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ABSTRACT. For the three dimensional axisymmetric Euler flow, we construct a
family of solutions with multiple travelling vortex rings, with large speed of order
O(|Ing|), where ¢ > 0 is a small parameter. Our construction is based on the
analysis of the following nonlinear elliptic equation:

drtp+ 20, + 3ty = —F((¢ — 3| Inel)r2), (r,2) € R,
$r(0,z) =0forr =0,

for some special functions F, where « is a parameter. The location of the vortex
rings are governed by some balancing systems, which can be solved by the poly-
nomial method in several special cases. For the non-swirl case, in the core of each
vortex ring, our solutions can be regarded as a rescaled finite mass solution of the
Liouville equation. The results can be generalized directly to the case with swirl,
for which we also construct different types of solutions with multiple vortex rings.

1. INTRODUCTION

The Euler equation for an ideal imcompressible homogeneous fluid in dimen-
sion 3 can be written in the form:
u;+ (u-V)yu=-VpinR? x (0, T),
divu = 0in R® x (0, T), (1.1)
u(-,0) = ugin R?,

where u = (u1, up, u3) is the 3-dimensional velocity vector of the fluid and p is the
scalar pressure.
An important quantity associated to the velocity u in the equation (1.1)) is its
vorticity, which is defined by
w = curlu.

In terms of this quantity, under suitable conditions, the Euler equation (1.1) is
equivalent to its vorticity-stream formulation:

wi+ (u- V)w = (w-V)uinR3 x (0,T),
u = curly?, —Ay? = win R® x (0,T), (1.2)
w(-,0) = curlug in R3,

where 0 is the vector stream function. Note that the velocity can actually be
recovered from the vorticity from the Biot-Savart law, at least under some natural
conditions. We refer to [28] and the references therein for a detailed introduction to
the mathematical aspect of the Euler equation. In particular, a rigorous treatment
of the vorticity-stream formulation of 3D Euler flow can be found in Section 2.4 of
[28].
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In this paper, we shall use the vorticity-stream formulation to show the exis-
tence of solutions with multiple vortex rings and having the form of travelling
wave type. Our solution can be regarded as a special family of the so called
vortex filament solutions. Roughly speaking, vortex filament solutions to the 3-
dimensional Euler equation are those solutions whose vorticities w are large and
uniformly concentrated near an evolving smooth curve I'(f).

The study of vortex filaments traces back to Helmholtz and Kelvin. In 1867,
Helmbholtz considered the situation where the vorticity is concentrated in a circular
vortex filament, he found that the vortex rings have steady form and travel with a
large constant velocity along the axis of the ring. In 1970, Fraenkel [15] established
the first rigorous construction result of a vortex ring concentrated around a torus
with fixed radius of small section € > 0, travelling with constant speed of O(|In¢|).
After this pioneering work, existence of steady vortex rings and their asymptotics
have been analyzed in many works. For instance, in [1} 31]], variational method
for the stream function is used to construct a single vortex ring with vanishing
circulation in the limit. In [5] 6], vortex rings are constructed via rearrangement
of functions. The paper [16] established the existence of vortex ring by analyzing
a kinetic energy associated to the vorticity function. [13] constructed vortex rings
in various domains and studied their asymptotic limit as a small parameter tends
to 0. In the recent papers [8} 9], single vortex rings are shown to exist for a broad
class of nonlinearities. The method used there is also of variational nature, for
the corresponding elliptic equations. Finally, let us mention the paper [30], where
magnetic relaxation method is used to formally show the existence of steady vor-
tex rings. We would like to point out that most of these work deals essentially with
one steady vortex ring.

The dynamics of the Euler equation for vortex filaments have been studied long
time ago. Da Rios [10] and Levi-Civita [23] formally found the general law of mo-
tion of a vortex filament with a thin section of radius € > 0, uniformly distributed
around an involving curve I'(t), see also the survey paper by Ricca [33]. If T'(¢)
is parametrized as x = (s, t), where s designates its arclength parameter, then
(s, t) asymptotically obey a law of the form

ve = 2c|Ing|(7ys X 7ss)
ase — 0, or scaling t = |Ing| !,
Yo = 2cxb, () (1.3)

where ¢ corresponds to the circulation of the velocity field on the boundary of
sections to the filament. Here for the curve I'(T) parametrized as x = (7,t),
we denote by tr(;), nr(), br() the tangent, normal, binormal unit vector, «x be its
curvature.

In [21]], Jerrad and Seis studied the evolution of the vortex filaments under mild
assumption of vorticity concentration, by establishing new estimates for the cor-
responding Hamiltonian-Possion structure. They showed in a rigorous way that
I'(7) indeed evolves by the law , up to some errors which can be precisely
controlled.

As explained in [21]], solutions of the Euler equation for which the vorticity re-
mains close for a significant period of time to a filament should exist and evolve
by the binormal curvature flow may be loosely termed vortex filament conjecture.
This conjecture in its full generality is still not completely resolved. The case of
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steady vortex filaments can be regarded as a special situation of this type. Besides
those steady vortex rings mentioned above, we also have the example of knotted
vortex filaments with small vorticities, studied in [14]. Recently, Davila, Del Pino,
Musso and Wei [12] consider the case when the curve I'(7) is given by the trav-
elling helix which satisfies the binormal law and construct solutions of
with concentrating vorticity for this helix. We also point out that in [7], evolution
of multiple vortex rings in a short time period is analyzed.

It is worth mentioning that the nearly parallel interacting filaments of the 3D
Euler equation have also been studied in [22] and the law for it is the same for
the dynamics of almost parallel vortex filaments for the Gross-Pitaevskii equation
[20]. Construction of vortex filament with small vorticities around general set has
also been studied in [[14].

In this paper, we would like to study the existence of vortex filament solutions
of travelling wave type, where the concentrating region of the vorticity w has the
shape of multiple travelling rings. More precisely, we will construct solutions of
multiple vortex rings, for which m rings have positive circulation and the other
n rings have negative circulation. Moreover, the vortex rings will collapse to the
same circle of radius of O(1) as the parameter ¢ goes to zero, and the mutual dis-

1

tances between these rings are of the order O(m), which is much smaller than

the radius of the rings.

Our construction is based on the Lyapunov-Schmidt reduction. The reduced
system we obtain here tells us that the location of the rings(represented by the
points a;, by) are essentially determined by following system (Balancing condi-
tion):

m ~ n

i B -
‘ Z akla]. - Zarjbj =0, fork=1,...,m,
i i (1.4)
B 7 i
B 2 bk*]b]' + Zbkia]v = —pk, fork=1,..,n.
j=Lj#k j=1

Here aj,j =1,.,m, by =1,..,n, are complex numbers in the right half plane I'1

defined in , ¥ >0, — B]- < 0 correspond to the circulation of the rings, and
0j,p; are constants related to the radius and speed of the travelling rings. More-
over, the solvability of our original problem is related to the non-degeneracy of the
solution to which will be explained in Definition[7.1}

We remark that similar reduced system has been obtained when we study the
multi vortex ring solution for the 3-dimensional Gross-Pitaevskii equation in our
previous work [4], when all the degree of the standard vortex are equal to +1 or
—1. It has been shown there that the existence and non-degeneracy of symmetric
(aj, by) are related to some generalized Adler-Moser polynomials.

To make our construction possible, the solution aj,bg to the system has
to satisfy some extra symmetric properties. We therefore introduce the following
conditions:

(M1). The points aj by, j=1,..,m, ¢ =1, .., n are all distinct. The set of points of
{ay,...,am} and {by, ..., b, } are both symmetric with respect to the r axis.

(Mp). aj, by, j =1,..,m, ¢ =1,..,nis nondegenerate solution of 1i in the sense
of Definition[Z.1]
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To state our results in a more precise way, let us now introduce some notations.
Fori = 1,---,m+ n, given distinct points (r;,z;) € I1, let I';(T) be a circle with
radius r; translating with constant speed along its axis parametrized as

s .S o
Yi(s,T) = (ricos =, risin —, z; + —1)7. (1.5)
¥i ri 41
Then we have the following existence result:

Theorem 1.1. Suppose aj, by, j = 1,...,m, { = 1,...,n is a solution of (I.4) satisfying
condition (M1)-(My). For any ry > 0, there exist distict points (r;,z;) € Il fori =
1, ,m~+n, and a smooth solution we to (1.2), defined for T € (—oo, +c0) such that
forall T,

m+n
we(x, T/ Ing[ ") ~ Zi Ki0r, () tr ()
i=
where ; is the circulation(see and ([7.4)), T; is the traveling circle parametrized by
, ¢ is the Dirac mass, and tr ) is unit the tangent vector of I'; at the point tr(r). The
corresponding velocity vector is axisymmetric. Moreover, the solutions have the following
properties:

1. The vortex rings satisfy |(r;,z;) — (ro,0)| = O(ﬁ) ase — 0;

2. After suitable translation in the r direction with the order O(1) , and a scaling by
a factor | Ing| , the position of the vortex rings in the (r,z) plane is close to those
points

{al, ceey am,bl, ceey bn}
In other words, the locations of the vortex rings are determined by the balancing
condition.

Solutions described in our main theorem can be constructed for the cases ei-
ther with swirl or without swirl. More precise description of the solutions will
explained in the following sections. The motion of vortex filaments correspond-
ing to our solutions is the natural generalization of the motion of point vortices for
the 2D incompressible Euler equations. In that case, their desingularization has
been analyzed in [11} 29}, 35] and reference therein.

When f; = ¥; = 1in , it has been shown in [4] that for (m, n) € S where

S:= {(Zrl) ’ (3/2) ’ (4,3) ’ (5r4) ’ (6,5)},

there exists solution to (1.4) satisfying (M1 )-(Mz). Hence one can construct so-
lutions to with such m + n travelling vortex rings. In Section 8 of this paper,
we show that there exist abundance of balancing configurations for many choices
of different circulations. In particular the case with two different circulations and
three different circulations will also be studied.

We point out that solutions with vortex rings in other PDE settings have been
built in [3] 24} 25]. Partial results on spectral stability of a columnar vector for the
3D Euler has been obtain in [17,[18] and nonlinear stability of point vortices in [19].

Let us now sketch the main ideas of the proof. We will use the method of finite
dimensional Lyapunov-Schmidt reduction. The first step is to reduce our problem
to a 2D problem in IT x (0, T):

rwi + VE(r?¢) - Vw = 0in IT x (0, T),
—(02+320,+32)p =winII x (0, T), (1.6)
9,(0,z) = 0 € AL x (0,T).
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After some manipulation, in the case with swirl, we are lead from this system to
the equation (2.15). This reduction from 3D to 2D case is done in Section We
will find travelling wave solutions to (1.6) with multi vortex rings by analyzing
the nonlinear elliptic equation (2.15). Our second step is to choose the nonlinear
function F(s) in (2.15) to be of the form ¢°. We then build suitable approximate
solutions by using a combination of solutions of the classical Liouville equation.
This is contained in Section 2.2} This approximate solutions can be perturbed into
a genuine solution by Lyapunov-Schmidt reduction method. The balancing condi-
tion comes from the requirement that the projection of the error of the approximate
solution to kernels of the corresponding linearized operator should at the main or-
der be equal to zero. Once we have this balancing condition, then a true solution
can be found using implicit function theorem.

This paper is organized as follows. In Section 2} we will reformulate our prob-
lem and reduce it to a two dimensional elliptic problem and introduce the approx-
imate solution. In Section [3} we will get the error estimate caused by the approx-
imate solution g introduced in (2.22). Section [4{6] are devoted to the inner-outer
gluing procedure which solves a nonlinear projected problem. Section[7]is devoted
to the reduced problem and the fully solvability of our Theorem 2.1} Theorem
is a direct consequence of Theorem In Section[§ we are devoted to the study
of the balancing condition (2.23). In the last section, we study the case with swirl
and construct multiple vortex ring solution such that the mutual distance and the
radius are both of O(1) due to the effect of the swirl. We emphasize that this type
of solutions are in general not available for the case without swirl.

Acknowledgement W. Ao is supported by NSFC no. 12071357 and no. 12131017.
Y. Liu is partially supported by NSFC no. 11971026 and “The Fundamental Re-
search Funds for the Central Universities WK3470000014”, and the National Key R
and D Program of China 2020YFA(0713100. J. Wei is partially supported by NSERC
of Canada.

2. FORMULATION OF THE PROBLEM

2.1. Reduction to elliptic equation in 2D. As we mentioned in the introduction,
we will construct travelling solutions to with multi vortex rings. In this paper,
we are in particular interested in the axisymmetric Euler flows. In this case, the
velocity field u can be expressed in the following form:

u(r,z) = u'(r,2)e, + ub (r,2)eg + 1 (r, 2)e,

where {e;, ey, e } is the usual cylindrical coordinate frame given by

1 1
e = ;(x,y,O)T,ee = ;(_yrx,O)T,eZ = (0,0,1)T.

We also denote the corresponding vorticity w and the stream function vector
¢ in (1.2) as
w(r,z) = w'(r,2)e, + WP (r,z)eg + W (r, z)e;
and
WO(r,z) = ¥ (r,2)er + 0 (r, 2)eg + ¥* (1, 2)e..
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Under these notations, the 3-dimensional Euler equation (1.1) becomes

uf +uuf +uFul = —1uru® in T x (0, T)
w! +uwf! +uFwl = 2ubuf + Lurw? in T x (0, T) (2.1)

—(A—5)9? =’ inII x (0, T)

where 1%, w? and ¢ are the angnular components of the velocity, vorticity, and
stream function vectors, respectively and
IT={(r,z)|[r >0,z R} (2.2)
is the right half plane.
Now the relation between velocity and stream function is given by
1
u' ==y, ut = —(ry"), (23)
in which the incompressibility condition
1
;(rur)r +uz=0 (24)

is automatically satisfied.

The axisymmetric Euler equations have a formal singularity at r = 0, which
sometimes is inconvenient to work with. To remove the artificial singularity we
introduce

U = —, w1 = 7/47 = (25)
The transformed equation becomes
Uy + u'uy, + uuy, = 2u1P, in I x (0, T)
w4 u'wy, + uFwy; = (u3);in 11 x (0,T)
—[02+ 209, + 2] = w; inI1 x (0, T),
,(0,z,t) =0o0ndll x (0, T).
In terms of the new variables, we have
u' = —rip;, u* =29 + rip,. 2.7)
We may also write the transformed equation as
(rPuy) + (ru”) (r?uq), + (ru?) (r?uq), = 0in I1 x (0, T)
rwy s+ (ru”)wy, + (ru?)wy, = r(u?); in I x (0, T)
—[02+ 209, + 2] = wy inII x (0, T),
$r(0,z,t) =0ondll x (0, T).

(2.6)

2.8)

Note that
" = —(r*pr)., 1t = (),
one has
(ru”,ru?) = V().
Hence
(ru")y + (ru*), =0
and

ru've +rufv, =0
are satisfied
As mentioned in the introduction, for solutions with large vorticities and uni-
formly concentrated along a smooth curve, the travelling speed is of O(|In¢|). We
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therefore introduce t = |Ine|~'7. In the new variable (,z,T), replacing wy by W,
and letting

0 =r*uy, § =r’y,
we find that the equation (2.8]) becomes

|logel|riiz + VX ($)Vi = 0in T x (0, |Ine|~1T)
|loge|rWr + VL ($) VW = (”r# inIT x (0,|Ing|~1T)
—Ag(¥) = rWinTI x (0, |Ing|~'T)

lpr(O,Z,t) :O

(2.9)

where
19,9, 1 2
=rarla) Tt e

In this way we have reduced the original 3D problem to a 2D problem with
Neumann boundary condition. The purpose of this paper is to construct regular
solution W(r,z, T) which resemble a superposition of point vortices of the form
YN x;:0(x — pi(7)) such that p;(t) does not change form as time evolves. We
focus on travelling solutions with constant speed a such that

pi(T) = pi +aten.

Note that due to the Galilean invariance of the Euler equation, travelling wave
solutions can be transformed to a steady state solutions, and they are expected to
play important roles in the long time behavior of the full Euler flow.

In our context, a travelling solution of speed a with the form W = W(r,z — aT)
will be correspond to solutions of the following system:

—a|logelri, + V() Vit = 0in I1
—a|loge|rW, + V- ($) VW = = in 11
—Ap(¥) = rWinTI
1,(0,z) = 0.
Note that the first equation of will be automatically satisfied if there exists
some function H : R — R such that

n=H(p— %| Ine|r?). @.11)

(2.10)

For function i in this form (2.11), the second equation in (2.10) is satisfied if there
exists some function F : R — IR such that

A G(§
W = F(f — %| Ine|r?) + 2.12)

where
G(s) = H(s)H'(s).

Combining (2.11) and (2.12) and consider the third equation in (2.10), we are
lead to the following equation for

{ 8o($) = —r(F(p — §1inels?) + CE2ID) i
z

02— (2.13)
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Recall that ) = r2y. Coming back to ), one has
G((y—4|Ine))r?) .

—Asp = F((y — §|Ine|)r?) + S0 i (2.14)

(0,2) =0
where

3
ASIP = arrlp =+ ;arlp + azzllj-

This family of equations is sometimes referred as the Long-Squire equation [26)}
34] or more generally the Grad-Shafranov equation in plasma physics [2] in the
form

_a 2
s = F((p— Simelyr) + CETERDT gy S jinep)

where F, G, K are arbitrary functions.

Once a solution 1 satisfying for an arbitrary choice of functions (F,G)
is found, one can easily construct travelling solutions for the original 3D Euler
equation (2.1).

In the literature, vortex rings are divided into two cases depending on whether
the swirl velocity u? is zero. This is equivalent to say whether the function H is
zero. When H = 0, this is the non-swirl case while H # 0 is the swirl case. There
are more results for the non swirl case for different choice of the functions F.

2.2. The approximate solutions. In this paper, we will mainly focus on the exis-
tence of solutions with multiple vortex rings for the non swirl case. Our result can
be extended to some case with swirl which will be discussed in the last section. In
the following we will consider the following equation:

{ —Asp = F(( — §|Ine|)r?) := WinII (2.15)

$r(0,z) = 0.

We aim to construct multi vortex points solution to (2.15). We devote the rest of

the paper to build such a solution by elliptic singular perturbation and Lyapunov-
Schmidt reduction method.

In the following we will mainly introduce the approximate solutions. First we

fix rp > 0, we want to construct multiple vortex ring solution to the 3D Euler
equation (2.1) such that

N
0
w’ — 81 ) Ky, (2.16)
j=1
where N corresponds to the number of rings and p; are distinct points in Il, and «;
can be regarded in some sense to be the circulation of the individual vortex ring.
We will work in the following configuration space:

1 1
I:'={p; = (rj,zj) €11, |rj — 10| = O(m)/ lpi — pjl = O(m)}- (2.17)
By the relation of w® and W, (2.16) implies that
N5y
W%SHZK]'% = W 2.18)
=1 ]
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For p € 11, let G(x, p) be the Green’s function of the problem

—AsG(x,p) = 816y, inTl
{ 0:G(x,p) =0ondIL (2.19)
From (2.15) and (2.18), we should have the formal limit
(x,
P — le A — (2.20)

i=1 Ti

We will choose generation function F(s) of the form e°, whose precise form will
be given explicitly below. We can achieve the above limit by solving the elliptic
equation

—Asyp = F(r2yp — %| loge|r?) = W 2.21)
with
N 2K S
F(s) =) & 2"~ fi(—)x & (pi),

riT Kiti Ting
where f;(s) = e*y'(s) and 5/(s) is cutoff function to be defined in — and
&1 > dp for the constant dy to be given below.

We look for a solution that at main order looks like

\_/H
_

1 X — pi
W= F(T’ZIIJ— |1oge|r )~ —2U< . pl),
near each vortex point p; where
8
U(x) = ———57-
SN

Sinceas e — 0,

Lo (x=pi
SU(ZH) = s,
Note that
—ATp = 0 in R?,
where I'y = log U and A = 9+ + 0.
Roughly speaking, we want to construct solutions such that W has compact
support and concentrate near each p; using the nonlinear function e°. But this

function does not have compact support. So we use cutoff function 7’ which is
chosen in such a way that it is supported in B 5, (p;) for some &y small. So in

[Ine|

this way W defined above has compact support near each p; and it behaves like

e% u (%) near each point. Since ; > 4y, so the solution to (2.21) is a solution to

the Euler equation.

To state our main result, we consider a e-regularization of (W*,¢°) given in
2.16) and (2.18). To achieve this, we need to study the asymptotic behavior of
G(x, p) near the singular point p.

Locally around x = p;, the Green’s function can be expanded as

3
G(x/ Pz) 10g | — i |4 (1 g(?’ - 7"1') + Hi,O(x)> + Hi,l(x)'
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Here H; and H;; are smooth functions with
AsHi1(x) =0, and Hig(x) = O(|lx —pi|*) asx — p;,
and it satisfies
1 (r—r;)? 9 1
As| log ———H;g(x) ) = —3 7+
(108 [ o)) = 30 L g B
Let us consider the following e-regularization of G(x, pi).
1
(u7e? + [x — pil?)?

and consider our first approximation as

3
. = log (1- 5(7 —17) 4+ Hio(x)) + H (x),
1

N . N
Yo=Y %Gi,gno(x — (r0,0)) + (1 —10) ZKZ'G(); pi) (2.22)
i= i=1 i

—1"i
for some cutoff function #o(s) such that #7o(s) = 1 for s < 7 and #o(s) = 0 for
s > 2. Here p; > 0 are numbers to be fixed later.

We have the following existence result:

Theorem 2.1. Suppose aj, by, j = 1,..,m, £ = 1,...,n is a solution ofﬂ) 1.4 satisfying

conditions (My)-(My). For any ro > 0 there exists {pl, -, pN} satisfying 2.17) and
« > 0 such that there exists solution \ of of the form

¥ =1o+o(1)
where 1y is defined in :

We point out that the solution in Theorem contains multiple vortex rings
such that the mutual distance are much smaller than the radius of the rings. In the
last section, we also study the swirl case and construct different type of solution.
There the mutual distance and the radius of the vortex are all of O(1). This is due
to the effect of the swirl.

Remark 2.2. In fact, we can have more precise description of the vortex points. If we write

pi
Mne|

pi = (r0,0) +

Then p; will be perturbation from solution of the following system:

m
7i Bi
. Z akla‘ B Z1ak_]bj = Uk’ fork = 1l'~-/m

=1,j#k =
] ];’i B; " - (2.23)
B Z bk*]bj + bkiaj =—pi fork=1,.,n

j=Lj#k j=1

where m, n corresponds to the number of positive and negative circulation, vy;, B; cor-
responds to the absolute value of the circulation, oj, p; are some constants related to the
radius and travelling speed of the ring.

Remark 2.3. By our study for the balancing condition , the travelling speed a need
to be non-zero in our construction.
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3. ERROR ESTIMATE

In the previous sections, we have introduced the approximate solution as
defined in (2.22). In this section, we will estimate the error caused by this approx-
imate solution.

Let us define

) r2 )
So(y) = A5¢+2s (- SlogeD) s, gy G

[Ine

Before proceeding, let us explain how we choose the cutoff function %' such that
it has compact support near each vortex point. For each fixed index i, we shall do

the expansion near the vortex point p; using the rescaled variable y = % where
i > 0 are to be determined in (3.16) :

3
Gie(x) = (To(y) — 4log e — log(84f)) (1 — 5 ey + Hyo(ps +epiy) ) + Hia (pi + emiy)
1

=To(y) — 4loge —log(8u}) + Hix(pi) (3.2)
3

+epiyi[0,H;1(pi) — —(1"0 — 4loge —log 8y})]

+0.H;1 (pi)epiya + O(s pilyl* In fey)).

Moreover, for j # i, one has

1 3
Gje(x) = 108m (1 =5, (ri =) + Hj,o(Pz')) + Hj1(pi) (3.3)
i~ Pj j
1 3., 4pi—pih 3
+€.“z]/1(108| pi— ]|4( ridj) (pl>_27rj)_ |Pi_Pj|2 (1—277‘]4(1’1—7”])—‘1-1‘1]’0(;)1))—‘1-8

1 Alpi—pj)2 . 3
+epiyn | log ——50:Hio(pi) — 1——(r
yzy( 8] pi—pilt jolpi) \pi — pil? ( 27;‘(
O(euilyl?)-
From the above expansion, we see that for |y| = ‘, there holds
2 ()~ Shoge)

= 2—?1ne+4ln|lne\ —Inp? —4Inc —4c+O(1).
i

We will choose our cutoff function such that

n(s) =1, (3.4)
fors > ;% Ine+4In|Ine| — Inp? + 2¢; where ¢; > 0 is large enough, and
7'(s) =0, (3.5)

fors < silne+4In|Ing —In y? + ¢;. Here ¢; is chosen large such that near each
vortex pomt pi, we have that

i 7’2 o
1 (olx) = 5 llogef)) =1 (3.6)

ri— 1)+ Hjo(pi)) + aij,l(Pi))

Hj,l(Pi))



12 WEIWEI AO, YONG LIU, AND JUNCHENG WEI
5
for Ix — Pl| S m, and
(o) Stoge)) =
Ui Kt lpo 2 g -
for |x — p;| > % for some &y small enough.
. [
First we compute the error for As¢y. For |x — p;| < ‘T‘)sl, set
Gi,s(x)

i

As = (I1) + (I2)

where

(11) = -8 (Tg — 41oge ~log(8ud)) (1 - 5-(r—1) ],

1

(12) = %As[(ro — 4loge — log(8j:4)) Hio (x)].

By direct computation, one has for y = xg_yf’ i
1 1 3 Y1
n==(--=Uy)+ —————T} 1——
=y [( e} W Gt e Oyl )( 2 cn)
9
~ o Ty — 5, (T — 4loge — log(8yf)) |
1 1 3 15 Ty (lyl) v
=—|-=-=U u — gL
7 [ 2u? ) 2ep;t; ) 2yl
9 4
"o (To —4loge — log(8u; ))} .
Moreover, using the fact that H;  satisfies
(r—ri)? 9

1

we deduce

= pl "2,

B (r r-)2 9 1
(12) = 3Orr1|x—]ol|2+2rr g|x_p“4+O(

Combining the above estimates in (3.8) and (3.9), we obtain
AS% _1 [ _ 1
ri ri

7
We also have, for j # i,

AsGje = O(82y2| 1ne|4).
Furthermore, away from the vortex points, one has

e2u?
. _ 1
ASGZ,S(X) - O(l + |x|2+g)'
Hence from (3.10) and (3.11), we deduce

1 1 1

~A I

Aspo = { ezyizww + e U + O o

1
T+ [y~

3 1
SUW) + 5 U + 0 )]|

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

E + &2 i |1ne|4)},
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while in the region where 779 € (0,1), we have

N Gie—G(x,pi N (Gie — Glx,
i—1 ti i—1 Ti
(3.12)

and it has compact support.

We now obtain, for |x — p;| < “ns‘,

1 1 1
o5 = |- 20 + U + Ol +Euflinelh)], (.19
3
and for |x — p;| > Tine]”
22
Ao = O(5 i) (314)

for some v > 2 independent of e.
. 5 .
Now we come to the second nonlinear term. For |x — p;| < |Tos\' we write

y = p L. In this region , 7' = 1. Near the vortex point p;, one has the following
expans1on

72 «
a(1,00<x>—f|loge|)
=To(y) — (4 — 2 ri)loge —log(8u7) + Hi1(pi) +Zf* (pirpj)
j#i i

+€l;iyl (Fo(y) —4- 2&) log e — log(8;)

+4H;1(pi) +4Zf; (pivpj) +2ri (3, Hia (pi) + 3 -2 rarG(pi,pJ-)))

i#i KT j#i ki T
+€ﬂiyz(2;78 G(pi,pj) +:Hiz (i)
i
(€7 ly[* log (ely]))- (3.15)

We will choose p; such that

K:v;
LG (pi, p)). (3.16)

Ki 1

log(81?) = Hi1(pi) + Y
7

Using the expansion of G;, we have
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o
il (1 w><4z )bw+ﬂhwﬂ+%&zﬂm log(8) — 2log(1:?)
2r;
K17 44L4, o3 AMpimpn 3 o
+2j§; K; T’j(log|Pi_Pj|4(ar jolpi) 27’]‘) [pi = pil? 5 2r]-(r’ 1)+ Hio(pi) + 3, Hja (i) )
ST Cog— L (1- 2 (i) 4 Hoplps e
+4]§ K ]< | i_Pj|4 (1 er(rl 7’])+H],O(p1))+Hj,l(pl)))
gy 1o Apimpa 3 s
+WW(ZKYO%|%7“@%Mm) oy (L= 5 0= )+ Hio(p) + 0:H1 (1)) )
j#i il P Pi = Pj j

+9:H;1(pi) + O(*utly|* log(elyl)).

For p; in the configuration space I defined in (2.17), we know that log y? =
O(In|Ineg|). By the choice of y; in (3.16), one has

27%}%‘}’,'1 _“
¢ ri (Klrl (IPO |10g5| )
1
iTi
ey ﬁﬁ‘l(Pz_P])l .
x exp [ (Toly) — (4271 loge + 2log i - ;mnm—m2+&@m

K] v (Pz P]) 2
—eu E 74—3 ey lo
lyZ(] g Kl ] ‘pl p}|2 Z(P)) ( 1 |y| g( |y‘))i|

where A-(p) B;(p) are constants depending on p such that they are of O(1).

For |lm‘ < |x = pil < |,surular to (3.17), one has
2-fr; 1 o 2 4
G 4 - Inel4).
: rng%U Slogel)) = (& Inel*)
Let

S(yo) = 7 So (o)

2 .
= &u; [As% + Z e B Klf(%(llﬂo - %| 10g€|)>’71X851 (pi)]' (3.18)

7

. 52
We find that for |x — p;| < ﬁ’

S(po) = L [eE;o + O(M

rio 1+ |yf? )
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where
U
Esoly) = MW (1) — (4 - 2271 10 (.19)
1 Z
Kj 217 4(pi — pjh
- ;]?l | ‘l_ 12 +A1(P)_21Ogl’l12)
j#i Pi=Pj
]rl P])Z
— wiyaU(y iz P2 g o).
piy (;KZ A PR, z(P))

As one can see from section , if we define p; = (1o + s)eq + , and choose
s = 0 with p; being solution of (7.4), then from the reduction (7.2} . 7.3) to (7.4), one
has

K27 4(pi—pih
(4 2 )logg Z] lKl r] ‘pl p]‘Z 70( )

i r; 4(pi—pj)2
Zj;éz ;TZ? [pi PJIZ - ( )
Recalling the definition of our configuration space defined in (2.17), for all the

In|Ing
[Ing|

points p; with O( ) perturbation from the above mentioned points, one has

: x; 2r7 4(pi—pj)h
~ (424 loge — Ky ¥ 51 1220t — O(In | Inel) = of| Ine]),

Ljpi 1 b2 = O(In| Iné]) = o( | Ine).

Kitj [pi—
We have that
eln|lne| eln(1+|y|) | €pflog(ely]) ¢[In|Ine]|
S(p) = O Hi SITAL (3.20)
(%o) ( 1+ [y]° 1+\y|3 1+ [y? )= <1+| |2+a)

forany o € (0,1). While for
estimate holds:

Tne] lne| < |x — pj|, one can easily check that the following

So(1o) <

for some o € (0,1), v > 2.

4. THE INNER OUTER GLUING SYSTEM

We have constructed the approximate solution ¥y in (2.22)) in Section [2|andwe
will look for a solution ¢ of the equation

Asp+ Fi() = 0in I,
i) ®1)

where
N 2— 51 Ki r?
Fi(p) =) ¢ 2" =f(—(p— *|1n€|))77 XB 5 ()
i=1 it kil \m\
with f(s) =
We look for ¢ of the form

¥ = po(x) + o(x)
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where ¢ is a perturbation term. We decompose ¢ as

N
= Z 7 ()i (y) + & (x) (4.2)

where 7;(x) = 15, (x — p;) for some J, < 6} and y =
near each vortex point p;. Recall that our problem can be rewritten as
So($o +¢) = L(¢) + N(¢) + E=0inll,

where
E = So(¢o),
L(¢) = Ase — F{(o)o,
N(¢) = Fi (o + <p> - Fl(zpo) — Fi(¢0)9,
Fl 1)[]0 282 2;( rl

l

(#’o - *\ Ine|))y'xp s ()

TInel

Kll

We have the following expansion:

N N
So(¥o+ 9) = L [As0: + Fi(yo) 90+ 8) + E+ N(L g+ 0)
i=1 i=1
N

+ 858+ (1= L) [F(W0)¢ + B+ N( quﬁé)}
i=1 i=1

N
+) [ASWPi + 2V - Vx¢z}-
i=1

It follows that ¢ given in will solve (1), if (¢, &) = (¢1,- -+, ¢n, ) solves the

inner and outer problem:

N
Asi+ Fi (o) (¢ + &) + E+ N} migi + ), [x — pil <20, (4.3)
i=1
and
A+ (1= XN, 75) [F{ (90)& + E+ N(ZN i + ),
+ Y {A577i4’i + 2V - vﬂbz} inTT, (4)
0:2(0,z) =0,
respectively.
Let us write the inner problem (4.3) in terms of the variable y = —*. Note that

AS(P = Ax¢p + ;ar(P
1
=ttt 7r ey Pl

By the estimate ( in Section 3 one has
U F (o) = €' T +b(y)
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where

_ o(tilog(2+lyl) | ofepi|Ine])
WO e
Similarly, one can get that

N (@) = EuiN(g) = (€W +b(y)) ¢
Moreover, there holds

N eu; log(2 + elInlne gltt
E = SZV?E _ 5(1,[]0) — O( Hi g( |y|) | |

1+ |y T4 [yPP 14 y>*e

)

for somea,b € (0,1).
With these estimates at hand, the inner problem (4.3) can be written as

Ayi + f'(To)¢i + Bilgi] + Ni(@) + Ei + (f'(To) + b(y))& =0in Bg ~ (45)

where R = and

_c
epi| Ingl
Bi(¢:) = b(y) s + — -y, . (+6)

i T Epiv
We will solve this problem coupled with the outer problem such that ¢;

has the size of error E; with two powers less of decay in y where ¢; is the inner
perturbation defined in (¢.2) and y is the rescaled variable near each vortex p;.

ce|Inlne]
( + |y‘)| ]/¢l| + ‘lel = (1 + |y‘g)
for some a > 0 independent of &.
For the outer problem, it can be written as
As¢+G(C,¢) =0inTI,
{ 9r5(0,z) =0 @
where
N
G(&,¢) = V(0)E+ N°(@) + E°(x) + }_ Ai()
i=1
with

V(x) = (1= L0 F (o),
N(g) = (1 - L n)N(g),

Ai(¢i) = (A577i¢i +2Vy; - V¢i),
E’(x) = (1— Z’?i)B

From the previous estimate (3.17) and the estimates there, one has the following:

[V(x)| = O(e), (4.8)
IN°(¢)| = O |9 ]?), (4.9)
|E°(x)| = O(¢'*7) (4.10)

for some o > 0.
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In this section, we have done the inner-outer decomposition for the perturba-
tion term ¢ defined in (4.2), and decompose our problem to the inner problem
and outer problem respectively. In the next two sections, we will study the
linear results that are the basic tool to solve the system (4.5)-(.7) by means of a
fixed point argument.

5. LINEAR THEORY

In this section, we consider the linear theory related to the inner and outer prob-

lem (.5) and in the previous section.
We will consider the following two problems:

Ay + oW+ Bi(¢) + h(y) = 0in Br (5.1)

where B;(¢) are defined in (4.6), this is the linear problem for the inner problem
in a bounded ball. The second one corresponds to the linear problem for the outer
problem:

Asé + g(x) = 0inTI,
{ a,Sg(o,z) = 0. (5.2)

The following linear theory for has been studied in [12]. In order to study
this problem, we first study the unperturbed linear problem:
Ay + e W+ n(y) = 0in R2. (5.3)

We first introduce the function space we want to work in : for m > 2, and g €
(0,1), we consider the following norms:

1Bl = sup (1+ [y[™)[~(y)],
yeR?

g = Il + L+ 1y " P) 1), ) 0

h —h
g = sup 11002
Y1,2€A ly1 — 2

We also consider the functions Z;(y), i = 0,1,2 as

Zl(y) = ayiFO(y) = 7% fori = 1,2,

We have the following estimates:

Lemma 5.1 (Lemma 6.1 in [12]). Given m > 2 and B € (0,1), for any h with ||k, <
oo, there exists a constant C > 0 and solution ¢ = T (h) of problem such that

(1+1yD|De[ + |¢(y)]

2
< C(tog(2+ WDl [, hZodyl + 1+ Iy Yo | [ hZidyl+ 1+ [yD> " l)-
i=1
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Moreover, if ||h|;,p < oo, then the following estimate holds:
(1+ [y P [Dig)s, ()6 + (1 + 1) Dy

2
< 1082+ DI [, hZodyl + 1+ Iy Yo [ hZidyl+ (1 [9)> [kl ).
i=1

Now we go back to the inner linear problem (5.I). As one can see from the
above lemma, in general, even & has sufficient decay, the solution ¢ has logarithmic
growth. In order to get better decay estimate of the solution ¢ and get rid of the
logarithmic growth, we can have the solvability for the following problem:

2
Ap+e" W+ Bi(9) +h(y) = Y cijel0Z; in By (5.4)
j=0
for R > 0 large. For a function / defined in A, we denote by ||k[,;, 5,4 the norm
only taken on A:

Fellm,a = sup (1 +[y[") ()],
yEA

1Bllmp,4 = hllm,a + (14 [y1"P)[h]p, (y)nap-
Similarly, for a function in Cc%P (A),

19lm-24 = ID*@llmpa + IDPllm-1,4+ |¢llm—2a4-
Then we have the following solvability result:

Proposition 5.2 (Proposition 6.1 in [12]). There are number C > 0 such that for all R
large, problem has a solution ¢ = T;(h) for certain c;j = c;j(h) for j = 0,1,2 and it
satisfies

11m—285 < Cllftllm,p,B-
Moreover, c;j can be estimated as

ciolh) = 70 [ hZody+O(R™"2)jn
R

m,ﬁ,BR/
i) = 7 [, W2y + OR™ ")l for = 1,2,

where 71._1 = [re el Z2dy.

For the outer linear problem (5.2), we will restrict to the case of functions g(x)
that satisfy decay condition

18]Iy = sup(1 + |x|")[g(x)[ < oo
xell
for some v > 2. This operator has been studied in [4] and [24].
Consider the barrier function as
B(x) =c1(1+ |x[*)~% foro € (0,1).
By direct calculation, one can check that
AsB(x) < —Cey(1+ |x[2) 7175,

Use this as a barrier function, we have the following estimate, whose proof will be
omitted here.
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Lemma 5.3. There exists a solution ¢ to that defines a linear operator & = T°(g) of
g and satisfies

&1 < Cllglly (1 + [~
forv > 2.

6. SOLVING THE INNER-OUTER GLUING PROBLEM

In this section, we will solve the nonlinear projected inner outer gluing problem
as a fixed point problem, and in the next section, we will solve the reduced prob-
lem by choosing suitable p;. More precisely, for any p; in our configuration space
I, we solve the following projected problem:

Aygi + f'(To)¢; + Bili] + N () + Ei + (f'(To) +b(y))¢ = ch] ¥)Z;in By,

(6.1)
and
A5€ + G(g, (P) =0inll,
{ 3,8(0,2) — 0. 6.2)
Let X° be the Banach space of all functions & € C>#(TT) such that
1€]] < eo.

Then the outer problem can be formulated as
¢=T(G(E9)) ¢ e X

For the inner problem, we write it as

Aypi +f (To)i + Bi(¢:) + Hi(¢,G) Z cije 0(y)Z
j=

where

Hi(¢,¢) = Ni(g) + Ei + (f'(To) + b(y))S.
Let X, be Banach space of functions ¢ € C>#(Bg) such that
11128, < 0.

We decompose the inner problem as follows: We first introduce constants c;; such
that

Ay¢11 +f(r0)4711+B(¢11)+B(¢12)+H ¢,¢) = 201] Z in Bg

where ¢;; = ¢;j[Hi(¢,&) + Bi(¢;2)]. This can be solvable by Proposition and
for ¢;1 € X, we have

¢in = Ti[Hi(¢,¢) + Bi(¢i2)].
We require that ¢; » solves the following equation:
Ayin + e 0o + cipe 0 Zg in R

By Lemma 5.1} this can be solvable and can be written as

471',2 [ClO( (‘P 6) + B (‘PzZ))erOZO]'
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Having in mind the apriori estimate in Lemma 5.1}, we require that ¢; , € C*f(IR?)
and it satisfies

(1+ ly[*" ) (D3¢, (4,6 + (1+ [y D7l + (1 + [y|Dg]) + 9] < Clog(2+ |yl).

Let || - [[4+,m—2,p be the infimum of C such that the above inequality holds, and
denote by X the Banach space of functions ¢ € C>#(IR?) with ||| s m—2,5 < co.
Our aim is to find a fix point solution &, ¢; 1, ¢; » for the following problem:

(& i1, Pip) = A(C, P, ¢i2)
given by
§=T(G(G pin + ¢i2)), G € X,
$ig = Ti(Hi(¢, &) + Bi(Pi2)), din € X,
¢ip = Tleio(Hi(¢,€) + Bi(i2))e™ Zo), pin € X
Letm > 2and a € (0,1) and define
By = {(& ¢ir di2) € X0 x XN x XN+ [0 < M7,

i
We will show that A is a contraction mapping from By, to itself. We first show that
A(Bym) C B
First we have by the definition of X, X., we have

1 1
m—2,p < Me|lIne|z2, H¢i,2||**,m72,,6 < Me|Ing|2 }.

Ine
A9 < (el + L2 Dy
€
< W(H‘Pi,l sm—2,6 T Pi2lls,m—2,p)

for some o > 2. Combining this estimate with the estimates (4.8), (£.9) and (4.10)
in the gluing section [ we have

52\1n8|4 2 2
G 912) < T (141214 16+ I + 1)
SU'
+ m(”%l sm—2,6 T 192l xm—2,)-

From Proposition[5.2} we have
€l = IT°(G(E, pi1 + Pi2)) [0 < Ce™*7.

Next one has, for some oy € (0,1),

C ( 1 . ¢|Ine]
L+ [y[2Hoo 14 [y2=o0 14 [y|t-o0

N
(2P + Y (Imigpia
=

Hi(¢,8) < |Ei| + )IE] (6.3)

c

TP 2+ i) (6.4)

+

and recall that |E;| < fi‘ ‘1;?1;') , we have

1
1Hi(¢, ) llm,p,pr < Cellne|2.
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From the expression for B; in , we have
| Ing|

() < . : —_
Bi(¢i2) < C(epi| Dopia| + 1+]|yP

).
Thus one has

1 1
1B (¢i2)llm,6,Bx < C(m + €| Ine|) ||| x,m—2,8;, < Ce|lnel2 (6.5)

and
ciolHi(¢, &) + Bi(¢i2)] < Cl|Hi(¢,G) + Bi(di2) lmp,; < Cel Ine2.

Combining the above estimates, we have

1

1pi1 1, m—2,8, < Ce|lneg|2

and 1
| i2llss,m—2B; < Ce|lne|z.

We will show that A is a contraction mapping. Let ¢; = YV | qi(¢{,1 + 4){2) + ¢
for j = 1,2 such that

(gj/ 471]:,1/ 47,]:/2) € BM-
Let G(¢/) = G(&, ¢{/1,¢{:’2) and one has
G(¢") = G(¢*) < [V(x)(¢' - &)
+ (1= m)IN(g") — N(¢?)]

+Z|Ai(¢%) — Ai(9D)]
+Z|Ai(¢%) — Ai(¢3)]-

We will estimate it term by term. We compute

V()@ =&+ 1= m)IN(!) = N(¢?)|
< Ce (18" = &%+ Y n7 (1941 — 971 > + 1912 — 97 %)

and
g%

[4i(@12) = Ai(@iD] < T 90 = Pialhom-2p
In order to estimate Ai(gb},Z) - Ai(¢12,2)/ we notice that
Ay(9in = 972) + f'(T0) (912 — 9F2) + cge"Zp = 0 in R?
where
cg” = cig (%‘(4’1‘,1 + ¢l 8) + Bi(fPil,z)) —Co (’Hi(fPi,l +¢75,8) + Bi((lj%z))-
By the definition of c;y, we have

o = [ [Bilgls — 9%) + N+ ldin + L) + L) ~ NG+t i)+ i) | Zody.
R ] i [

i
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Similar to (6.5) and (6.3), we then get

c’ < |1n£| 1915 = @72 lleem—2,8 + Cllds = iallZeme 2,6
Thus,
Ai(p}y — ¢2,) < C(Asyi(ply — ¢20) + ViV (P — ¢25))
i (PI,Z 4)1,2 5771 (P12 ¢12 1 (PZ,Z 471,2
1+|x|v||¢12
Combining the above estlrnates, we have
G(g") — G(¢?)] < 1+| |V[||§ = Plleo + 192 = $allewm—2p + 191 = D71 lem—2p
+ oty — R 28l

We conclude that for ¢’ € By

IT°(G(9") = G(@*))lleo < Ce7[1E" = E2[lew + 32 — &7 ~2,]
Similarly, we can analyze each of the operator in A and get that A is a contrac-
tion mapping in By;.

7. THE REDUCED PROBLEM

In the previous section, we have find a solution (&, ¢) such that they solve the
following system:

Ay + f'(To)i + Bi(¢i) + Hi(¢, &) = ch] )7, in By,

and A5G+ G(E,¢) =0inTI
+G(&¢) =0inTI,
{ 6756(0,2) =0 1)

Then the full solvability of this problem is reduced to the following;:

cij = cijBi(¢ip) + Hi(¢,§)] =0fori=1,--- N, j=12.
By the definition of ¢;;, we know that

= [ [Hi(9u€) + Bi() Zidy + O ).

Hence by the definition of H; and the estimates for ¢; and ¢, we know that ¢;; = 0
can be reduced to the following :

/ E,Z,dy = O(£1+U).

By the expression of the error E; in in Sectlonl one has
/ EiZ1dy = ?s]—'l(p,oc) + O(e|Inlne|)
Br i

where

__H o K 20 4pi = pis
Fi(p,a) = o /]R2 Uylzldy{(4 27<i )logs—k;;{i " |Pi—Pj\2 }
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While
|, Eizady = ZeFa(p,a) +O(e)
BR ri
where ( )
: Kjr; 4(pi — pj)2
.7:2 ) = — / u 222d 447
(pr) = =i f, Uy y];mrj lpi — pjI?
If we put
ﬁ,
pi = (ro+s)er+ 1n]e|'

where s is small perturbation, then the reduced problem becomes

K (pi—ph 1w o(In[Ing]

j#igm_ 7i_2Ki) =0( [Ine] ) (7.2)
and
K (Pi — Pj)2 1
Wl e~ Cma (7.3)
71 ki |pi — Byl [Ine]

Similar reduced problem has been obtained when one study the multi vortex
ring solution for the 3D Gross-Pitaevskii equation in [4] when all the «; are either
1or —1.

We relabel these ;5]- such that x;, > Ofori = 1,---,m, and x; < 0 fori =
m+1,---,m+n, and denote by a; = p; fori = 1,---,m and b = pj for
j=m+1,--- ,m+n.

Letussety; =«;fori=1,--- ,mand B]' = —Kpyyjforj=1,---,n. In this case,
we find that at main order, (aj,---,amu, by, -+, b,) should satisfy the following
system:

7 B _

mo., .y i

j=1,j#i aj—a j=1 a,vib]v "o 27 (7'4)
n P ym Yoo Bi + 4

]:1,]751 bifbj ]:1 bifa]' T 2°

This can be regarded as a balancing condition between the multiple vortex rings.

We require that the set of points {aj,---,an, by, -, by} are symmetric with
respect to the yj-axis. From now on, we will work in the space. It can be seen
that if (ay, -+ ,am, by, -+, by) is a solution to , then any translation is also a
solution, so the linearized operator of around this solution has at least one
dimensional kernel given by (1,--- ,1).

Next let us consider the linearized operator around the solution. Let us denote
the left hand side of the j-th equation of by FF;. Then we can compute the
linearization dIF of the map

]F . (al,..., am,bl,...,bn) — (]P],...,IFern) .

dFF evaluated at the point (aj, - - - ,an, by, - - -, by) is a matrix, which can be explic-
itly computed.

Definition 7.1 (Nondegeneracy). We call (ajy, ..., ay, b1, ..., by) is a non-degenerate
solution of (7.4), if the kernel of the linearized operator dFF is one dimensional.



CLUSTERED VORTEX RING FOR 3D EULER EQUATION 25

When 4; = /3] = 1, the balance problem l.b has been studied in [4]. It has been
shown in that paper that the problem is related to the roots of some polynomials
with rational coefficients, which can be regarded as a generalization of the classical
Adler Moser polynomial. Let us recall the results proved there briefly. We have
the following:

Lemma 7.2. For ¥; = B; = 1, then when the pair (m,n) € S where
$:={(2,1),(3,2),(4,3),(54),(6,5)},
there exists non-degenerate solution to .

Remark 7.3. Existence of non-degenerate solutions to the balance equation for more
general circulation can be found in the next section.

Let us come back to our reduced problem We will see that if there
ex1sts a nondegenerate solution ( al, . am, . bO of the balance problem
(7.4), we can solve the reduced problem by perturbatlon

If we define vector q by

aj = a? +qj,j =1,...m
b =b) + g j =11,
then the reduced problem takes the form
dF (q) = G (s,q) — s7; ey, (7.5)

where G (7,q) = O (ln [Ine| ) as ¢ — 0, with higher order dependence on v, q, and

[Ineg]

€ = (;);1/ e /’77711,81/' c /;Bn)T'
Since dF is non-degenerated, the kernel is spanned by e; := (1,...,1) . We can first
project the right hand side G orthogonal to e; and solve this projected problem,
and then adjust s such that the projection of G to e; for G is zero. Moreover we
have the following estimates

In|Ine|
|Ine|

).

8. BALANCING CONFIGURATION FOR MORE CIRCULATIONS AND THE
POLYNOMIAL METHOD

] + |s| = O(

In this section, we would like to search balancing configuration for more general
circulation «; studied in the previous sections.

Let us assume there are m vortex rings with circulation 4; > 0 located in the
(r,z) plane at the points a;, j = 1, ..., m; and n vortex rings with circulation — B i <0
located at bj, j =1,..,n. We would like to point out that these circulations are not
necessary integers.

By the computation in the previous sections, the balancing condition of these
vortex rings is the following system:

m ~ n =
7j Pi  _ G _
' Z A ,Zai_bj = — M=, fori=1,..,m,
J=Lj# j=1 8.1)
m ~ n ~ - .
i B _ _B e _ P P
Zbi*a' - ' 2 4b17b- =" — Q1 = 57 fori = 1,...,1’1
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where a1 = 3.

In general, it is not easy to solve this system directly, even with numerical meth-
ods. On the other hand, for some special cases of Bj, 7j, the polynomial method
turns out to be quite powerful to tackle this type of problem. The case that all ¥;
and j j are equal to 1 has been treated in [4]. In this section, we consider the case
that there are at most three different circulations.

Let ay, ..., a; be those points with circulation ¥ > 0; and by, ..., b with circulation
—B < 0;cy, ..., c; with circulation k > 0. Define generating polynomials

i i P

110000 = [T 5) k9 = [T,

j=1 j=1 j=1
Letoy = 1—rx1,p1 ﬁ+061,51 *—061

Lemma 8.1. Suppose the balancing condition (8.1|) holds. Then P, Q, R satisfy

/ ! PIR/

~2// 32 M/ 20N !y
PT L FQ KR ~~PQ—2/31<Q +2k

P o TR ~¥Ppg

P/ / R/
=0Ty JrPl,B +f51k*

Proof. This follows from direct computation, we also refer to [32] for the case of

. (8.2)
=X 4

Similar formula holds for Q" and R'. Differentiating (8.2) yields

/! 1
P ((x —a;) (x — a))

() =2p(x)}
1<j

= 2P (x) i

1<]

= 2P (x) i

i=1

1 1 1
‘ X — a; x—a]- ai—aj

1 2 1
X —aj{Zia; — a; '

It follows from the balancing condition that

2l m [ ~
P ¥
=
IQZR”_ Pl A ii B F 5 5
_Z.Z X —c (gci—b<_zci—aj+2 ’

=

‘(7'3
Sli'e)
Il
N
M:l
R 1
I "o
>
/.\
[1=
&

| |=x
2

+
01~
>

=~
4
N2
~—
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On the other hand, using ({8.2)) , we compute
PIQ/ m i 1

=i2 [(x—lai_x—lb]) aiibj]'

i=1j=1

Hence

~2pl! a2 N 2N ¥a¥i I/ 12

P pPQ" KR" _P'Q QR PR

5 5 T} 29p 50 2pk oR + 27k

~P’ ‘“Q/ ~R,

= 0'1’)/? +P1ﬁ§ + 51ki

This completes the proof. g

We emphasize that one can’t use the scaling P (9x),Q (Bx), R (kx) to reduce
the equation to the usual(easier) case that all circulations are equal to £1.

8.1. Two different circulations. In this subsection, let us assume the third gener-
ating polynomial R = 1, this corresponds to the case of two different circulations.
We are then lead to consider the following equation for the unknown polynomials
P,Q:
VP'Q+ pPPQ" - 2p7P'Q = c¥P'Q + ppPQ’.

Solving this equation in the general case seems to be a nontrivial problem. We
would like to find solutions in some special cases. After a scaling, one can always
take 4 = 1, that is

P"Q+ p*PQ" —2pP'Q' = oP'Q + pBPQ’. (8.3)
Equation ({8.3)) is translational invariant. We first consider the case that
Q(x) = x.

This means that there is only one vortex ring with negative circulation —f3. We
seek polynomials P with degree m, whose m (distinct) roots corresponds to the
location of m vortex rings of positive circulation 1. We therefore get the following
equation for the unknown polynomial P :

xP" —2BP’ = gxP’ + pBP. (8.4)

Inspecting the highest order term in this equation, we find that a necessary condi-
tion for the existence of solution to (8.4) is

om+pB = 0. (8.5)
Suppose the polynomial P can be written as
m .
P(x)= Zc]-x], with ¢y, = 1.
j=0
Then (8.4) has the form
m ) _m ) m ) _m )
jG=1) it —2BY jeid t =) jeixd + pBY cjx.
=2 j=1 j=1 j=0

]
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FIGURE 1. Roots of Pj5 withB = 8,p =3
° o 6

4 [ ]

24 [ J

Hence we obtain —2fc; = pfcy and
(j+1)jej+1 — 2B (j+1) cjr = ojej + pPej, j > 1.
That is,
G+ (-2)
: oj +pp
This uniquely determines c;.

Cj+1,j = 0,...,711 —1.

If we assume that 28 # j for all j = 0,...,m — 1, then all the coefficients ¢; are
nonzero. In particular, 0 is not a root of P and P, Q have no common root.
Let us denote these polynomials by P, = P,, 5 .. Note that p is explicitly deter-

mined by m, B, o through (8.5) . To obtain balancing configuration, the condition
om + pp = 0 becomes
1 B ~
() m+(£+m)p=0
o o

m + B>

(m—B)ro

Note that a; can be positive or negative, depending on the value of m — j.
However, a1 can’t be zero. We can find a nondegenerate configuration for generic
choice of the circulation B whose location is determined by the zeros of P,.

To proceed, consider the equation

P& + B*P&" — 2BP'E = oP'E + ppPE. (8.6)
Previous analysis yields abundance of solution pairs (P, ¢) with ¢ (x) = x. Recall
that if A, B are two functions and #; is a solution of the second order ODE of 7 :
1"+ Ay’ + By =0.

Variation of parameter formula then tells us that this ODE has another solution of
the form

That is,

N, =

m (@) [2F (_’7;2[(‘?)(5) %) 4t
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Hence has another solution pair (Py,, ¢z), where
2 ps
& (x) = x/ (szp,ﬁeﬂ) ds.

—
Lemma 8.2. Assume % € N. The function e ¥ & (x) is a polynomial of degree 22 — 1

B

for a suitable integration constant.

2
Proof. We write Py, as P and expand P# near s = 0. We see that the integrand
defining ¢, has the form
s

(o] Co el
<?+?+C3+C4S+...>Eﬁ.
We compute

2\’ 2 2_ 2
(Pﬁ) L Ppi = 2pitp Ppi 2 L
B B p B

On the other hand, at s = 0, by , we have
2P’ (0) + pP (0) = 0.

2\’ 2 4
Therefore, | P# | + %Pﬁ = 0ats = 0. Asa consequence, e # ¢, (x) is polynomial

for a suitable integration constant. This completes the proof.
O

To construct more balancing configurations, we need the following

Lemma 8.3. Suppose p, q satisfy the equation
p"q+Bpa" —2Bp'a" = op'q+pPpq.
Letn = e_%q. Then p, ij satisfy
P+ By — 2By’ = (c+20) p'n — pBp1. (8.7)
Proof. This follows from direct computation. We omit the details.

O
. 2 i —
Combining Lemma and Lemma for 3 € IN, we get polynomial Q,
Q,, B0 with degree n = 7’” — 1, which solves the equation
P Qn + B*PuQyy — 2BP,, Q) = (0 +2p) P, Qu — pPPuQ. (8.8)
Explicitly,

—kx 203 .5
Qn:e B X/S_ Pmeﬁds.
This provides us with more balancing configurations.
Suppose the corresponding vortex rings are located near (rg,0) and with trav-
eling speed g, then there holds
1_
)
B —
% + on = _pi

om+ pB = 0.

a =0 +2p,
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FIGURE 2. Roots of P, and Q11 with B =1/3,0 = 8/5
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Therefore, we should have
_(+2B)m—p
(B=—m)ro
We also point out that due to the condition % € N, a can’t be zero.

In the special case that B = 2, the previous technique can be further applied to
yield a sequence of solutions. We also refer to [27] for related results.

Proposition 8.4. There exist sequences of monic polynomials p;,q; with deg (p;) =
2j+1,deg (g9;) = j, j < 30, such that py = x — 4, q1 = x, and
pia; —4piq; +4pjai = jpia; — 2/ +1) piq;,
Piaje1 — 4P +4piai = — (1 +1) piajea + (21 +1) pjaieq-
Moreover, p;, q; are related through the recurrence relation:
Pipjisr = pipier + G+ D) pipjra = G+ 1) 4ha-
Before proceeding to the proof, let us remark that with these recurrence relation,
we can find the sequence {pj,q;} of polynomials in the following order:
Po—4q1 — P1—>4q2 —> P2 — ...

We believe the condition j < 30 can be dropped. Indeed, if g;, p; have no
repeated roots, then the recurence relation gives a polynomial g;,1. Similarly, if
Pj,qj+1 have no common roots, then we get a polynomial p; 1.

Proof. Let qj41 = e'*17, where p is a parameter to be determined later on. Let us
assume
2j+1

piaj — 4pja; +4pja] piaj — nipid;s

j+1
P a1 = 4pjaa 401 = o P P
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Denoting n = nj, then y satisfies
pin— 47} (un + ') +4p; (42 + 20 + ")

_jH1
o 2j+1

npjn +np;j (uy+1').

We then get
pin —4pin’ +4piy”
_(_Jt1 / B . A
= ( 2j+1”+4ﬂ) pjn + (n—8u) pin’ + (”V 4u )P]U-

Let us choose y = 7. Then the equation for 7 becomes

pin —4pin' +4piy" = % L TP =’
In particular, 7 solves the same ODE as g;. Therefore, denoting W (11, 772) = 171172 —
11175, we get
W (4,7 qj11) = ppje "
On the other hand,

(j+1)nj
p;'/-HLIjJrl - 4P}+1%"+1 + 4Pj+1q;‘/+1 = WP;'H%‘H - nmmm}ﬂr

j+1
Py a1 — 4P +4piaia = T2t nipidis1 +nipidisg-
Let pj1 = "¢, then

(o2 + 209" + 9" ) g1 — 4 (wp + ¢') 1 + 4]

(j+1)nj
= 2]7+3] (ap+9') gjv1 —nj119g;1-
That is,
¢"9j01 —4¢'q1 1 + 49771
(+1)nj (+1D)nj 2
= (2]+3 - 2“) ¢'qi41 + (—njp1 +4a) paiq + (2j+3“ - ) Pqj41-
Now we choose « such that
1)
UrDmin, 2y
2j+3
This implies & = U J;}jg“ . Then the equation of ¢ becomes

¢ g1 — 49951 +4¢q7 4
_ Y, i,
Therefore, if we take n j+1 such that
243
T L
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then ¢ and p; satisfy the same ODE. This means that we can take n; = 2j + 1.
Hence we obtain

pia; —4piq; +4pjai = jpia; — 2/ +1) piq;,
Pi a1 — 4Pi0ia H 4P = — G+ 1) i + (2 + 1) pigq-
We also have the following recursive formula

W (pj,e™pj1) = (i +1) e g,

"
]

O

8.2. Three different circulations. Let us consider the case of f = 1. In this case,

by translation, we may assume without loss of generality that ¢; = 0. This means
that we have one vortex ring with circulation k.

By Lemma in the case that the third circulation k is positive, we are lead to
consider the following equation:

x (72P”Q + BZPQ”) —29BxP'Q +25kP'Q — 2BkPQ’ = c§xP'Q+ pxPQ’ + 5kPQ.
After a possible rescaling, we may assume 4 = 1. The above equation becomes
x (p”Q —2BP'Q + szg”) +2kP'Q — 2BkPQ’ = 0xP'Q + ppxPQ’ + 5kPQ.
8.9)
We consider the case that Q (x) = x — by, where by is an unknown constant.

Substituting this into , we obtain the following equation for the unknown
function P :

x(x—by) P+ [-2Bx+ 2k (x — b)) —ox (x—by)] P (8.10)
+ [~2Bk — ppx — 5k (x —b1)] P = 0.

m+1

Vanishing of the highest order term x™™" requires

ot + pB + ok = 0.

For generic parameters i1, B, o, p satisfying this condition, equation ([8.10)) can be
solved, yielding polynomial solution Py = Pﬂ, B 1O obtain balancing configu-
ration, we need

(%—a>m+<i+a>ﬁ+<i—a>l¥=0-

 m+ P +E
R =T
Now (P, Q) = (P, x — by) is a solution pair to equation (8.9)). By the variation
of parameter formula, (15,;1, (’,‘) is also a solution pair to this equation , where

That is,
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FIGURE 3. Roots of P; and Qg with B =1/2,k=2,0=4,6 =1
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Similar arguments as Lemmatells us that the function Q, := e # {isa poly-
nomial, with degree n = 2tk 1, provided that 2% c Nand 2 € N. Moreover,

p B P
the coefficient before its highest order term equals % We remark that ¢ satisfies
o % 2
(x—b1)¢ —&=%xPeb PP,
P
Hence Q,, satisfies
5 p 5 _ 0 E5i
(x—b1)Q, + ((x—bl)B—l> Oy = Exf‘ e,

Lemma 8.5. Suppose p, q satisfy the equation
x(p"q—2Bp'a + Bpq") — 2kp'q + 2KkBpq’ = oxp'q + pBxpq + okpq.
Letn = eiéxq. Then p, 1 satisfy
x (0" —2Bp'n + Bpy") — 2kp'n + 2kBpy’ (8.11)
= (0 +2p) xpn — pPxpy’ + (5 +20) kpy

By Lemma the pair (p,77) = (P, Qn) satisfies (8.11]) . This enables us to
find more balancing configuration with three different circulations, similar as the
two circulation case. Nondegeneracy can be proved by numerical methods.

9. AXISYMMETRIC FLOW WITH SWIRL

In the previous sections, we have constructed solutions to the axisymmetric
Euler flow without swirl, which corresponds to the equation

—Asp = F((¢ — %|Ineg|)r?) in T,
{ 4)7(8/2) =0. i o)
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Recall that in the case with swirl, we have the equation

—Asyp =F <r21p — % [Ine| r2) + (r 4 _r; [Iné]r ) =W.

The same method as that of the non-swirl case can be applied to this equation,
with the choice that F = G = ¢° near the vortex rings(also using a cutoff function
to make them zero away from the vortex ring). Indeed, in this case, we can com-
pute the error of the approximate solutions following the same lines as before and
compute the projection of the error onto the kernel. To analyze the effect of the
term - 1 appearing before the function G, let us expand it near the point (r;,0) . In
the notat1on adopted in the previous sections, we have

1 1 1 2epiy1
2:"2:2<1 l +O< )) 9.2)
r (71 + sﬂzyl) 7 Ti

Hence the contribution to the projection of the kernel due to this additional term
is of the form j—fe, compared to the term SIr—rl‘g (%’ - 2) appeared in (3.17), this
is a higher order term. Hence one can construct solutions as the non-swirl case.
Moreover in the swirl case, we can also construct solutions different from the one
constructed in the previous sections, due to the presence of the term (9.2). Indeed,
we would like to contrusct a travelling wave solution with two vortex rings whose
distance is of the order O(1), and whose position in the (r,z) plane is close to the
points p1 := (r1,0) and p, := (rp,0) , with r, > rq and positive circulation «1, x,
and Ky > Kq.
The nonlinear function W will be chosen such that near p;,i = 1,2,

Vﬂt

2—
b\ € ik s
W= (a+ 5| ———e".
r ri

We require

b:
ai+— =1, for i=1,2. 9.3)
T
Here a;,b; € R. Let w = (w1, wy) be point in (7, z) plane. Up to a constant, one can
show that

2
Pi1 27 cost

) Zdt.
1 Jo \/x% + p]2,1 — lepj,l cost + (xz - pjlz)

G] (x) =

According to the computation of (3.16)), for each i = 1,2, we should choose j;
such that
In (87 )+ 9.4
( Hi ) 11 Pl ; Kt ( )
Using (3.17)) and (99.2)), we see that at the main order the balancing condition
for these two rings should have the form

(}% B ;) Ine+ 219,G, (p1) + 3 Hyy (pr) + 224 4 Q20 g, ©5)
(i — —) Ine+ 229,Gy (p2) + 9, Ha1 (p2) + ZI?ZHZ + %0 -} '

Ko Kotq 9]
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where Cj is a constant indepenend of i. Therefore, we should choose & = ag + «a;

with ag = 0 (|1]), such that
_k _ %
n o2 (9.6)

With this choice, from , we obtain the condition
110:Gy (p1) +r19,Hy1 (p1) +2Inp? + Co — 2by
= 120,Gy (p2) + 120rHy 1 (p2) +2Inp3 + Co — 2by.
Observe that yields

Inpf —Inp3 = Gy (p1) — Gi (p2) + Hi1(p1) — Hoa(p2)-

Hence we arrive at
2(by — by) = 110,Ga(p1) — 120, G1(p2) + 119, Hi1(p1) — 120, Hp 1 (p2)
+2(Ga(p1) — Gi(p2) + Hi1(p1) — Ha1(p2))-

To conclude, we see that once the parameters rq,72,x1,b; are chosen, we can
find 3, &, by, a1, a2, such that for € sufficiently small, there is a solution with two
vortex rings to the Euler equation with swirl. Details of proof will be omitted,
since they will be similar as before.

REFERENCES

[1] A. Ambrosetti and M. Struwe. Existence of steady vortex rings in an ideal fluid. Archive for Rational
Mechanics and Analysis, 108(2):97-109, 1989.

[2] V. K. Andreev, O. V. Kaptsov, V. V. Pukhnachov and A. A. Rodionov. Applications of Group-
Theoretical Methods in Hydrodynamics, Kluwer Academic Press, Dordrecht, 1998.

[3] Weiwei Ao, Juan Dévila, Manuel del Pino, Monica Musso, and Juncheng Wei. Travelling and
rotating solutions to the generalized inviscid surface quasi-geostrophic equation. Transactions of
the American Mathematical Society, 374(09):6665-6689, 2021.

[4] Weiwei Ao, Yehui Huang, Yong Liu, and Juncheng Wei. Generalized Adler-Moser Polynomials
and Multiple vortex rings for the Gross-Pitaevskii equation. SIAM J. Math. Anal. 53 (2021): no. 6,
6959-6992.

[5] T.v. Badiani and G.r Burton. Vortex rings in R® and rearrangements. Proceedings of the Royal Society
of London. Series A: Mathematical, Physical and Engineering Sciences, 457(2009):1115-1135, 2001.

[6] G. R Burton. Vortex rings in a cylinder and rearrangements. Journal of Differential Equations,
70(3):333-348, 1987.

[7] P. Butta and C. Marchioro. Time evolution of concentrated vortex rings. J. Math. Fluid Mech. 19
(2020).

[8] Daomin Cao, Jie Wan, and Weicheng Zhan. Desingularization of vortex rings in 3 dimensional
Euler flows: With swirl. arXiv:1909.00355 [math], 2019.

[9] Daomin Cao and Weicheng Zhan. On the steady axisymmetric vortex rings for 3-D incompressible
Euler flows. arXiv:2009.13210 [math], 2020.

[10] Luigi Sante Da Rios. Sul moto d"un liquido indefinito con un filetto vorticoso di forma qualunque.
Rendiconti del Circolo Matematico di Palermo (1884-1940), 22(1):117-135, 1906.

[11] Juan Davila, Manuel Del Pino, Monica Musso, and Juncheng Wei. Gluing Methods for Vortex
Dynamics in Euler Flows. Archive for Rational Mechanics and Analysis, 235(3):1467-1530, 2020.

[12] Juan Davila, Manuel del Pino, Monica Musso, and Juncheng Wei. Travelling helices and the vortex
filament conjecture in the incompressible Euler equations. arXiv:2007.00606 [math], 2020.

[13] Sébastien de Valeriola and Jean Van Schaftingen. Desingularization of Vortex Rings and Shal-
low Water Vortices by a Semilinear Elliptic Problem. Archive for Rational Mechanics and Analysis,
210(2):409-450, 2013.

[14] Alberto Enciso and Daniel Peralta-Salas. Existence of knotted vortex tubes in steady Euler flows.
Acta Mathematica, 214(1):61-134, 2015.

[15] L. E. Fraenkel and M. S. Berger. A global theory of steady vortex rings in an ideal fluid. Acta
Mathematica, 132(none):13-51, 1974.



36 WEIWEI AO, YONG LIU, AND JUNCHENG WEI

[16] Avner Friedman and Bruce Turkington. Vortex rings: Existence and asymptotic estimates. Trans-
actions of the American Mathematical Society, 268(1):1-37, 1981.

[17] Th. Gallay and D. Smets. Spectral stability of inviscid columnar vortices. Analysis and PDE,13 (6)
1777 - 1832, 2020.

[18] Th. Gallay and D. Smets. On the linear stability of vortex columns in the energy space. . Math.
Fluid Mechanics 21 (2019), article 48.

[19] Alexandru Ionescu and Hao Jia. Axisymmetrization near point vortex solutions for the 2D Euler
equation. Comm. Pure Appl. Math., 75: 818-891. https:/ /doi.org/10.1002/cpa.21974

[20] R. L. Jerrard and D. Smets. Dynamics of nearly parallel vortex filaments for the Gross-Pitaevskii
equation. Calculus of Variations and Partial Differential Equations, 60(4):127, 2021.

[21] Robert L. Jerrard and Christian Seis. On the Vortex Filament Conjecture for Euler Flows. Archive
for Rational Mechanics and Analysis, 224(1):135-172, 2017.

[22] Rupert Klein, Andrew J. Majda, and Kumaran Damodaran. Simplified equations for the interac-
tion of nearly parallel vortex filaments. Journal of Fluid Mechanics, 288:201-248, 1995.

[23] Tullio Levi-Civita. Attrazione newtoniana dei tubi sottili e vortici filiformi. Annali della Scuola Nor-
male Superiore di Pisa - Classe di Scienze, 1(3):229-250, 1932.

[24] Fanghua Lin and Juncheng Wei. Traveling wave solutions of the Schrédinger map equation. Com-
munications on Pure and Applied Mathematics, 63(12):1585-1621, 2010.

[25] Tai-chia Lin, Juncheng Wei, Jun Yang. Vortex rings for the GrossPitaevskii equation in R3. Journal
de Mathmatiques Pures et Appliques,Volume 100, Issue 1, 2013, 69-112.

[26] R. R. Long. Steady motion around a symmetrical obstacle moving along the axis of a rotating
liquid. J. Meteorol., 10(1953), 197203.

[27] 1. Loutsenko, Equilibrium of charges and differential equations solved by polynomials, J. Phys. A:
Math. Gen. 37 (2004) 1309-1321.

[28] A.]. Majda and A. L. Bertozzi. Vorticity and incompressible flow. Cambridge Texts in Applied
Mathematics, 27. Cambridge University Press, Cambridge, 2002.

[29] C. Marchioro and M. Pulvirenti. Euler evolution for singular initial data and vortex theory. Com-
munications in Mathematical Physics, 91(4):563-572, 1983.

[30] H. K. Moffatt. Generalised vortex rings with and without swirl. Fluid Dynamics Research, 3(1-4):22,
1988.

[31] Wei-Ming Ni. On the existence of global vortex rings. Journal d’Analyse Mathématique, 37(1):208—
247,1980.

[32] K.A. O’Neil, N. Cox-Steib, Generalized Adler-Moser and Loutsenko polynomials for point vortex
equilibria, Regul. Chaot. Dyn. 19 (2014) 523-532.

[33] Renzo L. Ricca. Rediscovery of Da Rios equations. Nature, 352(6336):561-562, 1991.

[34] H. B. Squire. Rotating fluids, Surveys in Mechanics (eds. G.K. Batchelor and R.M. Davies), Cam-
bridge Press, 139161(1956).

[35] Samuel Zbarsky. From point vortices to vortex patches in self-similar expanding configurations.
arXiv:1912.10862 [math], 2019.

Weiwei Ao

School of Mathematics and Statistics
Wuhan University, Wuhan, Hubei, China
Email: wwao@whu.edu.cn

Yong Liu

Department of Mathematics,

University of Science and Technology of China, Hefei, China,
Email: yliumath@ustc.edu.cn

Juncheng Wei

Department of Mathematics,

University of British Columbia, Vancouver, B.C., Canada, V6T 122
Email: jewei@math.ubc.ca



	1. Introduction 
	2. Formulation of the problem
	2.1. Reduction to elliptic equation in 2D
	2.2. The approximate solutions

	3. Error estimate
	4. The inner outer gluing system
	5. Linear theory
	6. Solving the inner-outer gluing problem
	7. The reduced problem
	8. Balancing configuration for more circulations and the polynomial method
	8.1. Two different circulations
	8.2. Three different circulations

	9. Axisymmetric flow with swirl
	References

