
0.3.2 Integrating functions with singularities

I =

1∫
0

dx

x1/2
= 2x1/2

∣∣∣∣1
0

= 2

I =

1∫
0

e−x

x2/3
dx

We cannot just use the trapezoidal rule in this case as f0 → ∞. In
this case we use what are called open integration formulae.

1. Open integration formulae

The Midpoint rule

f(x) = f(x0) + (x − x0)f ′(x0) +
(x − x0)2

2
f ′′(x0) + · · ·

x0+h/2∫
x0−h/2

f(x)dx =

x0+h/2∫
x0−h/2

f0 + (x − x0)f ′
0 +

(x − x0)2

2
f ′′(ξ)dx

= hf0 +

h/2∫
−h/2

sf ′
0 +

s2

2
f ′′(ξ) dξ

= hf0 +
2s3

6

∣∣∣∣1
0

f ′′(ξ) = hf0 +
1
3

h3

8
f ′′(ξ) = hf0 +

h3

24
f ′′(ξ)
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a x1 x2 xN

The Composite Midpoint rule

I =

b∫
a

f(x) dx =
N∑

k=1

xk+h/2∫
xk−h/2

f(x)dx

=
N∑

k=1

h/2∫
−h/2

f(xk + s)ds

=
N∑

k=1

h/2∫
−h/2

f(xk) + sf ′(xk) +
s2

2
f ′′(xk) + · · · ds

= h
N∑

k=1

f(xk) +
N∑

k=1

f ′′(xk)
h3

3 · 23

= h
N∑

k=1

f(xk) +
h3

24

N∑
k=1

f ′′(xk)

= h
N∑

k=1

f(xk) +
h2

24

b∫
a

f ′′(x) dx

= h

N∑
k=1

f(xk) +
h2

24
{
f ′(b) − f ′(a)

}

For 1 cell

xk+h/2∫
xk−h/2

f(x) dx = hf(xk) +
h3

24
f ′′(xk)

Open Newton-Cotes Formulae:

x2∫
x0

f(x) dx = 2hf1 +
(2h)3

24
f ′′(ξ) MidpointRule ξ ∈ (x0, x1)

x3∫
x0

f(x) dx =
3h

2
(f1 + f2) +

h3

4
f (2)(ξ) ξ ∈ (x0, x3)

x4∫
x0

f(x) dx =
4h

3
(2f1 − f2 + 2f3) +

28h5

90
f (4)(ξ) ξ ∈ (x0, x4)
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2. Change of variable

(Eg.1) I =

1∫
0

x−1/nf(x) dx n ≥ 2 f(tn) t−1ntn−1dt

let t = x1/n x = tn dx = ntn−1dt

∴ I = n

1∫
0

f(tn)tn−2dt which is a proper integral for n ≥ 2

(Eg. 2) I =

1∫
−1

f(x)
(1 − x2)1/2

dx x = cos t dx = − sin t dt

=

π∫
0

f(cos t) dt proper

(Eg. 3) I =

1∫
0

f(x)
[x(1 − x)]1/2

dx x = sin2 t dx = 2 sin t cos t dt

=

π/2∫
0

f(sin2 t)2 sin t cos t dt

sin t cos t
= 2

π/2∫
0

f(sin2 t)dt.

3. Subtracting the singularity: ex = 1 + x +
x2

2!
+ . . .

I =

1∫
0

ex

x1/2
dx =

1∫
0

1
x1/2

dx +

1∫
0

(ex − 1)
x1/2

dx = 2 +

1∫
0

ex − 1
x1/2

dx

= 2 +

1∫
0

x

x1/2
dx +

1∫
0

ex − 1 − x

x1/2
dx

= 2 +
2
3
x3/2

∣∣∣∣1
0

+

1∫
0

ex − 1 − x

x1/2
dx

=
8
3

+

1∫
0

ex − 1 − x

x1/2
dx
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0.3.2 Gauss Quadrature

Orthogonal polynomials

There exist families of polynomial functions {φn(x)}∞n=0 each of which are orthogonal with respect
to integration over an interval [a, b] with weight w(x) : i.e.:

b∫
a

φm(x)φn(x)w(x)dx = δmnCn.

Eg. (1) Legendre Polynomials: {Pn(x)} ; [a, b] = [−1, 1]; w(x) ≡ 1.

P0(x) = 1, P1(x) = x, P2(x) =
1
2
(3x2 − 1), . . .

In general Pn(x) can be constructed by the recursion:

Pn(x) =
2n − 1

n
xPn−1(x) − (n − 1)

n
Pn−2(x).

ODE: (1 + x2)y′′ − 2xy′ + (n + 1)ny = 0; y = Pn(x)

Eg. (2) Laguerre Polynomials: {Ln(x)}; [a, b) = [0,∞); w(x) = e−x

L0(x) = 1; L1(x) = 1 − x, L2(x) = 2 − 4x + x2, . . .

Recursion relation:
Ln(x) = (2n − x − 1)Ln−1(x) − (n − 1)2Ln−2(x).

ODE: xy′′ + (1 − x)y′ + ny = 0; y = Ln(x).

Eg. (3) Chebyshev Polynomials: {Tn(x)}, [a, b] = [−1, 1], w(x) = 1/
√

1 − x2

Definition: Tn(x) = cos nθ where θ = cos−1 x.

T0(x) = 1, T1(x) = x, T2(x) = cos 2θ = 2 cos2 θ − 1 = 2x2 − 1, . . .

The recursion relation follows from the identity: cosnθ = 2 cos θ cos(n − 1)θ − cos(n − 1)

Tn(x) = 2xTn−1(x) − Tn−2(x)
ODE: (1 − x2)y′′ − xy′ + n2y = 0 y = Tn(x)
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Hermite Polynomials: {Hn(x)} (a, b) = (−∞,∞) w(x) = e−x2

H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 − 2, . . .

Recursion: Hn(x) = 2xHn−1(x) − 2(n − 1)Hn−2(x)

ODE: y′′ − 2xy′ + 2ny = 0 y = Hn(x).

Idea: behind Gauss Quadrature:

We assume that the approximation of
b∫
a

f(x)dx is given by:

b∫
a

f(x)dx ≈
N∑

i=0

wif(xi)

where the wi are weights given to the function values f(xi). If we regard the xi as free then can
we do better by choosing these xi appropriately?

Expansion of an arbitrary polynomial in terms of orthogonal polynomials.

Let qn(x) = α0 + α1x + · · · + αnxn

= β0φ0 + β1φ1 + · · · + βnφn. (∗)

Eg: q2(x) = −2x2 + 2x − 1 in terms of Legendre polynomials

= β0 + β1x + β2
1
2
(3x2 − 1)

=
(

β0 − β2

2

)
+ β1x +

3β2

2
x2

3β2

2
= −2 ⇒ β2 = −4

3
β1 = 2

β0 +
2
3

= −1 ⇒ β0 = −5
3

∴ q2(x) = −5
3
P0(x) + 2P1(x) − 4

3
P2(x)

Orthogonality of all lower degree polynomials:
An important fact that results from the expansion (∗) is

b∫
a

w(x)Pm(x)qn(x)dx = 0 for n = 0, . . . ,m − 1

n∑
k=0

βk

b∫
a

w(x)φk(x)φm(x)dx = 0.
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Idea behind Gauss-Legendre quadrature:

Say we wish to integrate
b∫
a

f(x)dx (∗)
Then there is no loss of generality in assuming that [a, b] = [−1, 1] since the change of variables

x ∈ [a, b] to t ∈ [−1, 1]:

x =
t(b − a)

2
+

(a + b)
2

will reduce the integral to
1∫

−1

F (t)dt where F (t) = (b−a)
2 f(x(t))

1∫
−1

f(x)dx =

1∫
−1

pM−1(x)dx +
f (M)(ξ)

M !

1∫
−1

(x − x1) . . . (x − xM )dx

=
M∑

k=1

fk

1∫
−1

�k(x)dx +

1∫
−1

f [x1, . . . , xM , x](x − x1) . . . (x − xM )dx

=
M∑

k=1

fkwk +

1∫
−1

f [x1, . . . , xM , x](x − x1) . . . (x − xM )dx where �k(x) =
M∏
j=1
j �=k

(x − xj)/xk − xj)

and wk =

1∫
−1

�k(x)dx.

This formula will be exact if f is a polynomial of degree M − 1 since then PM−1(x) ≡ f(x).

Now let M = 2N and choose x1, . . . , xN to be the zeros of the Legendre polynomial PN (x) of
degree N . In this case for k ≥ N + 1

wk

1∫
−1

�k(x)dx =

1∫
−1

︷ ︸︸ ︷
(x − x1) . . . (x − xN )

︷ ︸︸ ︷
(x − xN+1) . . . (x − xk−1)(x − xk+1) . . . (x − xM )

(xk − x1) . . . (xk − xN+1) . . . (xk − xM )
dx k ≥ N + 1

= C̃k

1∫
−1

PN (x)qk,N−1(x) dx

= C̃k

1∫
−1

PN (x)

(
N−1∑
S=0

βSPS(x)

)
dx

= 0 no matter where we choose the xN+1, . . . , x2N .

∴
1∫

−1

f(x) dx =
N∑

k=1

fkwk +

1∫
−1

f [x1, x1, . . . , xN , xN , x](x − x1)2 . . . (x − xN )2 dx

=
N∑

k=1

fkwk +
f (2N)(ξ)
(2N)!

1∫
−1

C2
N [PN (x)]2 dx

or

1∫
−1

f(x) dx =
N∑

k=1

fkwk +
22N+1(N !)4

(2N + 1)[(2N)!]3
f (2N)(ξ).
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