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ABSTRACT. We study the center of the pro-p Iwahori-Hecke ring Hz of a connected split p-
adic reductive group G. For k an algebraically closed field with characteristic p, we prove that
the center of the k-algebra Hy ®z k contains an affine semigroup algebra which is naturally
isomorphic to the Hecke k-algebra H(G, p) attached to an irreducible smooth k-representation
p of a given hyperspecial maximal compact subgroup of G. This isomorphism is obtained using
the inverse Satake isomorphism defined in [25].

We apply this to classify the simple supersingular Hz ®z k-modules, study the supersingular
block in the category of finite length Hyz ®z k-modules, and relate the latter to supersingular

representations of G.
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1. INTRODUCTION

The Iwahori-Hecke ring of a split p-adic reductive group G is the convolution ring of Z-
valued functions with compact support in I\G/I where I denotes an Iwahori subgroup of G. It
is isomorphic to the quotient of the extended braid group ring associated to G by quadratic
relations in the standard generators. If one replaces I by its pro-p Sylow subgroup i, then one
obtains the pro-p Iwahori-Hecke ring Hy. In this article we study the center of Hy. We are
motivated by the smooth representation theory of G over an algebraically closed field k with
characteristic p and subsequently will be interested in the k-algebra Hy, := Hy®7k. We construct
an isomorphism of k-algebras between a subring of the center of Hy, and (generalizations of )
spherical Hecke k-algebras by means of the inverse mod p Satake isomorphism defined in [25].
This result is the compatibility between Bernstein and Satake isomorphisms referred to in the
title of this article. We then explore some consequences of this compatibility. In particular, we
study and relate the notions of supersingularity for Hecke modules and k-representations of G.

1.1. Framework and results. Let § be a nonarchimedean locally compact field with residue
characteristic p and k£ an algebraic closure of the residue field. We choose a uniformizer w. Let
G := G(J) be the group of §-rational points of a connected reductive group G over § which we
assume to be §-split. In the semisimple building 2~ of G, we choose and fix a chamber C which
amounts to choosing an Iwahori subgroup I in G, and we denote by I the pro-p Sylow subgroup
of I. The choice of C is unique up to conjugacy by an element of G. We consider the associated
pro-p Iwahori-Hecke ring Hy := Z[I\G/I] of Z-valued functions with compact support in I\G /I
under convolution.

Since G is split, C has at least one hyperspecial vertex xg and we denote by K the associated
maximal compact subgroup of G. Fix a maximal §-split torus T in G such that the corresponding
apartment o/ in 2" contains C. The set X, (T) of cocharacters of T is naturally equipped with
an action of the finite Weyl group 20. The choice of xg and of C' induces a natural choice of a
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positive Weyl chamber of <7 that is to say of a semigroup X (T) of dominant cocharacters of
T.

1.1.1.  The complex case. The structure of the spherical algebra C[K\G /K] of complex functions
compactly supported on K\G/K is understood thanks to the classical Satake isomosphism ([27],
see also [13], [14])

s : C[K\G/K] = (C[X.(T)D™.

On the other hand, the complex Iwahori-Hecke algebra H¢ := C[I\G/I] of complex functions
compactly supported on I\ G/I contains a large commutative subalgebra A¢ defined as the image
of the Bernstein map 6 : C[X,(T)] — Hc¢ which depends on the choice of the dominant Weyl
chamber (see [23, 3.2]). The algebra Hc is free of finite rank over Ac and its center Z(Hg) is
contained in Ac. Furthermore, the map 6 yields an isomorphism

b: (CX.(T)¥ = Z(He).

This was proved by Bernstein ([23, 3.5], see also [14, Theorem 2.3]). By [10, Corollary 3.1]
and [14, Proposition 10.1], the Bernstein isomophism b is compatible with s in the sense that
the composition (eg x .)b is an inverse for s, where (ekx x.) denotes the convolution by the

characteristic function of K.

1.1.2. Bernstein and Satake isomorphisms in characteristic p. After defining an integral version
of the complex Bernstein map, Vignéras gave in [33] a basis for the center of Hy, and proved that
Hy, is noetherian and finitely generated over its center. In the first section of this article, we define
a subring Z°(Hy) of the center of Hy over which Hy is still finitely generated. In Proposition
2.8 we prove that Z°(Hz) is not affected by the choice of another apartment containing C' and
of another hyperspecial vertex of C' as long as it is conjugate to xg. In particular, if G is of
adjoint type or G = GL,, then Z° (ﬁz) depends only on the choice of the uniformizer w.

The natural image of ZO(I:IZ) in Hy, = Hy ®z k is denoted by Z° (I:Ik) and we prove that it has
a structure of affine semigroup algebra. More precisely, we have an isomorphism of k-algebras
(Proposition 2.10)

(L1) RIXT(T)] < 2°(1,) C .

By the main theorem in [17] (and in [25]), this makes Z°(H},) isomorphic to the algebra #(G, p)
of any irreducible smooth k-representation p of K. Note that when p is the k-valued trivial
representation 1k of K, ones retrieves the convolution algebra k[K\G/K] = H(G, 1k).

In [25], we constructed an isomorphism

(1.2) T E[XH(T)] = H(G,p).
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In the current article, we prove the following theorem.
Theorem 1.1 (Theorem 4.3). We have a commutative diagram of isomorphisms of k-algebras

KXH(T)] - 2o (i)

| l

KXH(T)] —— H(G,p)

(1.3)

where the vertical arrow on the right hand side is the natural morphism of k-algebras (4.3)

described in Section /.

The isomorphism T was constructed in [25] by means of generalized integral Bernstein maps,
as are the subring Z°(H},) and the map (1.1) in the current article. By analogy with the complex
case, we can see the map (1.1) as an isomorphism & la Bernstein in characteristic p. The above
commutative diagram can then be interpreted as a statement of compatibility between Satake
and Bernstein isomorphisms in characteristic p. Note that under the hypothesis that the derived
subgroup of G is simply connected, it is proved in [25] that T is the inverse of the mod p Satake
isomorphism defined by Herzig in [17]. (The extra hypothesis on G is probably not necessary).

If we worked with the Iwahori-Hecke algebra k[I\G/I], the analog of Z°(H}) would actually
be the whole center of k[I\G/I]. We prove:

Theorem (Theorem 2.14). The center of the Iwahori-Hecke k-algebra k[I\G/I] is isomorphic
to k[X;H(T)].

1.1.3. Generalized integral Bernstein maps. One ingredient of the construction of T in [25] and
of the proof of Theorem 1.1 is the definition of Z-linear injective maps

B : Z[X(T)] — Hy

defined on the group ring of the (extended) cocharacters X, (T), and which are multiplicative
when restricted to the semigroup ring of any chosen Weyl chamber of X, (T) (see 1.2.5 for the
definition of X, (T)). The image of B7. happens to be a commutative subring of Hy, which we
denote by A%. The parameter o is a sign and F' is a standard facet, meaning a facet of C'
containing zq in its closure. The choice of F' corresponds to the choice of a Weyl chamber in 7:
for example if F' = C (resp. xg), then the corresponding Weyl chamber is the dominant (resp.
antidominant) one.

The maps B are called integral Bernstein maps because they are generalizations of the Bern-
stein map 6 mentioned in 1.1.1. In the complex case, it is customary to consider either 6§ which
is constructed using the dominant chamber, or 6~ which is constructed using the antidominant



COMPATIBILITY BETWEEN SATAKE AND BERNSTEIN-TYPE ISOMORPHISMS IN CHARACTERISTIC p 5

chamber (see the dicussion in the introduction of [15] for example). By a result by Bernstein
([22]), a basis for the center of Hc is given by the central Bernstein functions

> o)

NeO
where O ranges over the 20-orbits in X, (T). We refer to [14] for the geometric interpretation of
these functions. It is natural to ask whether using 6~ instead of 8 in the previous formula yields
the same central element in Hc. The answer is yes (see [15, 2.2.2]). The proof is based on [22,
Corollary 8.8] and relies on the combinatorics of the Kazhdan-Lusztig polynomials. Note that
there is no theory of Kazhdan-Lusztig polynomials for the complex pro-p Iwahori-Hecke algebra.

Integral (and pro-p) versions of 6 and 6~ for the ring Hz, were defined in [33]. In our language

they correspond respectively to B = B, and Bf = B.. It is also proved in [33] that a Z-basis
for the center of Hy, is given by

(1.4) > BEW)

NeO
where O ranges over the 20-orbits in X, (T). It is now natural to ask whether the element (1.4)
is the same if a/ we use — instead of +, and if more generally, b/ we use any standard facet F'
instead of C', and any sign o. We prove:

Lemma (Lemma 3.4). The element
> BE(X)
NeOo

in Hy, does not depend on the choice of the standard facet F and of the sign o.

To prove the lemma, we first answer positively Question a/ above; we then study and exploit
the behavior of the integral Bernstein maps upon a process of parabolic induction. In passing
we also consider Question a/ in the k-algebra Hj, in the case when G is semisimple, and we
suggest a link between such questions and the duality for finite length Hy-modules defined in
[26] (see Proposition 3.3).

1.1.4. In Section 5, we define and study a natural topology on Hj, which depends only on the
conjugacy class of xg. It is the J-adic topology where J is a natural monomial ideal of the affine
semigroup algebra Z° (I:Ik)

We define the supersingular block of the category of finite length Hi-modules to be the full
subcategory of the modules that are continuous for the J-adic topology on Hj, (Proposition-
Definition 5.10). A finite length Hj-module then turns out to be in the supersingular block if
and only if all its irreducible constituents are supersingular in the sense of [33].
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In the case when the root system of G is irreducible, we establish the following results. We
classify the simple supersingular Hj,-modules (Theorem 5.14 and subsequent Corollary). (For
example, when G is semisimple simply connected, the simple supersingular modules all have
dimension 1.) We prove in passing that even if the ideal J does depend on the choices made,
the supersingular block is independent of all the choices.

Theorem 5.14 extends [33, Theorem 5]-[24, Theorem 7.3] that dealt with the case of GL,, and
relied on explicit minimal expressions for certain Bernstein functions associated to the minuscule
coweights. The results of [33] and [24] together proved a “numerical Langlands correspondence
for Hecke modules” of GL,(F): there is a bijection between the finite set of all simple n-
dimensional supersingular Hy-modules and the finite set of all irreducible n-dimensional smooth
k-representations of the absolute Galois group of §, where the action of the uniformizer w on
the Hecke modules and the determinant of the Frobenius on the Galois representations are fixed.
Recently, Grosse-Klonne constructed a functor from the category of finite length Hj-modules
for GL,(Q,) to the category of étale (o, I')-modules. This functor induces a bijection between
the two finite sets above, turning the “numerical” correspondence into a natural and explicit
correspondence in the case of GL,(Qp). In fact, Grosse-Klénne constructs such a functor (with
values in a category of modified étale (¢, T')-modules) in the case of a general split group over
Qp ([12]). In the case of SL, (), Koziol has defined packets of simple supersingular Hy-modules
and built a bijection between the set of packets and a certain set of projective k-representations
of the absolute Galois group of §; if § = Q,, this bijection is proved to be compatible with
Grosse-Klonne’s functor and therefore with the explicit Langlands-type correspondence for Hecke
modules of GL,,(Qp). This result ([21]) is a first step towards a mod p principle of functoriality
for Hecke modules.

The current article provides, in the case of a general split group, a classification of the objects
that one wants to apply Grosse-Klonne’s functor to, in order to investigate the possibility of a
Langlands-type correspondence for Hecke modules in general.

1.1.5. In 5.6 we consider an admissible irreducible smooth k-representation 7t of G. In the case
where the derived subgroup of G is simply connected, we use the fact that (1.2) is the inverse

of the mod p Satake isomorphism to prove that if 7t is supersingular, then
. . 1G4 i~ G
(1.5) 7 is a quotient of ind;"1/Jind;"1.

The condition (1.5) is equivalent to saying that 7l contains an irreducible supersingular Hj-
module.
When G = GL, () and § is a finite extension of Q,, we use the classification of the non-

supersingular representations obtained in [18], the work on generalized special representations
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in [11], and our Lemma 3.4, to prove that the condition (1.5) is in fact a characterization of the
supersingular representations (Theorem 5.27).

Finally, we comment in 5.6 on the generalization of this characterization to the case of a split
group (with simply connected derived subgroup), and on the independence of the characteriza-
tion of the choices made.

We raise the question of the possibility of a direct proof of this characterization that does not

use the classification of the nonsupersingular representations.

1.2. Notation and preliminaries. We choose the valuation valy on § normalized by valz(w) =
1 where w is the chosen uniformizer. The ring of integers of § is denoted by O and its residue
field by IF, where ¢ is a power of the prime number p. Recall that £ denotes an algebraic closure
of Fy. Let G, and G¢ denote the Bruhat-Tits group schemes over O whose O-valued points
are K and I respectively. Their reductions over the residue field F, are denoted by G, and
Gc. Note that G = Gy, (F) = Ge(F)- By [31, 3.4.2, 3.7 and 3.8], G, is connected reductive
and [Fg-split. Therefore we have G¢(9) = G (D) =1 and G (D) = G4, (9) = K. Denote by
K; the pro-unipotent radical of K. The quotient K/Kj is isomorphic to G, (F,). The Iwahori
subgroup I is the preimage in K of the F,-rational points of a Borel subgroup B with Levi
decomposition B = TN. The pro-p Iwahori subgroup I is the preimage in I of N(F,). The
preimage of T(F,) is the maximal compact subgroup T° of T. Note that T°/T' = I/1 = T(F,)
where T! := TONL.

1.2.1. Affine root datum. To the choice of T is attached the root datum (®,X*(T), ®,X,(T)).
This root system is reduced because the group G is F-split. We denote by 2 the finite Weyl
group Ng(T)/T, quotient by T of the normalizer of T. Recall that </ denotes the apartment
of the semisimple building attached to T ([31] and [29, I.1], and we follow the notations of [25,
2.2]). We denote by (., .) the perfect pairing X.(T) x X*(T) — Z. We will call coweights
the elements in X,(T). We identify X.(T) with the subgroup T/T? of the extended Weyl
group W = Ng(T)/TY as in [31, L.1] and [29, 1.1]: to an element g € T corresponds a vector
v(g) € R®z X (T) defined by

(1.6) (v(9), x) = —wvalz(x(g))  for any x € X*(T).

and v induces the required isomorphism T/T? = X,(T). The group T/T? acts by translation
on &/ via v. The actions of 20 and T/TY combine into an action of W on .27 as recalled in
[29, page 102]. Since xg is a special vertex of the building, W is isomorphic to the semidirect
product 20 x X, (T) where we see 20 as the fixator in W of any point lifting x in the extended
apartment ([31, 1.9]). A coweight A will sometimes be denoted by e* to underline that we see it

as an element in W, meaning as a translation on .
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Denote by ®,5; the set of affine roots. The choice of the chamber C implies in particular
the choice of the positive affine roots @:ff taking nonnegative values on C. The choice of xg
as an origin of 4 implies that we identify the affine roots taking value zero at xy with ®. We
set & = @:ff N® and &~ = —d". The affine roots can be described the following way:
Dopp =P x L=, [®,;; where

@jff ={(a,7), a € ®, 7 >0} U{(c,0), . € DT}.

Let IT be the basis for ®: it is the set of simple roots. The finite Weyl group 20 is a Coxeter
system with generating set S := {sq, a € II} where s, denotes the (simple) reflection at the
hyperplane (.,a) = 0. Denote by < the partial ordering on X; (T) associated to II. Let II,, be
the set of roots in ® that are minimal elements for <. Define the set of simple affine roots by
yff:={(a,0), a € T} U{(ax,1), o € II,,, }. Identifying o with (c,0), we consider II a subset of
I,fp. For A € Il,5¢, denote by s4 the following associated reflection: sy = s, if A = (o, 0) and
54 = sqe® if A= (a,1). The action of W on the coweights induces an action on the set of affine
roots: W acts on @,y by we? : (o, 7) = (wa, r — (A, a)) where we denote by (w, @) — wa the
natural action of 20 on ®. The length on the Coxeter system (20, S) extends to W in such a way
that the length ¢(w) of w € W is the number of affine roots A € (ID:{ff such that w(A4) € ©_ ;.
It satisfies the following formula, for A € Il,fy and w € W:
lw)+1  if w(A) € BF ),

fw)—1 it w(A) € Dy,

(1.7) lwsa) =

The affine Weyl group is defined as the subgroup W, s of W generated by Sqff := {sa, A €
I,f¢}. The length function ¢ restricted to Wgys coincides with the length function of the
Coxeter system (Wqsr,Sarr) ([4, V.3.2 Thm 1(i)]). Recall ([23, 1.5]) that W,¢s is a normal
subgroup of W: the set 2 of elements with length zero is an abelian subgroup of W and W is
the semidirect product W = € x W, ;¢. The length £ is constant on the double cosets of W mod
(1. In particular {2 normalizes S,y .

The extended Weyl group W is equipped with a partial order < that extends the Bruhat
order on Wg¢. By definition, given w = wwgff, w = w’w;ff € Qx Wers, we have w < w' if
w=w"and wafr < w,;; in the Bruhat order on W,y (see for example [14, 2.1]).

We fix a lift @ € Ng(T) for any w € W. By Bruhat decomposition, G is the disjoint union of
all Iwl for w € W.

1.2.2. Orientation character. The stabilizer of the chamber C'in W is Q. We define as in [26, 3.1]
the orientation character ec : Q — {£1} of C by setting ec(w) = +1, resp. —1, if w preserves,
resp. reverses, a given orientation of C. Since W/W, ¢ = 2 we can see ec as a character of W
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trivial on W,s¢. By definition of the Bruhat order on W, we have ec(w) = ec(w') for w,w’ € W
satisfying w < w’.

On the other hand, the extended Weyl group acts by affine isometries on the Euclidean space
/. We therefore have a determinant map det : W — {£1} which is trivial on X,(T). An
orientation of C is a choice of a cyclic ordering of its set of vertices (in the geometric realization
of &7). Therefore, det(w) is the signature of the permutation of the vertices of C' induced by
w € Q and det(w) = ec(w).

Lemma 1.2. i. For w € Wy, we have det(w) = (—1)*).
ii. For A € X.(T), we have ec(w) = (—1)Z(€A) for any w € W such that w < e*.

Proof. The first point comes from the fact that det(s) = —1 for s € S,¢s. For the second one,
e}x

by definition of the Bruhat order, it is enough to prove that ec(e*) = (—1)4¢") for A € X,(T).

Decompose e

= wwgypr with w € Wyypr and w € €. Recall that w has length zero. Since ec
is trivial on W,ss, we have ec(e?) = ec(w) = det(w). Since det(e*) = 1 we have det(w) =
det(wagy) = (=1)1ers) = (=),

O

1.2.3. Distinguished cosets representatives.

Proposition 1.3. i. The set D of all elements d € W satisfying d~*(®1) C <I>+ff s a

a,

system of representatives of the right cosets W\W. It satisfies
(1.8) l(wd) = L(w) + £(d) for any w € W and d € D.

In particular, d is the unique element with minimal length in d.
ii. An element d € D can be written uniquely d = e*w with A € X} (T) and w € 25. We
then have £(e*) = £(d) + L(w™) = £(d) + (w).
iii. Fors € Sqapr and d € D, we are in one of the following situations:
e ((ds) = ¢(d) — 1 in which case ds € D.
e ((ds) =¢(d) + 1 in which case either ds € D or ds € 20d.

Proof. This proposition is proved in [24, Lemma 2.6, Prop. 2.7] in the case of G = GL,(g). It
is checked in [26, Prop. 4.6] that it remains valid for a general split reductive group (see also
[25, Prop. 2.2] for ii), except for point iii when s € S,r¢ —S. We check here that the argument
goes through. Let s € S,rf and A the corresponding affine root. Let d € D and suppose
that ds ¢ D, then there is 3 € II such that (ds)~!8 € ®.rs while d13 € @jff. It implies
that d~'3 = A which in particular ensures that dA € @:ff and therefore ¢(ds) = ¢(d) + 1.
Furthermore, dsd™! = sg4 = sg € 2.

O
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There is an action of the group G on the semisimple building 2" recalled in [29, p. 104] that
extends the action of Ng(T) on the standard apartment. For F' a standard facet, we denote by
Pl the stabilizer of F in G.

Proposition 1.4. i. The Iwahori subgroup 1 acts transitively on the apartments of 2
containing C.
ii. The stabilizer ‘P;TDO of xg acts transitively on the chambers of 2 containing xg in their
closure.

iii. A G-conjugate of xg in the closure of C is a ?Tc—conjugate of xg.

Proof. Point i is [6, 4.6.28]. For ii, we first consider C’ a chamber of &7 containing z( in its
closure. The group W acting transitively on the chambers of <7, there is d € D and wg € 20
such that C" = wodC and C contains d~ 'z in its closure. By [26, Proposition 4.13 i.], it implies
that d~'C = C and therefore C' = woC' or, when considering the action of G on the building,
C’" = woC where g € KN Ng(T) denotes a lift for wg. Now let C” be a chamber of 2
containing o in its closure. By [5, Corollaire 2.2.6], there is k € Pl such that kC” is in .
Applying the previous observation, C” is a ?Lo—conjugate of C. Lastly, let gz¢ (with g € G) be
a conjugate of xq in the closure of C. By ii, the chamber ¢~ 'C is of the form kC for k € fP;O
which implies that gk € ‘Pg and gxg is a ?E—conjugate of xg.

]

Remark 1.5. By [26, Lemma 4.9], iPTC is the disjoint union of all I&I = @I for w € Q. Therefore,
a G-conjugate of xg in the closure of C' is a iPTC N Ng(T)-conjugate of xo.

1.2.4. Weyl chambers. The set of dominant coweights X (T) is the set of all A € X, (T) such that
(A\,a) >0 for all « € ®T. Tt is called the dominant chamber. Its opposite is the antidominant
chamber. A coweight A such that (\,a) > 0 for all « € ® is called strongly dominant. By [7,
Lemma 6.14], strongly dominant elements do exist.

We call a facet F' of o/ standard if it is a facet of C' containing xg in its closure. Attached to a
standard facet F' is the subset @ of all roots in ® taking value zero on F' and the subgroup Wr
of 2 generated by the simple reflections stabilizing F'. Let <I>JFr =0T N®p and P := D NPp.
Define the following Weyl chamber in X, (T) as in [25, 4.1.1]:

¢ (F) = {\ € X,(T) such that (\,a) >0 for all « € (@7 — L) U P}

and its opposite €~ (F) = —¢ " (F). They are respectively the images of the dominant and
antidominant chambers by the longest element wp in Wp.

By Gordan’s Lemma ([20, p. 7]), a Weyl chamber is finitely generated as a semigroup.
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1.2.5. We follow the notations of [25, 2.2.2, 2.2.3]. Recall that T is the pro-p Sylow subgroup
of T°. We denote by W the quotient of Ng(T) by T! and obtain the exact sequence

0—T/T! - W - W — 0.

The group W parametrizes the double cosets of G modulo I. We fix a lift @ € Ng(T) for any
w € W and denote by 7, the characteristic function of the double coset IwI. The set of all
(Tw)we\fv is a Z-basis for Hz which was defined in the introduction to be the convolution ring of
Z-valued functions with compact support in I\G/I. For g € G, we will also use the notation 7

for the characteristic function of the double coset Igl.

For Y a subset of W, we denote by Y its preimage in W. In particular, we have the preimage
X, (T) of X,(T). As well as those of X, (T), its elements will be denoted by A or e* and called
coweights. For a € ®, we inflate the function (.,a) defined on X,(T) to X,(T). We still
call dominant coweights the elements in the preimage X} (T) of X} (T). For o a sign and F a
standard facet, we consider the preimage of €7 (F) in X,(T) and we still denote it by €7 (F).

The length function £ on W pulls back to a length function £ on W ([33, Proposition 1]). For
u,v € W we write u < v (resp. u < v) if their projections @ and v in W satisfy @ < v (resp.
< ).

1.2.6. We emphasize the following remark which will be important for the definition of the

subring Z°(Hy) of the center of Hy in 2.2.

For A\ € X (T), the element A(ww™') € Ng(T) is a lift for e* seen in W by our convention
(1.6). The map

(1.9) A € Xu(T) = [Mw 1) mod T!] € X.(T)
is a W-equivariant splitting for the exact sequence of abelian groups
(1.10) 0 — T9/T! — X,.(T) — X.(T) — 0.

We will identify X, (T) with its image in X,(T) via (1.9). Note that this identification depends

on the choice of the uniformizer w.

Remark 1.6. We have the decomposition of W as a semidirect product W = 20 x X, (T) where
20 denotes the preimage of 20 in W.
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1.2.7. Pro-p Hecke rings. The product in the generic pro-p Iwahori-Hecke ring Hy, is described
in [33, Theorem 1]. It is given by quadratic relations and braid relations. Stating the quadratic
relations in Hy, requires some more notations. We are only going to use them in H;, where
they have a simpler form, and we postpone their description to 1.2.8. We recall here the braid

relations:
(1.11) Tww = TwTw for w,w’ € W satisfying £(ww’) = £(w) + £(w').

The functions in Hy with support in the subgroup of G generated by all parahoric subgroups
form a subring ﬁaZf I called the affine subring. It has Z-basis the set of all 7, for w in the
preimage Waf 7 of Weyp in W (see for example [26, 4.5]). It is generated by all 7, for s in the
preimage S’aff of Sqry and all 74 for t € TO/T!.

There is an involutive automorphism defined on Hz ®z Z[¢*/?] by ([33, Corollary 2]):

(1.12) L: Tw — (7q)€(w)7_71

w—l”

and it actually yields an involution on Hy. Inflating the character e : W — {£1} defined in
1.2.2 to a character of W, we define the following Z-linear involution ve of Hz by:

vo(Tw) = ec(w) Ty for any w € W.

It is the identity on the affine subring I;I%f 7. We will consider the following Z-linear involution
on I:Izi

(1.13) lc = Lovyc.

Remark 1.7. The involution t fixes all 7, for w € W with length zero. The involution i fixes
all 7,» for A € X, (T) with length zero.

1.2.8. Let R be a ring with unit 1g, containing an inverse for (¢lg —1) and a primitive (¢— 1)
root of 1g. The group of characters of T?/T! = T(F,) with values in R* is isomorphic to the
group of characters of T(F,) with values in F} which we denote by T(Fq). To € € T(Fq) we
attach the idempotent element e € Hy as in [33] (definition recalled in [25, 2.4.3]). For t € T°
we have eg7y = Tye¢ = £(t)ee. The idempotent elements e, § € T(Fq), are pairwise orthogonal
and their sum is the identity in Hyz, @7z R.

For A € Iz, choose the lift ng € G for sy defined after fixing an épinglage for G as in
[33, 1.2]. We refer to [25, 2.2.5] for the definition of the associated subgroup T4 of T which
identifies with a subgroup of T®/T!.

For ¢ € 'i‘(IFq), we have in Hz ®z R:
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(1.14) { if € is trivial on Ty, then 72, = e¢((qlr — 1)7n, + q1R)

otherwise €77, € qR™ €.

The field & is an example of ring R as above. In H;, we have:

(1.15) { if ¢ is trivial on T4, then €77, = —€¢Tn,

otherwise €72, = 0.

Remark 1.8. In Hj we have Ty UTn,) = 0 for all A € S,rp. Furthermore, ((7,,) + 7, lies in
the subalgebra of Hj, generated by all 7, t € T?/T', or equivalently by all €, & € T(]Fq). This
can be seen using for example [25, Remark 2.10], which also implies the following:

if £ is trivial on Ty, then t(eg7y, ) = €Uy, ) = —€¢(T, + 1)and

if £ is not trivial on T4 , then ey, ) = —€eTn, -

1.2.9.  Parametrization of the weights. The functions in Hy, with support in K form a subring
sz. It has Z-basis the set of all 7, for w € 25. Denote by S%k the k-algebra S%Z ®z k. The simple
modules of £, are one dimensional [30, (2.11)].

An irreducible smooth k-representation p of K will be called a weight. By [9, Corollary 7.5] the
weights are in one-to-one correspondence with the characters of ), via p— pi. To a character
X : 9 — k is attached the morphism y : T®/T! — k* such that () = x(r) for all t € TO/T!
and the set Iy of all simple roots a € II such that x is trivial on T,,. We then have x(75,) =0
for all a € II — Iy, where 5, € W is any lift for s, € W. We denote by IT, the subset of all
a € Il such that x(75,) = 0. The character x is determined by the data of x and II, (see also
[25, 3.4]).

Remark 1.9. Choosing a standard facet F' is equivalent to choosing the subset Iz of II of the
simple roots taking value zero on F. The standard facet corresponding to IL, in the previous
discussion will be denoted by F,.

2. ON THE CENTER OF THE PRO-p IWAHORI-HECKE ALGEBRA IN CHARACTERISTIC p

2.1. Commutative subrings of the pro-p Iwahori-Hecke ring. Let ¢ be a sign and F a
standard facet.

2.1.1. Asin [25, 4.1.1], we introduce the multiplicative injective map
0% : X.(T) — Hy, @7 Z[gt?]

and the elements B.(\) = qe(ex)ﬂ@%(/\) for all A € X.(T). Recall that BL(\) = 7. if A €
¢°(F). The map B% does not respect the product in general, but it is multiplicative when
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restricted to any Weyl chamber (see [25, Remark 4.3]). For any coweight A € X,.(T), the
element B%(\) lies in Hz (see Lemma 2.3 below). Furthermore combining Lemmas 1.2ii., 2.3
and [25, Lemma 4.4]:

(2.1) le(BEN) = Br(N).

Extend ©% linearly to an injective morphism of Z[¢*!/?]-algebras Z[¢g™/?][X.(T)] — Hz &z
Z[g™'/?]. We consider the commutative subring A% := Hz N Im(©%). By [25, Prop. 4.5], it is
a free Z-module with basis the set of all BZ(\) for A € X,.(T). Since the Weyl chambers (in
X, (T)) are finitely generated semigroups, A% is finitely generated as a ring.

Remark 2.1. Note that Bg =B

o (resp. B = B} ) coincides with the integral Bernstein map

E* (resp. E) introduced in [33] and A/, (resp. A;) with the commutative ring denoted by
AP (resp. AM) in [33, Theorem 2].

Identify X.(T) with its image in X.(T) via (1.9). We denote by (A%)° the intersection
(A%)° = Hz N OF(Z[X.(T)]) € AF.
A Z-basis for (A%)° is given by all BE(A) for A € X, (T). It is finitely generated as a ring.

Proposition 2.2. The commutative Z-algebra A% is isomorphic to the tensor product of the
Z-algebras Z[T°/TY] and (A%)°. In particular, (A%)° is a direct summand of A% as a Z-module.

Proof. Since the exact sequence (1.10) splits, A% is a free (A%)°-module with basis the set of
all 7, for t € TO/T!. Recall indeed that BEL(A +t) = BL(A\)7 = B%()) for all A € X.(T) and
t € TO/T. O

2.1.2. The following is a direct consequence of the lemma proved in [14, §5] and adapted to the
pro-p Iwahori-Hecke algebra in [33, Lemma 13] (see also [32, 1.2 and 1.5]).

Lemma 2.3. Let F be a standard facet and o a sign. For any )\ € X, (T), we have

where (ay )y 15 a family of elements in Z (depending on o, F and X) indexed by the set of w € W
such that w < e*. For those w, we have in particular £(w) < £(e).

2.1.3. In this paragraph, we suppose that the root system of G is irreducible. It implies in
particular that there is a unique element in II,,. It can be written —og where oy € ®7T is the
highest root: we have 8 < ap for all 8 € ® ([4, VI. n°1.8]). For any standard facet F' # zo,
we have ag ¢ ®r. Denote by so € S,y the simple reflection associated to (—ag, 1) € Igpy and
N 1= NM(_ao,1) € G the lift for s as chosen in 1.2.8.
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Lemma 2.4. Suppose that F # xq and let \ € X} (T) such that £(e*) # 0. We have
BE(N) € o Hz .

Proof. Tt suffices to check the claim for A € X} (T). Let u,v € X4(T) such that A = u — v
and wpu, wpy € XF(T) where we recall that wp denotes the longest element in 20r. Note
that wrpag € @+ because F # xg. Furthermore, (\, o) > 1 because there is 3 € II such that
(\,B) >1and B < a.

We have e(—ag,1) = (—ag,1 + (r,a0)) = (—ap,1 + (wpr,wpag)) € (I):ff' Therefore
((e"ng) = £(e”) + 1 and TewTp, = Tern, in Hz. On the other hand e *(—ag,1) = (—ag,1 —
(A, ag)) € @, and therefore {(nge?) = £(e*) — 1.

A » [ICERICORICI
We perform the computations in Hz®7Z[q*'/?] where by definition, Br(A) =¢ P T Ten.
By the previous remarks
Z(noek)-‘—l(el’no)—i(e”’) _
3;5()\) = Tngq 2 Teu}mTeu
which, by the lemma evoked in 2.1.2, lies in Tnoﬁz.
O

2.2. On the center of the pro-p Iwahori-Hecke ring.

2.2.1. The ring Hy, is finitely generated as a module over its center Z(Hz) = (A5)% and the
latter has Z-basis the set of all
(2.2) > BEW)
NeO

where O ranges over the Q-orbits in X, (T). Moreover, Z(Hz) is a finitely generated Z-algebra.
Those results are proved in [33, Theorem 4] (note that the hypothesis of irreducibility of the
root system of G in [33] is not necessary for the statements about the center). One can also find
a proof in [28].
2.2.2. We denote by Z°(Hz) the intersection of (AL)° with Z(Hz). We have Z°(Hz) =
((AL)°)®. It has Z-basis the set of all
(2.3) Z)\ = BL(N) for A € X(T)

NEO)
where we denote by O(X) the 20-orbit of A.

Proposition 2.5. i. The left (resp. right) (AL)°-module Hy, is finitely generated.
ii. As a Z°(Hy)-module, Hy, is finitely generated.
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iii. Z°(Hy) is a finitely generated Z-algebra.
iv. As Z-modules, Z(Hz), A, 2°(Hz) and (A}L)° are direct summands of Hy.

Proof. Using Proposition 2.2 and [33, Theorems 3 and 4] which state that Hy, is finitely generated
over Al (see Remark 2.1), we see that Hy, is finitely generated over (AL5)°. Statements ii. and
iii. follow from [3, §1 n. 9 Thm 2] because 2°(Hz) is the ring of W-invariants of (Ag)° and
Z is noetherian. For iv., we first remark that the Z-module Z(Hy) (resp. Z°(Hy)) is a direct
summand of A, (resp. (A})°) since Z(Hz) = (ALY (resp. Z°(Hz) = ((A5)°)¥). The Z-
module (A%)° is a direct summand of A by Proposition 2.2. It remains to show that Af is
a direct summand of Hz which can be done by considering the integral Bernstein basis for the
whole Hecke ring Hz, introduced in [33]. We recall it later in 5.1 and finish the proof of iv. in
Remark 5.1. g

2.2.3.  Given a ring R with unit 1g, we denote by Hg the R-algebra Hz ®zR: we identify ¢ with
its image in R. By Proposition 2.5iv., the R-algebra Z(Hz)®zR (resp. AL @zR, (AL)°®zR and
2°(Hz)®zR) identifies with a subalgebra of Hy which we denote by Z(Hg) (resp. (A%)r, (A5)%
and Z°(Hg)). By the work of [28], Z(Hg) is not only contained in but equal to the center of Hg.

Remark 2.6. Proposition 2.5 remains valid with zg instead of C' (use the involution (¢ and (2.1)).
We introduce the subalgebras (A )g and (A} )% of Hg with the obvious definitions.

0 0

For A € X.(T) (resp. w € W), we still denote by B%(\) (resp. 7,) its natural image BEL(\) @1
(resp. 7w ® 1) in Hg. An R-basis for Z°(HR) is given by the set of all zy for A\ € X} (T), where

again we identify the element z, with its image in Hg.

From Proposition 2.5 we deduce:

Proposition 2.7. Let R be a field. A morphism of R-algebras ZO(I:IR) — R can be extended to
a morphism of R-algebras Z(Hg) — R.

2.2.4. In the process of constructing Zo(ﬁz), we first fixed a hyperspecial vertex xy of C' and
then an apartment .o/ containing C.

Proposition 2.8. The ring 2°(Hy) is not affected by
e the choice of another apartment </" containing C.

e the choice of another vertex x{, of C' provided it is G-conjugate to x.

Proof. Let g in the stabilizer iPTC of C'in G. Let T' := ¢gTg~! and z{, = grog~!. The apartment
/' corresponding to T’ contains C' and z, is a hyperspecial vertex of C'. Starting from T’ and z,
we proceed to the construction of the corresponding commutative subring Zo(ﬁz)’ of the center
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of Hz. Since g € ﬂ’g, we have Igl = I&I = I& for some w € 2. Since this element w has length
zero, for A € X, (T) the characteristic function of Ig\(w)g~'T is equal to the product TgT)\(w)Tg_l
Therefore, the restriction to X, (T) of the new map (Bf)’ corresponding to the choice of z{, and
T’ is defined by

X (T) — Hy, A — TgBJCC(g_l)\g)Tg_l.

The element 2} € Z°(Hz)' corresponding to the choice of A € X} (T) = gX; (T)g~" is therefore
ngg—lAng_l = 2. We have proved that Z°(Hz)' = Z°(Hz).
By Proposition 1.4i and Remark 1.5
e changing &/ into another apartment </’ containing C' and
e changing z( into another vertex z( of C' which is G-conjugate to xg

can be made independently of each other by conjugating by an element of I and of ‘.PTC N Ng(T)
respectively. We have checked that these changes do not affect Z°(Hz).
O

B
©

If G is of adjoint type or G = GL,,, then all hyperspecial vertices are conjugate ([31, 2.5]):

Corollary 2.9. If G is of adjoint type or G = GL,, then ZO(ﬁZ) depends only on the choice

of the uniformizer w.

2.3. An affine semigroup algebra in the center of the pro-p Iwahori-Hecke algebra
in characteristic p. We will use the following observation several times in this paragraph. Let
F be a standard facet and o a sign. For uq, ug € X.(T), we have in Hy:

- - BT (1 + p2) if p1 and pe lie in a common Weyl chamber
(24) B BH(m) = { Fun )

0 otherwise.

In Hy ®7 Z[g*'/?] we have indeed B (11)BG (ug) = Ul ) HU2) =L TE2) 230 (1)) 4 1), TF
p1 and ps lie in a common Weyl chamber, then £(eft) + £(et2) — £(e!1T#2) is zero; otherwise,
there is a € II satisfying (u1, ) (2, @) < 0 which implies that this quantity is > 2. This gives
the required equality in Hy.

2.3.1. The structure of Z°(Hy).

Proposition 2.10. The map

2.5
( ) A — 2\

is an isomorphism of k-algebras.
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Proof. We already know that (2.5) maps a k-basis for k[X; (T)] onto a k-basis for Z°(Hy,). We
have to check that it respects the product. Let A1, Ay € X (T) with respective 20-orbits O(\;)
and O(A2). We consider the product

02 = > BE(11)BF(p2) € Hy.
u1E€O(A1), u2€0(A2)
A Weyl chamber in X,(T) is a 20-conjugate of X (T). Given a Weyl chamber and a coweight
(in X, (T)), there is a unique 2W-conjugate of the coweight in the chosen Weyl chamber. The
map (p1, p2) — w1 + pe yields a bijection between the set of all (ug, pu2) € O(A1) x O(A2) such
that p1 and pg lie in the same Weyl chamber and the 20-orbit O(A; + A2) of A\; + Ag: it is indeed
surjective and one checks that the two sets in question have the same size because, A1 and A,
being both dominant, the stabilizer in 20 of A; + A9 is the intersection of the stabilizers of Ay
and of A\a. Together with (2.4), this proves that zx, 1y, = 2 2, - d

For a different proof of this proposition, see the remark after Theorem 4.3.

2.3.2.  Since X,(T) is a free abelian group (of rank dim(T)), the k-algebra k[X.(T)] is isomorphic
to an algebra of Laurent polynomials and has a trivial nilradical. By Gordan’s Lemma, X, (T) is
finitely generated as a semigroup. So k[X; (T)] is a finitely generated k-algebra and its Jacobson
radical coincides with its nilradical. The Jacobson radical of Z°(Hy) is therefore trivial.

Proposition 2.11. The Jacobson radical of Z(Hy,) is trivial.

Proof. Since Z(Hjy) is a finitely generated k-algebra contained in (.AJCC);C, it is enough to prove
that the nilradical of (AJCC) i is trivial. Using the notations of 1.2.8, it is enough to prove that,
for any € € T(IF 4), the nilradical of the k-algebra e¢(Ag)) with unit e is trivial. By Proposition
2.2, the latter algebra is isomorphic to (AE)Z It is therefore enough to prove that the nilradical
of (AL)S is trivial.

By definition (see the convention in 2.2.3), the image of the k-linear injective map

B k(X (T)] — Hy,

coincides with (A%)3.

Fact i. Let \g € XJ(T) be a strongly dominant coweight. The ideal of (AL)% generated by

Bg()\o) does not contain any nontrivial nilpotent element.

An element a € (AJ) is a k-linear combination of elements B (A) for A € X,(T) and we
say that A € X,(T) is in the support of a if the coefficient of B ()) is nonzero. Suppose that
a is nilpotent and nontrivial. After conjugating by an element of 20, we can suppose that
there is an element of X (T) in the support of a. Then let A\g € X (T) be strongly dominant.
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The element aB, (o) is nilpotent and by (2.4) it is nontrivial. By Fact i, we have a contradiction.

Proof of the fact: The restriction of BJCF, to k[X;(T)] induces an isomorphism of k-algebras
k[XT(T)] = BE(K[XT(T)]). By (2.4), the ideal A of (A})° generated by Bf(Ag) coincides with
the ideal of BZ(k[X; (T)]) generated by B (o). Since the k-algebra k[X; (T)] does not contain
any nontrivial nilpotent element, neither does 2.

0

Since k is algebraically closed, we have:
Corollary 2.12. Let z € Z(Hy). If ((z) = 0 for all characters  : Z(Hy) — k, then z = 0.

2.3.3. The center of the Iwahori-Hecke algebra in characteristic p. Let R be a ring containing

an inverse for (glg — 1) and a primitive (¢ — 1) root of 1g. We can apply the observations of

1.2.8 and consider the algebra
Hg(¢) == e§ﬁR65.

It can be seen as the algebra H(G,I,£71) of G-endomorphisms of the representation e§indiG 1r
which is isomorphic to the compact induction ind?ﬁ ~1 of ¢! seen as a R-character of I trivial
on I: denote by lig-1 € ind?{ ~! the unique function with support in I and value 1y at 1g, then
the map

(2.6) HR(€) = H(G,LE™), b= [lye1 = 1pe1h]

gives the identification. In particular, when £ = 1 is the trivial character, then the algebra
Hg(1) identifies with the usual Iwahori-Hecke algebra Hg = R[I\G/I] with coefficients in R.

Remark 2.13. Let £ € T(Iﬁ‘q). We have inclusions
c¢Z°(Hr) C e¢Z(Hr) C Z(Hr(¢))

where the latter space is the center of Hg(¢). The inclusion ez 2°(Hg) C Z(Hg(e¢)) is strict in
general. For example if G = GLa(F), R = k, and £ is not fixed by the non trivial element of 20,
then Hy (&) is commutative with a k-basis indexed by the elements in X,(T) and contains zero
divisors ([2, Proposition 13]) while the k-algebra e¢Z°(Hy) is isomorphic to k[X; (T)].

If £ = 1 however, these inclusions are equalities: one easily checks by direct comparison of
the basis elements (2.2) and (2.3) that the first inclusion is an equality. The second one comes
from the fact that €1 is a central idempotent in Hg. In particular we have:

Theorem 2.14. The center of the Iwahori-Hecke k-algebra k[I\G /1] is isomorphic to k[X;} (T)].
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Proof. The map
KXHT)] — aZ(Hy)
A — €12\
is surjective by the previous discussion. It is easily checked to be injective using Lemma 2.3
(compare with [32, (1.6.5)]). O

3. THE CENTRAL BERNSTEIN FUNCTIONS IN THE PRO-p IWAHORI-HECKE RING

Let O be a 20-orbit in X, (T). We call the central element of Hy,
(2.2) 20 =Y BEWN)
NeO

the associated central Bernstein function.

3.1. The support of the central Bernstein functions. For h € Hy, the set of all w € W
such that h(w) # 0 is called the support of h. For O a 2-orbit in X, (T) we denote by £o the
common length of all the coweights in O.

Lemma 3.1. Let O be a W-orbit in X.(T). The support of zo (resp. c(z0)) contains the
set of all e* for p € O: more precisely, the coefficient of Ten in the decomposition of zo (resp.
te(zp)) is equal to 1. Any other element in the support of zo (resp. wc(zo)) has length < Lo.

Proof. This is a consequence of Lemma 2.3 (and of (2.1)). O

Proposition 3.2. The involution \c fizes the elements in the center Z(I:IZ) of Hy.
In particular, for O a 25-orbit in X,(T), the element Y oveo BE(N) € Hy, does not depend on

the sign o.

Proof. We prove that 1o fixes zp by induction on ¢¢.

If /o = 0, then conclude using Remark 1.7. Let O a Q-orbit in X, (T) such that £ > 0.
The element ¢ (zp) is central in Hz. Recall that a Z-basis for Z(Hgz) is given by the central
Bernstein functions zp where O ranges over the Q-orbits in X, (T). Lemma 3.1 implies that
tc(zp) decomposes as a sum

to(zo) = zo + Z ao 2o
o
where O’ ranges over a finite set of 2J-orbits in X*(T) such that £o < £y and ap € Z. By
induction and applying the involution o we get

zo0 = wo(z0) + Z aorzor
O/
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and 2(1(z0) — z0)) = 0. Since Hyz, has no Z-torsion, (20) = zo. The second statement follows
from (2.1).
O

When G is semisimple, the projection in Hy, of the equality proved in Proposition 3.2 can be
obtained independently using the duality for finite length Hy-modules defined in [26]:

Proposition 3.3. Suppose that G is semisimple. The element )"y BEL(N) € Hy, is fived by
the involution o and therefore does not depend on the sign o.

Proof. Suppose that G is semisimple. Let O be a 20-orbit in X, (T). We want to prove, without
using Proposition 3.2, that in Hy we have zp = 1c(z0).

Let ¢ : Z(ﬁk) — k a character and M = Hy, Rz, ¢ the induced Hjp-module. It is finite
dimensional over k and therefore, by [26, Corollary 6.12] we have an isomorphism of right Hy-

modules
Ext%k(M, H;) = Homy (¢ M, k)
where d is the semisimple rank of G and (M denotes the left Hj-module M with action

twisted by the involution to defined by (1.13). The category of left Hj-modules is naturally
aZz (I:Ik)—linear category and therefore, for X and Y two given left Hj-modules, Ext%k (X,Y)

inherits a structure of central Z(H},)-bimodule. Hence, the right Hy-module Ext%k (M, Hy,) has a
central character equal to (. On the other hand, Homy (1M, k) has (oo as a central character.
Therefore, ((z0) = (otc(z0). By Corollary 2.12, we have the required equality zp = 1c(z0). O

3.2. Independence lemma. The following lemma will be proved in 3.3.3.

Lemma 3.4. For O a 2-orbit in X*(T), the element

> BE()

Ae0O
in Hy, does not depend on the choice of the standard facet F and of the sign o.

Corollary 3.5. The center of Hy, is contained in the intersection of all the commutative rings

A% for Fa standard facet and o a sign.

3.3. Inducing the generalized integral Bernstein functions. We study the behavior of
the integral Bernstein maps upon parabolic induction and subsequently prove Lemma 3.4.
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3.3.1. Let F be astandard facet, I[Ir the associated set of simple roots and P g the corresponding
standard parabolic subgroup with Levi decomposition Pr = MpNpg. The root datum attached
to the choice of the split torus T in Mp is (®p,X*(T), @, X.(T)) (notations in 1.2.4). The
extended Weyl group of Mg is Wr = (Ng(T) N Mpg)/T%. It is isomorphic to the semidirect
product Wr x X, (T) where 2F is the finite Weyl group (Ng(T) N Mpg)/T (also defined in
1.2.4). We denote by ¢ its length function and by % the Bruhat order on Wg.

Set Wp = (Ng(T) N Mp)/T!. Tt is a subgroup of W. The double cosets of My modulo its
pro-p Iwahori subgroup I N My are indexed by the elements in Wp. For w € Wp, we denote
by 7L the characteristic function of the double coset containing the lift @ for w (which lies in
Na(T) N Mp). The set of all (75)ew, is a basis for the pro-p Iwahori-Hecke ring Hz(Mp) of
Z-valued functions with compact support in (INMz)\Mp/(INMg). The ring Hz(Mg) does not

inject in Hy in general.

An element in w € Wp is called F-positive if w™}(®T — ®}) C (I):ff' For example for
A € X,(T), the element e¢* is F-positive if and only if (A\,a) > 0 for all a € &7 — &}. In
this case, we will say that the coweight A itself is F-positive. If furthermore (A, o) > 0 for
a€ ot — @; and (A, a) = 0 for a € @;, then it is called strongly F-positive. The F-positive
coweights are the 2 p-conjugates of the dominant coweights. The C-positive (resp. strongly
C-positive) coweights are the dominant (resp. strongly dominant) coweights. An element in
W is F-positive if and only if it belongs to e’Up for some F-positive coweight A € X, (T). If
wand v € X, (T) are F-positive coweights such that p — v is also F-positive, then we have the
equality (see [25, 1.2] for example)
(3.1) Lel™")+L(e”) —b(et) =Lp(e'™) + Lp(e”) — Lp(et)
An element in Wy will be called F-positive if its projection in Wg is F-positive.

The subspace of I:IZ(MF) generated over Z by all 7} for F-positive w € W is denoted by
Hz(Mp)T. Tt is in fact a ring and there is an injection of rings

j; : I:IZ,(NIF)Jr — I:IZ

rr — T

+1/2]_algebras

which extends to an injection of Z[gq
jr : Hz(Mp) @z Z[¢*/?) — Hy @2 Z[g*'/?).

This is a classical result for complex Hecke algebras ([7, (6.12)]). The argument is valid over
Z[g='/7).

Remark 3.6. An element w € Wy is called F-negative (resp. strongly F-negative) if w™! is
F-positive (resp. strongly F-positive) and as before, ﬁZ(MF) contains as a subring the space
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Hz(Mp)~ generated over Z by all 7 for F-negative w € Wp. There is an injection of rings
Jp: Hz(Mp)™ — Hz,T£ — Tw-

Fact ii. Let v € Wy such that v < e for A € X, (T) a F-positive coweight. Then v is F-positive.
F

Proof. Suppose first that A is dominant. Then the claim is [25, Lemma 2.9.ii]. In general, A is a

Ao

20 p-conjugate of a dominant coweight Ag: there is u € 90 such that e} = ue*u~t. We argue

by induction on ¢r(u). Let s be a simple reflection in W such that (p(su) = ¢p(u) — 1. By

the properties of Bruhat order (see [14, Lemma 4.3] for example), one of v, vs, sv, svs is < sels

F
and by induction this element is F-positive, which implies that v is F-positive.

O

3.3.2. Let F’ C C be another facet containing xg in its closure such that F' C It implies
that & C & and @;, - @JPC. Let O, be the map constructed as in 2.1 with respect to the
root data attached to Mg:

FOF : ZlgF?)[X.(T)] — Hz(Mp) ®2z Zlg/?).

The corresponding Z-linear integral map is denoted by zBF, : Z[X.(T)] — Hz(Mp) and defined
by B (A = ¢'F €2 pO L, (N) for all A € X, (T). It satisfies pB, (A) = 75 if (A, a) > 0 for all
a € (Of —@f) UL,

Remark 3.7. If F' = x( then IOB;C/ = BF,.
Lemma 3.8. Let A € X, (T) be an F-positive coweight. Then rBL/(N) lies in Hz(Mp)* and
(3.2) JEEBE() = BEO).

Proof. Decompose A = p — v with p,v € €1(F'). Then in Hz(Mp) ®z Z[g*/?] we have
FBL(N) = q(ZF(e/\)+zF(ey)_eF(eH))/2T§L(Ter)_1. By Lemma 2.3 applied to the pro-p Iwahori-

Hecke algebra Hz(Mp), it decomposes in Hz(Mp) into a linear combination of 72 for @& € Wx

where the projection w of 1 in Wy satisfies w < e*. Fact ii ensures that those w (and ) are
F
F-positive. Now, jg respects the product and

. . et e’)—Lr(e -
FEEBEO)) = r(rB () = g @ 2 ()

because p and v are in particular F-positive. Apply (3.1) to conclude.
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3.3.3.  We prove Lemma 3.4. Let O be a 20-orbit in X,(T). Since B = B, and using (2.1),
it is enough to prove

(33) SBEO) = Y0 BEO)
A€0 A€O0

for any standard facet F'. If F = zg then the result is given by Proposition 3.2. Let F' be a
standard facet such that F' # zo.

1/ Let pu € X,(T) be a F-positive coweight with 20 z-orbit Op. We have the following identity
ST oBEW) = D aEBEW)) = Y ibEBLW)) = Y Bénk
WeOR WeOR wWeOp WeOR
where the first and third equalities come from (3.2) and the second one from Proposition 3.2

applied to Mp.

2/ Choose v a strongly F-positive coweight such that A + v is F-positive for all A € O. Decom-
pose the 2-orbit O into the disjoint union of Wp-orbits O for i € {1,..,7}. Since v lies in
both X#(T) and € (F), we have Bj.(—v) = BE(—v) = 1o(1.-v).

Let i € {1,..,r} and A € O}.. We have in Hz ®7 Z[¢*"/?]

LM~ M) —e(eY)

BE(N) =g¢ P BEA+v)BE(—v).

Note that £(e*) — £(e*") — £(e”) does not depend on A € Of: since (v,a) = 0 for all a € ®F,
this quantity is equal to Zaeqﬁ_@; (A, )| — [{A+v, )| — | (v, @)| which does not depend on the
choice of A € O} because T — <I>; is invariant under the action of 2. Therefore, if we pick a

representative \; € O, we have

oMy —e(eNitP)—p(e?)
S BEN) =¢ 2 D BEA+v)BL(—).

A€O], AEO,
L M) —p(eNitV) —p(eY) i 4 . .
=q P E BLA+v)BL(—v) by 1/ applied to the Q0 p-orbit of A + v
O},
= > B&Y
AeOL

which proves that >, ., B ( ) =2 0B ( )-
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4. COMPATIBILITY BETWEEN SATAKE AND BERNSTEIN-TYPE ISOMORPHISMS IN
CHARACTERISTIC p.

In this section all the algebras have coefficients in k.

Let (p, V) be a weight and v a chosen nonzero I-fixed vector. Let y : 1 — k be the associated
character and F), the corresponding standard facet (Remark 1.9). We consider the compact in-
duction ind% p and its k-algebra of G-endomorphisms #(G, p). The I-invariant subspace (ind% p)i
is naturally a right Hy-module. Let 1k, € ind$p be the (I-invariant) function with support K
and value v at 1. The map

1) Z(Hy) — Homg ((ind$p), (indfp)")
' 2 [f = 2]

defines a morphism of k-algebras. On the other hand, by [25, Corollary 3.14], passing to I-
invariants yields an isomorphism of k-algebras

(4.2) H(G, p) = Homg (ind$p, ind$p) — Homﬁk((indgp)I, (ind$p)h).

Composing (4.1) with the inverse of (4.2) therefore gives a morphism of k-algebras Z(Hj) —
H(G, p) and we consider its restriction to Z°(Hy):

Z°(Hy) — H(G,p)

4.3
(43) z — [1kp = 1k 2]

For A € X (T), we denote by T, € H(G, p) the image by (4.3) of the central Bernstein function
z defined by (2.3).

On the other hand, recall that we have the isomorphism of k-algebras ([25, Theorem 4.11])

(4.4) T: KXHT)] = H(G,p)
where T for A € X (T) is defined by
(45) ‘IA : 1K,v — ]_Kﬂ,B;X(A).

Proposition 4.1. We have T\, = Ty for all A € X} (T).

Proof. It is enough to check that these operators coincide on 1k ,. If A has length zero, then
B;,CX()\) = z) = T,» and the claim is true. Otherwise A has length > 0 and recall that O(\)
denotes the Q-orbit of A.

a/ Let X € O(\) and suppose that X' # \. By (2.4), we have BJISX ()\’)B;CX (N = B;X()\)B;X(X) =
0in Hy. It implies that TA(1K7UBFX(A/)) = 0 and therefore that 1K,UTB}X () = 0 by [18, Corollary
6.5] that claims that ind$p is a torsion-free #(G, p)-module.
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b/ By Lemma 3.4, we have

Th(lie) = o BE N+ D> 1kwBh (V)
NEON),N#X

— +
= TA(lK,v) + Z 1K7UBFX ()\’)
NEON) N AN

= ‘J')\(]_Kﬂ)) by a/.

Remark 4.2. By [25, Lemma 3.6], the map

.~ (indG oI

(4.6) X ®g, Hy = (indgp)
1®1 — ]—K,v

induces an Hj-equivariant isomorphism. Proposition 4.1 combined with (4.6) proves that for
A € X;(T), the right actions of z) and of B}X(A) onl®lex®g Hj, coincide. This remark

will be important for the classification of the simple supersingular Hj-modules in 5.4.
Proposition 4.1 implies:
Theorem 4.3. The diagram
RXHT)] 2 Z0(0y)

‘ 1(4.3)

KIXH(T)] —— H(G,p)

is a commutative diagram of isomorphisms of k-algebras.

(4.7)

Remark that we have not used the fact that (2.5) is multiplicative. We proved this fact
beforehand in Proposition 2.10 but it can also be seen as a consequence of the commutativity

of the diagram.

5. SUPERSINGULARITY

We turn to the study of the Hi-modules with finite length. We consider right modules unless
otherwise specified. Recall that k is algebraically closed with characteristic p.

5.1. A basis for the pro-p Iwahori-Hecke ring. We recall the Z-basis for Hy, defined in [33].
It is indexed by w € W and is denoted by (Ew) ey in [33]. We will call it (B, (w)),,cv because
it coincides on X, (T) with the definition introduced in 2.1 (see also Remark 2.1). Recall that

we have a decomposition of W as the semidirect product:

W = X,(T) x 20.
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For wy € 20 set B (wo) = Tu, and for w = e*wy € X, (T) % 90, define in Hy, @7 Z[q*'/?):
B (w) = g~ Lwo)=UEN2BE (\)BE () = g~ /29t (N7, .
0 0 0 0

By [33, Theorem 2 and Proposition 8], this element lies in Hz and the set of all (B (W) ey 18
a Z-basis for Hy.

Remark 5.1. As a Z-module, Hz is the direct sum of A and of the Z-module with basis
(B (e*wp)) where A ranges over X,(T) and wy over the set of elements in 20 the projection of
which in 20 is nontrivial. Applying (2.1), we obtain that the Z-module Aé is a direct summand
of ﬁz as well.

Remark 5.2. Let d € D and d € W a lift for d. Write d = e wg with wy € 20, A € XF(T) and
((e*) = £(d) 4 £(wo) (Proposition 1.3). Then in Hz ®7 Z[¢g='/?], we have

7 ) —4(w et — )
(5.1) B (d) = (O N2 ) = ¢ D7 = (1) D(ry).

5.2. Topology on the pro-p Iwahori-Hecke algebra in characteristic p. We consider the
(finitely generated) ideal J of Z°(Hy,) generated by all zy for A € X} (T) such that £(e*) > 0 and
the associated ring filtration of Z°(Hy). A Z°(H)-module M can be endowed with the J-adic
topology induced by the filtration

MDM3IDMIPD..

An example of such module is Hy, itself. We define on Hy, another decreasing filtration (Fy,Hy)nen
by k-vector spaces where

(5.2) F,Hj, := k-vector space generated by all B (w) for w € W such that £(w) > n.

Lemma 5.3. The filtration (5.2) is a filtration of Hy, as a left A -module. In particular, it is
a filtration of Hy, as a (left and right) Z°(Hy)-module. It is compatible with the J-filtration: for
all n € N, we have

(Fnﬁk) J=7 (Fnﬁk:) - Fn+1ﬁk-

Proof. Let A € X.(T) and w € W. From the definition of B, we see that
2(eM)+E(w)—E(erw))/2 A
B, (N)B7, (w) = g UL ()
A

and therefore, in Hj, we have: BY, (\)BE (w) = 0 if £(e}) + £(w) > £(e*w) and BF, (\)BF (w) =
B (erw) if (w) 4 £(e*) = £(e*w). It proves the claims.
g

Proposition 5.4. The J-adic topology on Hy is equivalent to the topology on Hy, induced by the

filtration (Fnﬁk)neN' In particular, it is independent of the choice of the uniformizer w.
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Proof. We have to prove that given m € N, m > 1, there is n € N such that F,H, C J™Hy,.

Fact iii. For A\ € X,(T) such that £(e*) > 0 and for m > 1, we have B}, ((m + 1)) € I™Hj.

Proof of the fact. We check that for m € N we have Bf ((m + 1)A) = 2{"B} (A). Notice that
B (2X) = BL (MBS (A) = 2xBJ (A) by (2.4) and Lemma 3.4. Now let m > 2. We have
B ((m+ 1)) = Bl (mA)BF (N) = 2B, () by induction.

O

Fact iv. Let m > 1. There is Ay, € N such that for any A € X, (T), if £(e)) > A, then
B (\) € ImHy.

Proof of the fact. Let {zy,,...,z\,} be a system of generators of J where Ay,...,\, € X (T).
Let Ay :=m > 1, £(eM). Let A € X,(T) such that £(e*) > 0. It is 2-conjugate to an element
Ao € X (T) and one can write A = wp.\g with wy € 20 and Ao = >_;_; a;\; with a; € N (not
all equal to zero). If £(e}) = £(e’) > A,,, then there is i € {1,...,7} such that a;, > m and
BE (A) = [Ty BE (a;(wo.N)) € BE ((m + 1) (wo.Ny))Hy, € 3™H, by Fact ii. O

We know turn to the proof of the proposition. Let m > 1. To any wy € 9J corresponds, by
[32, (1.6.3)], a finite set X(wyp) of elements in X, (T) such that

for all A € X,(T) there is p € X(wp) such that £(e*wg) = £(e* ™) + £(e"wy).

Let @ € W with image wg by the projection W — 20. Its image w by W — W has the form
w = eMwg € X4 (T) %2 and there is yu € X(wp) such that £(w) = £(e* ") +£(e*wp). Choose lifts
e//‘\w/() and e/)‘\*/“ in W for efwy and e*#. The product m% differs from w by an element
in T°/T! (which has length zero). Therefore, B} (w) € B (A — p)Hy (see the proof of Lemma
5.3 for example). If £() > Ap(wo) := Am + max{l(e’ wp), i/ € X(wp)} then £(e*H) > A,
and B} (0) € J™H,, by Fact iv. We have proved that n > max{A,,(wg), wo € 2} implies
E,H, C 37,

O

5.3. The category of finite length modules over the pro-p Iwahori-Hecke algebra in
characteristic p. We consider the abelian category Mod s, (Hy) of all Hy-modules with finite
length.

For a Hj-module, having finite length is equivalent to being finite dimensional as a k-vector
space ([34, 5.3] or [26, Lemma 6.9]). Therefore, any irreducible Hi-module is finite dimensional
and has a central character, and any module in Mody, (I:Ik) decomposes uniquely into a direct
sum of indecomposable modules.
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5.3.1. The category of finite dimensional Z°(Hy)-modules. Let Mod ;4(Z°(Hy)) denote the cat-
egory of finite dimensional Z°(Hy,)-modules. For 90t a maximal ideal of Z°(Hy,), we consider the
full subcategory

M — Mod 4(2°(Hy))
of the modules M of 9M-torsion, that is to say such that there is e € N satisfying M9 = 0.

The category Mod ;4(Z°(Hy)) decomposes into the direct sum of all 9t — Mod 14(2°(Hy)) where
OM-ranges over the maximal ideals of Z°(Hy).

5.3.2. Blocks of Hy-modules with finite length. For M a maximal ideal of Zo(ﬁk), we say that
a Hj-module with finite length is a 9-torsion module if its restriction to a Z°(Hy)-module lies
in the subcategory Mt — Mod ;4(Z°(Hy,)). We denote by

(5.3) M — Mod s, (Hy,)
the full subcategory of Modfg(I:Ik) whose objects are the 91-torsion modules.

Lemma 5.5. Let M and N be two mazimal ideals of Z°(Hy). If there is a nonzero M-torsion
module M and a nonzero N-torsion module N such that EXt%k (M,N) # 0 for some r > 0, then
m =N

Proof. For any Hy-modules X and Y, the natural morphisms of algebras Z°(Hy) — Endg, (X)
and Z°(H;) — Endg (V) equip Homg (X,Y) with a structure of central Z°(H},)-bimodule.
The space Ext%k (M, N) is therefore naturally a central Z°(H)-bimodule. It is an 9t-torsion

module and a J-torsion module: it is zero unless Nt = .
O

Since Zo(ﬁk) is a central finitely generated subalgebra of H;., an indecomposable Hy-module
with finite length is a 9M-torsion module for some maximal ideal M of Z°(Hy).

Remark 5.6. A Hi-module with finite length M lies in the block corresponding to some maximal
ideal M if and only if all the characters of Z°(Hy) contained in M have kernel 9.

Remark 5.7. The blocks (5.3) are not indecomposable. They can for example be further decom-
posed via the idempotents introduced in 1.2.8.

5.3.3. The supersingular block.

Definition 5.8. We call a maximal ideal 90t of Z°(Hy) supersingular if it contains the ideal J
defined in 5.2. A character of ZO(I:Ik) is called supersingular if its kernel is a supersingular
maximal ideal of Z°(Hy).
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Given a character w of the connected center Z of G, there is a unique supersingular character
(. of Z°(Hy,) satisfying () = w(A(w)) for any A € X (T) with length zero. A character of
the center of Hy, is called “null” in [33] if it takes value zero at all central elements (2.2) for all
9¥-orbits O in X, (T) containing a coweight with length # 0.

Lemma 5.9. A character Z(Hy,) — k is “null” if and only if its restriction to Z°(Hy) is a

supersingular character in the sense of Definition 5.8.

Proof. Consider a character ¢ : Z(Hy) — k whose restriction to Z°(Hy) is supersingular. We
want to prove that ¢ is “null”. The Hy-module Hy, ® 2(My) ¢ being finite dimensional, it contains
a character f for the commutative finitely generated k-algebra (.Aj;o)k and the restriction of f
to Z(Hy) coincides with ¢. Let A € XF(T) with £(e*) # 0; by (2.4), there is at most one -
conjugate X of \ such that CA(B;{O (V) # 0 and if there exists such a X, then ((zy) = ((2)) # 0,
which is a contradiction: we have proved that é(fBIO(A’)) =0 for all X € X,(T) with £(e") # 0
which implies that it is also the case for N € X, (T) with £(e*") # 0. Therefore, ¢ is “null”.

U

A finite dimensional Hy-module M with central character is called supersingular in [33] if this
central character is“null”. We extend this definition.

Proposition-Definition 5.10. A finite length Hy-module is in the supersingular block and is
called supersingular if and only if equipped with the discrete topology, it is a continuous module
for the J-adic topology on Hy, or equivalently, for the topology induced by the filtration (5.2).

Proof. An indecomposable Hy-module M with finite length is in the supersingular block if and
only if there is m > 1 such that MJ3™ = {0}. Then use Proposition 5.4. O

5.4. Classification of the simple supersingular modules over the pro-p Iwahori-Hecke
algebra in characteristic p. We establish this classification in the case where the root system
of G is irreducible which we will suppose in 5.4.4. Until then the results are valid without further
assumption on the root system.

5.4.1. Denote by ICIZf / the natural image in Hy, of the affine Hecke subring I:I%f I of Hy, defined
in 1.2.7. We generalize [24, Theorem 7.3]:

Proposition 5.11. A finite length Hy-module in the supersingular block contains a character
for the affine Hecke subalgebra ﬁsz.
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Proof. Let M be a Hy-module with finite length in the supersingular block. By Proposition 5.10,
there is n € N such that, for any w € W, if £(w) > n then MB} (w) = 0. Let z € M supporting
a character for £, (see 1.2.9) and let d € D with maximal length such that x%j{o(cz) # 0 where
d € W denotes a lift for d (the property xBF (d) # 0 does not depend on the choice of the lift d).
As in the proof of [24, Theorem 7.3], we prove that =’ := 2B} (d) supports a character for Itlif !
which is the k-algebra generated by all 7; and all 75 for t € T9/T! and s € Safp with chosen
lift 5 € W (see paragraph 1.2.7). From the relations (1.11) we get that /7y = 741 B;fo(cz) is
proportional to z’. Now let s € Syrs. If £(ds) = £(d) — 1, then ds € D after Proposition 1.3 and,
by (5.1), the element 2 is equal to 21(7;;)1(75) (up to an invertible element in k), so z'7; = 0
by Remark 1.8. If ¢(ds) = ¢(d) + 1 and ds € D, then xiB;“O(JE) is equal to zero on one side and,
by (5.1), to ’t(735) (up to an invertible element in k) on the other side. It proves that z'7z is
proportional to 2’ by Remark 1.8. If ¢(ds) = ¢(d) + 1 and ds &€ D then there is s’ € S such
that ds = s'd by Proposition 1.3, and 2/1(73) is proportional to xi(7y)B (d) and therefore to 2’
because ((73) € H. We conclude that a'75 is proportional to 2’ by Remark 1.8.

g

5.4.2. Characters of ﬁgf F. We call character of I:IZf 7 a morphism of k-algebras ﬁzf F 5k A
character X of I:IZf T is completely determined by:

- the unique £ € T(Fq) such that X (eg) = 1 (see notation in 1.2.8). This £ is defined by
£(t) = X(7) where t € TY/T! = T(F,) and we call it the restriction of X to k[T?/T1].

- the values X(7,,) for all A € S,s¢, which, by the quadratic relations (1.15) satisfy:
X(1n,) € {0,—1} if € is trivial on T4 and X(7,,) = 0 otherwise.

Conversely, one checks that any such datum of £ € T(Fq) and values X (7,,) for all A € Sy¢¢
aff

satisfying the above conditions defines a character X of ﬁk
Ezample. The pro-p Iwahori-Hecke ring Hy is endowed with two natural morphisms of rings
Hy, — Z defined by

£(w) f(w)

Tw F> q and T, — (—1)

We denote by &}, and &gy the characters of ﬁk that they respectively induce, as well as their
restrictions to characters of I:sz 7. The former can be described by: £ =1 and Xiyiy(7n,) =0
for all A € Syz¢; the latter by £ =1 and Xyigpn(7,) = —1 for all A € Sy¢s.

Let X be a character of I:IZf ! and & the corresponding element in T(Fq).

e Let & € T(Fq) and suppose that & is trivial on T4, for all o € II. Then one can consider
the twist (&)X of X by & in the obvious way. The restriction of (£9)X to k[T?/T1] is
the product {p¢ and (&)X coincides with X’ on the elements of type 7,, for A € Sy¢¢.
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By twist of the character X we mean from now on a twist of X by an element in T(]Fq)
that is trivial on T, for all o € II.

e The involution 1o extends to an involution of the k-algebra ﬁk. The composition X o 1
is then also a character for ﬁzf 7. Note that X and X o Lo have the same restriction
to k[T°/T!] (Remark 1.7). Furthermore, if X(7,,,) = —1 for some A € S,sf, then
X o1c(7n,) =0 (use Remark 1.8). For example, Xjjp = Xeign © Lo

e There is an action of by conjugacy on W, #f- Since the elements in Q have length zero,
this yields an action of Q on I:IZf I and its characters. For w € Q, we denote by w.X the
character X (7,1 .7y).

Lemma 5.12. A simple I;Ik-module containing a twist of the character Xy, or of the character
Xsign of I:Ifo s not supersingular.

Proof. Let M a simple Hi-module. Suppose that it contains a twist of the character Xsign sup-
ported by the nonzero vector m € M. In particular, m supports the character of £, parametrized
by (a twist of) the trivial character of T(F,) and by the facet C' (see 1.2.9). By Remark 4.2, we
have
mzy =mBL(N)

for all A € X (T). There is w € Q and w € W,y such that the element (') mod T'
corresponds to ww € W. Since BLN) = Ta(w-1), the element mBE(N) is equal to (—1)4®mr,
(up to multiplication by an element in k£*) and we recall that 7, is invertible in Hx. We have
proved that m.z) # 0 and M is not supersingular.

Now if M contains a twist of the character A}, then ;M contains a twist of the character
Xsign and is not supersingular (notation in the proof of Proposition 3.3). By Proposition 3.2, it
implies that M is not supersingular either. O

5.4.3. Consider the image of ) in Hy via w — 7. For X a character of I;szf, denote by Qy its
fixator under the action of Q. It obviously contains T? /T! as a subgroup. We consider the set
P of pairs (X, o) where X is a character of I:IZf ! and (0, V) an irreducible finite dimensional k-
representation of Qv (up to isomorphism) whose restriction to T?/T! coincides with the inverse
of the restriction of X: for any ¢t € T°/T! and v € V,, we have o(t)v = X (1,-1)v.

The set P is naturally endowed with an action of : for (X,0) € P and w € ©, denote by w.c
the representation of Q, ¥ = wQyw ™! naturally obtained by conjugating o; then w.(X,0) =
(w.X,w.o)eP.

Let (X,0) € P. Consider the subalgebra Hy(X) of Hy, generated by k[Qx] and I:Ifo. It is
isomorphic to the twisted tensor product of algebras

Hy (X) ~ k’[Qx} @k[T0,/T1] I:szf
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where the product is given by (w ® h)(w' ® K) = ww' ®@ 7, hr . As a left Hy(X)-module,
Hj, is free with basis the set of all 7, where w ranges over a set of representatives of the right
cosets Qx\Q. The tensor product o ® X is naturally a right Hy(X)-module: the right action of
w®h on v €V, is given by X(h)o(w")v. The right Hy(X)-module o0 ® X is irreducible. As a
ﬁzf ! -module, it is isomorphic to a direct sum of copies of X.

Lemma 5.13. The isomorphism classes of the simple Hy-modules containing a character for
I:IZf I are represented by the induced modules

m(X,0) := (0 ® X) @, () He
where (X, o) ranges over the set of orbits in P under the action of Q.

Proof. First note that for any w € €, the (I:sz ! ,w.X)-isotypic component of m(X, o) is isomor-
phic to w.o ® wX as a right Hy(w.X)-module.
1/ We check that a Hy-module of the form m(X, o) is irreducible. Restricted to I:IZf it s
semisimple and isomorphic to a direct sum of X and of its conjugates. Therefore, a submodule
m of m(X,0) contains a nonzero (I;sz T w.X)-isotypic vector for some w € ) and after trans-
lating by 7,,-1, we see that m contains a nonzero (fIZf T X)-isotypic vector. But the (ICIZf I x)-
isotypic component in m(X, o) supports the irreducible representation o of k[QX] Therefore
m=m(X,0).
2/ Let m be a simple Hj-module containing the character X of I:IZf I Its (I:IZf ! , X)-isotypic
component contains an irreducible (finite dimensional) representation o of k[{x] which coin-
cides with the inverse of X on k[T?/T!]. Therefore, and using 1/, m ~ (0 ® X) i, (x) Hy..
3/ Let w € Q and (X,0) € P. The (ﬂsz, X')-isotypic component of m(w.(X, o)) contains the
representation o of k[Qx]. The simple Hy-module m(w.(X, o)) is therefore isomorphic to m(X, o)
by 2/.
4/ Let (X,0) and (X’,0) in P and suppose that they induce isomorphic Hp-modules. Look-
ing at the restriction of the latter to ﬁgff we see that there is w € Q such that X' = w.X.
Therefore, by 3/, m(X,w 'o’) and m(X, o) are isomorphic and looking at the restriction to the
(I:IZf T X)-isotypic component shows that ¢’ ~ w.o. Therefore, (X’,0’) and (X, o) are conjugate.
O

5.4.4. Classification of the simple supersingular Hy-modules when the root system of G is irre-
ducible. We generalize [33, Theorem 5(1)]-[24, Theorem 7.3].

Theorem 5.14. Suppose that the root system of G is irreducible. A simple Hy,-module is su-
persingular if and only if it contains a character for I:Ifo that is different from a twist of Xprie

or Xsign.



34 RACHEL OLLIVIER

Remark 5.15. This proves in particular (if the root system of G is irreducible) that the notion
of supersingularity for Hecke modules does not depend on any of the choices made.

Proof of Theorem 5.14. We already proved in Proposition 5.11 (without restriction on the root
system of G), that a simple supersingular module contains a character for I:IZf 7 and by Lemma
5.12, we know that this character is not a twist of X, or Xgign.

Conversely, let m be a simple Hiz-module containing the character X' for I:IZf 7 and suppose
that X" is not a twist of A4, or Ayign. We want to prove that m is supersingular. Since, by
Proposition 3.2, it is equivalent to showing that f~m is supersingular (notation in the proof of
Proposition 3.3), we can suppose (see the discussion before Lemma 5.12) that X (7,,) = 0 where
ng was introduced in 2.1.3.

Let m € m a nonzero vector supporting X'. Let x be the restriction of X to 9 and F, the
associated standard facet. Suppose that F\ = xg, then IIy = II, = II (notation in 1.2.9) and
X(7n,) = 0 for all @ € II. Since, by hypothesis, we also have X(7,,) = 0, the character X is

equal to Xy, up to twist. Therefore, F) # zo. Let A € X (T) with {(e*) > 0. By Remark 4.2
_ +
m.zy = m.BFX()\).

and since Fy # xo, we have m.zy = 0 by Lemma 2.4. We have proved that Zo(ﬁk) acts on m
and therefore on m by a supersingular character.
O

Let P* denote the subsets of pairs (X, o) in P such that X is different from a twist of X,
or Xggn. It is stable under the action of Q. Lemma 5.13 and Theorem 5.14 together give the
following;:

Corollary 5.16. Suppose that the root system of G is irreducible. The map
(X,0) = m(X,0)

induces a bijection between the Q-orbits of pairs (X,0) € P* and a system of representatives of
the isomorphism classes of the simple supersingular Hj,-modules.

5.5. Pro-p Iwahori invariants of parabolic inductions and of special representations.

5.5.1. In this paragraph, k is an arbitrary field. Let F' be a standard facet, IIy the associ-
ated set of simple roots and P the group of §-points of the corresponding standard parabolic
subgroup with Levi decomposition Pr = MpNg. We use the same notations as in 3.3.1. The
unipotent subgroup N is generated by all the root subgroups U, for o € &+ — <I>JI§. Let N
denote the opposite unipotent subgroup of G. The pro-p Iwahori subgroup I has the following
decomposition:

I= T;CiOFi; Wherei; :=INNg, TOF ::iﬂMF,i; ::iﬂN}.
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Recall that, by Remark 3.6, the subspace Hy(Mp)~ of Hy(Mp) generated over k by all 7% for
all F-negative w € Wp identifies with a sub-k-algebra of Hy wvia the injection

]E : ﬁk(MF)_ — I:Ik
TF — Tw

This endows Hj, with a structure of left module over Hy(Mp)~.

Proposition 5.17. Let (0,Vs) be a smooth k-representation of Mp. Consider the parabolic
induction IndgFG and its T-invariant subspace (IndgF o). There is a surjective morphism of

right Hy-modules
19 % G I
(5.4) oF ®Hk(MF)’ Hy — (IndPFO'>
sending v ® 1 to the unique I-invariant function with support in Prl and value v at 1.

Remark 5.18. In the case of G = PGL,, or GL,,, Proposition 5.2 in [24] implies that (5.4) is
an isomorphism. This result should be true for a general (split) G, but we will only use the
surjectivity here.

The proposition follows from the discussion below. All the lemmas are proved in the next

paragraph.

Lemma 5.19. Let Dp = {d € 20, d '@} C &1}

i. Ford € Dp, we have Ppiaﬁ = PF(ﬁ.
ii. The set of all dedG for d € Dp is a system of representatives of the double cosets
Pr\G/L
iii. Forde Dp, let Idi= ]_[y iciy be a decomposition into right cosets. Then

PFCZi = HPFiCZy.
v
iv. Let d € Dp. By the projection Pp — Mg, the image of Pp N dId=1 is i%.
An element m € My contracts I and dilates T if it satisfies the conditions (see [7, (6.5)]):
(5.5) mItm™' C 1, mTom C I

Remark 5.20. This property of an element m € Mg only depends on the double coset
ioFmi%. Furthermore, if m € KN Mg then mi}im_l = i; and m_li;m = i;

Lemma 5.21. Let w € Wp. The element 0 satisfies (5.5) if and only if w is F-negative.
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70
Let (0,Vy) as in the proposition. Let v € VLF and d € Dp. By Lemma 5.19 ii and iv, the

I-invariant function
G I
fav € (IHdPFO')

with support in P Fcz I and value v at d is well-defined and the set of all fa» form a basis of

. i

(IndgF o)!, when d ranges over D and v over a basis of V.

Lemma 5.22. i. Let w an F-negative element in Wr. Then Jiw - Tw = f1,vF-
ii. We have f1y.7;= fav-

5.5.2. Proof of the lemmas. Recall that given o € ®, the root subgroup U, is endowed with a
filtration Uq 1) for k& € Z (see for example [29, L1.1] or [26, 4.2]) and that the product map

(5.6) [T Uew x T x [T Uo 1

acd— acdt
induces a bijection, where the products on the left hand side are ordered in some arbitrary
chosen way ([29, Proposition 1.2.2]). The subgroup I}, (resp. 1) of I is generated by the image
of Ha6¢+_¢; U(q,0) (resp. Haeq),_q); U(q,1y)- The subgroup f% of I is generated the image of

[oca, U@y * T! x [ocor Uao)-

Proof of Lemma 5.19. i. We have Ppldl = PFT;dT But for a € &, we have d ! U(—a,1) d=
U—g-1a,1) € I'so Ind C dI and Ppldl = Ppdl. Point ii follows by Bruhat decomposition
for K and Iwasawa decomposition for G. For iii, we first recall that the image of Pr N K by
the reduction red : K — Gy, (F,) modulo K; is a parabolic subgroup P (F,) containing B(F,)
(notations in 1.2). Recall that the Weyl group of G, (F,) is 20: for w € 20 we will still denote by
w a chosen lift in G, (F,). The set D is a system of representatives of Py (F,)\ Gy, (F,)/N(F,).
For d € D we have, using [8, 2.5.12],

Pr(F,) NdN(F,)d ' c N(F,).

We deduce that the image of Pp N i;cﬁci_l by red is contained in N(F,) and therefore P N
T}cﬁczfl is contained in I.

Now let d € Dp and y € 1. By the previous observations, deP Ficfy =P Fi;dy implies de iciy
It proves iii. In passing we proved that Pr N did! is contained in Pp NI = T%IJFF Since TOF is
contained in Py N dId~! by definition of Dy, it proves iv. O

Proof of Lemma 5.21. By Remark 5.20 it is enough to prove the result for w = e* € X, (T). A
lift, for e* is given by A(cw™!). The element \(cw™!) satisfies (5.5) if

(5.7)  for alla € * — &}, we have A(zw ') Uia,0 A\ (@) C I} and )\(w)u(_ml))\(w_l) CIn.
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By [26, Remark 4.1(1)] (for example), )\(wfl)u(ayo))\(w) = U(a,—(a,x)) and )\(w)u(_ayl)/\(wfl) =
W(—a,1—(a,n))- Condition (5.7) is satisfied if and only if A is F-negative (definition in 3.3.1).
]

Proof of Lemma 5.22. i. Let w be an F-negative element in Wg. The function fiv - Tw has
support in Ppiguﬁ. Since w satisfies (5.5), we have pr;ﬁ)i = Ppwl = Ppl. It remains to
compute the value of fi, .7, at 1g (we choose the unit element 1g of G as a lift for 1 € D).
The proof goes through exactly as in [24, 6A.3] where it is written up in the case of G = GL,,.
ii. Let d € Dp. By Lemma 5.19i, the L-invariant function fi,0 - Tq has support in P FdNi and it
follows from Lemma 5.19iii that it takes value v at d.

O

5.5.3. Here we consider again representations with coefficients in the algebraically closed field
k with characteristic p. We draw corollaries from Proposition 5.17.

Corollary 5.23. Let F # xg be a standard facet. If o is an admissible k-representation of Mp
with a central character, then (IndgFG)I is a finite dimensional Hy-module whose irreducible
subquotients are not supersingular.

Proof. The fact that (IndgF o)l is finite dimensional is a consequence of the admissibility of o.
Let A € X.(T) a strongly F-negative coweight (see Remark 3.6) and \g € X (T) the unique
dominant coweight in its 20-orbit O(A). By Lemma 3.4
2= Y, Bp(\).
NEO(N)
We compute the action of z), on an element of the form v ® 1 € ol ®Hk(MF)_ I:Ik. We have
Br(A) = 7,» and therefore,

W@ D)BR(N) =v®@7Ta =0v®jp(th) = (vrh) @ 1.

Recall that 7’5\ = Tﬁw_l) and that A(w™!) is a central element in Mp. Therefore, vrg =
w(A(w))v where w denotes the central character of 0. By (2.4), it implies in particular that
(v@1)BL(XN) =0 for N € O(\) distinct from A. We have proved that z), acts by multiplication
by w(A(w)) # 0 on olF O, (M)~ H;, and therefore on (Indg'F o) by Proposition 5.17. Tt proves

the claim. ]

Corollary 5.24. Let F' be a standard facet. Let Spr be the generalized special k-representation
of G
Ind§, 1

G

Spp =
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where F' ranges over the set of standard facets # F contained in the closure of F. The I-
invariant subspace of Spr is a finite dimensional Hj.-module whose irreducible subquotients are
not supersingular.

Proof. Suppose first that F' # xo. By [11, (18)] (which is valid with no restriction on the split
group G), (Spp)! is a quotient of (Indlg;F 1)L, Apply Corollary 5.23. If F = zg, then the special
representation in question is the trivial character of G whose I-invariant subspace is isomorphic

to the trivial character of Hy, and is not supersingular (Example 5.4.2 and Lemma 5.12).
O

5.6. On supersingular representations. Let p be a weight of K. By (4.7), there is a corre-
spondence between the k-characters of H(G, p) and the k-characters of Z°(Hy), and we will use
the same letter ¢ for two characters paired up by (4.7). With this notation, by the work in 4,
we have a surjective morphism of representations of G:

(5.8) ( @ zoiy,) AT T — € @gy(a ) Ndp.

For w a character of the connected center of G, let ¢, the supersingular character of Z°(Hy)
as in 5.3.3. Remark that the representation (, ® Zo (i) ind?l of G has central character w.

From now on we suppose that the derived group of G is simply connected and that § is a
finite extension of Q.

Lemma 5.25. A character H(G, p) — k is parametrized by the pair (G,w) in the sense of [18,
Proposition 4.1] if and only if it corresponds to the supersingular character ¢, of ZO(I:Ik) via
(4.7).

Proof. In this proof we denote by ¢ : H(G, p) — k and ¢ : Z°(H;) — k a pair of characters
corresponding to each other by (4.7). Recall that T denotes the inverse Satake isomorphism
(4.4). By [18, Corollary 4.2] (see also Corollary 2.19 loc.cit), the character ¢ : H(G, p) — k is
parametrized by the pair (G,w) if and only if 1y o T(\) = 0 for all A € X3 (T) such that £(e*) # 0
and if ¥ ®4y(q,p) ind%p has central character equal to w (see Lemma 4.4 and its proof loc.cit).
Since, for all A € X (T), we have ((zy) = 1 o T()\) and since ¢ @y (c,p) ind$p is a quotient of
(® Zo(f1y) indiGl7 we have proved (using the remark before the statement of this lemma) that ¢
is parametrized by the pair (G, w) if and only if { = (.

O

A smooth irreducible admissible k-representation of G has a central character. A smooth irre-
ducible admissible k-representation 7t with central character w : Z — k* is called supersingular
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with respect to (K, T,B) ([18, Definition 4.7]) if for all weights p of K, any map ind{p — 7
factorizes through

Cw ®7—[(G,p) 1nd§p — TL.

Note that if the first map is zero, then the condition is trivial. By (5.8), a supersingular
representation with central character w : Z — k™ is therefore a quotient of (, ® Zo(H) indiG 1
and, by Definition 5.8, of

ind{*1/3 indf'1.

Remark 5.26. i. The representation ind?l /3 indiG 1 depends only on the conjugacy class of
xg. It is independent of all the choices if G is of adjoint type or G = GL,,.
ii. An irreducible admissible representation 7 of G is a quotient of indiG 1/3 indiG 1 if and
only if il contains a supersingular Hp-module. Recall that when the root system of
G is irreducible, we have proved that the notion of supersingularity for Hj-modules is
independent of all the choices made.

Theorem 5.27. If G = GL,(§) or PGL,(F), a smooth irreducible admissible k-representation
7 is supersingular if and only if @ contains a supersingular Hy-module, that it to say if and only

if 7 it is a quotient of

(5.9) indf1/J ind{'1.

Proof. Let 1t be a smooth irreducible admissible k-representation of G with central character w.
If it is a quotient of indiG 1/3 ind? 1 then it is a quotient of (, ® Zo(HHy) ind? 1, and il contains
the supersingular character ¢, of Z°(Hy). Therefore it contains a supersingular Hi-module.
By Corollaries 5.23 and 5.24, it implies that 7t is neither a representation induced from a strict
parabolic subgroup of G nor (a twist by a character of G of) a generalized special representation.
By [18, Theorem 1.1] that classifies all smooth irreducible admissible k-representation of G, we
conclude by elimination that the representation 7t is supersingular. O

The results of [18] have been generalized to the case of a F-split connected reductive group
G in [1]: the classification of the smooth irreducible admissible representations of G is quite
similar to the case of GL,(§) (expect for a certain subtlety when the root system of G is not
irreducible). Based on this classification and on Corollaries 5.23 and 5.24, N. Abe confirmed
that the space of I-invariant vectors of a nonsupersingular representation does not contain any
supersingular Hj-module. Therefore, Theorem 5.27 is true for a general split group with simply
connected derived subgroup.
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