Method 3.1: Special case of equally spaced

meshpoints:
Assume
b—a
rp =a+ kh where h = N k=0,...,N

DIFFERENCE OPERATORS

Forward:

Afn = fn+1_fn
A2fn = Afn+1_Afn:fn+2_2fn+1+fn

Backward:

Vin = fo— fa1
Vify = Vo=Vt = fo—2fn-1+ fa2

Central:

Ofn = fn+1/2 - fnfl/Z
§fn = Ofng1/2 = 0fn_1/2 = fnt1 — 2fn + fna1

Shift:
Efn = fon
Average:
pfn = %{fn+1/2+fn71/2}
Derivative:

d
Df, = —fl._



Relationship between SHIFT and difference operators:
A=(E-1) E=(01+A4)
V=(1-E"'Y E!'=1-V)
Interpolation formula:
fo=EP"'f; = L+ AP

- {1+(p1_!i)A+(p_i)(Z!_i_l) A2+...,}fi

me Gregory-Newton
_ p—i kg gory
fr=2 ( k )A fi Interpolation formula

k=0

N
Eg: Derive the identity sy = Y i = w
i=1

fa A A2 A3
so=0 1 1 0
s1=1 2 1 0
S9 =3 3 1 0
53:6 4 1

84210

sy = {1+ NA+ MEEDAZL,
:0+N.1+W_1:2N+N2—N_N(N+1)

2 2

Using backward differences:

fn—p = E_pfn = (1 - v)pfn = Z(_l)k (z) kan

k=0
= s - — - — S — k —S k
fovs =B fu=010-V)""f, Z( 1) < A > vk,
k=0
y\ [ bkt oo g
where <k:> _{ " Lo
Example 2:
)=z +2r+1
. . ) 2r 3 r.
9(6)1 f(f ! A3fl Asz A6fl 0] 1 | 12 | 48 48
1 4 9 12 6 2| 13 | 60 96 48
2 13 21 18 4 | 73 | 156 | 144
3 34 39 6 | 229 | 300
4 73 8 | 529
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2 _ 3 _ 2
mh._<umA+p2ﬂv+C’im+%>M)ﬁ

6
2 3 2
- —3p% 42
- 1+p-3+p2p~6+p g+p-6
= 1+3p+3p% 3p+p° —3p* 2p

= pP’+2p+1

r—x0

Note: in general p = ( 7 ) or x = xq9 + ph

2 3__3 2 2
Brfy = 14p-124 2 p)-48+<pp+p

5 6 >-48=1+12p+24392—24p+8p3—243921—16p

3
- 1+4p+8p3:1+4<£>+8<£> 1427+ 48

2 2
[T —x0 _xz—0
P=\n T2

0.1.3 Taylor Series and numerical differentiation

(Basically differentiate polynomial interpolants)

D? 272
Ynt1 = yn+hDyn+h22'yn+,,,:[1+hD+ o1 + ..y ="y,
o S — ehD
1.5 1 5
AD = ME=In(1+A)=A— A"+ AP

1 1
= —th—V%:V+§V2+§V3+”.

Syn = (E1/2 _ E—1/2) Yn

hD/2 _ ,—hD/2 hD
= 2{6 26 }yn:2sinh(2>yn
0 ) 1
— 9qinh—1 — 3
= hD = 2sinh <2>—2{<2>2335 +}

A LA IS4

.. hDy,

Q

V+ 3V 3Vi4 .. Yn

10 —%,ué?’—i-...
2 3, 11 A4
A% = A+ A+

h2D2yn

Q

V24 V34 Vi Yn

2 1 ¢4
5 — Loty
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(AP BAYLTAS
D%, ~ { V34+3vi4+Ivoig .

ud> —iu55+...
4 5 1T A6
A% —2A° + A% — ...

W'D, ~  Vi42VP 4 Ay

1
5 —505+

To determine the error terms involved in finite difference approximations consider the following
expansions.

h2
Ynt1 = ynihy;+?y§{+...
Ynt+2 = Yn Tt 2hy’;7, + 2h23/;: +..

Discretization
or
Truncation
Error
2
Eg. hDy, =~ Ayn = ynt1 — yn = hyl, + %y”(fl) 0(h) forward

_h2

~VUYn Yn—Yn-1= hy,’l 5Y (fg) O(h)backward

R pdyy = LSt — hyl 4 2oy (&) 0(h?)central

Similarly: // Ynt1

Yn
hQDQyn ~ AQyn = Yn+2 — 2Yn+1t+Yn
8h3 Yn—1
= yn + 2%;1 + 2h2y;: + ?y(?)) =+ ...
h? h3
4

= Ry +ryP©  oh)

~ 52yn = Yn+1 — 2Yn + Yn—1

h4

= Kyn+ =y  on?)

12
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The Runge phenomenon — problems with high
degree interpolants

Let f(z) = ————

1+ 2522

polation polynomial through n = 11 equidistant
points on the interval [—1,1].

and try to pass an inter-

Note the oscillations in the interpolant which renders it basically useless for interpolation as an
approximation for the derivative and for the purposes of numerical integration.

Solutions to the problem of interpolating over many points.

e Smooth the wrinkles in the interpolating polynomial by fitting a lower degree polynomial —
no longer interpolation.

e Restrict ourselves to a string of lower degree polynomials each of which are only applied over
one or two subintervals—use piecewise polynomial interpolation.

Chebyshev interpolation (Minimax Optimization)

Question: Is it possible to choose the interpolation points {xz}f\i o so that the maximum absolute
error (i.e. ||en(x)||s0) is minimized?

Recall: e,(z) = f(z) — pn(z) = f<(7:_r:1>)('§) (x —z0)(x —21) ... (¢ — ) € € (a,b).

For convenience we consider the interval [—1, 1]. There is no loss of generality in this assumption
as the transformation = = w : can be used to transform the problem x € [a,b] into one

in which the independent variable is t € [—1, 1].
Important Properties of the Chebyshev Polynomials:

1. Definition Let z = ¢ be a point on the unit circle. The associated z coordinate is z =
cosf) or § = cos~'x where x € [~1,1]. Define the nth degree Chebyshev polynomial to be
T, (7) = cosnf. Thus Tp(z) = Re(2°) = cos0 = 1, Ty(z) = Re(z!) = cosf = (z + 271)/2 =,
To(z) = Re(2?) = cos20 = (2 + 272)/2=L(z+2z71)2 =1 =222 -1, . ...

2. Recursion: The identity cosnf = 2cosfcos(n — 1)8 — cos(n — 2)# implies the recursion
To(x) = 22T —1(x) — Th—a(x).

Starting with Tp(z) = 1 and Ti(z) = z the recursion yields Ty(x) = 222 — 1, T3(x) =
423 — 3z, . ... Note that the leading coefficient of Tj,(x) is 2" 1.

1
3. Orthogonality: [

1
J =T @) Tu(@)de = Sn(r/2).
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