Numerical Integration

Basic Idea: Integrate polynomial interpolants to approximate integrals.
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Outline:

e Closed Formulae
Trapezium Rule
— Adaptive Integration
— Richardson Extrapolation
Simpson’s Rule

e Singular integrals and open formulae
— Midpoint Rule
— Subtracting out the singularity

e Gauss-Legendre quadrature



The Trapezium Rule:
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Composite Rule: Assume a uniform mesh
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/f(x) dr = g[fo +2fi+- -+ 2fna+ fN} — %(b— a)f"(€) ¢ € (a,b) by MV Theorem.

Note:

1. Trapezoidal Rule is excellent for approximating periodic functions
Eg. If f(x) is periodic on [a,b] i.e. f(a)= f(b) then
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2. Accuracy for periodic functions:
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This is where the spectral accuracy comes from.



3. Adaptive Integration:

Idea: Recursively refine the sampling of the integrand until the difference between successive
approximate integrals is less than some tolerance.
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Trapezoidal Approximation:
1 1 1
Example: N [Vzdx [sinmz dz  [sin® 7z dz
0 0 0
2 0.60355339  0.50000000 0.00000000
4 0.64328305  0.60355339 0.50000000
8 0.65813022  0.62841744 0.50000000
16 0.66358120  0.63457315 0.50000000
32 0.66555894  0.63610836 0.50000000
64 0.66627081 0.63649193  0.50000000
Exact 0.666666666 0.63661977 0.50000000
O(h?) O(h?) o(h™)



