0.3.2 Integrating functions with singularities
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We cannot just use the trapezoidal rule in this case as fo — co. In
this case we use what are called open integration formulae.

1. Open integration formulae

The Midpoint rule
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The Composite Midpoint rule
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Open Newton-Cotes Formulae:
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2. Change of variable

1
(Eg.1) I = /x_l/”f(x) dx n>2 ™)ttt at
0
let t =2/ x=t"  de=nt""tdt
1
I= n/f(t”)t”_zdt which is a proper integral for n > 2
0
1
(Eg. 2) I = /(1‘70(?)1/2(13: x = cost dx = —sint dt
—x
1
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0
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(Eg.3) I = /Hlf(x))]l/?da: x = sin’t dr = 2sintcost dt
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0.3.2 Gauss Quadrature
Orthogonal polynomials

There exist families of polynomial functions {¢y,(z)},~, each of which are orthogonal with respect
to integration over an interval [a,b] with weight w(x) : i.e.:

b

[ om@nteyute)ie = b,

a

Eg. (1) Legendre Polynomials: {P,(z)}; [a,b] = [-1,1]; w(z)=1.
1
PO(x>:17 Pl(x):xv PQ(x):§(3$2_1)a
In general P,(x) can be constructed by the recursion:

2n — 193Pn,1(x) ~(n-1)

Pn(x) = Pnfg(l‘).

n

ODE: (1+2%)y" — 22y + (n+ )ny =0; y= P,(z)

—T

Eg. (2) Laguerre Polynomials: {Lp(x)}; [a,b) =1[0,00); w(z)=¢e

Lo(z)=1; Li(z)=1-z, Lo(x)=2—4z+% ...

Recursion relation:

Lo(x)=2n—2—1)Ly1(z) — (n — 1)*Lp,_2(x).
ODE: ay'+ (1 —2)y +ny=0; y = Ly(z).
Eg. (3) Chebyshev Polynomials: {Th(x)}, [a,b] =[-1,1], w(z)=1/V1—2a?
Definition: To(xz) = cosnfl where 6 =cos™!u.
To(z) =1, Ti(z)==x, Th(x)=cos20=2cos?’0—1=2z2—1,...

The recursion relation follows from the identity: cosnf = 2cos @ cos(n — 1) — cos(n — 1)

Tn(a?) = 2xTn,1(:17) — Tnfg(ll‘)
ODE: (1 -2y —ay +n’y =0 y =Ty(x)
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Hermite Polynomials: {H, ()} (a,b) = (—00,00) w(z) =e™*

Hy(z) =1, Hy(z) = 2z, Hy(z) = 42* —2,. ..
Recursion: H,(x) =2xH,_1(x) —2(n — 1)Hp_2(x)
ODE: y" —2zy + 2ny = 0 y = Hy(x).

Idea: behind Gauss Quadrature:
b
We assume that the approximation of [ f(z)dz is given by:
a

b N
/f(m)dm ~ > wif ()
a =0

where the w; are weights given to the function values f(x;). If we regard the z; as free then can
we do better by choosing these z; appropriately?

Expansion of an arbitrary polynomial in terms of orthogonal polynomials.

Let n(x) = ag+oarx+---+ apa”
= Bodo + P11 + - + Bndn.

Eg: @(z) = 222+ 22— 1 in terms of Legendre polynomials
1
= ﬁo+51$+52§(3$2 - 1)

= <ﬁo - %) + rr+ 22

2
36 _ 4
o - 2 = k=3
6 = 2
ﬁo+§ = -1 = ﬂOZ—g
@) = ngo(x)+2P1(x)f§P2(x)

Orthogonality of all lower degree polynomials:
An important fact that results from the expansion () is

b
/w(m)Pm(x)qn(x)dx =0 forn=0,...,m—1
a
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Idea behind Gauss-Legendre quadrature:

b
Say we wish to integrate [ f(z)dx ()

a
Then there is no loss of generality in assuming that [a, b] = [—1, 1] since the change of variables
x € [a,b] to t € [—1,1]:
_tlb—a)  (a+Db)
S

1

—_
—_

/f(w)dx = /le(a;)dw—i— i /(w—xl)...(x—xM)d:r

-1

This formula will be exact if f is a polynomial of degree M — 1 since then Py;_1(x) = f(x).

Now let M = 2N and choose z1,...,zyN to be the zeros of the Legendre polynomial Py(z) of

degree N. In this case |[for k> N + 1

wk/fk(x)dx _ /(x—xl)...(x—x]v) (x —axnt1) .- (. —2p—1)(x — 2pr1) ... (x — 2 p01) de k>N +1

(mk—m) (xk—xN+1) (xk—xM)
1
= ék/PN(x)Qk,N—l(x) dx

—1
1

N—-1
el / Py(2) (Z ﬁSPs(m)> de
= 0 no matter where we choose the xny1,...,22nN.

N 1
/f(:):) dr = kawk+/f[x1,x1,...,xN,xN,x](a?—wl)z...(aj—xN)2 dz
k=1 )

N @N)(g) |
= > fewe+ f(mgf)/cfv [Py (z)) dz
k=1 —1

N 92N+1( 14
o / flz)de = ;fkwk+(2N+1)([(2z)v)!}3 S,
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