Introduction to variational methods and finite elements

1.2.3. Variational formulations of BVP:

/ ar —b
b z
Problem: Sove ax =b r=—
a
Reformulate the problem:
Consider F = 2ax + bz
Find z* : E(z*) = min E(x)
x
r
g

1. Rayleigh-Ritz Method:

Consider a differential equation

Functional
an oo dimension
vector

(u")? + fudx < potential energy functional.

N|=

1
Consider the functional: Efu] = [
0

Claim: If v* : Flu*] = min E[u] and u* satisfies (1b) then u* solves (1).

u

Proof:

Let u = u* + en «(arbivrary) 7(0) = 0 = n(1) and €
n € C? so we have a 1 parameter family of Jé]
functions which are perturbations of u*. The function a

u* —1—577 —i—f(u*—l—sn) dx

L\D\'—‘

1
E(e) = E[u*+en) :/
0

&

—
o

=
Il

(u* +en' ) + fn dfc‘

(w)'n' + fndx

1
/ ndx—O
0

o _ O\H
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= Since 7 is arbitrary we could choose n = (u*” — f)

= u* — f =0 < Euler -Lagrange equation for Elul.
N-1
How is this useful? Let us assume that U(x Z oV (z
k=1
T basis functions
Then
1 | [y 2 N
Ela) = /5 lz V) (z x) Zak\llk(x) dx
4 k=1 k=1
For a min:
L/N-1
OF
=% = / Z ap Wy | - W)+ f(x)V(x) do
N_1 1 1
= ak/\llzll'; dx—i—/f(x)\llj(x) dx
k=179 0
1
= Aa = Db where A; = /\I';C\IJ; dr b=
0
Example: /= —2? x 3
= — 1 —
u(@) =0 =) fU0 = 1)

Assume {V;} = {1,x,x2,x3}

Us(x) co + c1x + cpa® + cza®
Us(0) = ¢=0 wug(l)=c1+ca+ec3=0 —cax + cox? = cax + ez’
Us(z) = ax(l—z)+bz*(l —2) —coz(l — x)
= a{r—2?} +b {2® £+ 23} o =—c1—C3
vy Uy
1 1 Nk
A = /(1—2x)2dx:/1—4m+4m2dx=1:—21;2+§1;3 =
0 0 0
; ; 4 9 ' 20 -4 27 2
Ay = /(2m—3m /4m2—12x3+9m4dm:§x3—3m4+gm5 :%:E
0 0 0
1
1
A12 = Agl = /(1 — 2$)(2I — 31‘2) dr = 6
1
b1 +/$2($*l‘2)dl‘:i
20
0
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1
1
b _ 20,2 3d _
2 /x(a: x°)dx 30
0
11 1
3 6 a 20 1 1
= =>a=— b= -
6 15 30
x
Us(z) = %(1 —x)(2+ 5z)

Exact:

U () = 1'12(1 — %)

Natural and Essential B-C

Notice that the basis functions {¥;} were required to satisfy the BC «(0) = 0 = u(1). B-C that have
to be forced onto the trial solution are called essential B-C' — typically these involve the solution
values and not the derivatives. In the case of derivative B-C it is possible to build the B-C into the
energy functional to be minimized.

Consider { u0) =a W'(1)=45

u' = f(z)
Old energy functional Boundary Condition
1
1
B[y = /i(u')Q—l—fuda: — Bu(1)
0
1
SEu] = /u’éu’ + foudz — Béu(1)
0

1

1
= u’du‘o—/(u"—f) oudx — Bou(l)

0

= {4 (1) = Bou(l) — | (W — f)oudx =0

o —

= "= fand /(1) =7 but says nothing about u(0)!
T Don’t have to enforce BC at this endpoint.

Eg. 2:

Tr a3
u = —x:f uexact:2+7—g

u(0) = 2 (1) =3
T essential T natural

Let: U(z) =2+ x(a; + asx) = 2+ a1z + asx?
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| satisfies homogeneous version of essential BC

N
Un(z) = a—l—ZaZ Zaz ag=1 WYo(z)=2
i=1
1 . )
— - ! - _ -
E(a) = /Q(Zal\lll) +f<ZaZ\IJl) dx 3(2%%(1))
oF i
=22 = ) W+ 1
0= 5 / U)W, 4 fUde — 30,(1)
0
0 = (VL) a+ (F05) — 3)
0 = Aa+b
1 1 1 1
2 4 3 4
A11 = de =1 A21=A12: 20 dx =1 AQQZ 4mdm=§x :g
0 0 0 0
; 1
bi=J(-2) -wdz =3 =35 1 1 & 10/3 43 1
1 Tl o4 | a| 134T T2 T
by = [(—z)a?de — 3 = —31 2
0
43 a?
Us(z) _2+E 7
x |0 0.2 0.4 0.6 0.8 1
RR | 2 2707 3.393 4.060 4.707 5.333
EX |2 2699 3.389 4.064 4.715 5.333 <« Built in
2. General calculus of variations:
b
I = [P y(@) =0, y(b) =0
8F oF
—5I = or o
0=9 3y oy +8 -(0y") da
oF ’ / d (OF\ OF
% <g§;> - g?}; =0 Euler-Lagrange Eq.
N F=p)?* + qu?® - 2fu
Eg.1 - () +qu=f OF _,
W(a)=a u(b) =4 ou - 2aum 2t
b oF ,
- = 2pu
Iu] = /p(u')2+qu —2fudz + au ou
/ 0O 08y
dzx \ ou’ ou (p e N

25



Eg. 2: Sturm-Lioville Eigenvalue problems:

u(a) =0 =wu(b); +(pu') +qu+Iru=0 (1)

b b
Multiply by v and integrate [ +(pu')'v 4+ quvdz + X [ ruvdx =0
a a

b
fp(u’)2 — qu? dx

I

J ru? dx 2

0l Iy — 1161 1

N = —————=—(6I1 — Aol
2 5, Oh 2)

b b

[ 2pu'ou’ — 2quéu — Mrududx -2 [ [(pu’)/ +qu + /\Tu] dudzx
J ru?dx [ ru?dx
a a

20N = 0 = the function up which minimizes I[u] is an eigenfunction of (1) and

A = T[ug] is its eigenvalue.

Higher eigenvalues: A\, = min I[u]
(u,¥g)=0 . e e . .
k=1, n—1 «—— constrained minimization problem.

3. Method of weighted residuals

What do we do for nonlinear or dissipative problems for which potential energy functionals don’t
exist or cannot be found easily?

Consider a BVP
Lu = f in Q = (a,b) (1a)
u(a) = a ; W' (b)+ou(b) =0 (1b)

An approximate solution U won’t in general satisfy (1a) and we associate with U the so-called
residual

r({U) = LU-f
Note that r(u) = 0

exact T

A whole class of methods are obtained by considering various ways to minimize the residual in
some sense, usually:

b

/r(U)qSi dr =0

a
T test or weight functions
N
where U= Z a;V;(x) < basis function
i=1
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1. Collocation: weight functions = d(x — ;) basis functions polynomials:

Eg:

(A) Let U, (x) = (1:”1 — x) which satisfy the homogeneous B-C for the problem
Ulx) = 1—x+a1(x2—x)+a2(x3—w)
r(U) = {a12+ a6z} — {a1 (2z — 1) + az (39[:2 ~1)}+1

= (3-2r)a1—as (32 — 6z —1) +1

With 1 = 0 and z2 = 1 as collocation points we have

(D))= (3) v@-1-a-(2) -0 2w o

If we choose x; and x9 are chosen to be the zeros of the 2nd degree Legendre polynomial

1 1
Us(z)=1—2 — Z(xQ —x)— <6> (z® — )
L (e —e")
The exact solution is u(x) = .
(e—1)
T ‘ u(x) ‘ Ui(x) ‘ Ui —u ‘ Us ‘ Us —u ‘ Us ‘ Us —u

1/4 | 0.834704 | 0.837750 | 3.05x10~3 | 0.835938 | 1.23x1073 | 0.769965 | —6.47 x 10~
1/2 | 0.622459 | 0.636364 | 1.39 x 1072 | 0.625000 | 2.54 x 1073 | 0.506144 | —1.16 x 10!
3/4 | 0.349932 | 0.360795 0.351563 | 1.63 x 1073 | 0.269965 | —8.00 x 102

(B) With different trial functions:

U(x) = 1—xz+asinmz+ azsin3nx
r({U) = —n(rsinmz+ cosmx)a; — 3n(37sin 3wz + cos 3mx)ca
Us(z) = 1—x+0.017189sin7x + 0.011045 sin 37z

using zeros of 2nd degree Legendre polys.
Where to collocate?
What basis fucntions to use?

DeBoor, C. and Swartz, B. , Collocation at Gaussian points, SIAM J. Num. Anal. 10 (1973),
582-606.
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2. Method of moments: weight functions ¢; = .

Eg:

W tut+z=0
w(0) =0 =u(l)
Let U(z) = a1z(l —z) + a®2*(1 —z) + ...

r(U) =2+ a1 (=2 +x — 22) + ag(2 — 62 + z2 — z3)
1

/r(U)-ldac:O and
0

T 1| [a
:> g
11 19
2 20 a2
122
Uz) = 2(1 — 2) [ =22
@) =21 -2) (g +
sinx
uex(v) = 57

1
O/T(U)mdx—o

N|—

1
3

110
649"

3. Galerkin method: ‘Expand U(z) and w(z) in terms of the same basis functions.’

Let

N
u(z) = Zai‘l’i w(x)

N
=> b,
=1

N N N
/T‘ (Z aﬂh) (Z b2\1/1> dr=0= /T (Z aﬂh) \I/j dr =0
O i=1 i=1 Q i=1

Since the b; are arbitrary.

W tut+z=0
u(0) =0 = u(l)
Uz) = ayz(l — z) + agz®(1 — z)

1

% % ai 112 7
) N . = % = a1 = %
20 105 - -
U(z) =2(1 — x) (36S)+41 )
sinx
ue(®) = sinl
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Relationship between Rayleigh Ritz and Galerkin:

Rayleigh Ritz v tu=f=—-z u(0)=0=u(l)
1
T = /u’2 —u? + 2fudx
0
L 1
0=01 = /Qulau/ — 2udu + 2fdudzx I(a) = / Zal Zal ) _ (Z ai‘Ifi) <Z a;;
0
0
1
= ’5u / u' +u— f)dudz 5 +2fZaj\I/jdx
I ! /
. 0 0 = 37% ZQ{Zai(‘I’ia‘I’k)_Zai(‘Ijz‘a‘I’k)
0 = /(u"+u—f)5ud:r ()}
0 f=-
1
= /r(u)éu dx
0
Rayleigh-Ritz and Galerkin methods are identical for this problem. — true in general for linear

problems but not for nonlinear problems.

From WR to the weak form:

1
WR = /(u”+u+az)vdx:0
0

u(0) =0 = u(l) v satisfy homogeneous Dirichlet i.e. v(0) =0 = v(1)

Say we wanted to express u in terms of functions that are not twice differentiable then we integrate
by parts to throw as many derivatives as needed from u to v.

1

1
—i—/—u’v'—i—uv—i—xvdm:O.
0 o

1
/u +u+x) vda::ulv
0

Now if we let w = >~ a;¥; and v = > b;¥; we have since v is arbitrary
- Zal(@;’ \IJ;) + Zai(g’iv \IJ]) + (x? ‘I’J) =0
i

Aa=D>b

where
[Alj; = (¥}, )) — (¥, 95); b= (2,9)

Identical to Rayleigh-Ritz eqs.
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What about a natural BC?

v +ut+z=0
uw(0) =a d/(1)=p.

(W' +u+z)vdr =0 Vv € Hy

—

92]

~—
O\»—- —N—

/
uv

1
1 !/
— [ uv —uww—a2vdr =0
0
0

1
Bu(1) — /u’v’ —uv —avdr =0
0

Find u € H! such that
1

(W) /u'v/ —wv —zvdr — fv(l) =0 Vv H}
0

The Finite Element method

F.E. Model Problem

W'+ f=0
u(a)=G; u(b)=H }(S)

b
W Residual / (u" + f)vdz =0« can’t plug in Ni(z) = /\
a
N
up(x) = > uilNi(x)
i=0
N/'(z) =0(x — mi—1) — 20(x — x;) + 0(z — xit1) /
Ni(z) = —
We must therefore relax the continuity required of the trial so-
lution by going to a weak formulation of the problem.
b b
+/—u’v’ + fodx =0

a a

/
uv

b b
/u’v’ dx = Huv(b) +/fv dx
af

w,v) = Ho(b) + (£,v) — (*)

(W)  Given f € Ly and constants G, H find
u€ {ue H ula) =g} = H; such that for all
ve Hy ={ve H" v(a) = 0} we have that H* = {u: u™ e L?} — Sobolov space

b b
J v dx = Ho(b) + [ fodx
a a
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Claim: If u is a solution of (S) then usatisfies (W). Conversely, provided w is sufficiently differen-
tiable then if u satisfies (W) it follows that u also satisfies (.5).

(5) = (W)( See *)
(W) = (5)
b

b
/ v'dr = Ho( )—i—/fvda;forallUEH&

—/ vdzx = hv(b /fvd:c

a

!
uv

b

/ (" + fyode + {H — o/ () }o(b) =

a

v arbitrary = u” + f =0 u'(b)=H

T natural BC
Using Finite Element Basis Functions: It is useful in the calculation of the integrals to trans-

form each of the subintervals in turn to the same standard interval — on which we construct cardinal
basis functions

Transformation:
2 2
_ N — = —1 = =
@) =c1+cx () =c1+ caxy c2 Tit1 — T4 hiv1
{@it1) =a+erip=1 a= ot ai)
hita
2z — (2 + 2i41)

x =

£@) hit1

- his1€ + (@5 + 2it1)

Similarl =

1imilarly 37(5) 2
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Notice we can express the transformation in terms of N, (§):

2
2(€) = > Nal®)za
a=1
dr G~ dN, dN, La
1< 1 hi
= 5;&1%:5( mz+$z+1) ;1
a 2
dr his
Galerkin approximation:
N
Let u(z) = GNO(:E)—i—ZNi(x)ui
i=1
N
ot(z) = ZNi($)Uz‘ «— arbitrary
=1
a(uh,vh) = hvh(b)—l—(f,vh)
b /N N b N
= /(ZuzN;($)> ZviNj'-(a;) dw:thij(b)—i—/fZUjN z) dx
i= j=1 o=l

vj arbitrary = Zuz N, N’ —th(xN)Jr(Nj,f) j=1,...,N

Ku = f

stiffness matrix T

Kij = N’ N’ /N’N’dl‘ ) N . !
=2 i1 ( i+1 P42
fi = hNj(zn)+ Ny’f)
Notice :
(a) K;j = Kj;  Symmetric
(b) Kjj is positive definite
b
Z wiKiju; = Zuz a(N;, Nj)uj = a u u / dr >0 pos. semi def.

1<ij<N ij
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(uh)/ =0

— u" = const but since u"(0) =0

not included

— ul(x) = Zu,Nz(ac) =0
T form a basis = u; = 0.
~u'Ku > 0 =0=>u=0

Tridiagonal system - like finite differences.

(¢) Kij =0 if |i—j|>2 ©
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The trick to doing the integrals is to calculate them element by element: so called assembly of the
stiffness matriz:

e—2 e—1 e \e +1
Element stiffness matrix

b N Te
/N;N; dr =) / N/(z)Nj(z) dz
e=1 Too1
Z kS,

/N’ 2)Nj(x

1
3 /dNa(Og( ) oy 4 e Na(€) = 5(1+E&&)
A Y : &
-t Na(g) = 5
1
_ 266 [ &b _ (DT a2 2
 he2 2 &= he he dx Te — Te—1  he
-1
1 1 -1
kel = oo and kS, = 0if a,b & {e — 1,¢}
-1 1
Assembly:
FIGURE assume h, = h V e i.e. uniform mesh
2 —1 i w
-1 2 -1
0 -|*
L -1 1| LU

To calculate the force for a general f(z):

5= [ f@N;@) ds

We assume f(z) ~ fM(z) = > [iNj(z)

The force vectors are also assembled

f(x)Ny(z) dx
;il (2) Na(2)
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Simple Examples

1) N=1
(a)

however

()

N
0 Ny

,_.
|
—

=su=H+G
=Y z) = GNo(z) + (G + H)Ny(z) = G+ Hz

fl@)=p
+p=0

does not capture exact solution because

hoy — pr
wiz)=G+Hr+ 2 ue & {set of piecewise linear functions on (0,1)}.

u"(0) = G u"(1) =G+ H + g =uc(1) exact at nodes

f= q

(x) G+Hr+q= (1 -
Ue(T) = r+qg=-|1—-—
73 3

1
fio= H+q/x2dm=H+§

0

_ q
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uh(z) = G—G-Hx-i-%

G+H+I= ue(1) Galerkin exact at nodes

IS
=
~—
=
N2

3
(2) N=2 h=1
(a) f=0 u =G N N2
1
1 2 —1 U1 HN1(1)+fN1 -0dzx + 2G
0
- 1
W20 0 1w HNy(1) + [ Ny - 0de
0 1 xo =1
h=1/2
4 -2 Uy 2G
-2 2 U2 H
H
uy = G+E
u = G+ H

u(z) = GNp+ <G + Z) Ni(x) 4 (G + H)Ny(z)

= G+ Hz
(b)f=p
1
[4 _ZHMI 2G4 p [ Nide [2G+p/2]
—2 2 1 H 4
12 H+p [ Nyda v/
0

[m] {3p/8+G+H/2

U2 p/2+G+H

u"(x) = NoG+ Ni(z)(3p/8+ G + H/2) + No(z) (P/2+ G + H)

= G+Hm+N1-3§p+NQ§
H 3
uh(1/2) = G+§+§p:uexact(1/2)
uexact(m) = (G+Hx+p(xfx2/2)
(c)
= qx
h llq q
H 1lq
h
1/2 = Y —— = Uexact(1/2
) = o By Mo )
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Using a finite difference approximation

u'+f =0 f=r
uw0) = G u'(1)=H
Uy —2U, +G
n=1 TR T
) Us — 2Us + Uy
2Uy — 2U; — 2hH
o =hp
h
1 2 -1 Uq
-1 1 Us

Exactly the same equations as the FEM.

N =
| | 5
0 1 2
1 G
22Uy — Us] = hp + —
h[ 1 2] p+h
%_M:Hé%:m+%H
2h
h
U2—U1:H+§p
G/h + hp B
H_%%] h=1/2

Some convergence results for the F.E. model problem:

We consider
W'+ f=0
ula) =G

(A) The Green’s function for (1)

Find G(z,2'): G

wa(b) = G }“)

(x,2')+d6(x—2') =0

G(a,2) =0=G (b, 2')

Gu,+H@x-2) =

G+ (z—12') = caz+c
(i) G.(b)+Hb-12) =
0+1 = ¢
(ii) Gla)+{a—12') = a+c
0+0 = a+cy

.'.‘G(:E,a?') =(zx—a)—(z—2)

Note that G € ¥ is piecewise linear.

37
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Theorem 1: u(z) the PWL Galerkin approximation is exact at the nodes; i.e., u(2;) = tex(2;)

Notation: Let v" = {f € span {Ni,..., Ny} where N; € H}}.
Lemma 1: a(w", u—u") =0 Vwh e ol
Proof:

(W) = a(u,w)=(f,w)+ Hw(b) Vwe H| (%)

(S) = (W)
h _ h _ N+ N /
@ = a@hwh)= (Feh) +HAMB)  (m) Wt U Lo = 2als Ne M
v C H
() = alu,) = (f, W) + HOMb) (k% %)
Subtract (#x) from (x * x):
alu —u, W) =0 Vo e ol
a(wh u—uh) = alu —u Wwh) symmetry

Lemma 2: a(G(z — 2'),w) = (0(z — 2'),w) Vwe H|

Proof:
Gz +6(x—2") =0
G(a) =0=G(b
b , ¢
0:/{Gm+6(x—x’)}wd:£:wa +/—szx+5wdx Vw e Hj
0 a
sa(Gw) = (6(xr —2'),w)  Vwe H]
Lemma 3: u(z') — u(2') = a(G(x — ') — WP, u — u") Vwh e vl

Proof: u—u" € H,
ue H, and u" € v + {gNo} = ul(a) = u(a) = g = u — v € H]

€ H|,
a (G (z,2") =l u— uh) = a(G,u—u") —a(W",u—u
= Oz —2)u—u") -0
L(2) £(1)

Proof of Theorem: u(z;) = u"(x;)

u — classical or strong solution

Let 2’ = z;. Then £(3) = u(z;) — v (2;) = a (G (z,2;) —w",u—u") but 2/ = z; = G(z, ;) =

£(1)

S ¢;Ni(z) « PWL basis functions on net {zo,...,zxy} = G € v" = G—wh € v == u(z;) —u"(x;)
0
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Notes:
1. True no matter how large or small N is.
2. Not true for F.D. equations

3. For this problem it is as if we knew the exact solution and fed this information in at the
nodes. Thus the only error in the Galerkin approximation is the interpolation error:

2

h h?
e = S lfllee since w4 £ =0,

=l < 5

4. Tt is not possible to use this technique for all problems as it relied on the fact that G € v" which
is not necessarily true for all problems. For further analysis see Strang and Fix, p. 39-51.

[f"loc =max sup |u"(z)] < oo
b ze(wixg)

N
Theorem: (Error in PWL approximation) Let f € PC%°(0,1) then ||f — . f;N;(z)|| <
i=0
sh2 11" lloo

Proof:

forany 0 <i < N

s Ti+1

Let w(x) = (z—2)(x —2igp1) = 2% — (&5 + Tig1)T + TiTig

g
|

N
e(z) = fl@) =) Ni(2)f:
i=0

Claim: For each z € [;,z:41] 3 & € [, zi41] @ e(z) = 3£ (&)w(z)

Proof:
1) @ = z;, xiy1 any &, suffices.
2) Choose an arbitrary x = Z. Choose A such that

0(z) = e(z) — Mw(z) = 0

39

/ % — (wi 4 2i01) = 0 @ = <xz +2$i+1> . <xz +230i+1> _ <9€i+12 $z> <xz *2%'-5—1

)



R &t 0
then 6(x) has 3 zeros on [z;, zi+1] and )
Rolle = 3¢, € [z, @i41] © 0"(6,) =0 o o 770
\ 07 =0
0
But

9"(&:) = f”(fzc)_Q)‘:O
AA = )

1 1
sl e max fw(z)] < k¥ f]loo

z€[Ts,@i41

IN

max _|e(z)]
TE€[Ti,Ti41]

[ |
Theorem 2: Assume u € c![a,b]. Then there exists at least one point ¢ € (a,b) at which uﬁc(c) =

uez]-z (C) .
Proof:

MVT = 3ec € (i, xit1) : uw(zigr) = u(z) + (zig1 — zi)uz(c)
I I

W) uM (@) + (@i — w)ug(c)

hn. b
wale) = L) ZUE)
(g1 — ;) ’
1 1 ul(2i1) — u(x;)
NZ/ r)=——" Nl/ r)=—7— uh;: xTr) = Lus v
(@) Ti+1 — T4 +1( ) Ti41 — T4 ’ (@) (Tig1 — x;)

The Barlow points:
If we don’t know c then for linear elements uf?r at the midpoints are optimally accurate:

Assume u € C3(a,b) and expand u about = o € [z;, 7;41]:

1

u(wipn) = ule)+ (zip — a)u'(e) + %(%‘H — a)’u"(a) + 5 (@ip1 — a)’u"(c1)

«@

1 1
u(x)) = ula)+ (v; —a)u/(a) + i(azz — a)Qu”(a) + g(xl — a)3u(3)(02)
Subtract and divide by z;+1 — x; = hjy1

w(@ip1) — u(z;) : 1 (it1 — i) 2
DI Z B — (@) + o (i + 2 — 20) 000 (@) + O(R
i — (o) 2(37 +1+ i — 2a) PEa—— u'(a) (h7)

h h
i i 1 +0
If o = x; then u,(z;) = 4 (xxﬂz Z (z:) o (@) + 5hi+1uﬂ($i) (h?)
i+1 — T

If we choose o = IZ%M then uhx(x) = (W) + O(h?)

Conclusion:
For linear elements the midpoints are superconvergent with respect to derivatives, i.e. most accu-
rate derivatives are calculated there. These are called the BARLOW points. (See Barlow, Int. J.
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of Num. Meth. Eng., p. 243-251, 1976.
(B) Higher order elements:

Lagrange elements:
We use the Lagrange polynomials to construct the basis functions:

d+1 d
ZIGES § (V8 § (G
b#a b#a

Note: L4(&,.) = 6q4c just the right properties

d=1: FIGURE

L) = 5 = 50— = N©

o = S5 = j0+ 9 =M

d=2: FIGURE

. V@

136 = s o = 56 -1 = MO

1 q 1T
_ N3(€)

B(e) = e = (1- ) = M0 N
1 b 1

() = gy — 3609 - M@ )
_Ub !

3
Note: 37 NE(€) = R

Can represent a constant function (or rigid body motion) exactly.
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d=3:

L3¢
L3(8)
L3()

L3(6)

_ 1%(1 —6)(9¢* —1) = N} (©)

:136(35—1)(52—1)21\75’(6) 6

&2

&3

&4

_ _136(35 +1)(E2 - 1) = N (©)

_ 1i6<1 +6)(982 — 1) = N3(¢)

42
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Example:

U’ + f=0 Ti_1 1/2(xi + 1) o
u(0) =G u'(1)=H o ‘
N
uh = ZuiNz(x) {:h%(a:—xm)
=0
u = N'u %:h%
(W) = a(uh vh)—th(b)—i—(f,vh)
wo= [ NN
1
= [ Nuo7 - Mo ;i
alSlp TS g
21
5 /(1 2 17 2 |4 !
e _ “ - _ _ 2 I s _
n = h/{2(2§ 1)} d§—2h/4§ 4+ 1de = o | 5¢ +§0 =3
-1 -1
9 1 2 | 2 g 8
e . “ - _ _ _ = 2 __2 15 _ =
o= 7 [ 50— D=7 [2 - cde— -] 5 =5
-1 -1
9 11 1 2 17468 10 1
€ f— —_— —_— —_— _— fr— —_— 2_ _— — —_— g —
R R R Lt S S
—1 0
2 | ) et 16
kyy = h/(_2€)d£_h2303h
-1
) 7 -8 1
k] = — | -8 16 -8
3hil yg g 7

Let f =p:= ue(z) =

For 1 element h =1

uop Uul u2 0 |
A
1 16 -8 uq %G—i—%-p
3 -8 7 U H+%_%
Te 1 )
2 & h
N N1<x>dx=/<1—§>d£=h[f—3] — ol
Te—1 -1 0
h 11 h 531 h
_ e L 2 _ hE h
f2 = H+2/2(§+§)df H+p423 O H+6p
—1
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u 7/48  1/6
L@] _{ 1/6  1/3

8G + 2p ] [7G/6—G/6+7/24p+H/2+1/12p

~G+3H +1/2p 4G/3+1/3p— G/3+ H + p/16
) G+3/8p+ H/2 Ni(a) = do(1 — 2)
G+1/2p+H No(@) = 220 = 1)

GNo(z) + <G+H/2+ 2p> Ni(z) + (G +p/2+ H) Na(x)

G+ (H/2Ny (z) + HN2 (2)) + <2PN1 (z) + gNZ (@)

G+H<; (4x—4x2)+2:{:2—x> —i—p(Z (4x—4x2)+;(2x2—x)>
G+Hx+g{3$73x2+2x27x}

G+Hx+g{2x—x2}

2
G+Hzx+p <x — x2> the exact solution
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