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CALCULUS CHALLENGE EXAMINATION

JUNE 07, 2012, 12:00 - 15:00

Name:

(please print)

family name

Signature:

Instructions:

1.

2.

Do not open this booklet until told to do so.

Write your name above in block letters and sign your
exam.

. Write your answer in the space provided below the ques-

tion. If additional space is needed then use the back of
the previous page. Your final answer should be simpli-
fied as far as is reasonable.

Make the method you are using clear in every case un-
less it is explicitly stated that no explanation is needed.

. This exam has 15 questions on 15 pages (not including

this cover page and the sheet of trigonometric identi-
ties). Once the exam begins please check to make sure
your exam is complete.

. No Books, papers, or electronic devices except a graph-

ing calculator and the sheet of trigonometric identities
attached to this examination shall be within the reach
of a student during the examination.

. During the examination, communicating with, or

deliberately exposing written papers to the view
of, other examinees is forbidden.

Question | Maximum| Score

1 8
2 11
3
4
5 8
6 11
7 6
8 5
9 6
10 8
11 6
12 8
13 8
14 8
15 8

Total 115




2]

. Compute the following limits.

Inz

a lim
(2) T—00 €2x
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[3]

(b) lim(z — 1)1’5

r—2

[3]

6 T —6
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2. Compute the indicated derivatives. You do not need to simplify your answer.

2
cos
If y = fi '
B () Fy=""" findy
4] (b) Ify=(1—32), find ¥
4= ' dr’
[4] (c) Suppose that the functions f and g and their derivatives with respect to = have the values

at x = 0 and z = 1 as shown in the table.

z | f(x) | f'(x) | g(x) | g'(x)
5
7

2 1 3
-3 | -2 | =5

d(f(x +g(x)))

tz=0.
e at z

Evauluate
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[2] 3. (a) State the definition of the derivative of a function f AT A NUMBER a.

1
[4] (b) Let f(z) = 5 +2 . Use the DEFINITION of the derivative to find f/(1).

2] (c) Find the equation of the tangent line to y = f(x) at z = 1.
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[2] 4. (a) Find fif f' =2cosx + 823 — e and f(0) =7

[4] (b) Find a curve y = f(x) with the following properties:
2
1) % = 6z and

2) Its graph passes through the point (0,1) and has a horizontal tangent line there.
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[6] 5. (a) Use a right-endpoint approximation with n = 4 steps to estimate the integral

/02(332 —x)dx.

2] (b) Find the exact value of the integral in part (a).
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[3] 6. (a) State the Intermediate Value Theorem clearly identifying all the hypothesis and the

conclusion.
[4] (b) Use the Intermediate Value Theorem to show that
e’ =x+2
for some x > 0.
[4] (c) Find the value of b so that the function

(@) B +br+3 ifr<?2
€T =
be* 2 if x> 2

is continuous everywhere. Justify your answer.
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7. Newton's method can be used to calculate v/15 by calculating the zeros of f(z) = x* — 15.

[4] (a) Find the iteration formula to calculate x,; from z,. Simply this formula as much as
possible.
2] (b) Perform one iteration of Newton's method to calculate v/15 using an initial guess of

1‘0:2.
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[5] 8. Sketch the graph of a function f(x) which meets all of the following criteria:
1. f(z) has exactly one horizontal asymptote with equation y = 2.
2. f(z) has exactly two vertical asymptotes with equations © = 3 and = = 4.

3. f(z) has a jump discontinuity at x = —2 and a removable discontinuity at x = 1.
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[3] 9. (a) Assume that f is a function such that f(5) = 2 and f’(5) = 4. Using a linear approxi-
mation to f near z = 5, find an approximation to f(4.9)

4
[3] (b) The volume of a spherical balloon is given by V = §7rr3. If you can measure the radius

r to within an accuracy of 5%, how accurate is your calculation of the volume?



2]
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10. A rock thrown vertically upward from the surface of the moon at a velocity of 24 m/sec reaches
a height of s = 24t — 0.8t metres in t sec.

(a)

Find the rock’s velocity and acceleration at time ¢.

2]

How long does it take the rock to reach its highest point?

2]

How high does the rock go?

2]

How long is the rock aloft?
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[6] 11. Find the equation of the tangent line to the curve 23 + 3% — 9xy = 0 at the point (2,4).
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[8] 12. A hard-boiled egg at 98°C is put in a sink of 18°C water. After 5 min, the egg's temperature
is 38°C. Assuming the the water has not warmed appreciably, use Newton’s Law of Cooling to
determine how much longer it will take the egg to reach 20°C?
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[8] 13. Consider a cube of variable size (the edge length is increasing). Assume that the volume of
the cube in increasing at at the rate of 10 cm®/minute. How fast is the surface area increasing
when the edge length is 8 cm?
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[8] 14. There are 50 apple trees in an orchard. Each tree produces 800 apples. For each additional
tree planted in the orchard, the output per tree drops by 10 apples. How many trees should
be added to the existing orchard in order to maximize the total number of apples produced in

the orchard?
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[8] 15. Find a function f such that f/(x) = 2% and the line  + y = 0 is tangent to the graph of f.



Calculus Challenge Exam

Formula Sheet

Exact Values of Trigonometric Functions

o 0 7l6 | x/4 7/3 | ©#/2 | 2x/3 | 3x/4 5716 T

sin@ 0 1/2 \/5/2 \/5/2 1 \/5/2 \/5/2 1/2 0

cosd 1 \/5/2 \/5/2 1/2 0 -1/2 _\/5/2 _\/5/2 -1

Trigonometric Definitions and Identities

sin(—0)=-siné cos(—6)=cosd
sin(6 £ ¢)=sinfcos ¢ +singcosd sin(260) =2sin&cosd
cos(0+¢)=cosfcosg F sinOsin g cos(260) =cos’ O —sin’ 0
2o 1-cos(20) cos? O — 1+ cos(20)

2 2
sin” @ +cos” 6 =1 tan’ @ +1=sec’ @
tanfd = sin 0 secH =

cost cosf

cotd = cos0 cscl =

sind sin@



