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ABSTRACT. We study the boundary value problem

Au=Az|*f(u) inQ, u=1 on N (1)
where A > 0, a > 0, Q is a bounded smooth domain in RN (N > 2) containing
0 and f is a C! function satisfying lim, o+ sPf(s) = 1. We show that for
each a > 0, there is a critical power p.(a) > 0, which is decreasing in «,
such that the branch of positive solutions possesses infinitely many bifurcation
points provided p > pc(a) or p > pc(0), and this relies on the shape of the
domain 2. We get some important estimates of the Morse index of the regular
and singular solutions. Moreover, we also study the radial solution branch
of the related problems in the unit ball. We find that the branch possesses
infinitely many turning points provided that p > p.(a) and the Morse index of
any radial solution (regular or singular) in this branch is finite provided that
0 < p < pe(e). This implies that the structure of the radial solution branch of
(1) changes for 0 < p < pc(a) and p > pe(a).

1. Introduction. We study the structure of positive solutions to the following
problem

Au = Mz|*f(u) in Q,
(Ty) O<u<l1 in Q,
u=1 on 0f)

where A > 0, a >0, Q C RY (N > 2) is a bounded smooth domain which contains
0. The nonlinearity f satisfies the following assumptions, either

(Fy) f e CY0,00), f(0) =00, f'(s) < 0 for s near 0,

(Fy) limg_,o+ sPf(s) =1 with p > 0 and f(s) > 0 for s > 0;
or

(G1) f e CH0,1], £(0) = oo, f'(s) <0 for s near 0, f(1) =0, f'(1) <0,
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(G2) lim, .o+ sPf(s) =1 with p > 0 and f(s) > 0 for s € (0,1).

The typical example of f satisfying (F7) and (F») is f(s) = s~P for p > 0. For f
satisfying (G1) and (Gz), we take the examples as f(s) =s? —1 or

fls)=sP—-s79 0<qg<np.

By a positive solution u of (T)) we mean that uw € H*(Q) N C°(Q), u > 0 in Q
and satisfying

/Q (V- V6 + Mel* f(u)g) =0, Vo e HEQ).

Observe that if u is a positive solution of (7)), then by standard elliptic regularity
u € C?(Q2) N CY(Q) and hence is a classical solution of (Ty) in €.
Equation (7)) arises in the study of steady states of thin films. Equations as

up = =V - (h(u)VAu) — V- (g(u)Vu) (2)

have been used to model the dynamics of thin films of viscous liquids, where u(z, )
presents the height of the air/liquid interface. The zero set ¥ = {z € Q: u(z,t) =
0} is the liquid/solid interface and is sometimes called set of ruptures. It plays a
very important role in the study of thin films. The coefficient h(u) in (2) reflects
surface tension effects - a typical choice is h(u) = u3. The coefficient of the second-
order term can reflect additional forces such as gravity g(u) = u3, van der Waals
interactions g(u) = u™ — yu! with v > 0 and m < 0, 1 < 0 and |I| < |m|. For
background on (2), we refer to [2], [3], [4], [22], [23], [24], [25], [26] and the references
therein.

Taking for example h(u) = u3, g(u) = u™ — yu! with v >0, m < 0,1 < 0 and
[I| < |m]|. Then if we consider the steady-state of (2), we see that u satisfying

hu)VAu+ g(u)Vu =C in Q

is a steady state of (2), where C = (C4,Cy,...,C,) is a constant vector. Assuming
C =0, we get that

1
Au + m_2um_2 — Z—LZUl_z =C inQ

where C is a constant. For C = 0 and v = T%(Q — m)/B=my where 7 =
7(27?’?7,)(3_”/(3_7"') . .
e then v satisfies the equation

Av = T(3—7n)/(l—7n) |:,Um—2 _ ,Ul—2:| (3)

which is the form of (T})).
The problem

(Py) —AUZM,O<’U<1HIQ,UZOOH89
(1-wv)?

models a simple electrostatic MEMS(Micro-Electromechanical System) device, con-
sisting of a thin dielectric elastic membrane with boundary supported at level 0
below a rigid plate located at +1 immersed in an external electric field, where v is
the (normalized) deflection of the elastic membrane and g represents the permit-
tivity of profile. When a voltage, represented here by A, is applied, the membrane
deflects towards the ceiling plate and a snap-through may occur when it exceeds a
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certain critical value A\* (pull-in voltage). This creates a so called “pull-in instabil-
ity” which greatly affects the design of many devices (see [10] and [28], [27] for a
detailed discussion on MEMS devices).

In recent papers [11]-[13], [8], [9] and [21], the authors studied the problem (Pj)
where g € C(f2) is a nonnegative function. They gave a detailed study on the
minimal solutions of the problem (Py) with different forms of g(x). Similar problems
with singular nonlinearities to (Py) have also been studied by the authors in [16]-
[18] and the references therein. In [29], a general family of nonautonomous elliptic
and parabolic equations related to MEMS modeling has been considered.

For N = 2 or {2 is the unit ball, and some special nonlinearities, problem (7T ) has
been studied in [16], [17], [15]. For p =2 and 2 < N < 7, (T) was studied in [8],

the author obtained some results similar to the case f(s) = % and p > p.(0) (see

P
the definition below) in the present paper. The purpose of oulsr work is to provide a
rather unified approach to the general problem (7)), which in particular reveals the
underlying relationship of the results in [11], [8]. We present here a sharp condition
on p, N and «, which reveals the change of structure of positive solutions of (7}).

On the other hand, it was considered in [7] the equation

Au = |z|*u"P in RV, (4)
It was proved that for & > —2, p > 0 and N > 2, there is a critical number

0 if N =2

pe(a) =< P(N,a) if3<N<10+4a

400 if N > 10+ 4a,

with
N —2)2 —2(N -2 2)—2 2)2 +2 2)3(2N — 2

PN,y V=2~ 2N =2)(a +2) ~2a+2)? +2/(a FIEN 27 a)

(N —-2)(10+4a —N)
such that for p > p.(«), (4) has no positive stable solution. Moreover, for a € (-2, 0]

and p > p.(a), (4) has no finite Morse index solution in RY. As observed in [7],
pe(a) is strictly decreasing in o when 3 < N < 10 + 4a.

In this paper, we first obtain the results similar to those in [7] for @ > 0 in Section
2. We show that (4) has no lower bounded positive finite Morse index solution «
in RY when p > p.(a). Here we say that u is lower bounded if there is some ¢ > 0
such that v > ¢ in RN\Bg for R >> 1. Then using these results, we study the
structure of positive solutions of (T)) in Section 3 and Section 4, where f satisfies
(F1) - (F») and (G1) - (G2) respectively. In the sequel of the paper, the symbol
C, D denote generic positive constants independent of A, it could be changed from
one line to another.

2. Infinite Morse index solutions of (4) for « > 0. In this section we will
obtain the results similar to those in [7]. More precisely we will prove

Theorem 2.1. Equation (4) has no lower bounded positive solution that has finite
Morse index provided oo > 0 and p > p.(«).

Proof. The proof is similar to that of Theorem 3.3 of [7]. The main difficulty is
that we can not obtain the Harnack inequality as in [7] directly for all « > 0. For
convenience of the readers, we present a sketch of the proof here.

Arguing indirectly we assume that (4) has a lower bounded positive solution u
with finite Morse index. Then there exists R* > 0 sufficiently large such that u
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is stable in RV\Bgr+. We show that this leads a contradiction. The proof can be
divided into several steps. We denote v(p) := —1 — 2p — 2/p(p + 1).

Step 1. There exists Ry > R* such that for every v € (v(p), —1] and every
r > 2Ry, we have

/ (V@) + [afw7) < €4 DV HE5SREE, (5)
R0+2<|a:|<'r

where C' and D are positive constants independent of r and u.
Step 2. For every v € (7(p), —1] and every open ball Bg(y) with |y| > gR* and
R = |y|/4, we have

/ (|V(U”T“)|2 + \x|%nfp) < CRM
Br(y)

(a+2)y+a—2p
+ p+1

(6)

where C' is a positive constant independent of y.
Step 3. There exists a small €9 = €p(p, N) > 0 such that for every € € (0, €] and
every open ball Bog(y) with |y| > 3R* and R = |y|/8, we have

_N
/ (Jalou D) 77 < cRN (7)
Bar(y)

where C' is a positive constant independent of y and e.
Step 4. Harnack inequality: Under the conditions of Step 3, there exists a positive
constant K such that

max u(z) < K min u(z), Vr> R". (8)

|z|=r |z|=r

Step 5. Under the conditions of Step 3, there exist positive constants C; and Cs
such that

Cilo|#T < u(z) < Cola|#t, Vo€ RV\Bp-. (9)
Step 6. Reaching a contradiction.

Except Step 3, all of other steps can be obtained by arguments exactly the same
as those in the proof of Theorem 3.3 of [7]. To prove Step 3, we consider the function

A(p,v,a): = Np+1)+(a+2)y+a—2p
= Np+l)+2y—2p+aly+1).
We find that

Ap,v(p), ) =0 for p=pe(a);  Alp,¥(p); @) <0 for p > pe(a).
Hence A(p,v(p),0) < 0if p > p.(0). This implies that
N(p+1)
2
This inequality holds for p > p.(«) and a € (—2,0], since p.(a) > p.(0). But (10)

does not hold for p > p.(a) and a > 0, since p.(a) < p.(0) if @ > 0. It is easily
known that

<p—(p) forp>p.(0). (10)

Np+1
ML > p—(0) for peto) <p < pel0). ()
Then we can choose 0 < p := p(p, N) < p such that
pN
— <p—7(p) for pc(a) <p < pc(0). (12)

2
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We now show that (7) still holds. It follows from (12) that we can fix v, € (y(p), —1)
such that 257 > 1. Therefore we can find ¢y > 0 sufficiently small so that

pN/2
P =7 N N
>1, Vo [77 7}
p9 < 22— €0
Fix such # and set
_ P~ _
&= and 7=p-—p.
po
Note that Bog(y) C RV\Bg-, then
[ ey = [ ey
Bzr(y) Bar(y)
< e [ (afury
Bar(y)
1/¢ ae—1\ (§-1)/¢
< o], ) )
Bar(y) Bar(y)
< QRWHSERES g+ S
_ CRN—29
where in the first inequality, we have used the lower bounded assumption. This
gives (7) if we take § = 5™ which completes the proof. O

3. Structure of positive solutions of (7)) when f satisfies (F}) - (F3). In
this section we study the structure of positive solutions of (7)) for f satisfying (F})
and (Fy). Clearly, with v := 1 — u, (T)) is transformed to the following Dirichlet
problem:
—Av=ANz|*f(1—v) inQ
(Sy) O<wv<l1 in Q
v=20 on 0f).

Proposition 1. There exists 0 < \* < oo such that for X € (0, A*), (S\) admits a
manimal positive solution vy and has no positive solution if A > A\*.

Proof. We first show the second statement. Let (o1, ¢1) be the first eigenvalue and
eigenfunction pair of the Dirichlet problem

—A¢p =o|z|* inQ, ¢=0 on IN.

It is clear that such (o7, ¢1) exists. In fact, let H* C H(Q2) be the space with the
norm

ol = ([ 190 +lol"6?laz) "

Let us consider )
g1 = m 7‘[9 |V¢‘ dﬂ? .
peH*NCO(Q) [q |z]*p?dx
By the standard theory, we see that o1 can be attained by some ¢, € H* N C%(Q).

Since
[ VionlPds < [ 1VorPds
Q Q

we can assume that ¢; > 0 in Q. On the other hand, it is easily seen that ¢; €
C?(Q)NCH(Q).
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If (Sy) has a positive solution vy, multiplying ¢; on both the sides of (S)) and
integrating over 2, we have that

01/ |x|“prdx > 01/ |z|“vaprde = )\/ |z|“f(1 —va)prdx > C/\/ |z|“prde.
Q Q Q Q

(13)
Note that f(1 —wvy) > C > 0. (13) implies that A is bounded.

Now we show that for A > 0 sufficiently small, (S)) has a minimal positive
solution v,. It is clear that 0 is a subsolution of (Sy) since f(1) > 0. Let Q; C RY
be a bounded smooth domain such that Q@ CC Q5 and (o7, ¢1) be the first eigenvalue
and eigenfunction pair of the problem

—AY =olz|* in Q1, =0 on d0.

We see that for any Q C K cc Q1,91 >0 >0o0n K. Let M = supy 11 and
¥ = i1 /M. Then supg v = 1. For any € > 0, there exists 7 := 7(¢,d) > 0 such

that
f(l; s) <7 forse(4,1]
Therefore 3 o
fA—ep) <7eyp in K
Thus,

—A(ed) = ofela]*) 2 ZHalf(1 - ed) 2 Nal*f(1 - D)

for 0 < A < ‘%1 It is clear that et is a supersolution of (S)). The sub- and
supersolution argument implies that there exists a minimal positive solution v, of

(Sy) for 0 < A < Z. Let
A" =sup{\ € (0,00) : (S») possesses a minimal positive solution}.

Then A* is bounded.

We now show that the mapping: A — v, is increasing. Indeed, for any A\; > s,
we see that v, is a supersolution to the problem of Sy,. The sub- and supersolution
argument implies that there is a positive solution v,, of (S),) between 0 and v, .
Since v,, is a minimal solution, we see that v,, < v, in . The monotonicity of
v, about A implies that Vy«(z) := limy ~x» v, (z) exists and satisfies (Sy+) almost
everywhere. This completes the proof. O

Theorem 3.1. Let f satisfy (F1) and (Fy). Then there is an unlimited branch
I':={(A\ovx) : 0 < wvn <1 satisfies (Sx)} starting from (0,0). If p > pc(a) or
p > p(0) (which relies on the domain 1), then T has infinitely many bifurcation
points.

By an unlimited branch, we mean a solution branch along which the solutions
approach a singular state, i.e., there exists a sequence {(A,,vy,)} such that A\, —
A >0 and maxq vy, — 1 as n — oo.

Note that the conclusions hold provided p > p.(0), since p.(0) > p.(«).

Proof. By Proposition 1, there is a minimal positive solution branch starting from
(0,0). Let D denote the component of {(\,v) € (0, \*)x C(Q) : v is solution of (Sy)}
containing in its closure (0,0). Note that we can talk about the component since
we know from Proposition 1 that it is a simple curve near the starting point (0,0).
According to Theorem 2.2 of [5], there exists an analytic curve (A(s),v(s)) € D
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for s > 0 such that maxquv(s) — 1 as s — co. Note that we allow the curve
(A(s),v(s)) to have isolated intersections and that for each s > 0, v(s) € CZ(9).
By usual argument of finding a minimal continuum in {(\(s),v(s)) : s > 0} joining
(A(0),v(0)) = (0,0) to “infinity”, we obtain a curve with no self intersections, but
it is only piecewise analytic and continuous. It is easy to see that the minimal
continuum is an unlimited solution branch.

We study the behavior of the branch near ”infinity”. For any sequence {s,}
and (An,vn) = (A(sn),v(sn)) such that A, — A > 0, maxqu, — 1 as n — oo,
let {z,} C Q be a sequence of points such that v, (x,) = maxq v,. Suppose that
z, — a € Q (by a subsequences if necessary and it is the same in the sequel).

Set €, = 1 — v, (xy,) so that ¢, — 0 as n — oo. Define

wnly) = T2
€n
for y € Q, = {mn(x —xp) 1 T = )\,11/(2+a)e;(p+1)/(2+°‘),x € Q}. We see that w,
satisfies w, > 1, w,(0) =1 and

Awy, = |y + Thn|“w, P[(enwn)? f(enwy)] in Qs wn‘aﬁn =€l (14)

We claim that,
Tp —> 00 a8 N — 00 (15)

We need to prove that the following two cases do not occur.
(i) 7 — 0 as n — oo,
(ii) 7 — R >0 as n — oo.
Assume that the first case occurs. Since v,, satisfies
f(1—vy,)

en?

vy = Aalale?
and f is decreasing near 0, f(s) < Cs™P + C for s > 0, we see that fazvn) < pp

and -
J(1—wy)
—p

€n

P — 0 in C%() as n — oco.

The standard regularity theory implies that v, — v in C*(Q) as n — oo, where v
satisfies [|v||L~(q) =1 and —Av =0 in Q, v =0 on 9. This is impossible.
For the second case, we see from (14) that w,, — w in CL (Q) as n — oo and w

satisfies the problem e

Aw=ly+yo|w™, w>11inQ, w(0)=1, w=o0 ondQ, (16)
where Q = {R(z —a): z € Q} and yo = lim,,—, o0 T&n, = Ra. We show such w can
not exist. Let 1 be the solution of the problem

~An=11inQ, n=0 ondQ.
We see 7 > 0 in Q. Thus,
Alw+Cn) =y +yo|*w™-C<0

if ¢ > 0 is sufficiently large. But w + Cn = oo on 9. This contradicts the

maximum principle. Therefore, our claim (15) holds.
Now we consider three cases for yq:
(i) lyol # 0, |yo| < oo,
(iii) yo| = oo
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We first complete the proof of this theorem for the first two cases. The proof
of the third case postpone at the end of this section. We recall that in the sequel,
the convergence maybe considered for a subsenquence. We see that z,, — 0 as
n — oo. By a standard blow-up argument, we get from (14) and (15) that w, — W

in CL _(RM) as n — oo, where W satisfies W(0) =1, W > 1 in RY and
AW = |[y|*W P in RN (17)
or
AW = |y + yo|*W P in RV, (18)

Note that W is a lower bounded positive solution of (17) or (18). It is known from
Theorem 2.1 that W is an infinite Morse index solution of (17) or (18) if p > p.(«).
(We can change (18) to (17) by a simple transformation z = y + yo.) By Dancer’s
argument in [6], we see that for any M >> 1, there is n* := n(M) such that for
n > n*, the Morse index of v, is bigger than M. This also implies that the branch
I" has infinitely many bifurcation points.

Now we show that A > 0 for the first two cases. Otherwise A = 0 and we should
have a contradiction. Recall that r, := 7,1 — 0 as n — oo by (15). On the other
hand, we have

A ey ey, |7 CFO P (L —, (ray ) = ly+yol~CFO/PHIW () (19)
uniformly for 0 < |y + yo| < R. This implies (note W > 1)
1—wp(z) > C)\}/(”H)ly + yo|—(2+a)/(p+1)|x|(2+a)/(p+1) (20)
for |z| sufficiently small. Thus, by the conditions of f,
Anlz]® f(1=vy,) < CAY PHD |y pC+a)/(p41) | 4 (@=2p)[(pF+1) < ONL/(PHD) || (a=2p) /(P H1)
(21)
where we have used sPf(s) — 1 as s — 0 and f/(s) < 0 for s near 0. If & > 2p, we
see that
| Anlz]® f(1 = o)l L) = 0 asn — oo (22)

for any v > N/2; if a — 2p < 0, then (22) still holds provided N/2 < v < N(p+
1)/(2p — a). Therefore we have that v, € C°(Q) and [vnllco@ — 0 as n — oo.

This contradicts v,(0) — 1 as n — oo. This completes the proof for cases (i) and
(ii). O

Remark 1. Note that whether the first two cases occur or not relies on the shape
of Q. If Q is a ball and we consider the radial branch of (Sy), then the first case
occurs. We see that the radial branch T" has infinitely many turning points (see [18])
provided p > p.(a). When Q is a good behaved domain as in [6], [17], since the
moving plane method can not be used for a > 0, we can not obtain the symmetry
properties for the positive solutions as those of ). If all the solutions in the branch
I" have the symmetry properties as those of §2, then I' possesses infinitely many
bifurcation points when p > p.(«). But, if @ = 0, the first case occurs and the
branch T' has infinitely many bifurcation points provided p > p.(0).

The conditions on p, a and N of Theorem 3.1 are sharp for the infinitely many
bifurcation points. In fact, if  is the unit ball of RY and f(s) = s7?, p > 0, from
Theorem 3.1, there is an unlimited positive solution branch I' of (S} ), which has
infinitely many bifurcation points, provided p > p.(«). Arguments similar to those
in Lemma 4.1 of [18] imply that all the bifurcation points are turning points.
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We can obtain the exact structure of the radial branch I' of the problem

Au=Az|*u"? in B, u=1 on JB. (23)
Lemma 3.2. There is a unique singular radial solution wu. of (23) attained at
A=A
Proof. Let uy be a radial solution of (23). Setting
p= AT u(p) = up(r), (24)
we see that v satisfies the problem
N -1
v+ = = %P pe (0, AV (£ ey — (25)
p
It follows from Theorem 2.3 of [7] that if v(0) = 0, then
24a 24+« 24+«
v(p) = Api, A‘(p+1):7[]\/'—2+ }
() = Ap P P
Therefore,
2 2
A= [N -2+ ﬂ]
p+1 p+1
and the unique singular solution corresponded is u.(r) = T O

Now we treat the case where p > p.(«).

Theorem 3.3. Assume that N > 2, p > p.(«). Then there is a unique number
As as in Lemma 3.2 such that, for any integer k > 1, there exist at least k positive
radial solutions of (23) for any A sufficiently close to A«. In particular, there are
infinitely many classical solutions of (23) for A = ..

Proof. We know that the solution branch has infinitely many bifurcation points. It
is also known from [18] that the radial solution branch has infinitely many turning
points. What we need to show is that for any solution sequence {(An,u,)} =
{(An,un,)} satisfying A, — A, un(0) — 0 as n — oo and any integer k& >> 1,
there exists an N* := N*(k) such that for n > N*, the graph of w,(r) intersects
that of u.(r) at least k times in the interval (0,1). Indeed, if this is proved, then
Uy — Uy, has at least k zeros in (0,1). By the changes of type (24),

_ @),

v+ (p) = ux(r)
and
p g )\711/(24'04)7«, Un(p) = un(’[")
then v, and v,, satisfy the problems
Av, = v;? in (0, /\i/(2+o¢))7 v, ()\}k/(2+a)) -1

and
Av, =v? in (0, /\}L/(Q-*—Oé))’ Un(>\111/(2+a)) =1

respectively. Moreover, v, — v, has at least k zeros in (0, min{)\}/(ﬂa), )\i/(%a)}).
Thus there are at least {g] —lintervals I; (i = 1,2,...,[4]—1) on which v, —v,, < 0.
Setting Q; = {y : |y| € I,}, we see that h’ := v, — v, satisfies satisfies

/Q (VR = por ™D (hi)?) <.
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Since each hi € HY(B,), where B, = {y : |y| < A\Y/*™}, and [, hihidy = 0 for
1 # j, the arbitrariness of k implies that the Morse index of v, is co. Arguments
similar to those in [6] imply that the radial solution branch T" of (23) turns infinitely

many times around A = A,.

We use contradiction argument to prove our claim. On the contrary, we see that
there is 7, € (0, 1) independent of n such that, for any solution sequence {(An, un)}
with A, — A, and u,(0) — 0 as n — oo, we have u, > u, in [0, r,] provided that
n is large. Note that u,(0) = 0. This also implies that there is p, > 0 independent

of n such that

vn(p) > vi(p)  for p € (0, p.). (26)
Let wy,(t) = v, /vs, t = Inp. Then w,, satisfies
2pv. -
wi(t)+ (22 N = 2)ui + AT ), - )0 =0, (20
vi(p
for t <lnp, and lim;, o wy(t) = co. A direct calculation shows that
2pvl (p 22+« - - _
(p) _ ( ), p2+ vl (p+1)(p) — A~ (1)
v (p) p+1
Thus w,, satisfies
2(2
w(t) + (N 24 %)w;(t) F A (g, —wTP) () = 0, t <Inp,. (28)
p
Since wy, (t) > 1 for t € (—o0, Inp,), we have
wh (t) + pw, (t) <0  for t € (—oo,lnp,),
where = (N -2+ 2(;:10‘)) Thus,
PTwl (1) < Pl (t)  fort < 7.
This implies
w,, (t) <0 for t € (—oo,lnp,). (29)
We know that w/, (t) # 0 since v, Z vs.
On the other hand, it clear that (28) is equivalent to
—w=P
Zn(t) + Bz, + A(pH)Mzn =0, z, >0 on (—o0,lnp,). (30)
where z, = w, — 1. Note that w, — 1in C’lloc(—oo,ln/\i/(%a)) as n — 0o. Then

(u(); _w;)p) = (p+1) asn— 0.

Since
B2 —4(p+1DAPT) <0 for p> pe(a),

we have for any interval [a, b] C (—o00,Inp,) such that for all n sufficiently large

(wy, —w,?)

wn = 1) >k in[a,?]

gn(t) ==
with
B2 — 4rA~PTD <0

and
2 B2l + AP Dkz, <0, 2, >0 ona,b].

(31)
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Observe that any solution of
Z"t)+ B2 + APz =0 (32)

is oscillatory. In particular, there exist [c,d] C [a,b] such that Z(c) = Z(d) = 0,
Z > 0in (¢,d) (and hence Z'(c) > 0 > Z'(d)). Multiplying (31) by Z and (32) by
Zn, We have

7482 Z4+ APz Z <0 on e d] (33)
Z" on + B2 2y + A" PV Z2 =0 on e, d]. (34)

Subtracting (34) from (33) yields (Zz/, — Z'z,)’ <0 on [e, d]. In particular, we have
—Z'(d)zn(d) < =Z'(c)zn(c).
This is clearly impossible. O
Now we consider the case of 0 < p < p.(a).

Theorem 3.4. Assume that N > 3, 0 < p < p.(a). Then the radial solution
branch of (23) is
F'={(\ay): 0< X< A, Ty is the mazimal positive radial solution of (23)}.
Proof. Note that p.(a) = 0 for N = 2. An elementary calculation shows that
2 2 N —2)?
» +a<N—2+ —|—oz>§( ),
p+1 p+1 4
Arguments similar to those in the proof of Theorem 3.1 imply that there is a max-
imal positive solution branch of (23) starting from (0,1). It is clear that each
maximal solution @) is a radially symmetric. Moreover, the mapping A +— @, is
decreasing. We know that (\., |z|2T®)/ (1)) is the unique singular solution of (23).

Now we show that u,(z) = |z|(?+®)/(+1) is linearized semistable in B. For any
¢ € C}(B), we see that

/BHWP — A ur PV ?) = /BHWP — pA" |z %]

if 0 < p < pe(a).

N-22
> [ w6 - B2 w22 2 0
B

The last inequality is by the well-known Hardy inequality. Therefore u, is linearized
semistable.

Let v(p) and v.(p) be as defined by the change (24) from wu) and w. respectively,
they can be uniquely extended to be radial solutions of the equation

Av =|z|*™? in RV,
Arguments similar to those in the proof of (3.3) in [7] imply that v(p) > v.(p) for
p € (0,00) provided 0 < p < p.(a). Since v(A\/Z+®)) =1 and v*()\i/(2+a)) =1, we

see that A < A*. Therefore, uy > u, in (0,1). Moreover, for any ¢ € Cg(B), we see
that

Tl =i g > 9 A a0 2 0.
B B

Now we show that uy = wy. Under the change as in (24), we see that v and T
satisfies the same equation and

oAV CH)y = gAY/ ZHe)y = 1,
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For 0 < p < p.(a), we easily show that v(0) = ©(0). Otherwise, we can show by
arguments similar to those in the proof of (3.3) of [7] that v < ¥ in [0, \Y/(2F)],
This is a contradiction. O

Proof of Theorem 3.1 for the case |yo| = co. We distinguish the following two cases:
(a) a=0and (b) a #0.

For the first case, if we set W, (z) = w,(y) where p, = 7,|7,|, 2 = pn
from (14) that w,(0) = 1,w,, > 1 satisfies the equation

/

2
Yy, wWe see

5 Z g _ A _
A, = |1+ W| W, P(€ntin)P fentn)] in Qp, Wnlyg =€, (35)

where Q, = {pg/ 2y oy € Qn} The standard blow-up argument implies that
W — W in CL_(RY) as n — oo and W satisfies the equation

AW =W™ W >1inRN, W(0)=1. (36)

It is known from [7] that the Morse index of W is infinity for p > p.(0). Thus the
branch I' has infinitely many bifurcation points in this case. This completes the
proof of case (a).

Now we consider case (b). We first see that A e /2
where d,, := dist(z,, 9€). Note that it follows from (15)

d, = +00 as n — oo

by = A 2e-(PHD/2 5 o6 as n — oo

So it can be done by arguments similar to those in the proof (3.16) in [8].
By arguments as above, we see that

1—u,(t, 'y + )

—-U inCL,(RY)asn— oo

€n
where U satisfies

AU =|a|*U™?, U>1 in RN, U(0)=1. (37)
Thus the same conclusion holds as for case (a). This completes the proof of Theorem
3.1 for |yo| = oo. O

4. Structure of positive solutions of (7)) when [ satisfies (G1) - (G2). In
this section we study the structure of positive solutions of (T)) for f satisfying
(G1) and (G2). As in Section 3, we study its equivalent form (S5). Recall that the
existence of positive entire radial solutions of equation

Au= f(u) inRN
with f satisfying (G1) and (G2) was established in [23] and [20]. Moreover, argu-
ments similar to those in [6] and [5] imply that there exists a solution branch which
starts from (A\*,0), where A* = —o1/f’(0). Similar arguments to those in the proof
of Theorem 3.1 proves also
Theorem 4.1. There exists an unlimited solution branch

I:={(A\vy): 0<wvy <1 satisfies (Sx)}
starting from (A*,0). Moreover, if p > p.(a) orp > p.(0) (which relies on the shape
of Q), then T has infinitely many bifurcation points.
Now we study the exact structure of positive radial solutions of the problem

Au=MNz[*u™—-1], 0<u<l inB, u=1 ondB. (38)
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Lemma 4.2. There is a unique singular radial solution u, of (38) attained at
A=A
Proof. Let uy be a radial solution of (38). Let again p, v(p) define by (24), then v
satisfies the equation
N-1
Bl ot pe 0V, /) S a9)

Arguments similar to those in Lemmas 4.1 and 4.2 in [23] imply that if v(0) = 0,
then

p*(2+°‘)/(p+1)v(p) — A asp—0, (40)
B 2+a)
1=2+a)/(p+1) /() — ( Aasp—0 4

where A is defined as in Lemma 3.2. Moreover, v can be uniquely extended to be a
singular radial solution of the equation

Av=lyl* "~ 1, yeR". (42)

As in Section 4 of [23], it can be prove that (42) has a unique singular radial solution.
Let A, satisfy v(/\i/(2+a)) = 1. Then A, > 0. It is clear that u,(r) = v(/\i/(2+a)r)
is the unique singular solution to (38). O

Theorem 4.3. Assume that N > 2, p > p.(«). Then there is a unique A > 0 as
in Lemma 4.2 such that, for any integer k > 1, there exist at least k positive radial
solutions of (38) for any A sufficiently close to M. In particular, there are infinitely
many classical solutions of (38) for A = A..

Proof. Similar to the proof of Theorem 3.3, we only need to show that for any
sequence {(An,un)} = {(An,uy, )} satisfying A, = As, un(0) = 0 as n — oo and
any integer k >> 1, there exists an N* := N*(k) such that for n > N*, the graph
of u,(r) intersects that of u.(r) at least k times in the interval (0, 1).

We keep the same notations as in the proof of Theorem 3.3 and also use a con-
tradiction argument to prove this. Assume that there exist 7. € (0,1) independent
of n and a solution sequence {(A,, u,)} of (38) such that w, > u. in [0,r,] provided
that n is large.

Observe that both functions v, (p) and v, (p) satisfy the same equation

v+ Ev’ =p*vP —1].
p
We also have that there is p, > 0 such that v, (p) > v.(p) for p € (0, p.).
Let w,,(t) = v, /vs, t = Inp. Then w,, satisfies

w0+ (22N Y (170 ) () (w0 ) (042 (1-0,)(B)] = 0.

v« (p)
(43)
for t <lnp, and lim;, o wy,(t) = co. From (40) and (41), we obtain
2pv! 2(2 _
pvi(p) - (2+ a), p2+av* (p+1) L A g 0= 0. (44)

v«(p) p+1

Since wy,(t) > 1 for t € (—oo,Inp,) and v, — 0 as p — 0, there exists —co < T <
Inp, such that

wl(t) + g1 ()wl,(t) <0 fort € (—oo,T) (45)
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where g;(t) = 2¢0i(eD) | N — 2. Thus,

v (et)

T

exp(/t gl(s)ds> wy, (t) < eXp(/ g1 (s)ds) wh(r) ift>7>—0c0.  (46)

— 00 — 0o

We know g (t) = (N -2+ 2(5;:1(1)) as t = —oo. Since wy,(t) = 0o as t — —oo, (46)
implies that
wh(t) <0 for —co <t <T. (47)
The strict inequality in (47) must be true since v’ = 0 is impossible (note w,, # 1).
Let z, = w, — 1. Then by (43), we get
20 () + g1(t)z), + g5 ()2, =0, 2, >0 on (—o0,T) (48)

where

g2n(t) = pPHous P (p) [(ugfv __wf)p)

Since wy, — 1 in C}) (—00,T) as n — 0o, we have

—v}(p)]-

9o,m — p2+o‘v*_(p+1)(p)[(p +1) =] in C) (—00,T) as n — oo.
Noticing that
p2+°‘v;(p+1)(p) S APy (p) =0 asp—0

and

22+ )
p+1

we deduce that for any closed interval [T, T1] C (—o0,T) and n sufficiently large

2
(N -2+ ) —4(p+ AP <0 for p > pe(a),

gi —4g2, <0 in [T, TY].

Thus there exist by > 0 and ¢; > 0 such that b2 — 4c; < 0, and g1(t) < by,
g2.n(t) > c1 if t € [T, T1]. Observe that any solution of

Z't)+ 07 +a1Z =0 (49)

is oscillatory. In particular, there exist To < az < be < Ty such that Z(as) =
Z(bs) =0, Z > 0in (as,b2) (and hence Z'(as) > 0 > Z'(b2)). Then as before, we
have

P2 (72! — 7'2,)(ba) < "92(Z 2], — Z'2,)(az).
This is impossible since Z’(az) > 0 > Z’(bs). This completes the proof. O

We now study the structure of radial solution branch I' of (38) for 0 < p < p.(a).
Note that for that case, we have \* = o1 /p. We first give the asymptotic behavior
of u.(r) as r — 0.

Lemma 4.4.
u, (r) = A/ PHD,0 (A — BrP? + o(rpé)) asr — 0,

where A is as in Lemma 3.4 and

2 1
_cte p_

6 b1 .
p+1 (p6)2 + (N — 2+ 28)pd + (p + 1)A-(+D
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Proof. Introducing the Emden-Fowler transformation for w.

1 1
ve(p) = AP P, (r), p= 5 aln)\ + Inr,
we see that v, satisfies, for p € (—oo0, 1211’\0[)
o(p) + (N =24+ 26001 (p) + Ao (p) — 0 7(p) + P =0, (50)

5/(24a)

with v, > 0, lim,, o v.(p) = A and U(%) = A . Therefore if we assume

that v.(p) = A + AeP% + o(eP%P) as p — —oo, we easily obtain from (50) that
A = —B. Here we are using the fact that

(A+ AePdr 4 0<epép))—p = AP — pA= P+ gerdr 4 O(epép).
This completes the proof. O

Next we show that for any solution (regular or singular) (A, uy) € I, the Morse
index m(uy) of uy is bounded. More precisely, we have

Theorem 4.5. There exists an integer C > 1, independent of X\, such that
1 <m(uy) <C. (51)

Proof. We first consider the singular solution case. For any solution consequence
{(Ansun)} = {(An,ux,)} with A, = A and u,,(0) — 0 as n — oo, we consider the
eigenvalue problem

— Ah — pAy|z|®u; P*Yh = ph in B, h=0 on dB. (52)

Firstly, by multiplying k, := 1 — u,, € H}(B) on both sides of the equation of w,,
and integrate it over B, we obtain

/\an|2:/ )\n|;v|a(u;p—1)kn</p)\n|x|0‘u;(”+1)ki
B B B

This implies that for any n, the first eigenvalue p1,, of (52) is negative. Therefore
m(uy,) > 1.

To obtain the conclusion of Theorem 4.5, we only need to show that |p; .| < C.
First, for near r = 0, it follows from Lemma 4.4 that

_p_ —(p+1)
ul(pﬂ)(r) = A;lr_(2+°‘) (A — BAPTTpPO 4 o(rp‘s)) ?

= Al (@t (A—(p+1) +(p+ 1)3)\:5;1 A= (P+2)p o(r”‘s)).
That is, for r near 0
Aor®uy P = 2 (A*(p“) 4 (p+ 1)BATTIA-(H2) 05 o(rw)). (53)
Since u. is increasing in (0, 1), there exists a small € > 0 such that
Arus # () < { T_Q(A_(p“) +(p+2)BATT A‘(””)’“’”‘s) for r € (0, €)
C. for r € [¢,1)
where C, > 0 depends on € and \.. Therefore for r € (0, 1),

/\*ro‘u:(m_l) <r2 (Af(erl) +(p+ 2)3/\3:%1\7(;&2)74:5) + C,. (55)
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On the other hand, we have that

pA~— (P < (N —2)°

(N — 2)
h2
/ VA |x|2— / R/ 1nR/|x|

for every h € Hi(B) (see [1]), where C > 0 is a constant and R > e. Therefore for
any h € H}(B),

/ VAP = pAaruz )
B

for 0 < p < pe(a)

and
(56)

z/ [\vw pA= @D = r*2((p+2)BAf+1A <P+2>rp5)h2 C hﬂ
B
N —2)2 2

> 2_(77_ Pl (p+2),.p8 \ 1,2 2
_/B[\vm T ((p+2)B)\ A=+ )h C**h]

Ch? )
> o 9 p+1 —(p+2) pé 2 **/ 2
_/B[rz(lnR/r)z (0 +2BN )0 = Coe [
_ ¢ 75T\ —(p+2) .p0
_/B[(IHR/T)2 ((p—i—Q)B)\* A " )} r? Cos B

= {/BEJF/B\BE H(IDRC/T) ((p+2)B>\p+1A p+2),np6)]ii 70**/3,12
C

c e h?
> O 2 _ P+l —(p+2),.p6 \| " _ **/ 2
> /Bh +/B\BE [(lnR/r)2 ((p+2)B>\ A r )} 7 Co [ 1

_C** / h2
B

where C*, C** > 0 depend on C\, € and A, but are independent of h. Thus the first
eigenvalue p, of the problem

—Ah—p)\*|:b|au;(p+1)h:uh in B, h=0 ondB. (57)

satisfies p. > —C**. Since u,, — u, in B\{0} and A\, — \., we see that ui , — fis
as n — oo. Therefore, |u1,| < 2C** (note that pq, < 0). This implies that there
exists an integer C' > 1 such that 1 < m(u,) < C.

The proof for a regular solution (A, u)) case is similar. Note that for r € (0, ¢),

up(r) > AV PHDAS, (58)

Since wy is increasing in (0, 1), we see that for r € (0, 1),
p/\ro‘u;(pﬂ) < pA=(PHD =2 4 oo (59)
where C*** > 0 depends on o1 and € but is independent of \. We deduce with the
same conclusion. O

Corollary 1. For 0 < p < p.(a), the graph of any regular solution wuy intersects
with that of us finitely many times in (0,1). Moreover, the graphs of any two
different regular solutions intersect finitely many times in (0,1).

Proof. We only prove the first conclusion, the second one is obtained similarly.
By contradiction, suppose that the graph of u) intersects with that of u, infinitely
many times. Then we can find infinitely many intervals J; (i = 1,2,...) such that
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Uy < uy in J;. We first consider the case A > \,. Setting h; = u, — uy, we see that
h; < 0in J; and h; = 0 on 9.J;. Moreover,

Ah; = Aru? —1] = r®uy? — 1]
< Arfur? - 0]

= —phrtgPp,
< —p)\*rau;(pﬂ)hi.
Therefore we have

K2

/ [[Vhi|? — )\*|x\o‘u;(p+1)h2] <0
B;
where B; = {z : |z| € J;}. This implies that m(u.) = oo, a contradiction.

For the case A < A., we can find infinitely many intervals K; (i = 1,2,...) such
that uy > uy in K;. Thus h; > 0 in K; and h; = 0 on dK;. Moreover, one has

Ah; > \r® [u;P _ u;p] > _p)\,,ﬂozu;(?+1)hi7
which implies

IV = pAlal 02 < 0
B;
where B; = {x : |z| € K;}. This means that m(uy) = oo, a contradiction again. [J

Remark 2. We can also consider the problem

Au = Mz|*f(u) in Q,
(T%) O<u<k in Q,
U=k on 0f}

with 0 < kK < 1. Under the assumptions (G1) and (G2), we see that f(k) > 0.
Arguments similar to those in the proof of Theorem 3.1 imply that the corresponding
problem (S%) has an unlimited positive solution branch starting from (0,0), that
has infinitely many bifurcation points, provided p > p.(a) or p > p.(0). When
Q=B and g(s) = (k—s)? —1 with 0 < p < p.(«), the behavior of the solution
branch depends on k. If k is close to 1, the solution branch is close to the branch
of the case k = 1. This implies that the Morse index of any solution in this branch
is finite.

Remark 3. The main conclusions of Theorems 4.3, 4.4 and 4.5 still hold for the
radial solution branch of the problem

Au=Az|*u™?—-u"9, 0<u<l inB, u=1ondB (60)

where a > 0 and 0 < ¢ < p. We know that (60) has an unlimited radial solution
branch T' starting from (o1/(p — ¢),1) and that v = 1 is a trivial solution to (60).
The conclusions as in Theorems 4.3, 4.4 and 4.5 can be obtained by variants of the
proofs as above. When 2 is an annulus, the structure of radial solution branch of
(60) can be found in [19].
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