�: This is clearly impossible, so in this case A ¼ |:
Suppose now that no Ji has type ww: It is straightforward to verify that for any

TAA; if Ji has type uw then T-Ji ¼ Ji; if Ji has type wu then T-Ji ¼ |; and if Ji

has type uu then Ji ¼ ðuj ; ujþ1Þ for some uj; and T-Ji ¼ ½uj þ 1; uj þ t� for some

0ptpujþ1 	 uj 	 2: (We set ½uj þ 1; uj� ¼ |:) Thus, every TAA is determined only by

T-Ji for all intervals Ji of type uu: These are precisely the intervals ðuj; ujþ1Þ;
0pjpm; such that Sw-ðuj; ujþ1Þ ¼ |: This shows that our formula is an upper

bound for Zwu:
For the reverse inequality, suppose that TC½n� satisfies T-Ii ¼ Su-Ii for all i;

T-Ji ¼ Ji for all Ji of type uw; T-Ji ¼ | for all Ji of type wu; and for all Ji ¼
ðuj; ujþ1Þ of type uu; there exists a 0ptpujþ1 	 uj 	 2 such that T-Ji ¼ ½uj þ 1; uj þ
t�:We first show that T ;TAb½Iw�: This is trivial if Sw ¼ |; so let wjASw; and let Ik be

the interval containing wj : Suppose that wjASu: In this case wjAT ; and if wj 	 1AIk;

then wj 	 1eT because T-Ik is sparse. If wj 	 1eIk; then wj 	 1AJi for some Ji of

type uu or wu; and so wj 	 1eT : Now suppose that wjeSu: In this case wjeT ; and

if wj 	 1AIk; then wj 	 1 is in Su and hence T : If wj 	 1eIk then wj 	 1 is in some

Ji of type uw (no Ji has type ww), which implies wj 	 1AT : In either case,

jT-½wj 	 1;wj�j ¼ 1:

It remains to prove that LðTÞ ¼ Su: One can use a similar argument to show that
if ujASu; then uj 	 1eT : Therefore, LðTÞ*Su: Let xALðTÞ; so that xAT and
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x 	 1eT : If xAIi for some i; then xASu since T-IiCSu: If xAJi for some i; then Ji

must have type uw or uu: In both cases, x 	 1AT ; a contradiction. This completes the
proof. &

Corollary 3.1. The transformation W is indecomposable on Pnþ1:

Proof. Let G be the directed graph on the cd-words of degree n defined by ðu;wÞAG
whenever Zu;w40: Then cn is a sink in G; i.e., every node has an arc pointing to cn:

Further ðu;wÞAG whenever w is obtained from u by replacing a c2 by d: Thus every w

is in a directed cycle with the word cn; and the assertion follows. &

As in the proof of Proposition 2.2, we have that

#fTC½n� j T ;TAb½IS�g ¼ 2n	jSj;

so every column of the matrix representing W has sum 2nþ1: Thus we can conclude

that 2nþ1 is an eigenvalue of the linear map W: Since W is indecomposable, the Perron–
Frobenius theory of nonnegative matrices (see, e.g., [8, Chapter 16]) implies that 2nþ1

is the largest eigenvalue of W on the finite-dimensional space Pnþ1: It has multiplicity
1; the corresponding eigenvector pnþ1 is nonnegative up to scaling. These assertions
are, in fact, all verified in the next subsection. The coefficients of this eigenvector
have a particularly interesting interpretation.

Proposition 3.2. The distribution of peak sets in the symmetric group Snþ1 gives

the nonnegative eigenvector pnþ1APnþ1 of W corresponding to the eigenvalue 2nþ1: That

is, if

pnþ1 ¼
X

SC½n� left sparse

pSYS;

where pS is the number of permutations in Snþ1 with peak set S; then

Wðpnþ1Þ ¼ 2nþ1pnþ1:

Proof. From the interpretation of the multiplication of the generators Yw in
terms of shuffles of sequences with peak sets given by Sw [33, (3.1)], it follows

that pnþ1 ¼ ðY1Þnþ1; where Y1 is the unique generator in degree 1 corresponding

to the empty cd-word 1. That is, ðY1Þnþ1 gives the distribution of peak sets in
Snþ1: It is easy to check that WðY1Þ ¼ 2Y1; and since W is an algebra map,
we have

WððY1Þnþ1Þ ¼ 2nþ1ðY1Þnþ1: &
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See [33, p. 784] for an expression for the coefficients of pnþ1 in terms of peak sets of
shifted standard Young tableaux. In fact, pnþ1 is the unique nonnegative eigenvector
of W; since eigenvectors corresponding to any other eigenvalue must have coefficients
(in terms of theYw) that sum to 0. This is so since the vector of ones is an eigenvector
for the transpose of the matrix of W; and eigenvectors for a matrix and its transpose
corresponding to distinct eigenvalues must be orthogonal.

One way to interpret Proposition 3.2 is that the operator 1
2nþ1W defines a random

walk on the family of left sparse subsets of ½n� with stationary distribution given by
the probability distribution of peak sets in a random permutation in Snþ1: We
conjecture that this random walk is a specialization of a random walk on Snþ1 with
uniform stationary distribution. We have checked this through S4; in fact, in each
case it suffices to take a specialization of a random walk on the braid arrangement
defined in [11].
We give a complete analysis of the spectrum of W in the next subsection. In

particular, we show that the eigenvalues of 1
2nþ1 W on Pnþ1 are ð1

4
Þk; 0pkpIn

2
m:

3.2. Diagonalization of W

We describe further the spectrum of W and give a complete set of eigenvectors in
Pnþ1 for each nX0: We have already observed that Y1 is the unique eigenvector in
P1; with corresponding eigenvalue l ¼ 2: We construct the remaining eigenvectors
from Y1 by means of two simple operations.

Define the map L :Q-Q by LðMðnÞ
S Þ ¼ M

ðnþ1Þ
S for any SC½n 	 1�: We will show

that L2 ¼ L 3 L commutes with W; and so L2 preserves eigenvectors of W: if WðvÞ ¼ lv

then WðL2ðvÞÞ ¼ L2ðWðvÞÞ ¼ lL2ðvÞ; showing L2ðvÞ to be an eigenvector for the same
eigenvalue.
Since W is an algebra map, products of eigenvectors in P are again eigenvectors. In

particular, if WðvÞ ¼ lv then Y1 � v is an eigenvector for eigenvalue 2l: We will
consider multiplication byY1 as a linear map on P; also denoted as Y1 when there is
no possibility of confusion.
For any cd-word w ¼ wðc; dÞ; define the operator

bww :P-P

by bww ¼ wðY1;L2Þ: For example, ccdccdc ¼ Y1 3 L2
3Y1: Note that if w ¼ 1 then bww is the

identity map. It follows from the discussion above that ŵ preserves eigenvectors of W
on P; multiplying the corresponding eigenvalue by the factor 2jwjc ; where jwjc is the
number of c’s in w:
The main result of this section is

Theorem 3.1. The map W is diagonalizable on P: A complete set of eigenvectors is

given by

Ow ¼ bwwðY1Þ;
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where w is any cd-word and bwwðY1Þ is the image of Y1 under the map ŵ: The eigenvalue

corresponding to Ow is 2jwjcþ1; and so, on Pnþ1; the eigenvalues of W are 2nþ1	2k; with

multiplicity n	k
k
0pkpIn

2
m:

The proof of this result proceeds by a sequence of propositions. The first of these is

the commutativity of W and L2 on Q:

Proposition 3.3. As maps on Q; W 3 L2 ¼ L2
3 W; so L2 preserves eigenvectors of W; as

well as their eigenvalues.

Proof. It is straightforward to verify that for SC½n 	 1�

LðF ðnÞ
S Þ ¼ F

ðnþ1Þ
S 	 F

ðnþ1Þ
S,fng;

and so

L2ðF ðnÞ
S Þ ¼ F

ðnþ2Þ
S 	 F

ðnþ2Þ
S,fng 	 F

ðnþ2Þ
S,fnþ1g þ F

ðnþ2Þ
S,fn;nþ1g: ð3:28Þ

Similarly, we have

L2ðYwÞ ¼ Ywc2 	Ywd ð3:29Þ

or, equivalently, L2ðYðnÞ
T Þ ¼ Yðnþ2Þ

T 	Yðnþ2Þ
T,fnþ1g for left sparse TC½n 	 1�: Now,

using (3.28) and (3.29), one can verify that

W 3 L2ðF ðnÞ
S Þ ¼ L2

3 WðF ðnÞ
S Þ ¼ Yðnþ2Þ

LðSÞ 	Yðnþ2Þ
LðSÞ,fnþ1g: & ð3:30Þ

We note that W 3 LaL 3 W; in particular, we have L 3 WðMð1Þ
| Þ ¼ 2M

ð2Þ
| while

W 3 LðMð1Þ
| Þ ¼ 0: Next, we need to show that the eigenspaces induced by L2 are

independent of those induced by Y1: This will follow from

Proposition 3.4. For each nX0;

Qnþ1 ¼ LðQnÞ"Y1ðQnÞ:

Proof. Since both L and Y1 are injective (Q has no zerodivisors), it is enough to
prove LðQnÞ-Y1ðQnÞ ¼ f0g: To this end, recall that Y1 ¼ 2Mð1Þ; where (1) is the

unique composition of 1 (see (1.1) and (1.2)). Using the formula [19, Lemma 3.3] for
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multiplication in the basis Mb; we have

Mð1Þ � Mb ¼ Mb;1 þ
Xk

i¼1
ðMðb1;y;bi	1;1;bi ;y;bkÞ þ Mðb1;y;bi	1;biþ1;biþ1;y;bkÞÞ;

where b ¼ ðb1;y; bkÞ is any composition of n: Order compositions of n þ 1 first by
the number of parts (those with fewer parts are smaller in the order) then
lexicographically, i.e.,

b ¼ ðb1;y; bkÞ!ðb01;y;b0k0 Þ ¼ b0

if kok0 or k ¼ k0 and for some i; bj ¼ b0j for joi while biob0i: With this order, the

composition ðb; 1Þ is the largest index in the right-hand side of the expression for
Mð1Þ � Mb given above. Since any element of LðQnÞ involves only combinations of

Mðg1;y;glÞ; where gl41; this shows that LðQnÞ-Y1ðQnÞ ¼ f0g: &

From this we can conclude immediately

Corollary 3.2. For each nX1;

Pnþ2 ¼ L2ðPnÞ"Y1ðPnþ1Þ:

Now we can complete the

Proof of Theorem 3.1. A basis of eigenvectors is constructed inductively, beginning

with Y1 for P1 and ðY1Þ2 for P2: If we have constructed a basis for Pn and Pnþ1;

then applying L2 to the former and Y1 to the latter yields a basis for Pnþ2 by
Corollary 3.2. The resulting basis consists of all Ow; where deg w ¼ n þ 1: The

eigenvalue corresponding to Ocnþ1 ¼ Ynþ2
1 is 2nþ2 by Proposition 3.2. Every

substitution of a d for a c2 divides the eigenvalue by 4. &

Remark 3.1. Note that Ocn ¼ Ynþ1
1 is the peak set distribution of Snþ1 as described in

Proposition 3.2. It would be interesting to see whether the other eigenvectors Ow

have similar combinatorial interpretations.

Remark 3.2. In (3.29) we observe L2ðYwÞ ¼ Ywc2 	Ywd: Similarly, it is straightfor-
ward to observe

Y1ðYwÞ ¼Ycw þYwc þ
X

w¼w1cw2

Yw1dw2

þ
X

w¼w1dw2

ðYw1cdw2
þYw1dcw2

Þ:
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For example,

Y1ðYcdÞ ¼Yccd þYcdc þYdd þYccd þYcdc

¼ 2Yc2d þ 2Ycdc þYd2 :

Remark 3.3. With the basis Ow; we can define a new cd-index for elements FAP or
for Eulerian posets P; in which the coefficient of the word w is given by the
corresponding coefficient of the basis element Ow in the expression of F or FðPÞ:
This does not appear to have reasonable properties for face posets of polytopes,
although it is nonnegative for simplicial 3-polytopes.

Remark 3.4. The cone in Pnþ1 spanned by all Ow; deg w ¼ n is not invariant under
the antipode s on P; as is that spanned by the Yw: On the other hand, its extreme
rays, and so all its faces, are fixed by the combinatorially interesting map W: It might
be useful to have a basis invariant under both s and W: The corresponding index
might have some interesting properties.

3.3. Peaks, hyperplane arrangements and Gorensteinn posets

It has been pointed out to us by Aguiar and Bergeron (pers. comm.) that the map
W is essentially the map o of [14]. More precisely, if L is any geometric lattice, let L#0

be the lattice L with a new minimal element #0 added. Then L#0 is a graded lattice and

so FðL#0ÞAQ:

Proposition 3.5. For the geometric lattice L of an oriented matroid O;

WðFðL#0ÞÞ ¼ 2FðZÞ;

where Z is the dual face lattice of O: In particular, when O corresponds to an

arrangement of hyperplanes, then Z is the face lattice of the associated zonotype.

Proof. If we give the usual R-labeling to L; and label the unique cover relation

over #0 by 0, then this follows from the observation of Aguiar–Bergeron and
[14, Corollary 3.2]. &

One can view Proposition 3.5 as a complete summary of the relationship
between enumerative invariants of chains in a central hyperplane arrangement
and those of the associated lattice of intersections, whose study was begun by
Zaslavsky [34].
Since geometric lattices are known to be Cohen–Macaulay posets, that is, the

associated complex of chains is a Cohen–Macaulay complex [27], it follows that L#0 is
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also Cohen–Macaulay and so FðL#0Þ has a nonnegative representation in the basis

fFSg of Q: As a consequence, we get from Proposition 3.5 a special case of [31,
Corollary 2.2], namely, we can conclude that arrangements and zonotopes have
nonnegative cd-indices.

A poset is called Gorensteinn if it is both Eulerian and Cohen–Macaulay. Such
posets include all face posets of spherical complexes. Stanley has conjectured that if

P is Gorensteinn; then it has a nonnegative cd-index, that is, ½w�PX0; for all cd-words
w [31, Conjecture 2.1]. In light of Theorem 2.1, this amounts to saying that for P

Gorensteinn; FðPÞ must lie in the cone in Pnþ1 generated by the Yw; deg w ¼ n; that
is, the nonnegative orthant of Pnþ1 defined by the basis fYwg:
The map W allows us to define a slightly larger simplicial cone than the

nonnegative orthant in Pnþ1 that must contain FðPÞ for Gorensteinn posets P:

Proposition 3.6. For Cohen–Macaulay posets P; we always have WðFðPÞÞX0; that is,
WðFðPÞÞ always lies in the cone in Pnþ1 generated by the Yw; deg w ¼ n:

Proof. By Proposition 1.4, we have FðPÞ ¼
P

hSFS; where hSX0 since P is Cohen–
Macaulay [27]. The proposition now follows from the definition of W: &

Considering W restricted to Pnþ1; we can view the set fFAPnþ1 j WðFÞX0g as a
simplicial cone in Pnþ1: A more explicit description in terms of inequalities on the
coefficients ½w�P is given by the rows of the matrix ðZu;wÞ in (3.27). This cone includes
the image of the nonnegative orthant in h-space under the linear map that takes the
flag-h vector to the cd-index. That this latter cone is given by the inequalities

hT ¼
X

T ;TAb½Iw�

½w�X0 ð3:31Þ

follows directly from [31, Proposition 1.3] or from Proposition 2.2. It is
straightforward to obtain the inequalities in Proposition 3.6 from those in (3.31):
to get the inequality given by row u in ðZu;wÞ; add the expression for hT over all T for

which LðTÞ ¼ Su:

Example 3.1. If P is Gorensteinn and the rank of P is 4, then the cone described in
Proposition 3.6 is given in cd-coordinates by the inequalities

4½c3� þ ½cd� þ ½dc�X0;

2½c3� þ 2½cd� þ ½dc�X0;

2½c3� þ ½cd� þ 2½dc�X0:
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On the other hand, the nonnegativity of the hS imply directly that

h2 ¼ h13 ¼ ½c3� þ ½cd� þ ½dc� X 0;

h1 ¼ h23 ¼ ½c3� þ ½dc� X 0;

h3 ¼ h12 ¼ ½c3� þ ½cd� X 0;

h| ¼ h123 ¼ ½c3� X 0:

The second system clearly implies the first.

4. The g-homomorphism

We define an algebra homomorphism from Q to Q½x� that extends the definition of
the g-polynomial of a graded poset. In the case of the face lattices of (rational)
convex polytopes, this polynomial is related to the Poincaré polynomial of the
associated toric variety. For all rational polytopes, the g-polynomial is known to
have nonnegative coefficients; in the case of simplicial convex polytopes, this fact is
known as the generalized lower bound theorem. It was proved by Stanley [28,30] by
means of the toric variety associated to a rational polytope. It remains open for
nonrational polytopes.
We begin by defining the g-polynomial of a graded poset. For any graded poset P

of rank n þ 1 we define two polynomials f ðP; xÞ; gðP; xÞAQ½x� (actually in Z½x�)
recursively as follows. If n þ 1 ¼ 0; then f ðP; xÞ ¼ gðP; xÞ ¼ 1: If n þ 140; then

f ðP; xÞ ¼
X

yAP\f#1g

gð½#0; y�; xÞðx 	 1Þn	rðyÞ: ð4:32Þ

If f ðP; xÞ ¼
Pn

i¼0 kix
i has been defined, then we define

gðP; xÞ ¼ k0 þ ðk1 	 k0Þx þ?þ ðkIn
2
m 	 kIn

2
m	1Þx

In
2
m: ð4:33Þ

For an Eulerian poset P; the vector ðh0;y; hnÞ ¼ ðkn;y; k1; k0Þ is what is usually
called the toric h-vector of P: Since for Eulerian P; hi ¼ hn	i [30], our definition of
gðP; xÞ agrees with the usual one in the Eulerian case. We note that in [4], this
distinction between ki and hi is not made, so their formulas for hi are, in reality,
for hn	i:
Since the coefficients of gðP; xÞ are integer linear combinations of the quantities

fSðPÞ (see, for example, [7, Theorem 6], [4, Theorem 3.1] or [18, Section 4.3]),
these necessarily unique expressions can be used to extend this definition to give a
linear map

g : Q-Q½x�; ð4:34Þ

ARTICLE IN PRESS
L.J. Billera et al. / Advances in Mathematics 176 (2003) 248–276272



satisfying gðFðPÞÞ ¼ gðP; xÞ for any graded poset P: That g is an algebra
homomorphism follows from the following observation, which was first noted in
[24] in the case of polytope face lattices. Its proof depends on the fact that an interval
in a product of posets is the product of intervals from each, and seems not to have
appeared in this generality anywhere.

Proposition 4.1. For graded posets P and Q,

gðP  Q; xÞ ¼ gðP; xÞgðQ; xÞ:

Proof. The conclusion is immediate if rðP  QÞ ¼ 0: Otherwise, using (4.32) and
induction, we get

ð1	 xÞf ðP  Q; xÞ ¼ gðP; xÞð1	 xÞf ðQ; xÞ þ ð1	 xÞf ðP; xÞgðQ; xÞ

	 ð1	 xÞf ðP; xÞð1	 xÞf ðQ; xÞ:

By (4.33), gðP  Q; xÞ consists of the terms of ð1	 xÞf ðP  Q; xÞ of degree at most
ðrðPÞ þ rðQÞ 	 1Þ=2: Writing ð1	 xÞf ðP; xÞ ¼ gðP; xÞ þ *gðP; xÞ; similarly for Q; we
note that all the terms of *gðP; xÞ (respectively, *gðQ; xÞ) have degree at least rðPÞ=2
(respectively, rðQÞ=2). Now

ð1	 xÞf ðP  Q; xÞ ¼ gðP; xÞgðQ; xÞ 	 *gðP; xÞ *gðQ; xÞ;

where the last term has only terms of degree at least ðrðPÞ þ rðQÞÞ=2: The
proposition follows. &

Using the fact that Q is spanned by elements of the form FðPÞ [18, Proposition
1.1], and recalling that FðP  QÞ ¼ FðPÞFðQÞ [19], we can conclude

Corollary 4.1. The map

g : Q-Q½x�

is an algebra homomorphism.

Proof. We need only check multiplicativity. Suppose G;HAQ; G ¼
P

i aiFðPiÞ and
H ¼

P
j bjFðQjÞ: Then

gðGHÞ ¼
X

i;j

aibjgðFðPiÞFðQjÞÞ

¼
X

i;j

aibjgðFðPi  QjÞÞ
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¼
X

i;j

aibjgðPi; xÞgðQj ; xÞ

¼ gðGÞgðHÞ;

by Proposition 4.1 and the fact that gðFðPÞÞ ¼ gðP; xÞ: &

Restricted to P; there is an explicit formula for g; due essentially to Bayer
and Ehrenborg [4]. We follow the development in [4] to express this. Define
pðn; kÞ ¼ ðn

k
Þ 	 ð n

k	1Þ and polynomials

Qnþ1 ¼
XIn
2
m

k¼0
ð	1Þk

pðn; kÞxk

for any n and

Tnþ1 ¼ ð	1Þ
n
2p n;

n

2

� �
x

n
2

for n even. Note that Q1 ¼ T1 ¼ 1:
Say that a cd-word w is even if every element of Sw is even, that is, if

w ¼ cn1dcn2d?cnkdcm; and n1;y; nk are all even. The following is an interpretation
of [4, Theorem 4.2] in our context. It follows since P is spanned by elements of the
form FðPÞ; where P is Eulerian.

Proposition 4.2. If w ¼ cn1dcn2d?cnkdcm; then

gðYwÞ ¼
2kþ1xkQmþ1

Qk
j¼1 Tnjþ1 if w is even;

0 otherwise:

(

Remark 4.1. Note that gðYwÞ depends only on the initial and inter-peak distances of
the peak set indicated by w; but not on their order, vanishing when any one of these
is odd. One could easily describe the kernel of the g map from this. That g is
multiplicative on P is not evident from the expression in Proposition 4.2.

Remark 4.2. Since the basis Ow is partially multiplicative, the images gðOwÞ should
have a simpler expression than that of Proposition 4.2. In particular, since gðY1Þ ¼ 1;

the calculation of gðOwÞ is determined entirely by the effect of the map L2:
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