MATHEMATICS 200 April 2002 Final Exam Solutions

[15] 1) Consider the space curve I whose vector equation is
r(t) = tsin(mt)i + t cos(mt)j + t°k 0<t< o0

This curve starts from the origin and eventually reaches the ellipsoid E whose equation is 22 42y%+22 =
24.

a) Determine the coordinates of the point P where I' intersects E.
b) Find the tangent vector of T at the point P.
¢) Does I intersect E at right angles? Why or why not?

Solution. a) The curve intersects E when

2(tsin(rt)) +2(tcos(mt))’ + (12)° =24« 22 411 =24 — (> —4)(t>+6) =0

Since we need ¢ > 0, the desired time is ¢ = 2 and the corresponding point is r(2) =|2j + 4k]|.
b) Since
r'(t) = [sin(mt) + 7wt cos(mt)]i + [cos(wt) — wtsin(wt)|) + 2tk

a tangent vector to I' at P is

r'(2) = 27 + j + 4k

¢) A normal vector to E at P is

V(2z% + 2y + 22)‘ = (4x, 4y,2z

(0,2,4) 07 87 8)

)|(0,2,4) = (

Since r'(2) and (0,8, 8) are not parallel, I and E |do not intersect at right anglesl.

[10] 2) Let f(r,0) = r™cosmf be a function of r and 6, where m is a positive integer.

a) Find the second order partial derivatives f.., fro, fog and evaluate their respective values at (r,0) =

(1,0).

b) Determine the value of the real number A so that f(r,0) satisfies the differential equation

frr + %fr + Tizft% =0
Solution. a) The first order derivatives are
fr(r,0) = mr™ =t cosm# fo(r,0) = —mr™ sinm@

The second order derivatives are

frr(r,0) = m(m — 1)r™ "2 cos mb fro(r,0) = —m2r™ L sinme foa(r,0) = —m?r™ cos m#

so that

|f7.7.(1,0) =m(m —1), fro(1,0) =0, fpe(1,0) = _m2|

b)

frr + 2 fr + 25 foo = m(m — 1)r™ % cosmb + Amr™~? cosmf — m*r™ > cos mf

vanishes for all r and @ if and only if
mm—1)+Im—-m?=0 <= m(A-1)=0 <
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[12] 3

12] 4)

a) Show that the function f(z,y) = 2z + 4y + ﬁ has exactly one critical point in the first quadrant
x >0, y > 0, and find its value at that point.

b) Use the second derivative test to classify the critical point in part (a).

¢) Hence explain why the inequality 2z + 4y + Iiy > 6 is valid for all positive real numbers x and y.

Solution. a) For z,y > 0,
=0 <= y=35=3

IQ

-~

f:v:2_w
fy=4-5z=0

N
<

Subbing the first equation into the second gives 4 — 423 = 0 which forces |z = 1, y = % .

b) The second derivatives are

fzx(xuy) = %y fmy(may) = ﬁ fyy(xvy) = 952?

In particular
feo(Liz) =4 fuy(L3) =4 fy(l,3) =16

Since fm(l,%)fyy(l,%) — fgcy(l,%)2 = 48 > 0 and fm(l,%) = 4 > 0, the point (1,%) is a

local minimum|.

¢) As z or y tends to infinity (with the other at least zero), 2 + 4y tends to +o00. As x or y tends to
zero (with the other bigger than zero), ﬁ tends to +o00. Hence as x or y tends to the boundary of the
first quadrant (counting infinity as part of the boundary), f(z,y) tends to +oo. As a result (1, %) is
a global (and not just local) minimum for f in the first quadrant. Hence f(x,y) > f(l7 %) = 6 for all
z,y > 0.

Let f(z,y) be a differentiable function with f(1,2) = 7. Let

(S

u=3i+ i— 4

il
Sl
ol

»  v=

be unit vectors. Suppose it is known that the directional derivatives Dy f(1,2) and Dy f(1,2) are equal
to 10 and 2 respectively.

a) Show that the gradient vector Vf at (1,2) is 10% + 5j.

b) Determine the rate of change of f at (1,2) in the direction of the vector 2 + 2.

¢) Using the tangent plane approximation, estimate the value of f(1.01,2.05).

Solution. a) Denote Vf(1,2) = (a,b). We are told that

Duf(1,2) =u-(a,b) = 2a+2b=10
Dyf(1,2) =v-(a,b) = 2a—2b=2
Adding these two equations gives ga = 12 which forces @ = 10 and subtracting the two equations gives

%b = 8, which forces b = 5, as desired.
b) The rate of change of f at (1,2) in the direction of the vector i + 27 is

1+23 _ 1 _ ~
ara VA(1,2) = 7=(1,2) - (10,5) = 4v/5 = 8.944

f(1.01,2.05) ~ £(1,2) + fz(1,2) x (1.01 — 1) + £,(1,2) x (2.05 —2) = 7+ 10 x 0.01 + 5 x 0.05
=[7.35



[15] 5) A metal plate is in the form of a semi—circular disc bounded by the z—axis and the upper half of
2% + y? = 4. The temperature at the point (z,y) is given by T(z,y) = In (1 + 2% + y?) — y. Find the
coldest point on the plate, explaining your steps carefully. (Note: In2 ~ 0.693, In5 ~ 1.609)

Solution. The coldest point must be either on the boundary of the plate or in the interior of the plate.
o on the semi—circular part of the boundary 0 < y < 2 and 22 +y? = 4sothat T =1In (1 —|—a:2+y2) —y =
In5 — y. The smallest value of In5 — y is taken when y = 2 and is In5 — 2 =~ —0.391.
o on the flat part of the boundary y = 0 and —2 < 2 < 2so that 7 =In (1+22+¢?) —y = In (1 +2?).
The smallest value of In (1 + :r2) is taken when x = 0 and is 0.
o If the coldest point is in the interior of the plate, it must be at a critical point of T'(z,y). Since

2
Tp(v,y) = Hffﬂyz Ty(w,y) = 77357 — 1

a critical point must have x = 0 and — 1 = 0, which is the case if and only if z = 0 and

2
Tt
2y — 1 —y? = 0. So the only critical point is = 0, y = 1, where T =In2 — 1 ~ —0.307.

Since —0.391 < —0.307 < 0, the coldest temperture is —0.391 and the coldest point is .

[14] 6) Find the dimensions of the box of maximum volume which has its faces parallel to the coordinate planes

and which is contained inside the region 0 < z <48 — 422 — 3y2.

z

xT

Solution. The optimal box will have vertices (+z, +y,0), (£z,+y, z) with 2,y,z > 0 and z = 48 —
422 — 3y?. (If the lower vertices are not in the xy—plane, the volume of the box can be increased
by lowering the bottom of the box to the xy—plane. If any of the four upper vertices are not on the
hemisphere, the volume of the box can be increased by moving the upper vertices outwards to the
hemisphere.) The volume of this box will be (22)(2y)z. Use the method of Lagrange multipliers with
flz,y,2, ) = zyz — )\(48 — 422 — 3y? — z) Then

fy=zz+6X\y =0

fr=48—422 —3y° —2=0

Multiplying the first equation by z, the second equation by y and the third equation by z gives

zyz + 8 2 =0
zyz + 62 =0
zyz+ Az =0

This forces 8A\z? = 6Ay? = Az. Since X cannot be zero (because that would force zyz = 0), this in turn
gives 822 = 6y% = z. Subbing in to the fourth equation gives

48—2—2—2=0 — 2:=48 —> 2 =24, 82> =2, Gy> =2
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[10] 8

The dimensions of the box of biggest volume are |2x =23 by 2y =4 by z = 24|.

Consider the volume above the zy-plane that is inside the circular cylinder 22 +3? = 2y and underneath
the surface z = 8 + 2zy.
a) Express this volume as a double integral I, stating clearly the domain over which I is to be taken,
Include sketches.
b) Express in Cartesian coordinates, the double integral I as an iterated intergal in two different ways,
indicating clearly the limits of integration in each case.
¢) How much is this volume?
Solution. a) We are (in part (c)) to find the volume of the set of points (x,y, z) that obey 22+ (y—1)% < 1
and 0 < z < 8 4+ 2zy. When we look at this region from far above we see the set of points (z,y) that
obey 22+ (y —1)?2 <1 and 8+ 2zy > 0. All points in 2+ (y —1)2 <l have -1 <2 <land 0<y <2
and hence —2 < zy < 2 and 8 + 2zy > 0. So the domain of integration consists of all of the disk
22 + (y — 1)? < 1. This region is sketched on the right below. The volume is Yy

//D(8+2acy) dzdy where D = { (z,y) ’ P+ (y—1)72<1 }

b) D 372 + y2 — 2y
2y y?
volume—/ dy/ dx (8 4 2xy) "
2y y?
1+vV1— 3:2
/ dx/ y (8 + 2zy)
1—v/1—22

c) Since ([}, 8 dxdy is just 8 times the area of D, which is T,

2y 32 2y y?
Volume—87r+/ dy/ dx2xy—87r+2/ dyy/

= [&d]
V2y—y?

because f o dx x = 0 for all y, because the integrand is odd and the domain of integration is even.
2y—y

a) Evaluate [[[, zdV where Q is the three dimensional region in the first octant # > 0, y > 0, z > 0,
occupying the inside of the sphere 2 + y2 + 22 = 1.

b) Use the result in part (a) to quickly determine the centroid of a hemispherical ball given by z > 0,
2 +y* 422 <1

Solution. a) In spherical coordinates,

x = Rsin ¢ cos 6 y = Rsin¢sinf z= Rcos¢
the sphere 2 + 4% 4+ 22 = 1 is R = 1, the xzy-plane, z = 0 is ¢ = 5, the positive half of the zz—plane,
y =0,z >01is 0 =0 and the positive half of the yz—plane, z =0,y > 0is = 5. So

///QZdV - /01 dR/OTrmd(ZS/OTr/2 d R®sin ¢(R cos ¢)

1 /2
:g/o dR/O d¢ R?sin ¢ cos ¢

1 1
T . /2 T =
:5/0 dR R® §sin? ¢|7/ :Z/O dR R® =
b) The hemispherical ball given by z > 0, #? + y? + 22 < 1 (call it H) has centroid (z,7,z) with
z =y = 0| (by symmetry) and
=
8

MMz dV 4 fffgzav

z = =
M5 dv 3 X g
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