Another spline formulation with s/ as primary variables.

Yi—1 Yit1
Yi
Y—i—l(x) Y;(x) Y7;+1(CC)
h; —
Ti—1 Ti Tit1
Let Yi(z) =
Y/(z) = 3ai(x— Ii)2 +2bi(z —
Y/ (z) = 6a;(x —x;)+2b;
at x; : yi = Yi(z) =d;
Yi+1r =

a;(x — xi)3 + bi(z — a:i)g +ci(z —x;) + d;

;) + ¢

«— interpolates the function at x;

Yi(zit1) = aih? + bih? + ¢;h; + y; < enforce continuity

Introduce primary variable : s/ = Y/ (x;) = 2b; =

Build in continuity of Y = si, | = Y/ (2i41) = 6a;h; + s =
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Impose continuity of first derivatives:
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+ 2b; (l‘l —

3ai—1h?_| +2b;_1hi—1 +ci—1
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S
o (@ zi)? + ci(w — ) + i

1 i
s; +2s;_4

Ay (i + 28] s — i Ayi-
e = h: = 3 +2—*— h2 "oh. i .
T ( 6 i T A e Ry 6
hica 3 (=36~ 2) + (2hi + 2hi1)s) + hisly =6 (52 -5
or
hioas)y 4 (2 + 2hi1)s) + sy =6 (4u - fu=)

i=1,...N—1

N—-1EQ

2 EXTRA CONDITIONS
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Boundary Conditions

o )
. ho ! "hno1
o 1 TN-1 XN
(1) Natural Spline: sj =0 = s two extra condtions
[ (2ho + 2h1) hi 10 3:1: 1 I 2y _ yito
h1 (2h1 + th) ho S2 ysjyz _ y2£y1
ha 1
=6
hn—2
YNTYN-—1 YN—1"YN-—2
L hn—2 (2hn—2 +2hN_1) ] i 85(7—1 ] hn—1  ~ hN_2 i

(2) Clamped Spline: Specified first derivatives

Given f'(z9) = A and f'(z,,) = B.

_ Y1 —% 2h086 + h()s/l,

A=Yj(z0) = c = A = | 2hgsq + hos! =6<7y1};y0 —A)

ho 6
B= Y]Q—l(xﬂ) = 3aﬂ*1h721—1 +2bp1hp—1+ch
Sn — Sn—1) po Yn —Yn1 [ 2hn-18)_1 + hn_18))
= 3|\——)h 1P _
( 6l 1 ) n—1 1 Sn—1tn—1 + o ( G
6 B yn - y’ﬂ,fl _ 3h i 3h " 6h Vi 2h " h "
- T N n=1%n = n—15n-1 + n—18p—1 = n—15p—1 = Nn—15y
6 (B = Ut} = 218y + 2
But hos + (2ho + 2h1)s] + hish = 6 {[f [x1, 22] — f [x0, 21]}
[ 2ho o 17 50 ] I (y1 —v0)/ho — A
ho (2h0 - 2h1) i Slll (?/2 - yl)/hl - ylh;oyO
=6
hn—2 (th—Q + Zhn—l) hn—1 8%71 (yn - yn—l)/hn—l - (yn—l - yn—Q)/hn—Q
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3. Quadratic boundary interval representation

si=s sha=sh
oo = (St = o = S
*. a quadratic a quadratic
"
(3ho + 2h1) hy 0 1 flz1, 2] — flwo, 71]
h1 (2h1 + th) ho 0 0 59
: = 6
(2hn—3+ 2hn_2)hN—2
hn—2(2hn—2 + 3hN—1) st flen-1,2n) — flan—2, 2N 1]
4. Linear extrapolation
S//(x)
}Sv//2
S//l
S//O
\ i \
xo T T2
" ! 1 "

b R R " " " m 1o »(h1 + ho) nho

— = = — — — = _— —_—

ho hy so = 51 — (s 51)h1 51 h 52 Iy

hosp + (2ho + 2h1)st + hist = 6(f[x1, 2] — flxo, z1])

ho + h o h
ho M) g 1 Mg ) 4 s = RES
h1 hl hl

h h h? — K2
tho 1) g yonyyer 4+ (P10 g — rms
h1 hl
2_12 "
(holj;hl) (hO + 2h1) (hohlho) 0o ... 8,1,
hy (2h1 + 2h2) ha O 52

0
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5. Not-a-knot condition

Yo(z) =Yi(z)  Yn-a(z) = Yiv-1(2)

Unknowns = 4(N — 2)
Constraints = 3(IV — 3)

4N-2)-3(N—-3)=N+1 unknowns «— the values at xg,...,ZN.
si—thii + 2(hi1 +hi)s] +hisiyy = 6(flz, za] — flxo, 1))
Yi(z) = ar(x—21)?+bi(x—21)* +ci(z—21) +dy
Y{(z) = 3ai(x— x1)2 +b(r—x1)+
Y/ (z) = 6ai(x —x1)+ 2by, x1 —x0 = ho
" " 5/2/ — Slll "
so = Yi(wo)=6 (w0 — x1) + 2(s1/2)
6h1
ho
o "
= —(s 1)h1 +s1
(h1 + ho) ho
50 = s'llihl - s'z'h—l

But hosy +

N—-2

Also <2 + ZN‘1> (hn—s +

6. A periodic spline:

2(ho + h1)s] + hasy = 6(f[z1, 2] — flzo, 21])

(2 n Zf) (ho + h)sl + (1 - Zf) (ho + hn)st = 6(flan,s] — Flao, )

hN_l)SK/_l + <1 — ZN_I

N2> (hn—2 +hn_1)sK_o = 6(flon_1, 28] — flon_2,2N_1])

[ 2+ 12)(ho+h1) (1= 72)(h1 + ho) 0 0o ] Y
h1 2(h1 + hz) ha 0 ... 0 Sé’
0
hN_Q SZV—2
hy_ hn_
_ (1= M) (hy g+ hyor) (24 222 ) (oo + hv) | Lk

$'(xor) = s"(an-)

"(wor) = s"(xn-).
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(IIT) Smoothness property of a natural spline s”(z9) =0 = s"(zn)

In order to impose this condition it is convenient to consider the s} as unknowns in which case the
equations become:

Azpsy_y +2(Axg + Awgir)sy + Azgyrsiiy = 6(flog, 2] = flaw—r,8])  k=1,...,N-1L

Important 1dent1ty (y// o SII)Ky// o 8”) + 28”] _ (yll o S//)(y" + SH) _ (yII)Z _ (SII)Z
NOTE:

1. Let y(z) be any other interpolant of f(x) at (zg,...,zxN) then

b b

b b
/(y//)de o /(SHQ)CZLU — /(y// _ S”)de + 2/8”(y” _ s//)da?.

a a

b -
b N
Now/s”(y” —Ndr = §"(y —§)| — Z / §"(y —§')der & = const on each subinterval
a @ k=1
5 N o
= "y -5 — Z cr(y — 9) both interpolants
a k=1 Th—1
b
— S//(y/ _ 8/)
a

If we choose s : s”(a) = 0 = s"(b) for example or if y and s both interpolate f’ at a and b

b
then [ §"(y" — ¢")dx = 0.
a

b b b b

" /yNQdm = /(y” — §"\2dx + /(s")de > /SHde.

a a a a

Thus s is the interpolant with the MINIMUM CURVATURE (i.e. smoothest)

2. Error involved in spline interpolation:

If(z) =s(z)| < |\]”(4)||005A—f1 AZ = max Az :
- 384
! ! (4) Az . .
|f'(z) = §'(z)] < |If ||Ooﬂ for nonuniform points
4
< Hf(5)||ooA6—§ for uniform points

.. cubic spline provides an excellent technique for NUMERICAL DIFFERENTIATION.
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How do we solve for the {s/}?

4 a [z ] [ b ]
a9 d2 (&) 0 x
0 as d3 2
0 dp—1 Cp—1
an dp L Tn L by J
dq 7& 0 dix1+cizes = by (1)
asxy + doxo + Cox3 = b (2)
ag ag ag
2)— —(1 do — — = by — —b
(2) d1( ) ( 2 d101> T2 + C23 2 i 1
dlgl’g “+ coxy = b/2 dIQ =dy — %Cl
1
by = by — Z—jbl
A 1%h41 + Chr1Trr2 = bl
Similarly where  d},; = djs; — %ck Doy = bpat — %bg
k k
d’l c1 T bll
5 02 b
dgtfl Cn—1
), T, b,
Back Substitution
r, = b /d,
Tpo1 = ;7,—1 - Cn—lx)/d%—l
Ln = b;L/dln
v = (b — ckrpsr)/d) k=n—-1,...,1
Note, if we let m;, = z**~ then
k—1
1 0 d/1 C1 0 LU
| mae _ Forward Ly=b y=L"'b
A= 0 =L Back Uz =y
Cn—1 . .
0 d Substitution
i mpl | n
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