Math 121: Homework 3 solutions

1. (a) (I ®)
I— /ﬂdx,
X

Letu = Inx,du = . So I = [Inudu. Let U = Inu, dV = du, dU = 9 and
V=u.

I = ulnu—/du:ulnu—u+c
= (Inx)(In(Inx)) —Inx+C.
(b)
I = /(sin_1 x)%dx.

Let x = sin6, dx = cos6df. So I = f92 cos0df. Let U = 62, dV = cos 646,
dU = 20d0 and V = sin 6.

I=6%sinf— 2/9sin9d9,
letU=06,dV =sin6df, dU = df and V = — cos 6.
I = 6%in9—2(—9c050+/c050d0)
= #%sin® +20cosf —2sinb + C
= x(sin"1x)? +2v/1—x2(sin"tx) —2x + C.

(c)
I = /xex cos xdx,

let U =x,dV = e*cos xdx, dU = dx and V = 3e*(sinx + cos x).

1 1
I = Exex(sinx—l—cosx) — E/ex(sinx+cosx)dx

1 1
= zxex(sinx + cosx) — Zex(sinx —cosx +sinx + cosx) + C

1 1
= Exex(sinx + cosx) — Ee" sinx + C.

(d)

41 37x + 85
e = x—T7+
x2 4+ 7x +12 (x+4)(x+3)
7x+8 _ A B
(x+4)(x+3)  x+4 x+3



solving to have A = 63 and B = —26. Now we have

¥ +1 63 26
I s / _ 7 _
Dr7x+2” (=74 gy 3

2
= %—7x—l—631n|x—|—4|—26ln|x+3|—|—C.

(e)

dt
I= /(t—l)(t2—1)2

B dt

B /(t—1)3(t+1)2
B du

N /u3(u+2)2’

with setting u = t — 1. Then
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u3(u+2)2 o u uz u3 u_'_z (M+2)2
sowehave A= 3 B=-1,C=1D=- 6andE_—zlg
I = /___ / / 1 du
- 16 16 ut2 (u+2)?
- —1“|t—1|+ Lo —3ln|t+1|+ +C
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()
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by setting u = e*.
;—é—i— B + C A —4u+4)+B(u?>—2u)+ Cu
u(u—22 u  u—-2 (u—-2)2 (i —2)2 ,
tohave A=1B=-landC=1
/d_“ _ /__1 /
u(u—2)2 o 4 2 u_
_ _1n\u| 11n|u 2| - (%2)“;
_ox 1 X _n 1
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(8)

[— / dx _ / secOtan0df / cos? 6d6
) x2(x2-1)32 ] sec?ftan®d ) sin?6
by setting x = secf, so dx = secOtan0df. Then let u = sin6, du = cos0df,
then

_ oin?
I = /ﬁcos@d@

sin
1 —u? 1
:/ 2u du=———-u+C
u u
1 )
X x2—1
= — C.
(x2_1+ )t

(h) Let x = tan 6, dx = sec? 0d6.

[ = / dx
x(1 + x2)3/2
sec? 0d6 cos? 6d6
B /tan()sec39 :/ sin 0
cos?0sin0do uldu du
B / sin” @ I AR R /uz—l’
with u = cos 0, du = — sin 0d6. We have
11,1 1
w1 2% usr)

Thus
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= 4o 4C
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1 +11n(\/1+x2—1
V1i+x2 2 14241

. _ 0 __2 _ 12 op . 2x
(i) Letx =tany, df = szdx, cosf = 1erZ,sme =i So

|+ C

)+C

df Tz )dx
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2. Wesetu = Inx, dx = e"du.

I = /xz(ln x)4dx = /u4e3”du
= (agu* + azu® + apu® 4+ aju + ag)e® + C.

We have

dl
gn = (4a41° + 3azu® 4 2aru + aq) e + 3(agu* + azu® + aru® + aqu + ag)e>”

= e
So3ay = 1,3a3+4ay4 = 0, 3ay + 3a3 = 0, 3a1 + 2a, = 0, and 3ag + a; = 0. Thus
ag = %, az = —é, ap = %, a = —2% and ay = 8%. We now have

_ Ly 45 4, 8 8 \ au
I_(3u ol T gt 27u+81)e +C

3 (lnx)4_4(lnx)3 4(lnx)2_81nx 8
I=x(3 s T 27 'l

X +xd+1 A, B _ C D Ex+F
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4. Suppose that [ = [ e~dx =P (x)e_”‘2 + C, where P is a polynomial having degree
m > 0. Then we must have

dl / —x? _ —x
F (P'(x) —2xP(x))e ™ =e *.

It follows that P’(x) — 2xP(x) = 1. The left side of this equation must be a poly-
nomial of degree m + 1 > 1 because 2xP(x) has degree m + 1 and P’(x) only has
degree m — 1. But the right side of the equation is a polynomial of degree 0. This
contradiction shows that no such polynomial P(x) exists.

Since %Er f(x) = \/LEe”‘2 by the Fundamental Theorem of Calculus, we have

/e‘x2dx = \/T%Erf(x) +C.
Let us try the form

= [ Erf(x)dx = Px)Erf(x) + Qx)e ™ +.C,
where P and Q are polynomials to be determined. Then

dJ 2

—~ = P'(x)Erf(x) + (ﬁP

o (%) + Q'(x) = 2xQ(x))e ™ = Erf(x).



Hence we must have P/(x) = 1 and \/L%P(x) + Q' (x) —2xQ(x) = 0. The first of these

DEs says that P(x) = x + k, without loss of generality we can take the constant k to
be zero. The second DE says that

2x

Q'(x) —2xQ(x) = NV

The right side has degree 1 and so must the left side. Thus Q must have degree zero.
Hence Q'(x) =0and Q(x) = \/LE Therefore

] = /Erf(x)dx = xErf(x) + %e—xz +C.

/2
I, = / x" sin xdx,
0

let U= x",dV = sinxdx, dU = nx"ldx, V = — cos x.
/2

[=—x cosx|”/2+n/ x"~1 cos xdx.
0

Let U = x""1,dV = cos xdx, dU = (n — 1)x"2dx, V = sinx.

/2
I = n[x"” 1smx|”/2 (n—l)/ X"~ 2 sin xdx]
0

- n(g)”*l —n(n =1l (1>2).

/2
Ip = / sinxdx = 1.
0

Is = 6(1/2)° — 6(5){4(7/2)% — 4(3)[2(r/2) —2(1)]g]} = 13—6n — 157 + 3607 — 720.

Set U = sin" ' x, dV = sindx, dU = (n—1) sin" 2 x cos xdx, V = — cosx,

I, = /sin”xdx

= —sin" lxcosx+ (n — 1)/s1n 2 x cos? xdx

(
—sin" txcosx + (n—1)(I—2 — L)
~ 1)1

nl, = —sin" lxcosx+ (n

1 . 1
I, = —=sin"" 1xcosx+—ln 9.
n n

n—2



Note that Iy = x + Cand I} = — cos x + C, hence

Ig

5xcosx+§14

—gsin
1. 5 5 1 . 3 3
—gsin xcosx-i—g(—zsm xcosx—l—zlz)
5 5 1
_Gin® MY i3 2, 1.
6sm XCosX — o sin cosx+8( 2smxcosx-|—1/210)

—Z—sin’ xcosx — Esing’cosx— isinxcosx+ ix+C
6 24 16 16

5
% — cos x(sin® x/6 + 5sin’ x /24 + 5sinx/16) + C.

)

1 6
—;sin6xcosx+§l5

1 6, 1 4
—;sin6xcosx+;(—gsin4xcosx+gl3)
—1sin6xcosx— 6 sin4xcosx+24(—1sin2xcosx+21

7 35 35 3 3!
—1sin6xcosx—gsin‘*xcosx—gsinzxcosx— 16x+C

7 35 35 35

16

—cosx(sin6x/7—i—6sin4x/35+8sin2x/35+%)+C.



