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1 Introduction

Vortex rings formed in nature with various scales and composed of vortices whose core is
an one-dimensional close loop in three space dimensions have fascinated scientists and mathe-
maticians for a long time. They can also be observed in the trapped Bose-Einstein condensate
(BEC) represented by one-component wave functions (cf. [1]). In a double condensate (a bi-
nary mixture of BECs with two different hyperfine states) described by two-component wave
functions (cf. [13]), the skyrmion may be formed with a pair of linking vortex rings (cf. [7]).
The skyrmion can be depicted as a quantized vortex ring in one component close to the core of

which is confined the second component carrying quantized circulation around the ring.

*Received December 26, 2008. The research of FHL is partially supported by the NSF grant under DMS
0700517, TCL is partially supported by a research Grant from NSC and NCTS (National Center of Theoretical
Sciences) of Taiwan, and JCW is partially supported by a General Research Fund from RGC of Hong Kong.



752 ACTA MATHEMATICA SCIENTIA Vol.29 Ser.B

The GP functional with two-component wave functions is a standard model to describe a
double condensate. In [3], GP functionals can be mapped onto a version of the nonlinear sigma
model having a similar form to the Skyrme model. Conventionally, the Skyrme model gives
skyrmions which are topologically non-trivial maps from three-dimensional space to a target
manifold in order to represent baryons in nuclear physics (cf. [5], [9], [10], [17]). It would be
natural to believe that skyrmions can be found in GP functionals with two-component wave
functions. Here we want to prove rigorously the existence of configuration of skyrmions by
studying critical points of GP functionals with two-component wave functions.

Physically, the two-component GP functional can be written as

2 2
h
sl = [ 3 (g VP VINE)+ 3 UslnP il )
i=1

i,j=1

under the following constraints:

/ W2 =N;, i=1,2, (1.2)
]RS

where h is the Planck constant, M is the atomic mass, and V; is the i-th trap potential. The
coefficients U;’s are determined by all mutual s-wave scattering lengths. Due to Feshbach
resonance, U;;’s can be tuned over a very large range by adjusting the externally applied
magnetic field (cf. [8]). Besides, ¥, is the complex-valued wave function of the i-th component
BEC, and N; is a positive constant denoting the number of atoms of the i-th component BEC.
By numerical simulations, a configuration with the topology of a skyrmion, i.e., a topological
soliton of the S — S map (cf. [14]) can be imprinted in a double condensate (cf. [15]),
where S? is the unit sphere in R*. Furthermore, stable skyrmions may exist in a homogeneous
two-component BEC under the condition that phase separation occurs due to strong inter-
component repulsion without the effect of trap potentials (cf. [2]). This motivates us to replace
R3 by S? and to set V; =0 for i = 1,2 in (1.1) and (1.2).

Mathematically, we may compactify R? into S® if (¥;, ¥5) approaches a constant vector
at infinity of R3. Hence we may replace R? by S3 in (1.1) and (1.2), respectively. Let V; = 0
for i = 1,2 and choose suitable scales on U;;’s and N;’s. Then we may transform the functional
(1.1) and the condition (1.2) (up to constants) into

A
Enp(u,v) = /3 [Vul? +[Vol* + 2 (1= [ul® = [o[*)* + 4Bul*|v]?, (1.3)
s
for u,v € H'(S3;C) satisfying

[P =cnlstl [ b = caals® (1)
S S

where |S3| = 272, A and S are large parameters, and c; o’s are positive constants such that
cja — cjas AT oo, 0<cr,e2 <1,and ¢; +co = 1. It is evident that the large parameter
A forces the vector (u,v) to be close to S3 in order to get finite energy, and another large
parameter § may provide strong inter-component repulsion to fulfill the condition of phase
separation in the physical literature (cf. [18]). In this paper, we study critical points of the

functional (1.3) with the constraint (1.4) in order to represent skyrmions in double condensates.
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2 Problems and Results

For simplicity, we first assume (u,v) € S* and

ul _ (Sin)\)e@“" 7 (2.1)
v (cos \)ein?

where A = A(r), A(0) = 0, A(§) = §, m,n € Z, (r, $,0) are standard Hopf (toroidal) coordinates
of S3 defined by

1 =cosr cosf, o =cosr sinb, (2.2)
T3 =sinr cos¢, x4 = sinr sin @,

4

for (z1,---,24) € S = {(m1,-++,24) : Zl x3 = 1}, where r € [0,5], 6 and ¢ € [0,27]. For
J:

each fixed value of r € [0, 5], the 6 and ¢ coordinates sweep out a two-dimensional torus.

Taken together, these tori almost fill S3. The exceptions occur at the endpoints r = 0 and

r = T, where the stack of tori collapses to the circles 'y = {(x1,22,0,0) : 22 + 23 = 1} and

s
2
Iy = {(0,0,23,24) : ¥3 + 23 = 1}, respectively. It is obvious that I'; and I'y are linking circles
in S3. The coordinates 7, § and ¢ are everywhere orthogonal to each other. Thus, the metric
on S? may be written as

ds? = dr? 4 cos? rd#? + sin® rd¢?.
Besides, the volume form is given by

dV =sinrcosrdr A df A de.

Consequently,

1 (27 27 3 sin 2r sin 2r
V|2 = = {'2 Bpw|? Bgw|? 9 2}dd0d 23
Lovel =5 [ [ [ 2ol + Szl + S0 ardsds, (23)

and
1 27 2w 3
/ lw|?* = —/ / / (sin 27)|w|?drdfde, (2.4)
53 2Jo Jo Jo
for w € H'(S3;C).

By (2.1), (2.3) and (2.4), the energy functional (1.3) can be reduced to

™

3 25in 2 25in 2
Es(\) = 271'2/ {(sin 2r)| N2 + ulgr sin )\ + &r;r cos >\ + ((sin 2r) sin22/\} dr,
0 sin 2r cos?r

under the constraint

us

/2 (sin 2r) sin? Adr = ¢, € (0,1), (2.6)
0
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which may come from (1.4) and (2.1). Let ¢ = 1//3. Then the energy functional can be

written as €5 = 272 2 E., where 0 < € < 1 is a small parameter, and

H 25in 2 25in 2
E.(\) = / {52 [(Sin 2r) |\ |2 + wgr sin?\ + &I;T COSQ)\} + (sin 2r) sin? 2/\}dr.
0 sin 2r cos 2r
(2.7)
To find critical points of E. under the constraint (2.6), we study solutions (A, u)’s of the following
problem:
2cos2 2
—&? {/\” OBy —— (m? cos®*r — n*sin?r) sin 2\ | + sin 4\
sin 2r sin” 2r
=pesin2), 0<r< g, (2.8)
T T
A0)=0, A3)=+
=0 rx}H=1,

where 1 is the associated Lagrange multiplier. Note that the conditions A(0) = 0 and A(§) = §
are crucial to let (u,v) (defined in (2.1)) form a smooth map from S* to S® with topological
charge mn. Here topological charge means how many times the domain sphere S3 are wrapped
on the image sphere S3. Actually, we may find solutions of the equation in (2.8) satisfying
another conditions e.g. A(0) = 0 and A(5) = 0 or m but the corresponding map (u,v) may
become multi-valued and lose smoothness at r = 7/2, i.e., the circle T's.

In this paper, we show the following result.

For each p € R, the problem (2.8) has a solution A = A.(r) satisfying

0, V0O <r<tp,
Ae(r) — 4§ 7 Vi <r < s (2.9)
2 ) 0 = 2 )
and
E.(\.) = O(e), (2.10)

as € — 0+, where 0 < tg < 5 depends on . As e > 0 sufficiently small, the profile of A\c having
a sharp interface near ¢ty can be sketched in Figure 1 as follows:

vl

0 to

Sl i

Figure 1

Moreover, we may choose a suitable p to fulfill the condition (2.6), and the associated solution
can be proved as a local minimizer of the energy functional (2.7) under the constraint (2.6).

This may give the linear stability of the solution.
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To find critical points of Fj g, we assume

A)et®
CAR ) (cos )e. | (2.11)
v (sin \)e®?

where p = p(r) and A = A(r) satisfy the following boundary conditions:

p(0) =p(5) =0,
(2.12)
A0) =0, AZ)=2Z.
’ 2 2
Here (r, ¢,0) are standard Hopf coordinates of S3. It is remarkable that
(cos \)ei® (sin \)e T
(sin \)e®? (cos N)e
has the same form as (2.1) with m = n = 1. Then, by (1.3 (2.4), and (2.11), the energy

functional Ex g(u,v) can be written as
Ens = Enp(p:A)

= 272 / ’ [(sin 2r) p2|N'|? + B(sin 2r)p? sin? 2A]dr
0

2 in 2 in 2 A
—|—27r2/0 [(Sin 2r) |p')? + (2122: cos® A + 2)22:: sin? /\) p? + (sin 27")5(1 — p*)?|dr.
(2.13)

Besides, the constraint (1.4) becomes

3 3 )
/ (sin 2r) p? cos? Adr = ¢y 4, / (sin 2r) p? sin® Adr = ca A, (2.14)
0 0

where ¢jp —c¢jas A —00,0<ci,co<1,and ¢ +c2 =1
Let 6 = y/1/A and € = /1/, where A and (8 are large parameters tending to infinity.
Then the functional £y g = 2722 E&E, where

jus

Es.(\p) = /2 [e% (sin 2r) p%|\'|? + (sin 2r)p* sin? 27]dr
0

+/ {62(sin 2r)|p'|? + €2 [% cos? \ + % sin? )\} 0*
0 sin” r cos?r
2
+W(sm2r) 1- p2)2}dr, (2.15)
and the constraint (2.14) becomes

3 3
/ (sin 2r) p? cos® Adr = ¢y 5, / (sin 2r) p? sin® Adr = ca 4, (2.16)
0 0

where ¢j5 — ¢jasd — 0,0 < ci,c2 < 1, and ¢1 + ¢ = 1. Without loss of generality, we assume
p — 1 almost everywhere as § — 0. Actually, such a hypothesis will be removed later. Then

two conditions of (2.16) can be reduced to one condition as follows:

/2 (sin 2r) p? sin® Adr = ca.4, (2.17)
0
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where ¢y 5 — ¢ as § — 0. Critical points of E&E subject to (2.17) satisfy

2, 4 5 [(2c0s2r\ 9
3 (p°N'sin2r) + p*sind\ — e ( 7y )p sin2\ = eup”sin2), VO<r < w/2,
sin 27 sin® 2r
(2.18)
and
52 2N sin® A 262
-ﬁnzrufﬁn2ﬂ’+(p2—1)p4-52(MW2+-qE2 :izT) p+ —5 p’sin 2
sin® r
=dupsin®\, VO <r<m/2 (2.19)

with the conditions of (2.12), where p is the Lagrange multiplier. Under the assumption
D<ef<gi<e< ], (2.20)

we may show the following result.
For each p € R, there exists a solution (A, p) = (Ase u, Ps.e,0) t0 (2.18)-(2.19) such that

\ ( ) 0, VO <r<ty, (2 21)
d,e, T)— .
o gv Vt0<T§%7

v
1, Vo<r<~—,
)

Poepu(rT) — - (2.22)
0, ifr=o0,",
2
and
~ ) 1
Ese (Nsyeous Po,en) = O(e) + O(s log 5), (2.23)

as € — 0+, where 0 <ty < 3 depends on p. Moreover, we may find a suitable x4 such that the
condition (2.17) is fulfilled. When ¢ > 0 is sufficiently small, the graph of As. , has a sharp
interface near ¢o. Besides, the profile of ps - ,, gives linking vortex rings around r = 0, 7, i.e., the
circles I';, j = 1, 2. Therefore, by (2.11), we may obtain skyrmions of GP functionals. We point
out that, on one hand, one may regard E’(s,a as an approximation to F. when 0 < § < ¢ < 1.
On the other hand, by (2.23), it is evident that Ej. is of O(e) which is same as E. in (2.10)
if § > &2 > 0 holds. This provides one of the reasons for the technical condition (2.20) in
the sense that certain restrictions may needed in order to accommodate phase-seperations and
vortex-confinements. We use this technical assumption mainly for the purpose of simplifications
of some proofs. We refer to Section 7 of the paper for details.

The rest of paper is organized as follows: In Section 3, we introduced the heteroclinic
solution of Sine-Gordon equation. The heteroclinic solution can be used to approach solutions
of (2.8) with (2.9) in Section 4. We study the spectrum of linearized operator and the local
minimizer of E. in Section 5 and 6, respectively. In Section 7, we find solutions of (2.18)—(2.19)
with (2.21)—(2.23).
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3 Heteroclinic Solution

Let w denote the unique heteroclinic solution of Sine-Gordon equation given by

—w” +sindw =0 in R,

(3.1)
w(—00) =0, w(+o0) = 7.
Note that the solution w can be written as
T 1 .
w(z) = 4+ g arcsin [tanh (22)], Va2 €R. (3.2)
The following lemma plays an important role in our study.
Lemma 3.1 The eigenvalue problem
—¢" +4(cosdw)p = ¢ in R,
¢ ( )p = A¢ (3.3)
$(200) = 0
has the following set of eigenvalues
A =0, ¢ = ’LU/; A2 >0, (34)

where ); is the first eigenvalue, ¢ is the first eigenfunction and As is the second eigenvalue.

Proof Using (3.2), the eigenvalue problem (3.3) becomes
—¢" +4(1 — 2(tanh(22))%)¢p = A\, ¢ € H'(R). (3.5)

Letting y = 2z, (3.5) becomes

—¢" — (=14 2(cosh(y)) %) = A¢. (3.6)
In fact, (3.6) can be written as

—¢" = (-1 +wg)g = \p, ¢ € H'(R), (3.7)
where wy = v/2(coshy) ™! is the unique ODE solution of

wy — wo + wy = 0,wy > 0.

It is well-known that the eigenvalues of (3.7) are given by A\; = 0, ¢ = cwg = cv/2 sech y; Ao >
0. See Lemma 4.1 of [19]. This proves the lemma.

As a consequence, we have
/ ¢+ 4/(cos 4w)¢?® >0, Vo € H'(R). (3.8)
R R
It is also easy to see that

w(z) = O(e~ Izl as x — —o0,

w(x) = g + 0™l as 2 — 400,
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where c; is a positive constant. Fix ¢ € (0, 5), we define
0, 0<x<t— 20,
z—1
wy(z) = w( E ) t—do <z <+ do, (3.10)
T s
-, t+ 25 <x < —,
2 TR0 STy

where dp > 0 is a small constant independent of €. Because of (3.9), we may use smooth cut-off
functions to define wy(z) for = € [t — 200, t — do] U [t + do, ¢ + 2dg] such that

wi(e) =w(*=0) 0 T ),

where ¢, is a positive constant.

(3.11)

4 Solutions of (2.8)

Let ¢ > 0 be a fixed number. We shall use localized energy method to find solutions of
(2.8) with the following asymptotic behavior

A1) = we, e (r) + ¢<(r),  [|¢cll= = O(e).

For references on localized energy method, we refer to Section 2.3 of [21].
To this end, we divide our proof into two steps:

Step I For each t € (0, §), there exists a unique function ¢. ; and a unique number c.(t)
such that A(r) = wy(r) + ¢e,(r) satisfying

2 2 2
—&? [)\” TR —— (m? cos *r — n®sin *r) sin 2)\]
sin 27 sin” 2r

—t
+sin 4\ — epsin 2\ = c.(t)w’ (T ),
5

[ (ot =0, ) =0i(3) =0

Step IT  There exists a constant t. € (0, 5) such that

ce(t:) = 0.
The proof of Step I relies on the following Lemma.
Lemma 4.1 Consider the following linearized problem
2cos2 4
—&? [qS" + 8?282: - 7o (m? cos? r — n?sin” r)(cos th)qﬁ}

+4(cos 4wy ) — 2ep(cos 2w ) = h,

(4.2)
2 ,r—t B B ™
/Ow( “owar=0, 90 =0, ¢(3)=0
Then

[0l 0.5) < ellhllLe=(0.5)-
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Furthermore,

9] < Cllbfle= =1, vre (0,7). (4.4)
where o € (0,1) is a small number, C is a positive constant independent of ¢, and || - ||« is
defined by

Il = sup eI, vhe £2(0,7).
re(0,%) 2

Proof First, we prove (4.3) by contradiction. Suppose that |[A[|L=(,z) = 0:(1) and
[¢llLo(0,z) = 1, where o.(1) is a small quantity tending to zero as ¢ goes to zero. Let 7. € (0, 5)
such that ¢(re) = [|¢||L=(0,z) = 1. If rc is close to zero, then

¢"(re) <0, (m?cos?r. —n?sin?r.)(cos 2w (re))é(re)) > 0,

4.5
¢ (re) = 0. (45)

Consequently, by (4.5) and the equation of (4.2), we have

4(cosdw(r:))p(re) — 2ep(cos 2w (r:))p(re) < h(re) = o-(1),

™
PR
(3.11), r. must be close to t. In fact, the same argument as above may show that

which is impossible. Similarly, if r. is close to %, we may also get a contradiction. Hence by

|T8 - t| < cg, (46)

where c¢ is a positive constant. Let 7. =t 4+ ey.. Then (4.6) implies |y.| < ¢ so due to notation
convenience, we may assume y. — Yo as € — 0+.

Now, we rescale the variable by setting 7 = t 4+ ey and ¢.(y) := ¢(t + ey). Then by (4.2),
we obtain ¢. (y) — ¢o(y) as € — 0+, where ¢, satisfies

—¢g + 4(cosdw)py =0 inRR, (4.7)
and

/ pow'dy = 0. (4.8)
R

By (4.7) and Lemma 3.1, we have ¢o(y) = c.w'(y) and hence by (4.8), c¢. = 0, i.e., ¢9 = 0.
However, 1 = ¢(r.) = ¢-(y) — ¢o(yo), i-e., ¢o(yo) = 1. Therefore, we get a contradiction and
complete the proof of (4.3).

To prove (4.4), we notice that the function ||h||,e~°1"='| is a supersolution of (4.2) for
|r —t| > eR, provided o > 0 sufficiently small, where R is a positive constant independent of .

Here we have used the fact that
B < llafle™ =, wre (0.7).

Moreover, C||hl|,e~?I"= | is a supersolution of (4.2) for 0 < r < where C is a positive

us
2
constant independent of €. Then (4.4) follows from comparison principle.
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Let us define

o]l = sup el ljg(r)],
re3) (4.9)
[Allex = sup e "= I (r)].
re(0,%)
Then, by Lemma 4.1 and a contraction mapping principle (see our earlier papers Phy. D, JMP),
we have
Proposition 4.2 For each ¢ € (0, §), there exists (e, cc(t)) a unique solution of (4.1)
such that

e tll« < K, (4.10)

where K is a positive constant independent of e. Moreover, the map ¢t — ¢, is of C*.
Now we proceed to Step II. We first expand c.(t) as follows:

Lemma 4.3 As e — 0+, we have

(/(w’(y))zdy)ca(t) = —2cot (2t)5/(w'(y))2dy —ep+ O(e2). (4.11)
R

R

The proof of Lemma 4.3 is simple: we just multiply (4.1) by w’(y) and integrate it over R.
Using r = t + ey and integrate by parts, we may obtain (4.11).
By Proposition 4.2 and Lemma 4.3, we may derive the following main result of this section.

Theorem 4.4 For each ;1 € R, there exists a solution u. , to (2.8) with the following

properties
—t T—te,pn
teu(r) = w5 )+ Ofee T TE), (4.12)
and
E¢ (ue,u) = O(e),
where
te =to + O(e), (4.13)
and to € (0,7/2) satisfies
2 cot (2t) /(w’(y))Qdy = —p. (4.14)
R

5 Spectrum Estimates

In this section, we estimate the spectrum of the following linearized problem

2cos2 4
*62[(;5”—1- coszar , (m2

2 2 .. 92
: - = cos “r — n” sin “r)(cos 2u }
sin 2r sin 22r ) en)®

+4(cosduc )P — 2ep(cos2ue ) = A,  Vr € (0,m/2), (5.1)
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where u. , is the solution (defined in Theorem 4.4) of (2.8) satisfying (4.12) and (4.14). Our
main result is the following.

Theorem 5.1 For ¢ sufficiently small, A, ;,7 = 1,2, the first and the second eigenvalues
of (5.1) satisfy
e = —4e?esc? (2t) + o(€?), Ae,2 > g >0,

)

where ty and dg are positive constants.
Proof Without loss of generality, we may assume A, — Ao as ¢ — 0 for j = 1,2. Then,
by (4.12) and (5.1), Ag’s satisfy

—¢y + 4(cosdw)py = Moo inR, (5.2)

where ¢g(y) = ;13% é(te, +ey) for y € R. Hence (5.2) and Lemma 3.1 imply that either Ao = 0
having the associated eigenfunction ¢g = cw’ or Ag > 2§y > 0, where dy > 0 and c are suitable
constants.

To complete the proof, we only need to concentrate on the eigenvalues A.’s with A\ — 0

as € — 0. Let us decompose
¢(r) = w'(y) + ¢ (r), Vr=t.,+eye(0,7/2), (5.3)

where ¢ satisfies

3 (T —teu _
/0 & (r)w (7)dr = 0. (5.4)

€

Then (5.1) and (5.3) give

2cos2 4
—e? [¢J'” + %(ﬁﬂ ~ S (m? cos 2r — n? sin 2r)(cos 2uc )™
+4(cos due )¢ — 2ep(cos 2uc )t — Aot = E-, (5.5)
where
2co0s2 4¢?
B = w" 4+ 280y : (m? cos® r — n*sin® r)(cos 2., )w'

sin2r  sin?2r
—4(cos 4ue , )w' + 2ep(cos 2ue ) w' + Aew'. (5.6)

Setting r = t. , + ¢y and using (3.1) and (4.12), it is easy to get the following estimate

E.=0 ((a + e])e 2l ‘) : (5.7)

where o is a positive constant independent of €. By the same proof as in Lemma 4.1, we have

ot =0 ((s + et ‘) : (5.8)

%) By Theorem 4.4, it is easy to see that

Now we expand ¢, , (1) = e (1) — w(

r—teu

Dot (1) = 261 (F—22) + O(e2),

€
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where ¢1 = ¢1(y) satisfies

— ¢ + 4(cosdw)py — 2(cot 2tp)w’ — psin2w =0, VyeR,

(5.9)
Note that sin 2w and w’ are even functions. So ¢; is also even. Consequently,
/ Pw'dy =0, (5.10)
R
/ (cos 2w)prw'dy = 0. (5.11)
R

We may multiply (4.1) (with ¢ = t. ,) by w’ and integrate to y-variable. Then by (5.10) and
(5.11), we obtain

725/ (cot 2r)w’2dy—252/ (cot 27) @) w'dy
R R

2 2

+ /]R sin522r (m? cos 2r — n?sin ?r)(sin 2w)w’'dy

—eu/ (sin (2w + 2e¢y))w'dy + o(e?) = 0, (5.12)
R

where 7 = t. , + cy. Here we have used the fact that c.(¢. ) = 0. Note that

1 e 1
/R(sin2w)w’dy =5 cos 2w N =35 cos0 — 5 cos?2 - g =1 (5.13)
Hence (5.10)—(5.13) give
2
—2 (cot 2t87u)/ wdy — p+ ,278(7’)12 cos® te,, —n?sin® t. ) +o(e) =0. (5.14)
R sin“(2t. ;)

Let t., = to+ et1 + o(¢). Then by (4.14) and Taylor expansion on (5.14), we have

(m? cos® tg — n?sin®ty). (5.15)

4 csc? 2t)t /w'zd =
( 0) ! R Y Sin2 2t0

It is clear to see that
2(cot 2(te,u + ey)) (W' + £¢))
= 2(cot 2t , )w’ + 2¢(cot 2tg) ¢} — de(esc? 2tg)yw’ + o(e)
= 2(cot 2tg)w’ — 4e(csc?2tg)ziw’ + 2e(cot 2tg) ¢y — 4e(cse?2xo)yw’ + o(e).  (5.16)

Let ¢e ., (r) = e¢1(y) + e2¢2(y) + O(e?), where y = == Then by (4.1) with ¢ = t. ,,
(5.9) and (5.16), ¢ satisfies

— @Y + 4(cos dw)pa + 4(csc? 2tg)tyw’ + 4(csc? 2to)yw’

(m? cos? tg — n?sin® tg) sin 2w (5.17)

sin? 2t
—8(sindw)p? — 2u(cos 2w)p; — 2(cot 2tg)¢p) =0 inR.
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Here we have used the fact that c.(t.,) = 0. Since w’ solves ¢ = 4(cos4w)¢ in R, then we

may assume

/Rqsgw’dy =0. (5.18)
Similarly, we may expand
¢ (r) = edi (y) + 203 (y) +o(?), (5.19)
and
Ae = e+ &% o + o(e?), (5.20)

where \;’s are constants and ¢j"s are functions independent of € such that

/q&jw’dy =0, j=1,2. (5.21)
R
Here ¢1 = ¢7 (y) satisfies

_¢1l” + 4(cos dw) i = 2(cot 2tg)w” + 2u(cos 2w)w’ + 16(sin dw)w' ¢y + Ay w’ in R, (5.22)
1 (+00) = 0. '

Since [ ¢1w'dy = 0 and w’ solves —¢" +4(cosdw)¢ = 0 in R, then by (5.22), we have A\; = 0.
Consequently, (5.21) becomes

e =% X + 0(e?), (5.23)
and (5.22) becomes

—¢t" + 4(cos dw) - = 2(cot 2to)w” + 2pu(cos 2w)w’ + 16(sindw)w'¢; inR,

(5.24)
o1 (£o0) = 0.
By (5.9), it is easy to check that ¢/ (y) satisfies (5.24). Thus ¢i can be written as
¢ = oy + e, (5.25)
where ¢ = —%. Since w’ and ¢ are even functions, then fR jw'dy = 0, ie., ¢ = 0.

Consequently, (5.25) becomes

o1 = ¢1. (5.26)
Substituting (5.19) and (5.23) into (5.5), we have
—¢t" + 4(cosdw)ps = E. + E. », (5.27)
where
-1 R L/ 4e? 2 .2 2 002 i
—E.po=c¢ — (¢7 + 2e(cot2r)py — T (m* cos“r — n” sin “r)(cos 2ue ;) P7)

+4(cos d(w + £61))ot — 2ep(cos2(w + £61))ét | +o(1)

= —2(cot 2t0)¢1l/ — 16(sin 4w) 11 — 2u(cos 2w) i + o(1), (5.28)

E. = —4(csc?2to)(t + y)w” — (m? cos %ty — n? sin *¢()(cos 2w)w’

sin 22t
+32(cos dw)piw’ — 4p(sin 2w)pr1w’ + Aow’ + 16(sin dw)pow’ 4 o(1). (5.29)
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Multiply (5.27) by w’ and integrate it over R. Then we obtain

2

/\0/ w'? —4,u/ (Sin2w)<b1w'2—|—32/ (cos4w)¢%w'2—|—16/ (sin 4w) pow’
R R R R

4
sin 22z

—4 csc? 2t / yw"w' — (m? cos® tg — n?sin’ty) / (cos 2w)w'”
R R

+2 cot 2t0/ w'qﬁf‘l + 16/ (sin4w) ey ¢ w’ + 2u/ (cos 2w)ptw’ = 0. (5.30)
R R R

Here we have used integrating by parts. Since cos 2w is odd and w’ is even, then

/R (cos 2w)w'> = /R (sin 2w)w” = 0. (5.31)

Using integration by part, we obtain

1
/yw”w’:—f/ w'?. (5.32)
R 2 Jr

By (5.26) and integration by part, we have
16 /(Sin4w)¢1¢f‘w' +32 /(cos4w)¢%w'2 =16 /(Sin4w)¢1¢'1w’ + 32/(Cos dw) 2w’
= 8/(sin 4w)(¢3) w' + 32/(Cos Aw) 2w’
=-8 / (sin 4w) 3w (5.33)
Since w” = sin4w in R, then
—w™® + 4(cosdw)w” — 16(sindw)w’> =0 in R. (5.34)

Multiplying (5.34) by ¢2, we may use (5.17) and integration by part to get

2
—16 / (sin4w)w' ¢y = 4(csc? 2to) / yw'w” + —5—(m? cos® tg — n? sin’ o) / (sin 2w)w”
R R sin” 2¢g R

-8 /R (sin 4w)piw” — 2 /R (cos 2w)prw” — 2(cot 2t) /R . (5.35)

Substituting (5.31)—(5.33) and (5.35) into (5.30), we obtain

)\O/w'2 — 4u/ (sin 2w) 1w’ + 4(csc? 2t0)/
R R

w'? + 2(cot 2t,) / w' ot
R R

+2u/(cos2w)¢fu/ + 2(cot 2t0)/ pw” —|—2u/ (cos 2w)p1w” = 0. (5.36)
R R R
On the other hand, using integration by part, it is obvious that
2u/ (cos2w)prw” :4u/ (sin 2w)pyw’> —2u/ (cos 2w)gjw'. (5.37)

R R R

Thus, by (5.26), (5.36) and (5.37), we have
/\0/ w'? = —4(csc? 2t0)/ w’2—2(cot2t0)/ w’gb’l’—Q(cotQto)/ Prw”
R R R R
= —4(csc? 2t0)/ w'? = 2(cot 2t0)/ ($hw') = —4(csc? 2t0)/ w'?,
R

R R

ie., \g = —4csc?2ty. Therefore we may complete the proof of Theorem 5.1.



No.3 Lin et al: SKYRMIONS IN GROSS-PITAEVSKII FUNCTIONALS 765

6 Local Minimizers of E,

Let ¢ € R and u., be the solution constructed in Section 4 (see Theorem 4.4). We first
have

Lemma 6.1 For ¢ sufficiently small, u. , is locally unique and nondegenerate. As a
result, u. , is continuous in pu.

Proof Since the spectrum of the linearized problem (5.1) with respect to u. , is non-zero,

then the uniqueness follows from the same proof in [20]. Moreover, u. , is locally unique, i.e.,

if there exists another solution . , ~ w(w_zs"‘), fgyu = to + o(1), then
U,y = Ue -

The continuity follows from the uniqueness.
By (4.12), (4.13), and (4.14), we may obtain

3
plp) == / (sin 2r) sin® u. ,dr
0

teon
= / (sin 2r) sin® u ,dr + /
0 tE

le,u

=
(sin 27) (sin? u. u— Ddr + / sin 2rdr
t

W e

2

1
(sin 2r) sin u, ,dr + / sin 27)(sin? u. ,, — 1)dr + (—5 cos 2r)

Il
S—

teon
= %(1 + cos 2tp) + O(e),
ie.,
o) = %(1 + cos 2ty) + O(e), (6.1)
where 2(cot 2to) [, w? = —p. Due to the continuity of Ue,, in p, p(p) is continuous in f.

Furthermore, by Mean-Value Theorem, there exists p. € R such that p(ue) = ¢1 € (0,1), i.e
(2.6) holds, provided A = u. ,_ and

1
5(1 + cos 2t) = c1. (6.2)

Hence u. ,, is a critical point of the energy functional E.(-) under the constraint (2.6).
Now, we want to show that . ,_ is a local minimizer of the energy functional E.(-) under

the constraint (2.6). We consider the associated quadratic form as follows:

Q] = EL (ue,pu.)[¥]

3 2sin 2
= / [sz(sin 2r) ¢ )% + 82%;74@05 2ue . )Y°
0 sin® r
2 o 2
2%(f cos 2ue ., )Yp* + (sin 2r) (4 cos du. . )¢? | dr, (6.3)

for v € HE((0,7/2)) with the following constraint

/ * (sin 2r) (sin 2ue , Jipdr = 0. (6.4)
0
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Let
Q] = QL] - 264 /0 ? s 20) cos 2u. %, (6.5)
and let
b= et () +4a(r), vy € HY(0.7/2)), §=1,2, (6.6)
such that
/O (2 hadr = O, (6.7)

where ¢; € R is a constant and 1; is the eigenfunction corresponding to the first eigenvalue
Ae,1 defined in Theorem 5.1. Then using (5.1), (6.5), (6.7) and integration by parts, we have

™

QY] = ciQn] + Q2] = ciAct /02 (sin2r) Yidr + Q[eba). (6.8)
On the other hand, (6.4) and (6.6) imply
c1 /5 (sin 2r)(sin 2u. )¢ dr + /5 (sin 2r)(sin 2ue ,,_)hodr = 0. (6.9)
0 0

From the proof of Theorem 5.1, we obtain
Pi(r) =w'(y) + O(), uep =w(y)+0(E), r=te, +ey. (6.10)
Hence (6.9) and (6.10) give
z
€= 0(571/ (sin2r)|w2|dr). (6.11)
0

Moreover, by (6.10), (6.11) and Holder inequality, we obtain

o2 [ 2 i 2
cie (sin2r)ypidr| < Ce (sin 2r)ep5dr, (6.12)
0 0

where C' is a positive constant independent of €. Besides, (6.6) and (6.10) imply

z
E,ua/ (sin 27)(cos 2uc ,_ )b dr
0

z
= gl / (sin 2r)(cos QuE)HE)(cfwf + 2c1911he + z/JS)dr
0

E 3
=2ep. 1 / (sin 27)(cos 2ue ) 19padr + epte / (sin 27) (cos 2uc .. ) (T3 + ¥3)dr
0 0

jus
2

= 2e/ie €1 /2 (sin 27)(cos 2ue )Y tadr + 0(5/ (sin 2r)7,/}§dr),
0 0

i.e.
3 3
Elle / (sin 2r)(cos 2u87us)¢2dr = 2epe C / (sin 2r)(cos 2uec . )111badr
0 0

+0( /0 : (sin 2r)ydr ). (6.13)
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Here we have used (6.11) and the fact that

/(cos 2w)w'*dy = 0.
R

By (6.10), (6.11) and Hélder inequality, we obtain

%
Elle C1 / (sin 27)(cos 2ue ;. )1 1padr
0

s
2

< el e er] (/Og(sin 2T)z/1fdr>%(/0 (sin QT)Qﬂng)%
< C(/g(sin 27“)1/de7°)% /g(sin 2rapsdr
0 0
< C\/E/g(sin 2r)epadr,
0
ie.,

Elle C1 /2(sin27“)(cos 2uc ) 11adr| < C\@/2(Sin2r)w§dr, (6.14)
0 0

where C is a positive constant independent of €. Thus, by (6.5), (6.8), (6.13), and (6.14), we
have

QMz&&J/?m&mﬁw+@ma—aﬁ/ﬁ@wmﬁw. (6.15)
0 0

Consequently, (6.12), (6.15) and Theorem 5.1 imply

i

QW] > (6 — CVe) /02 (sin 2r)y3dr > C,l% /;(sin 2r)h3dr, (6.16)

provided £ > 0 is sufficiently small. Since ¢ = c1¢1 + ¢2, then by (6.7) and (6.12), we obtain

/E(sin 2r)p?dr = /5 (sin 27)(c11h1 + b2 )?dr < C. /E(sin 2r)apadr.
0 0 0
So (6.16) becomes )
QUi = € [ sinzryutan
0

where C; is a positive constant which may depend on . We may summarize what have been
proved as follows:

Theorem 6.2 There exists ., a local minimizer of E,[-] under the constraint (2.6).

7 Critical Points of E5,s

In this section, we study critical points of the functional Eé,a (defined in (2.15)) by solving
equations (2.18) and (2.19). Now, we want to simplify these equations. Let Sy = So(t) be the

unique solution of

1 So
S48 — = +85—-52=0, Vt>0
0 T35~ 3 Fo0 =20 =0, - (7.1)

50(0) =0, So(+o0) = 1.
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It is well known that

So(t) =t+O(t®) for t >0 small, (7.2)
So(t)=1-— % + O(%) for t large. (7.3)

One may refer to [4] and [6] for the solution Sy. Let (p, A) be a solution of (2.18) and (2.19),
where

p=s(r)p,
and s is a smooth function defined by
T .
SO(S) if 0<r<e,
50(5_74) it Toe<r< ™
s(r) = Y 2 2 (7.4)
1 if 25§7‘§§—25,
m(r) if 5<7’<250r%—25<7’<g—5.
Here we assume that
D<el<i<e<], (7.5)

and 71(r) ~ 1 as 0 — 0. It is clear that s(0) = s(5) = 0 so p(0) = p(5) = 0. Then (2.18) and
(2.19) become

st om <+ (55 % 4 )

2 2
CO; T) sin 2\ — epsin 2A = 0, (7.6)

sin“ 2r

+52p% sin 4\ — €2 (

and

/

2s’ 2 2 2 2 1
Sa[A, pl = —(52(/3”4——8;5/4-&”)—52( ?OS T‘__)S_A
s sin 2r sin 2r r/ s
EDY 1 sin® A
Lo a2 (5% — 1182 4 825 | V2 (cos _7)
ISR ) ap | INT sin?r 12 cos?r
20% 5.5 . g
+—5 s7p"sin 2\ — o p sin” A = 0. (7.7)
€

Here we have used the fact

pr=sp+sp,

/ S/ N
p:*+p75
p s P
// "~

p=5"p+2sp + sp”.

To fulfill (2.12), we require the boundary conditions as follows:
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As for (4.14) and (6.2), we may assume that

2(cot 2tg) /w’z(y)dy = —pu, (7.9)
R
and tg is the unique solution of
1
5(1 + cos 2t) = ca. (7.10)

We need the following lemma.

Lemma 7.1 The linear problem

1 1
¢"+;¢’—t—2¢+¢—353¢:0, Vi >0,
#(0)=0, |p|<Ct, Yt>0

(7.11)

admits only zero solution, where C' is a positive constant independent of ¢t. Furthermore, the

linear problem

/1 l/_i _ 20
¢ +t¢ e 2550 =0, Vt>0, (7.12)
$(0)=0, |¢|<Ct, V>0

also admits only zero solution.
Proof Setting ¢ = t1, then v satisfies

3
"+ ;W +(1-383) =0, Yt>0,

(7.13)
P'(0)=0, [Y[<C, Vt>O0.
Since Sp(t) — 1 as t — 400, we may use comparison principle on (7.13) to derive that
|| < Ce™"  for t large,
which in turn implies that
lp| < C, Vt>0, _

|p| < Ce™t/? for t large.

Hence by (7.11), (7.14) and the result of [11] and [12], we obtain ¢ = 0. Similarly, letting ¢
satisfy (7.12) and ¢ = t¢, then v satisfies

w”+§w’—zs§¢=o, Vt>0,
YP'(0)=0, [¢p[<C, Vt>0.

(7.15)

By Maximum Principle, we conclude that (7.12) also has only zero solution. Therefore, we may
complete the proof.
For ¢ > 0, we define norms

[6ll+.c = S(upz)e"‘?‘(lﬂr)l +eld'(r)]), (7.16)

re )
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[¥lls6 = sup ([9(r)| + |4’ (r)]), (7.17)
re(0,%)
where o is a small constant, and
hflaee = sup e [n(r)], (7.18)
re(0,%)
1Al = sup |h(r)]. (7.19)
r€(0,%)

As for the proof in Section 4, we may choose
A(r) = wi(r) + ¢(r),
p(r) =1+ 4(r),

for t € (to — 01,t0 + 1) and r € (0,7/2), where w; is defined in (3.10) and d; is a positive

constant independent of ¢ and §.

(7.20)

Now we follow three steps.
Step I For each t € (tg — 61,0 + 1), we find a unique pair (¢,v) = (¢4, 1¢) such that

Sl [wt + ¢t7 1 + ’lﬁt] = Ca(t)’w/(rT_t), (721)
Solwy 4 ¢¢, 1 + 1] = 0, (7.22)
with
[¢tl],e < Ce, (7.23)
52
l[9ell«,6 < O(?? + 6). (7.24)

Step IT  There exists t. = tg + O(e) such that
ce(te) = 0. (7.25)
Step IIT ' We show that as e — 0 and §/e — 0,
/2 (sin 27) p? sin? Adr — cz. (7.26)
0

As in Section 4, the proof of Step I relies on the following lemma.
Lemma 7.2 Consider the following linearized equations

2cos2r 25
e 2 20N 9 20, . 2
Lilg ] i= =2 [0 + (S5 + = )| — 220w + 2sinduwy) s
4e? 2
+4(cos dwy) 2 — %(cos 2wy) ¢ — 2ep(cos 2wy)d = hq, (7.27)
sin”® 2r
and
25’ 2cos2r 2cos2r 1\
L P 2 " a0 Mo 52 N
2(6, Y] 0 {1/) +( s + sin 2r )w} 0 ( sin 21 r) sq/}

cos? w; 1 ) sin® wt}

sin’r r2

2 2 112
+2s%p + 6 w[(wt) + ( o2y (7.28)
2
+%(sin 2wy) 521 — dp(sin wy )ah 4 20% wie!
5

52 .
+ 45_2 (cos 2wy) s® — dpu (sin 2wt)} ¢ = ha, (7.29)

sin 2w sin 2w
2 t 2 t
+ _5 . + 5

sm-r cos?r
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where
—1
[ oo (550 et =0, s =o(3) =0,
0 0 2
and
T
v =v(3)=0.
For any h; and hg # 0, there exists (¢, 1)) a unique solution to (7.27) and (7.28) such that
[6ll+.c < Cllhallsxe + CFllh2llx, (7.30)
[l < Clitallas + C 1] ane. (7.31)
provided the assumption (7.5) holds, where C is a positive constant independent of £ and 4.
Proof Let
hi = hy + 282w ¢’ — 2(sin dw,) 5%,
N 2 2 52 7.32
ho = hy — 25211),/5 ¢ — |62 SI? th + 62 st 2wt +4— (cos 2wy) 8% — Oy (sin 2wy) gb( )
sin“ r cos?r €

Firstly, we may follow the proof of Lemma 4.1 to get

¢l L= < Cllial| o= (7.33)
Next, we prove that

[¢]lLe < Cllhal|pe. (7.34)

Suppose (7.34) fails. Then we may assume that ||ha||z~ = o(1) but ||[¢||z~ = ¥(rs) = 1, where

0<rs<%.Ifrs <3 —2ecand 2 — 400 as § — 0, then s*(rs) — 1 as § — 0. Hence we may

consider the equation (7.28) at » = rs and obtain that
W(rs) < Ol|ha|z~ = o(1),

which contradicts with ¢(rs) = 1. Here we have used the facts that

2cos2r 1\s C
_ )2 < Z .
'( sin 2r r) s|— &’ (7.35)
w10 yre (o f) (7.36)
sin?r 2| T 7 "2/ '

where C'is a positive constant independent of € and §. Similarly, for the case that rs > 5 — 2¢

and %;T‘E — 400, we may also get a contradiction. On the other hand, suppose % — 79 > 0

as § — 0 (up to a subsequence). Let Jls (t) = (%) and t = 5. Then ¢;5’s approach to a solution
of

WS —asiu =0, viso,
’l/) S 17 1/’(7"0) = 15 1/)/(0) =0.

Thus, by the proof of Lemma 7.1, we have ¢ = 0 which gives a contradiction. Similarly, we may
% —

=2 — 71 >0asd — 0 (up to a subsequence). Therefore,

also get a contradiction, provided
(7.34) is proved.
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Now we prove the gradient estimate
169/ || L= < C|lhol| L= (7.37)

It is clear that (7.28) can be regarded as a linear second-order problem on S given by
52 ~
62N gst) + {252 + 0(6—2 n 5)] b =hy inS>. (7.38)

Then by (7.34) and the standard LP-estimate for (7.38), we obtain (7.37). Similarly, we can

prove
led/[| Lo < Cllha |- (7.39)
By comparison principle, we have

[r—t|

R ¢(T)‘ < Olhtllie, Vre (og) (7.40)

provided o > 0 is sufficiently small. Here as for the proof of Lemma 4.1, we have used the fact
that the function C||A [|wsce "= | is a supersolution of (7.27) for 0 < r < 5, where C' is a
positive constant independent of €.

To obtain a gradient estimate as in (7.40), we use the transformation

- lo—t]

p=e""5 ¢ (7.41)

Then qB satisfies

—?Agsp+ [4(cosdwy) — 0 4+ O(e)] b=¢e" e hi inS® with|r—t| >ce. (7.42)

Hence by (7.39) and elliptic regularity estimates of (7.42), we obtain

lr—tl
e’ T ¢

< O, Vre (o, g) (7.43)

Here we have used the fact that

[r—t|

ed =e7 =

[r—t|

e’ +0(0e” T .

Thus (7.34), (7.37), (7.40), and (7.43) may give

18]l < Cllballaxe, 0]

By (7.5) and (7.16)—(7.19), it is easy to get that

05 < C|lh2|lex (7.44)

%" il . + l(sindwe) s, < Ol

*%,6

*,09

52 sin 2wy 52 sin 2wy

sin’r cos?r

2
H%? wh¢ + [ + 4?—2 (cos 2wy) s® — dpu (sin 2wt)} ¢ (7.45)

EES

52
< 0% (9],

provided o > 0 is sufficiently small, where o(1) is a small quantity tending to zero as ¢ goes to
zero. Here we have used the assumption (7.5). Hence (7.44) and (7.45) imply

- € € 1)
1llx.e < CllAallne < Cllhallase + C5 1Yl s < Cllhaflne + O 2] + Ol @l e
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Consequently,
€
19llx.e < Cliaallexe + C5llhz s (7.46)

Here we have used § < € from the assumption (2.20). Similarly, we obtain

52
115 < Clihzlls + C 5 1l as e (7.47)
Therefore, by (7.46) and (7.47), we may complete the proof of Lemma 7.2.

To finish Step I, we expand

Silwy + ¢, 1 4+ 4] = Si[wy, 1] + Li[¢, Y] + N1[o, ], (7.48)

where L1[¢, ] is given by (7.27) and Ny[¢, ] is the higher-order term which can be estimated

as follows:

Nilo,v] = O (|¢]* + |sindwe| [ + [ [1] + &2 [¢'||9[Jwi]) - (7.49)
We calculate
Sy [we, 1]
= —¢2 (w,’f’ + (i?g;ir + 2?8/)102) + (sin 4wy) s* — €2 (if;:;:) sin 2w; — epsin 2w,

2 2
CO; T) sin 2w; — epsin 2wy. (7.50)

2cos2 25’
_52( OSIT | —S>w,'5 + (sindwy) (s* — 1) — & (
s

sin 2r sin“ 2r

Note that w,(r) = 0 for 0 < r < t — 2§y and w,(r) = 7/2 for t + 200 < r < w/2. It is easy to
see that

||Sl[wt71]||**,s S CE- (751)
Similarly, we expand
52[wt5 + ¢7 1 + ¢] - SQ[wta 1] + L2[¢7 1/1] + N2[¢7 w]a

where La[@, 9] is given by (7.28) and Na[¢, ¢] is the higher-order term:

2
Nl 6] = 010 + % (61141 + )+ 1wl 0+ Pul] 161101

o ¢ ¢?
so(@( v 2). (752)

Suppose ¢(0) = ¢(r/2) = 0 and ¢ € C*([0,7/2]). Then
o), |20

sinr cosT

C
< @llee, VO<T <
€ 2

Consequently, (7.52) becomes

52 52
Nalo. o] = O (1612 + % ol + 62) + 21016/ + P1ull |61+ 5 IR, ). (753)
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We estimate Sa[wy, 1] as follows:

2

2c082r 1\ cosw; 1 sin? wy
st ) e ()
2w, 1] sin 2r r/ s + (we)” + sin 2r 72 + cos? r

262 2 . 2 5 .2 4
+5_28 sin 2wy — dp sin “wy. (7.54)

Noting that

(w)?=0(5).

€2
and wy(r) = 0 for 0 <r <t—20p and t +26 < r < 7. It is easy to see that

52 52
I1Safwe, 1] x < c(;2 + 5) <c5. (7.55)

Here we have used the assumption (7.5). Set

o= (D)7 00 = otm/2 =0}

5={6.0) € (€' (0.1/2)° s Iollc < €2, I

where 0 < o < % is a small constant. Let us denote the map from (hi,hs) to (¢,7) be

T = (Th,73). Namely, ¢ = T1(h1, ha),» = Ta(h1, ha). By Lemma 7.2, we have

€ 52
||71(h17 h2)||*,€ S C”th**,E + Cg||h2||**u ||7'2(h17 h2)||*,6 S C||h2||** + C€_2||hl||**,€ (756)

It is easy to see that
Silwe + ¢, 14+9Y] =0, Solwy +¢,14+9] =0
is equivalent to
(0,9) =T (=S1[wt, 1] = N1, =Sa[wr, 1] = N2) = G(o,¢). (7.57)
Then by (7.49), (7.53), and (7.56), we obtain that

72 (=S1[we, 1] = Ni, =Sa[wy, 1] = Na) | e
9
< OllS1[we, 1] + Nifluwe + €5 ([152[we, U [lax + [[N2f]x)

< Cet 0(5)2 n c%nwni* <Cet 0(2)2 + 0(5)1”” < cg. (7.58)

9 9

Here we have used £2 < § from the assumption (2.20). Similarly we have

52
[ T2(—=S1[we, 1] — N1, =Sa[we, 1] — N2)|l«5 < C|S2[wy, 1] + Nallwx + Cgllsl[wt, 1] 4 Ny llsx,e
5 2 5 140 62
<c(Z) +o(z)  +ot
140
< c(é) . (7.59)

- €

Here we have used 0 < ¢ < 1/2 and § < (g)H_U from § <« € < 1 as another part of (2.20).

Thus the map G is a map from B to B. Similarly, we can show that G is a contraction map.
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Then as for the proof of Proposition 4.2 of Section 4, we may prove Step I using contraction
mapping principle.

For Step II, we can use the same argument as Lemma 4.3 to get

(/(w’(y))zdy) ce(t) = —2(cot 2t)e / (w' (y))?dy + ep + O(e?), (7.60)
R R
and hence there exists t. such that

Cs(ts) =0. (761)

Thus we have obtained the following theorem.
Theorem 7.3 Under the condition (7.5), there exists a solution (s ., ps.e,u) to (2.18)-
(2.19) with the following properties

Aseu(r) = w(%) +O0(ee 4N, (7.62)

s 2) 1 0(2), -
and
BseuNsesoopies) = O(E) +0(< log %)

for each p € R, where ¢, =to+ O(e) and t, satisfies

2(cot2ta) | (w/()*dy = .

For Step III, we can use (7.62) and (7.63) to compute

3 2 1
/ (sin27) ps.c o sin® A o udr — sin 2rdr = 5(1 + cos 2tp),
0 to

as €,0 — 0. Therefore, we may choose tgy suitably such that

1
S(L+cos2te) =cp € (0,1), 0<ty< g

and then we complete the proof of Step III.
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