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Abstract

We consider random Schrodinger operators on tree graphs and prove absolutely continuous
spectrum at small disorder for two models. The first model is the usual binary tree with certain
strongly correlated random potentials. These potentials are of interest since for complete corre-
lation they exhibit localization at all disorders. In the second model we change the tree graph
by adding all possible edges to the graph inside each sphere, with weights proportional to the

number of points in the sphere.

Mathematics subject classification number: 82B44

1. Introduction

Proving the existence of absolutely continuous spectrum for random Schrodinger operators
at weak disorder remains a challenging problem. The extended states conjecture, asserting the

existence of absolutely continuous spectrum at low disorder for the Anderson model on Z¢, d > 3
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remains the most important open problem in the field. When Z? is replaced by the Bethe Lattice
(or tree graph) this conjecture has been proved by Klein [K], extended and reproved by Aizenman,
Sims and Warzel [ASW1], [ASW2], [ASW3], [AW1], and given yet another proof by the present
authors [FHS2]. Our proof, which only applied to binary trees, has been simplified and extended
by Halasan [H] to cover trees with higher branching number, and with additional vertices. (See
also Spitzer [Sp].) Recent work on trees includes level statistics by Aizenman and Warzel [AW?2]
and localization respectively singular continuous spectrum by Breuer [B1] and [B2], and by Breuer
and Frank [BF].

There is a large gap between the known results for the tree and the open problem on Z?. This
present paper is an attempt to address some of the problems that would come up on Z? in simpler
models. The paper has two parts. In the first part we consider a binary tree with a transversely
2-periodic random potential. The potential is defined by choosing two values of the potential at
random, independently for each sphere or level (that is, a set of vertices a fixed distance in the
graph from the origin) in the tree. These two values are then repeated periodically across the
sphere. The point of this model is that although the underlying graph is still a tree, we have
negated some of the advantage of the exponential spreading of the tree.

In fact, such two-periodic potentials can exhibit either dense point spectrum or absolutely
continuous spectrum. In our previous paper [FHS1], the values (g1,q2) were chosen close to
(0, —9) for 6 > 0. In this case we obtained a deterministic result proving existence of absolutely
continuous spectrum. On the other hand, if (¢, ¢2) are chosen randomly on the diagonal ¢; = g2
then the potential is radial, and this model is equivalent to a one-dimensional Anderson model
that exhibits localization at all disorders.

We will prove that if the potentials (g1, g2) are sufficiently uncorrelated (see assumption (8)
below) then there will be some absolutely continuous spectrum, as is the case for the Anderson
model. However, since in some sense this model is so close to being one-dimensional, the proof
has some features not appearing in [FHS2]. In both [FHS2] and the present paper, the proofs
follow from an estimate of an average over potential values g of functions (z, ¢), similar in both
models, that measure the contraction of a relevant map of the plane. We seek an estimate of the
form [ pu(z,q)dv(q) < 1 for z near the boundary at infinity. In [FHS2] we use the independence
of the potentials across the sphere in proving that ;(z,0) is already less than one. Then small
values of ¢ in the integral are handled by semi-continuity. In the present situation yu(z, q) for ¢ = 0
is identically equal to one, and perturbations in ¢ send it in both directions. Thus we must use
cancellations in the integral over ¢ in an essential way.

Our method extends to the case where the joint distributions are not identical, as long as they
are all centered and satisfy certain uniform bounds. This is significant since in this case we lose

the self-similarity that has been used in previous proofs.
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Another obvious way that Z¢ differs from the tree is in the presence of arbitrarily large loops.
In the second part of this paper, we show how to introduce (weighted) loops with unbounded
size into the model from the first part. We introduce connections between every pair of vertices in
a given sphere, weighted to make the total weight of the added edges equal to one in each sphere.
This is a sort of mean field interaction. These connections mean that when we remove the interior
of some ball from the graph, the resulting exterior domain does not consist of disconnected pieces
equivalent to the original graph, as is the case for the tree. Nevertheless, we can prove absolutely
continuous spectrum for this model using results from the first part of this paper in a two-step
procedure. To reduce the technical complication, we will only consider a Bernoulli distribution
for the potentials in this section.

In the next section we review the basic set-up for calculating a diagonal matrix element of
the Green’s function for discrete random Schrédinger operators, using a decomposition of the
graph and the corresponding sequence of forward Green'’s functions. In Section 3 we specialize
to a tree model with a strongly transversely correlated random potential and present Theorem
2, the first main theorem. The bounds on the moment required in the proof of this theorem are
given in Section 4 but the proof of the main technical Lemma 4 is postponed to Section 6. Section
5 deals with extensions and open problems related to our method of proof. The last two sections
are devoted to the mean field tree model. Theorem 9 is our second main result. A proof of the

main technical Lemma 12 needed for this theorem is relegated to Section 8.

2. Review of basic setup

Let (V. E) be a graph with vertex set V and edges E C V x V, and let v : E — R* be a

bounded symmetric function. Let L be the Laplacian with matrix elements given by
{WwwDiH%MEE
Lv,w = .

0 otherwise
We assume that the number of edges joining a vertex is uniformly bounded. Then L is a bounded,
self-adjoint operator on ¢2(V').
Given a potential ¢ : V — R, let Q) be the operator of multiplication by ¢ with matrix elements

Qu,w = q(v)dy . We are interested in the spectrum of the discrete Schrodinger operator
H=L+Q

acting in 2(V). Let 0 € V denote a distinguished vertex. We will study the spectral measure for

H for the vector §y € ¢*(V) given by

1 ifv=0
do(v) = {O otherwise

3



through its Borel transform given by the Green’s function Go(\) = (0o, (H — X)"*8p).
Our approach is based on a decomposition of V' as a disjoint union and the corresponding

direct sum decomposition of £2(V)
V=], V)=er(Sn.
3 n=0

We assume that Sy = {0} and that vertices in S,, are only connected to vertices in S,_1, S, and
Sp+1. (We will take the sets .S, to be spheres containing all vertices a distance n in the graph
from 0.) Then the block matrix forms of L and H have zeros away from the diagonal and first

off-diagonal blocks.

Dy ET 0 0 - Do+Qo  Ef 0 0
Ey Dy E? 0 FEy Dy + Q1 E{ 0

L=10 B D, Ef ...|, H= 0 Ey Dy+Q, ET

According to the formula for L, the matrix D,, is the Laplacian for the sphere S,,, while E,, has
non-zero entries corresponding to the connections between S,, and S,;. Let P, denote the
projection of ¢2(V) onto ¢2(S,,) and define P, oo = > ,—, Py. Define H,, = P, oo H P,, » and the
forward Green’s functions

Gn(\) = P,(H, — \)"'P,.

Each G, ()) is a d,, x d,, matrix, where d,, is the number of vertices in S,, and lies in the Siegel
upper half space SHy,, that is, the space of symmetric d,, x d,, matrices with positive definite
imaginary part; H := SH; is the usual complex upper half plane.

The forward Green'’s functions are related by the formula

Gn()\) - q)n(Gn+1ina)‘)7 (1)

where ®,, : SHy,,, X Sq, x H — SHy, is given by

n+1
(bn(Gn-i-la an >\) = - (EZ:GWH-lEn - Dn - Qn + )\)_1 .

Here S; is the set of d x d real symmetric matrices. To see this, note that G,, () is the top left corner
block of

Dn+Qn—X ET 0 0 ---77!
E,

0 Hyf— A

Thus, according to Schur’s formula

A BT]' (A—-BTCc'B)~! (BTC™'B—-A)~'BTC! 2)
B Cc| T|cBBTC'B-A)'  (C-BA1BT)!
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for the inverse of a symmetric block matrix we have

-1

E,
_Dn_Qn+>\) )

Gn()\)z—([EZ 0 0 "'](Hnﬁ-l—)\)*l 0

which implies (1).

Now suppose that the potential is chosen at random, independently for every sphere S,
according to a probability distribution NV,, on R%". Then the matrices G,,(\) are random variables,
distributed according to some measure R,, » on SH,,, and (1) implies that R,, » is the push-forward

of Ry11,» X N, under ®,,. This means that for every integrable function f on SHy,,
| r@araz - | F(®0(Z,Q,N) AN (Q) ARy y10(2). 3)
SHd"’ SHdu+1 ]Rd”

The measure in which we really are interested is Ry ), the distribution for G¢, which is a
probability measure on H. In our examples, we will use formula (3) to prove a bound of the form
sup / w'T(2)dRo \(2) < oo, (4)
H

[ Re(M)[<Xg
0<Im(A)<e

where a > 0 and w(z) is a weight function satisfying
Im(z) < Cw(z) (5)

for z in a neighbourhood of the boundary at infinity O,cH. In the upper half plane model of
hyperbolic space H, the boundary at infinity is R U {ico}. A neighbourhood of J..H is the
complement of a closed bounded set in H U d..H. Here and throughout the paper, C' denotes a
generic constant that may change from line to line. Notice that the integral in formula (4) is the

expectation E [w!™(Go(N))].

Lemma 1 Suppose that (4) holds for some o > 0 and some weight function w(z) satisfying (5). Then the
spectral measure o of which Go(\) is the Borel transform is almost surely purely absolutely continuous

in (7A07 )\0)

Proof: (Following Klein [K] and Simon [Si].) By Fatou’s lemma and (4)

)\() )\O
E (hml%nf/ w' T (Go(z + ie))da:) < liml%)nf/ E (w't*(Go(z + ie))) dz < C.
€ 7)\0 € 7)0
This implies that for almost every choice of potential
/\0 /\0
limi%)nf/ (Im(Go (4 i€))) ™ da < C’lim&)nf/ (w(Go(x +i€)) T dx < C.

€ 7)\0 € 7)\0

So, for such a potential, there exists a sequence ¢, | 0 such that

Ao
sup / (I (Go(x + ien)))* da < C.

n J_\o



Then, since 7~ Im G (z + i€)dz converges to duo(z) weakly (see [Si]) as € | 0 we find that for any

compactly supported continuous function f

Ao o
| / f(@)dpo(z)| = lim 7! f(@)Im Go(z + i€, )da
—Xo n—oo “Xo
Xo Var 1/(14a)
< limsupm—" V If(x)lqu] V (Im Go(z + iey))' T da
n—o00 —Xo ~o
< C|fllq-

Here ¢ is the dual exponent to 1 + « in Holder’s inequality. This implies that dpo(z) = g(z)dx for

some g € L'** and completes the proof. []

3. A binary tree with transversely 2-periodic potentials

We now specialize to a binary tree.

]

ANAN

[

S S S S

Rooted binary tree with transversely 2-periodic potential.
For a tree, the forward Green's functions are diagonal, and with
Gri1(X) = diag[zy, 29, . . ., 2gn+1],
Qn = diaglgi, g2, - . ., g2n],
we have

-1 -1

B, (Gir, O, \) = dia,
n( ntl Qn ) & Zl+22+)\—q1 Z2n+1_1+Z2n+1 +>\—QQ71

To define a two-periodic potential we choose for each sphere (except the root) two potential
values q = (¢1,¢2) at random, independently for each sphere, according to an identical joint
distribution v. In the diagram, the spheres are outlined by boxes. For each sphere (except the
first), after choosing q = (¢1, ¢2), we set the potential at all the black vertices equal to ¢; and the
potential at all the white vertices equal to g». The potential value at 0 is chosen according to some

single site distribution v/(q).



We make the following assumptions about this distribution v. The distribution has bounded

support:

vis supported in {q = (¢1,q2) : |g1| < 1,|¢z] < 1}. (6)

The distribution is centred on zero:

[+ v ~o. ()
Let ¢;; = [ ¢;q;dv(q). Then
tep>0 and 6= —292  q/ (8)
C=2¢C C = .
11 22 11 +022

The first inequality in (8) simply says that ¢ is not identically zero. The second is a bound on
the correlation. Completely correlated potentials (that is, the one-dimensional case where the
spectrum is localized) would correspond to § = 1.

To adjust the disorder, we multiply the potential by a coupling constant a > 0 and study the
Schrodinger operator H, = L + a ). This amounts to replacing v with the scaled distribution v,
satisfying

[ H@dui@ = [ fea)avta).

The scaled distribution v, is supported in {q = (g1, ¢2) : |¢1| < a, |g2| < a}.

We can now formulate the main theorem for this section.

Theorem 2 Let v be a probability measure of bounded support for the potential at the root, let v be
a probability measure on R? satisfying (6), (7) and (8) and let H, be the random discrete Schridinger
operator on the binary tree corresponding to the transversely two-periodic potential defined by the scaled
distribution v,. There exists Ao € (0,2+/2) such that for sufficiently small a the spectral measure for H,

corresponding to 5o has purely absolutely continuous spectrum in (—Ao, Ag).

For a two-periodic potential, the formula (3) can be simplified. In this case the measure N, is
independent of n and concentrated on the two-dimensional hyperplane where ¢; = g3 = ¢5 = - - -
and g2 = g4 = ¢ = - - -. Thus, introducing a coupling constant a, the measure N,, is a product of v,
with delta functions for the hyperplane. For these potentials the diagonal entries of G,,(\) exhibit
the same symmetry as the potentials, so the probability distribution for G,,(\) is determined by
the joint distribution r, » for (21, z2), which also is independent of n. With this notation, the

formula (3) can be written

f(2’1722) d7”a,>\(21722)
HxH

1 1
= — ,— dva(q) drg (21, 22).
/Hﬂxﬂwf( Htamtri-q zl+z2+A—q2) (@) drax(z1,22)
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It is convenient to introduce a new random variable u = z; + 22 + A for every sphere except
the first. Let p, » denote the distribution on H for u. Then, taking f(z1,22) = g(21 + 22 + A) in the
formula above we obtain our main recursion formula

[ s dpart) = [ gloantw)dvaladpo(u), ©)
H HxR?2

where
1 1

Ggr(u) = —
q() uU—q U —q2

A source of difficulty is the singular behaviour of ¢4 x near the diagonal of . When ¢; = ¢, (and

Y (10)

Im(A) > 0) then ¢q,» is a linear fractional transformation that defines an injective map from H to
H. In fact, if A € R the map is a hyperbolic isometry. However, as soon as q; # ¢2 the map ¢q»
covers H twice. This can be seen even when we only consider real values of . In this case ¢q x(u)
ranges over all of R for u in the interval (¢1,¢2) (supposing for the moment that ¢; < g2). This
interval shrinks and then disappears as ¢; approaches ¢».

We now introduce the weight function cd(u). For A € (—2v/2,2v/2) the fixed point solution

of u — ¢o x(u) is ux = A\/2 +1i/2 — A2/4. Define

lu — uy|?
= 11
cd(w) = “s (1)
Our goal is to bound the moment
Ma,a,)\ = / Cd(u)1+adpa,)\(u)~ (12)
H

Given Lemma 1, such a bound for Ry ) in place of p, ) will provide a proof of Theorem 2. This is

done in the following lemma.

Lemma 3 Let v(o) be a probability measure of bounded support for the potential at the root, and suppose
that
sup Mg ax <C

| Re A[<Xg
0<Im A<e

for some positive a, o and e. Then the spectral measure for oy corresponding to the transversely two-periodic

random potential with coupling constant a has purely absolutely continuous spectrum in [— Ao, Ao].

Proof: Let w(z) = |z — i|?/ Im(2). The recursion formula (3) for the first level implies

/ w(z)* dRo(2) = / w(—(u — g) )+ duye) (q) dpar ()
H

HxR

“(u— 1 14+«
< <S¥Hp | (2 dV(o)(Q)) (Myn + 1)

so the lemma follows from Lemma 1 and the bound

Sﬁp/R (W)Ha dvoy(q) < C

by our assumption on (). []



4. Bounding M, o

Lemma 3 shows that our main theorem follows from a bound for M, o x. We now explain
how we can obtain such a bound. Beginning with (12) we introduce a cutoff function x,0 < x <1
with support in a neighbourhood of the boundary at infinity of H, and with x = 1 near infinity.

Since cd is bounded on the compact support of 1 — ,

Mg < / x(u) cd(u)l"’“dpa,)\(u) +C,
H

where C only depends on the support of x. Now we apply the recursion formula (9) to conclude

Mar < [ [ ¥(00r(0) cd(Gan @)+ dva@idpar(0) + C.

Since the image of ¢4 () as q ranges over the support of v,, A ranges over the rectangle | Re(\)| <
Ao, 0 < Im(M) < e and u ranges over the support of 1 — x is compact, the function cd(¢q x(u)) is

bounded there, and we may again insert a cutoff and conclude

Maar / / X(w) x(dqx (1)) cd(pg ()™ dva(q)dpa(u) + C. (13)
H JR2

The constant C is different from the previous equation, but can still be taken to be independent of
A in the range of values we are considering.
Here is the essential idea of our argument. Introduce

figa(u) = cd(¢g,a(u)) _ |(2u — q1 — q2)ux — 2(u — q1)(u — g2) |2
" cd(u) 2(Ju— 12 + [u— @ ?)[u — u?

and the averaged version
Faan®) = [ i) dvaa).
Then (13) implies
Maon € [ X070 r(10) () 5 (1) +C:

So if we knew that 7i, , ,(u) < 1 — ¢ on supp(x) for a suitable range of )\, then we would obtain
Mgy.ax < (1 —€1)Mg o x+ C which gives the desired bound on M, , . Notice that the averaging
over q is essential for obtaining such a bound, since yg »(u) = 1.

Also note that ;g x(u) is continuous as u and A approach the real axis, except at u = ¢; = go.
This includes u = ico, by which we mean continuity as w — 0 when we set u = —1/w. At the
singular point we can define 14 ) (u) to be supremum of all possible limits. In this way we can
extend (g »(u) to an upper semi-continuous function whose domain includes real values of v and
A

Here is the bound for i, , »(u). This is the main technical result in the first part of the paper.
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Lemma 4 Suppose that v is a probability measure on R? satisfying (6), (7) and (8). Assume u and X are
real, |\| < 2v/2 and a and R are positive real numbers satisfying R > 2 and aR < 1/4. Then there exist
positive constants C; such that with c and § defined by (8)

c(1—9)
1-— ~S0RZ + CraR + Cha for |u| < aR
Fa,an () < ; (15)
o a’c ( p(u,\,0) Cs e for [u] > aR
- = o rul > a
|ul? \ 2|u — uy|? R * -

where

p(u, N, 6) = (1 —28)u® — (1 —=8)Au+1-4.

This lemma is proved in a separate section. When |u| — oo the bound tends to 1, so this
bound alone is not sufficient. To procede we must iterate the procedure leading to (13). Starting

with (13) (with q replaced by q;) we apply (9) to arrive at

Maon < [ [ 30 X000 0(0) (G000 r () ()t at) () + €

(16)
[ Xm0 X ()57 (e r ()02 () + C.

In view of Lemma 3, the following lemma will complete the proof of Theorem 2.

Lemma 5 Suppose that v satisfies (6), (7) and (8). Then there exists Ao € (0,2v/2) such that for small
enough a and €

sup Mg o < C.
| Re A|<Xg
0<Im A<e

Proof: Let
Moo (0) = x(0) [ [ 01300 XG0 r () (s ().
Given (16), it suffices to show that there exists \g € (0,2v/2) and ¢; > 0 so that
Maaxr(t) <1—¢€ (17)

for all u in a neigbourhood of infinity in H and for a and « sufficiently small. An obvious estimate

for mg o, (u) is

Mg, (1) < X (1) Fgan(w)  sup [X(sbql,x(u))ﬁa,a,x(%l,A(U))~ (18)

q1€supp(va)

We begin by choosing Ao with




Then a simple calculation shows that the polynomial p(u, A, §) in Lemma 4 is bounded below
p(’U/,)\,(S) Z Po >0

for all u € R and X with |A] < Xg. Choosing R sufficiently large and « suffciently small we can

simplify the estimate in Lemma 4 to read

1—2e3 4+ CraR for |u| < aR

ﬁa,a,)\(u) < a263

TR for |u| > aR
u

for some €3, €3 > 0 and for all u € J.H = RU {ic0}. Then, choosing a small (depending on R) we

obtain

1—e for Ju| < aR
ﬁa,a,)\(u) S 2. . (19)
1- 2% o |u| > aR
Juf?

In particular, 7, , y(u) < 1 for all u € O H. By upper semi-continuity of 77, we can extend this

estimate to a neighbourhood of d,H to conclude

X(U) ﬁa,a)\(u) <1+ €4, (20)

where ¢4 can be made arbitrarily small by shrinking the support of x.

To estimate the right side of (18) we consider u in two regions. The first region are the points
near u € R with |u| < C. For these points, the estimate (19) and upper semi-continuity of 7i,, , » ()
imply

Fa,an(u) <1 =€

for some €5 > 0. This, combined with (20), where we have shrunk the support of x to make ¢,
sufficiently small, proves (17) for these values of .

On the other hand, if u is in the region near u € R with |u| > C (including icc) then u is
bounded away from the singularity of ¢4, (u) for q; € supp(v,), so for these values of v and
small q;, the values of ¢q, () are close to ¢g »(u) and therefore |¢q, A ()| is uniformly bounded.
This means we can exchange the roles of the two factors in (18) and obtain (17) for these values of

u as well. []
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5. Extensions and open problems

For § = 0, that is, when the random variables ¢; and ¢, are independent, our result gives
Ao = 2. An obvious question is “How large can A actually be?”. When )\ is larger than 2 the
polynomial p(u, A, §) in (15) changes sign so the estimate for 7, , (u) goes above 1 for some
values of u. However, the product on the right side of (18) remains bounded below 1 if A is
only slightly larger than 2, since the second term in the product compensates. So, our proof can
accommodate A slightly larger than 2. To push )¢ even higher, we can consider iterating the
procedure leading to (16) an arbitrary number of times. This would presumably allow even larger
values of Ay at the expense of more complicated proofs. The determination of the exact range of
absolutely continuous spectrum (as indeed the question of band-edge localization for this model)
remains open.

At first glance, it appears that the assumption that the distributions v, are identical for each
sphere seems essential. Dropping it means that we lose self-similarity in the tree. However, in
fact it is possible to handle the case where the distribution for the nth sphere v, ,, can depend on
n, provided that each distribution satisfies the assumptions (6), (7) and (8). Then the distributions
Pa,x.n and the moments M, 4 x., also vary from sphere to sphere. In this setup we are interested
in M, o,x,1. The methods in this paper (with two iterations) can then be used to show that for
suitable a, o and \

Myn <(1—€)Myny2+C. (21)

(We have dropped the a and « subscripts.) Here e and C are positive constants that are independent

of n and ). Iterating this bound IV times gives

N-1
My; < (1— )N My 408 +C (Z (1- e)k>
k=1
<(1—e)NMyon + %
This estimate may appear useless, but for Im(A) > 0 we actually have an n independent (but A
dependent!) bound on M} ,,, because the support of p,_» , is contained in a A dependent compact
set. Hence we obtain

My, <(1—eNCy+ %

and we may send N — oo to obtain the desired bound on M), ;.

6. Proof of Lemma 4

The goal of this section is to prove the estimates in Lemma 4 on ¢ defined by (14) for v and A

real. Notice that when A € R and |\| < 2v/2 then Tm(uy) > 0 and |uy|? = 2.
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We will blow up the singularity on the diagonal by introducing polar co-ordinates r and wj,
i = 1,2 defined by

U—q =rw, U-—q=Twy, witwi=1
We begin with the estimate for |u| small.
Lemma 6 Suppose |\ < 2v/2, |¢;| < aand |u| < aR where R > 2 and aR < 1/4. Then

w1 +w 2
P (u) < h%

+ CaR.

Proof: We can write

[(w1 + wa)uy + 2rwiws|?
2|u — uyl?

fg,x(u) =

We have

2 2 < <1+ Ml
= u
lu—uxl2 2—Au+u? = 1—Au/2 ~

since [\u/2| < 1/2and (1 — )~ < 1+ 2|z| for |z| < 1/2. Next, we have

[(w1 + wo)uy + 2rwiwsl? < w1 + wa? brtra,
4 2
since |w; 4 wa| < V2, |wiws| < 1/2. With our bounds on ¢; and R we have

r? =lu—q|* + |u— ql* <2ad*(1+ R)>.

Combining these estimates completes the proof. []
Now we turn to the estimate for large |u].

Lemma 7 Suppose |\ < 2v/2, |¢;| < aand |u| > aR where R > 2. Then

par(®) < 1+ 5 (a) = = (@, (Q - C/R)q)

u?
with
_ |1
a= 8],

—2u? + Au [1
l=—— ,
2lu —uyl? |1
0= 1 u? —du+1  —2u? 4+ u—1
T u—up? | 2w+ Au—1  wP-Au+1

The constant C = C4 /(1 —\? /8) +Cq where Cy and Csy are some (explicitly computable positive) numbers.
Proof: Let 6; = ¢;/u and note that |§;| < 1/R. We can write

1

2
S S
4\u—u>\|2|

—uy) — 2u — 2 2 :
(u—ux) = (61 + 62)(2u — up) + 201 62u] 1= 612 +|1— 6,2

,Uq.)\(u) (22)
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The third term on the right can be written

2 1

T—612+ 1 =622 1—(61+02) + (02 +02)/2°

Ifx<§<lthen(l—2)"'<1l+4xz+(1+6/(1—0))x? Using this withx = (61 +d2) — (67 +63)/2
and § = (2R — 1)/R?, which implies /(1 — §) < 6/R we find, after some calculation, that this

term can be estimated by

2

1 40
<1
TEr AR AT

81 + 62) + 20162 + < + ) (6% 4 62).

2 R
We now turn to the middle term on the right side of (22). Multiplying out the square, using
Re(uy) = A/2, and making some simple estimates, we arrive at
|2(u — U)\) — (51 + (52)(211, — U)\) + 26162U|2
< Afu —ur|? — 4051 + 62)(Ju — ur)® + u(u — A/2))
+ 28182 (|2u — ux|? + du(u — A/2))
+ (02 4 62)(|12u — ux|* + R7H(9ul® + 2| u))).

We now combine these estimates. In the error terms, we can control quadratic terms in v using

uf? < .

1—X2/8
A straightforward calculation completes the proof. []

In preparation for the proof of Lemma 4 we prove the following lemma. Recall that w; and

ws are functions of u and q. Explicitly,

uU—4q;
(u—q)? + (u—q)?’

Wi (U, q) =
v
so that w; (u, aq) = w;(u/a, q). Also, with the notation of (8) we have
/ (1 — @2)dv(q) = c11 + ca2 — 2c12 = (1 = 6).
R2
Lemma 8 For R > 2and |u| < aR,

w1 +w2|2 c(l—=19)
Lt 1 I <1- )
/R @ <1 - S (23)

Proof: We begin with a scaling argument. The scaling properties of w;(u,q) and v, imply that
bounding the left side of (23) for |u| < aR is equivalent to bounding

2
[ 222
RQ

for |u| < R.
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Referring to the following diagram, we have wq = —cos(6 + 7/4) and wy = —sin(6 + 7 /4).

R,R
g B

.

(u,u)

(-R,-R)

Co-ordinates wy,wsy relative to (u,u).

Then |w; + w2 |?/2 = (1 4 2wiws)/2 = (1 + cos(20)) /2. From this we see that the maximum occurs
at an endpoint for 6, when (u, u) = (R, R) or (u,u) = (—R, —R). This leads to

|W1+w2\2< |+R-q* 7
2 T|ER-qP+ IR+ q]> +¢*

where § = (¢1 + ¢2)/2 and ¢ = (g1 — g2)/2. Since |g| < 1 and R > 2 we have |R + | < 2R. This

implies
lw1 + wal? 7 (@1 — Q2)2

= T ARZ+1 20R?

Integrating this formula completes the proof. []
We are now ready to give the proof of Lemma 4.

Proof of Lemma 4: The estimates of Lemma 6, Lemma 7 and the estimate (1 + z)'*® < 1+ (1 +

a)z + a(1 + a)x? for x > —1 can be used to show

|LLJ1 +w2\2

5 + CiaR + Cohax for |u| < aR

.“1117/\(“)14_(JK <
14+«
1+

(La)— u% (q,(Q — C3/R — Cya)q) for |u| > aR

We now integrate this estimate with respect to v,. For |u| < aR, we use Lemma 8. When we
integrate the estimate for |u| > aR, the linear term vanishes, thanks to (7). The quadratic term

gives the estimate on the right side in (15). [

7. A mean field model

In this section we add a weighted complete graph to every sphere in the tree. Since the
weights are chosen to make the total added weights the same in each sphere, this is a sort of mean
field model. Pick a number v > 0. Each added edge (dotted line in the diagram below) in the nth
sphere S, is given the weight 7v27".

15



/
—
/
M —
[
\i
/
~_|

S S S S

Rooted binary tree with mean-field edges insides spheres and transversely 2-periodic potential.

We call this graph the mean field binary tree. The spectrum of the free Laplacian on
the mean field tree is the union of two intervals [-2v/2 + 7,2v2 + 7] U [-2v/2,2V/2] and is
purely absolutely continuous. This can be seen by diagonalizing the Laplacian using a Haar
basis, as in [AF]. The (normalized) Haar basis {eg,e1,...,ean_1} for C*" is defined as follows.
Let (eo)(j) = 27™2,j = 1,...,2" For k = 0,1,...,n — 1 we set (ex)(j) = 2-(»=F)/2 jf
G=1,...,2"7F 1 (eqn)(j) = =27 (nR/2f j = on—k—1 4 1 ... 2"~k and 0 otherwise. Finally, we
define the non-zero components of e; for 2% < i < 28+ to be (e;)(j) = (eqr)(j — i + 2F).

Here is a diagram of the Haar basis for £2(S") = C?" with n = 3. Each vector is normalized
to make the basis orthonormal. This basis has a natural tree structure determined by the supports
of the vectors. The highest level is the constant vector, and the lowest level consists of vectors

with two non-zero entries of +2-1/2,

-
0000000030000
-

-
0000000000a00000
-

/\ /N

(o] =
e e

Haar basis for (2(S3).

To simplify the calculations, we will consider this model when the transversely two-periodic

potential is defined by the product of two independent Bernoulli distributions for ¢; and g2,

vV =

(0(qr = 1) + (g1 + 1)) (6(g2 = 1) +d(g2 + 1))

B~ =

16



Theorem 9 Let v (o) be a probability measure of bounded support for the potential at the root and v
be the product of Bernoulli distributions defined above and let H, ., be the random discrete Schrodinger
operator on the mean field binary tree corresponding to the transversely two-periodic potential defined
by the scaled distribution v, and weight ~. There exist 0 < Ao, A\1 < 2v/2 such that for sufficiently
small a the spectral measure for H, corresponding to &g has purely absolutely continuous spectrum in

AN < Aoy (A=Al < M)

In this theorem, the constant Ao has the same value as in the first part of the paper, while X,
can be taken to be any positive number less than 2+/2.

The forward Green’s functions G, are not diagonal. In the basic recursion formula (1) for the
forward Green’s functions on the mean field tree the matrices F,, and @),, are unchanged from the
binary tree, but the matrices D,, are now 27"~ times the Laplace operator for the complete graph
on S,,. This Laplace operator is a 2" x 2" matrix with each diagonal entry equal to zero and each

off-diagonal entry equal to 1. Thus
Dn =~(P—27"1),
where P projects onto 2—n/2 [1,1,...,1]T. Introduce the d,, x d,, matrix
U,=FE'G, 1B, — D, +\=E'G,1E, — vP+ \,,

where

A =A+727" (24)

Then the basic recursion formula reads
Unfl = _Ezlll(Un - Qn)_lEnfl - 'YP + /\nfl-

The range of P is the span of the first vector in the Haar basis. Since the representation of a
two-periodic potential in this basis is not too complicated, it is natural to change to this basis to
simplify the problem.

Let V,, be the 2" x 2" orthogonal change of basis matrix to the Haar basis, whose columns

consist of the Haar basis vectors.

Lemma 10

(i) VI PV, = diag[1,0,0,...].

(i) VTETV, 1 = V2[I,0].

(iii) Let Q = diaglq1,q2, 41,42, --.] be a two-periodic potential. Setting ¢ = (q1 + ¢2)/2 and
G = (q1 — q2)/2 we have

T _ = = 0 Vi,
V., QVp=ql +q [an 0 .

17



The proof of this lemma is a straightforward computation, which we omit. Now we write

the matrix U,, in the Haar basis. Define
U, =VIu,v,.

In view of Lemma 10, the recursion formula for U,, reads

- - o VI, I\ '[I
Unfl = _2[‘[’0] (Un - q_(j |:V . 76_1:|) |:0:| _’ydlag[170707] +)\n717 (25)

where ), is givenby (24). This recursion formula preserves matrices of the form diag[u1, u2, ug, . . ..

Lemma 11 Suppose that U, = diag(u1, us, ug, . ..|. Then Up_1, defined by the recursion formula above,

has the form

Un—l = diagqu,)\,'y,n—l(uh u2)7 ¢q,A,n—1(u2)7 ¢q,A,n—1(u2)7 .. ']7

where )
n(UL,U2) = — = = + A — y
Yaryn(t,u2) up —q— ¢ (up — @)t K 26
) (26)
¢q,)\,n(u2) = + )\nv

Sy — G- P(ug—q)
and X, is given by (24).

Proof: We have
- o VvI,I\' [4 BT
A S A

A= diag[u1 _(jyu2 —CY»U2 _qv"'}a

where

B =—qVp1,

C= (U2 — Lj)]
The top left block of this inverse is given by Schur’s formula (A — BTC~!B)~!. Since BTC~'B =
P(u2—q) 'V, Vo1 = ¢®(uz—q) 7', the result is a diagonal matrix with (u; —g—¢*(u2—q) ") -t
in the upper left corner and (u2 —q—@*(u2 —q) ') "in the other diagonal positions. The recursion

formula picks out this block, multiplies by —2 and then adds —v diag[1, 0,0, ...] + A,—1. This gives
the formulas (26). [

The fact that the recursion formula for U, preserves diagonal matrices having the form
diag[uq,ug, us,...] means that U,, must actually have this form. This follows from the limit
formula for the forward Green’s functions proved in [FHS1] which implies that these matrices
will lie in any set that is preserved by the recursion flow. Thus, there are two random variables

u1 and ug for each sphere that describe the forward Green’s function. For the nth sphere, they are

18



distributed according to some joint measure p, x ,» for (u,uz). Since the variables for adjacent

spheres are related by (26) the recursion formula for these measures reads

/ w(ur, u2)dpa,qy,n (U1, us2)
HxH

= / / w(@[}q,A,'y,n(uh U2)7 ¢q,)\,n(u2)) dVa,(Q) dpa,A,'y,n+1 (Ula U2)-
HxH JR2

Define the moments

Ma,a,)\,'y,n = / Cdl,n(ul)lJradpa,A,'y,n(ul7u2)7
HxH

where

2
Uy — Uy, —

and uy is the same fixed point as in (11). Our goal is to bound M, 4,0 for a and o small
and )\ and 7 in some range. When n = 0 then Uy = Uy = [u1] = EfG1Ey + \. Since Gy =
—(EfG1Eo+ XA — qo) ! we can use the argument of Lemma 3 to prove the existence of absolutely
continuous spectrum from such a bound.

Observe now that the recursion for us is the same as the formula for v in the first part of the

paper, except that A is replaced by A,,. Explicitly,
Par, (1) = Pqan (W),
where the ¢ is given on the left by (10) and on the right by (26). We claim this implies that

M®, = /H (1) g . 03) < C. (27)
X

provided |A\| < Ag. Here

uz —uy, |3
CdQ’n(UQ) = W

The function |z|; is equal to |z| except near z = 0 where it has been modified to be bounded
away from zero. This makes no difference to the growth properties, but will allow us to make a
needed lower bound in the next section. For large n the bound (27) follows from the results in the
first part of the paper (extended to distributions that vary from sphere to sphere) since the small
perturbations 72~ of \ are easily absorbed in the proof. The result for large n suffices, since it
is easy to iterate the bound (27) a finite number of steps. All that is required is an upper bound
Han, () < C, for p given by (14).

Similarly, it is enough to bound M o x4, for large n. We follow the same basic steps as

before to begin the proof of such a bound. Let x(u1) be a cutoff with support where u; is in a
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neighbourhood of 0., H. Then, one iteration gives

Ma,axq.n

— [ i) ol )
HxH

= / / cdi i (Pqay,m (U1, u2)) Tx (1) dVe (@) dpa,ny,nt1 (U1, uz) + C
HxH JR2

= / / (Cdlm(wq’)\’%n(ul, ’U,Q)) — Clcdg’n(’llq) -+ Clcd2,n(u2))l+a
HxH JR2
' X(ul)dya(q)dpa,k,'y,n-i-l(Ul, UQ) +C

1+a
| ) dva@dpa g i (ur,u)

S/ / QQ{Cdl,n(l/fq,/\,y,n(Ul,UQ)*01Cd2,n(u2)
HxH JR2 +

+ 2acll+aM(2) + C.

a,o,\,y,mn
The notation [z]; denotes max{0, z}, not to be confused with |z|,. Here we used the convexity of
z — x'T*. The positive constant C; can be chosen as large as we please.

Now we define

cdin (Yg,aqy,n (U1, u2)) — Creds p (ug)

PaAyn (U1, uz) = . 28
q ’Yn( ) cd17n+1(u1) ( )
and the averaged version
— 1+«
/‘a}a,)\ﬁ,n(ulyu2) = /]Rz [/ffq,)\,v,n]+ (u17u2) dVa(q)'
Then, provided |A| < Ag so that M, 52; A~.n 18 bounded, we can rewrite the estimate above as
M%Ola)v%" < / 2aﬁa,a,)\,’y,n(u17 u2) X(Ul) Cd17n+1(u1)1+adpa,)\,'y,n+1(ula UZ) +C.
H < H
A second iteration results in
Ma,an~m < / /2 2Ty 0 r iy (Ya 1 (U1, u2), Gg i1 (u2)) X (Ygxynr1 (U, uz))
HxH JR
Ntg e (U, u2)] 7 x(ur) dva (q) edi H% o (u1)dpay vtz (w1, uz) + C.
(29)

Lemma 12 There exist 0 < Ao, \y < 2v/2 such that for |A| < Ao, |A — | < A1, a, a sufficiently small,
n sufficiently large and x supported sufficiently near 0o H, there is € > 0 such that

/R2 22Ty 0 5y (P mt1 (01, U2), G mt1 (42))X (Vg n y,mp1 (11, u2))
[Baamm (1, u2)] 7 x(ur)dva(q) < 1— e

This lemma, proved below, implies the main result for the mean field model.
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Proof of Theorem 9: Inserting the estimate of Lemma 12 into (29) gives
Ma,a,)\,'y,n S (]- - G)Ma,a,)\,'y,n+2 + C

for n large. This is the same estimate as (21) so we can follow the argument given there to bound

Mg a5 ~,n for nlarge. As noted above, this is sufficient to prove the theorem. [

8. Proof of Lemma 12

The function fig x 4,n(u1,u2) is the rational function given by

e s (11, 112) = |(u2 — Qua,—y = (1 — @) (u2 — q) + [P Im(u1) ) Im(uq)luz —up, |3
AT (Jug — g? Tm(u1) + G2 Im(ug)) Juy — ux,,,, —~|? Im(ug)|ur —uy,

For A —~] <\ < 21/2, the fixed point uy, _ lies in the upper half plane for n sufficiently
large, and is bounded away from 0., H. The function jiq,x ,n(u1, u2) always appears with a cutoff
function x(u;) that ensures that u; is in a neigbourhood of d..H and thus that, for » sufficiently
large, |uy — uy,,, —~| is bounded below by a positive constant. The variable u; can range over all

of H.

Introduce polar co-ordinates r, wy and ws for Im(u1) and Im(ug) as

Im(uy) = rwi, Im(up) = rws, w?+ws =1.

Then
lern (U1, 3) = [(u2 = Pur,— = (w1 = @(uz = ) + @PPwr ) wiluz — uy, |3
b 9 7n - —_ o~ .
v , (|U2 o q‘le + QQWQ)|U1 - uAn#»l _’Y|2 C'LJ2|7“L1 - u)\n-%—l_'Y‘Q

With a Bernoulli distribution, the potential takes on four possible values (+a, £a). The corre-

sponding values of p are as follows.

lur — ux, - — al? B w1|ug — U>\n|2+

++ _
Hapyn(in: ) = e e A P

The formula for =~ is identical, except that —a is replaced with a. For the other two values, we

have u*t— = p~ T, with

lug(u1 — ux, —v) — a??wy wi|ug — U>\n|?F

+7
Ui, U = _ .
Hamalinsz) (JuzlPwr + a2ws) fur — un, 2 wolun —un, o2
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Lemma 13 For u; in a neigbourhood of 0ooH and a bounded,

a+27"
o S R e e €

|u1 - “An+177| '

Proof: Dropping the second term we have

2
Urppr1—y —UN,—y — 0

Uy — ux

++
Ha s yn (1, U2) < 14
n+1—7

Expanding the square, using that |uy, — —ux | < C27"and that [(a +C27")/(u1 —ux, ,—)|

n+1—7
is bounded, since a is bounded and u; is bounded away from wu,, , , —, near 0, H completes the

proof. [
The following lemma is the most involved estimate in this section.

Lemma 14 Suppose that u, lies in a sufficiently small neighbourhood of infinity. Then for Cy and n

sufficiently large and a sufficiently small, there exists a positive constant C such that

_ C\/Cl(a— 2—n)
+ upug) <1— Y1872 J 30
:U’a,)\,'y,n( 1 2) = |U1 . UA7L+1—’7| ( )
Proof: To simplify the appearance of the formulas, we introduce the notation
Ap =ui —ux,—~, Bp=u2—uy,.
We begin by establishing the inequality
2
L ( ) N H'UQAn — a2| — a\/C1|Bn|+]+ (31)
Hayntis B2 = |u2]?Any1]? '

Let z = wy/wy € [0, 00]. We must maximize

|U2An —CLQ‘Q |Bn‘3-
— UL
ual? + @) AP AP

oy (1,2) = ¢
over z. We will assume without loss that a > 0. Differentiating with respect to = we obtain the
following equation for the critical point:

lus A, — a*?a®>  C1|By|%
([uz|? + za2)2 22

or

lug Ay, — a*|ax = ++/C1|Bp|y (Jus|? + za?).
Since 2 is non-negative we must choose + = +. This results in the critical point

o VCi|Bu s ?
a(fuz Ay — 0| — a/Tr| Byl )
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The critical point will lie in [0, co] provided

lug A,, — a®| > ar\/C1|Bnl+, (32)
in which case a calculation shows that the critical value is

(luz A, — a2| — a/Th|B,l1)”
|ua|?[Ant1]? '

(33)

At the endpoint z = 0 we find that ™~ tends to —oo while the limit as # — oo is 0. This implies
that when (32) holds, then the maximum occurs at the critical value, and otherwise the maximum
is 0. This proves (31).

Now we can proceed with the proof of estimate (30). We may assume that (32) holds, because
otherwise ;7™ is zero and the desired estimate is true. This implies that for some ¢ > 0 (e.g.,

€= m‘(}B'rb‘+)
lusAp| > a(1 — €)\/C1|Bul+.

Here we use that |B,,|+ > C. Thus we may assume

av/C1|Bn |+
—— <1+ 2¢ 34
AL (34)

provided 0 < e < 1/2 and use this in estimating (33). Expanding the square in (33) we end up

with an estimate for u*~ given by

2
4 |An|
Hog 3y (U1, u2) <
A5 e
N a|Bp|+ < 2a|A,,| a’ 2V A, 2y/C1a? +C1aBn|+>
lug||Aps1| \[Ant1l|Bnl+ — [uz|[Ansa]|Bnl+ | Anal [ua|[Ansi|  fuel|Ansa| )

Now we may use (34), |B,|+ > C and |4, |/|An+1| <1+ C27"/|Ap41] to arrive at the estimate

a|Bn |+
|u2||An+1‘

,U,:,X’%n(ul, UQ) S ]. + 02_n/|An+1‘ — ((1 — 26)\/ Cl — CCL)
Finally, the bound |B,, |+ /|uz| > C completes the proof. [

Proof of Lemma 12: With the Bernoulli distribution, the average defining 1z has four terms, so,

dropping the subscripts and using the estimates from this section we have

— 1 « - a - a — a
Alun,us) = 3 (10 4 77 4 I )
_ 14+ _ 1+«
1 a+27" a—2""
<-|l|l1+c—" 2 +1-cyo,———=2
2 ([ |U1—uAnlv|} { 1|U1—UAH17|} )

For a small and n large, both terms inside the square brackets are a small perturbation of 1. But
since we are free to take C; large, we may assume that the relative size of the term with the good
(negative) sign is much larger. This leads to the estimate
a—27"

0T i Cat2)?
IU/1 - u)\n—l_'y|

ﬁ(ul,u2) S 1-— C\/ Cl
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for a, o small and n, C; large.

To prove the lemma we must estimate the expression (again dropping most subscripts)

i > 220, uz), Palur, un)) X(tq(ur, ua)) [pa(ur, ug)l 5 x (1)
q€(+a,*a)
When |u;| < C we can estimate 7z by 1 + C(a + 27™)? and pull it out of the sum. What results is
another copy of i evaluated at bounded w;. This can be estimated by 1 — €. Since for small o the
quantity 22 is close to 1, we end up with the desired bound of 1 — € for a, a small and n, C; large.
For u; near infinity we estimate the occurances of p in the sum by the bound for ™+
which is slightly greater than one. Then we just need to guarantee that one of the 7 terms
will be evaluated with 1q(u1, us2) bounded. This happens when q = (a,a) since in this case

g(ur,ug) = —=2/(us — q) + A\, — v indepedendently of uy. []
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