Homework 10 Solutions
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Substituting = = y + 2 in the first term and ¢ = y + 1 in the second, we have
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16. Here S consists of three surfaces: 51, the lateral surface of the cylinder; S, the front formed by the plane » + y = 5;
and the back, S3, in the plane = = 0.

On Sy the swrface is given by r(w, v) = vi+3cosvj+ 3sinvk, 0 < v <2r,and0 <z <5—y =

0<u<5—3cosv. Thenr, xr, = —3cosvj— 3sinvkand |r, x r,| = \/9cos? v+ 9sin’v = 3, 50
[l wzdS =[5 777" u(3sinv)(3) dudv =9 [ [Ju?] i7" sinvdy

=g uﬂw(f,—SCDSU}?sinvdu:g[%(s_3cosv}3]zﬂr —0
On Sy r(y.z) = (5—y)i+yj+zkand|ry X r:| = |i+j| = V2, where y* + 2* < 9and

ffsz wzdS= [[ (6—y)z V2dA = v@fu%f; (5 —rcos@)(rsing)rdrdf

yi+=2<9

= \."Ef fﬂ (57 — v cos ) (sin 8)dr df = v”_f [37° — 1 cos 9] smﬂ'dﬂ

=VZ [T (45— L cosd)sinfdf = 2 (&) -1(45 - cosﬂ)]hzﬂ

o

On Ss- z =050 [f, zzdS =0 Hence [[ zzdS=0+0+0=0

2 F(z,y,2)=zi+yj+ 2"k 2 =g(z,y) = /= + 1%, and D isthe disk { (=, y) | z* + 3 < 1}. Since S has downward

orientation, we have
[ 7=, [‘( +y)‘ (m)*’]‘“‘ /L. [_x_y (mﬂdﬁ
—— [ [ (%+r“)rdrde=— 27 g [1(r® — %) dr = —2r(2 —1) =12
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Homework 10 Solutions

18. [_(y+sinz)dr+ (2* +cosy)dy+2'dz = [ F-dr,where F(z,y,2) = (y +sinz)i+ (z* +eosy)j+2°k =
curl F = —2zi — 327 j — k_ Since sin 2t = 2sint cost, C lies on the surface = = 2xy_ Let S be the part of this surface that
is bounded by C'. Then the projection of S onto the xy-plane is the unit disk D [x® + 3* < 1]. C is traversed clockwise
(when viewed from above) so S is oriented downward. Using Equation 17.7.10 [ET 16.7.10] with g{z, v) = 2zy,
P=—-2:=—-2(22y) = —dzy, @ = —3z%, R = —1 and multiplying by —1 for the downward orientation, we have

JoF-dr=—[[ curlF-dS =— [[ [—(—4zy)(2y) — (—3z")(2z) — 1] dA
= — [[,(8zy® + 62 —1)dA = — [ [}(8% cos @ sin® 8 + 6r° cos® § — 1) r dr df

=—f;w (%{:059531129+%00539— %}dﬁ: — [1;35 5in39+§(sin9—§sinaﬂj —%H]EW =T

20. (a) By Exercise 17.5.26 [ET 16.5.26], curl(Vg) = f curl(Vg) + Vf X Vg = Vf x Vg since curl(Vg) = 0. Hence by
Stokes” Theorem [_(fVg) -dr = [[_(Vf x Vg) - dS.
(b) Asmn (a), curl(fVf) = Vf x Vf = 0, so by Stokes’ Theorem, [_(fVf) - dr = [[_ [curl(fVf)]-dS = 0.
(©) As in part (a)
curl( fVg + gV f) = curl( fVg) + curl(gV ) [by Exercise 17.5.24 [ ET 16.5.24]]

=(VfxVg)+(VgxVf)=0 [since u x v = —(v x u)]

Hence by Stokes’ Theorem, [_(fVg + gV f)-dr= [[_curl(fVg+gVf)-dS=0.
9. div F = ysin z + 0 — ysin z = 0, so by the Divergence Theorem, [[_ F-dS = [[[_0dV =0.

18. As in the hint to Exercise 19, we create a closed surface S; = SUSl,whereSisthepartofiheparabulnida:g+y2+z=2
that lies above the plane = = 1, and 5 is the disk = + 3* = 1 on the plane » = 1 oriented downward, and we then apply the
Divergence Theorem. Since the disk S, is oriented downward, its unit normal vectorisn = —kand F - (—k) = —=z = —1on
51.80 [[; F-dS= [[, F-ndS= [[, (—1)dS=—A(S1) = —n. Let E be the region bounded by S2. Then

J[.,F-as = [[f divFadV = [[[ 1av = [} [ 2 v dzd8dr = [ [*"(r — r7) 6 dr = (2r)% = Z. Thus the

flux of F across Sis [ F-dS= [[, F-dS— [[, F-dS=73 —(-n) =T

2

24. Wefirstneed to find Fso that [[ F-ndS = [[ (2z + 2y +2")dS,soF -n =2z + 2y + 2*. Butfor 5,

no Sityitek o i4sk ThusF—2i+2j+:kanddivF = 1.

LR T

EB={(zyz2) |z +y"+2> <1}, then [[.(2x + 2y +2%)dS = [[[dV = V(B) = 2x(1)° = ir.

27. [[. curlF - dS = [[[ . div(curl F) dV" = 0 by Theorem 17.5.11 [ET 16.5.11].
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