Richardson Extrapolation:

Exploiting the error estimate to get an improved approximation:

I(h I(h)

1(0)

0 " hs ha b1 3
Because we have an error estimate for the Trapezium rule of the form:

I(h) = I(0)+coh® +csh®  I(4h) = I(0) 4 c216h% 4 ¢4256h*
I(2h) = I(0)+ c24h® + c416h*

eliminate the ¢ and get an improved estimate:

4I(h) —I(2h) = 3I(0) —12¢c4h*

= 1(0) — 4esh?
3
Eg:
1
I = /Sinﬂx dz
0
I(1/4) = 0.60355339059327

I(1/8) = 0.62841743651573
AI(1/8) — I(1/4)
3

= 0.6370545 ~ 0.63661977

We can continue with this process using the recursion

a) = I(hy)  s=1,....k
o™ = a(m—1>+(“8+1 s ) s=1,....k—m+1
’ B s (h’s/hs-‘,-m—l)’y -1 m=2,..., k

and where expansion for the error is of the form

N
I(h) = I(0) + > Coi(n)
k=1

Note: Richardson extrapolation combined with adaptive integration is known as Romberg inte-
gration.



l 80 90 ¥0 Al 0
G2Ze6YLE€LGP€9'0 =  wnizaded]

i 99%%90//6199£9°0 = pajejodenxy |

- 8G/9€&L.6199€9°0 = ONJEA JoBXT |

Xp (X w)uls QQ suonewixolddy |epiozadel| aAISS8I0NS X
y

l 80 90 ¥'0 A0 0
€6506££G5€09'0 = wnizadel]

i L/AL2287919€9°0 = pejejodenxs ]

- 8G/9€&L.6199€9°0 = dNJEA JOBXT |

I % ]

0
10
¢0
€0 —
=
v0
Go
90
L0

0
10
AV
€0 —
=2
¥'0
G0
90
L0

Y

(

0

10
¢0
€0
v0
Go
90
L0

0

10
¢0
€0
v0
G0
90

()]

)]

y
l 80 90 ¥0 A0 0
G1S9eV/1¥829°0 = wnizades]
i 860868£G1299£9°0 = pajejodenxy |
- 8G/9€&L.6199€9°0 = ONjeA JoBX] |
X L)UIS wou suonewixolddy |epiozadel | 8AISS820NS
y
I 80 90 ¥'0 A 0
G'0= Wwnizadel] .
i /9989999999999°0 = pajejodenxy |
- 8G/9€&L.6199€9°0 = dNjEA JOBXT |
I I . I I

L0

Xp (X n)uis wou suonewixolddy |eplozadel] aAISS820NS  Xp (X u)uIs wog suonewixolddy |epiozadel] aAISS80ING

Figure 1: Plot of successive Trapezoidal approximations as well as the extrapolated values



Simpson’s Rule:

. Tr — X
P= "
o 1 2 = o +ph
3 dr = hdp
Recall
EPfy = (1+A)Pf
—1

- (1+pA+ )A2+...>f0

EPfy =~ (1 + pA —|— )A2> fo for a polynomial of degree 2.

2

/f(m) dx

2
h/ ( fo+pAfo+ ;(p2 —p)A2f0> dp

o 0
1 3 2 2
sl (4
{p g Aot 55 3 Jo .
= w22t g (5 -2) (- 2n04 1)
= {2f1+ f2*27fl+ fo}
/f(a:) dr = ;L{fo +4f1+ fg} Simpson’s Rule (Requires 2 intervals).
Error involved:
x2 €2 (3) xr2
/f(x) de = /Pg(x) dx + / 3!(6) /(x —x0)(x — 1) (x — 22) dx

X

2

/(ZB —x0)(z —z1)(x — 22) d

72f(x) dx

Now

flwo, x1, 22, 2] — flz0, 71, T2, 3]

2

.'./f[xo,xhxz,x](x—%)(ﬂ?—

Zo

Tr — T
h h
—h —h

5 Ut 4 12} + [ flao,onion, (e - 20)(o — ) - ) do

rT=x+X

(x + h)x(x — h)dx x> — h?x dx = 0.

= (z — x3) f[wo, 1, 2, X3, X]
T2

x1)(x — x3)dx = /f[xo,xl,xg,xg](at—xo)(m—xl)(m—xg) dx

Zo



x2

+/f[a:o,x1,3:2,x3,x](x —x0)(x — x1)(x — x2)(x — x3) dx

Zo

T2 ( ) T2
/f(x)dx =5+ / 44'(5) /(x —z0)(x —z1)(x — x2)(z — x3) dx choose x3 = 1
" £ 5 5 _ 5
@ = a0~ )P - aa) do = [ (3 =02 =T - 2 =R -
o —h
Vi (4)
/f(a;) de = };{fo +4f1+ fQ} S 90(5)h5
Composite Rule:

b b 15 N/2
/f(x)dx = 3 [f(wo) +4f (1) + 2f (2) + 4f (23) + ... + 4f(zy_1) + flan)] - % Z FARA(3))
a k=1

PELS SFeCr
= S— k
180 — /\
h |
_ _ 2 (B — £3) !
= S— 1= (190 - 1Y)
_ ht @) |
= S b—a)f V() e |
N/2 b
Y @)~ [ 1) ds 2h 2h
k=1



Neat interpretation of the first extrapolation formula for the trapez-

ium rule: 4 )
1(0) = gJ(h) — g1(2h) + O(h%)
‘ 2h
Ay —
0o 1 2 N_1IN
100) = ;l';l{f0+2f1+"'+2fN—1+fN}_;gl{f0+2f2+"'+2fN—2+fN}

h
= 3{fo +4fi+2fa+- -+ 2fn_2+4fn_1+ fN} just Simpson’s Rule.

Closed Newton-Cotes Formulae:

7f($) dr = g(fo + /i) - _% ) Trapezium rule € € (20, 21)
7f(x) dz = g(fo +4f1+ f2) - ;L; FO©) Simpson’s rule ¢ € (20, 72)
7f(x) dr = %(fo +3fi+3f2+ f3) — %5 FO(g) £ € (0, 3)
[j@ ar - 2 o+ B2y + 1202+ B2y + T — o O(g) £ € (o0,52)

Zo



