Periodic Extensions

If a function f(x) is only defined for 0 < x < ¢ we can get many Fourier expansions

for f by using the following

Main Idea If F(z) is periodic of period 2¢ (and hence has a Fourier series expansion) and if
f(z) = F(z) for 0 < x < £ then, for all x between 0 and ¢,
f(z) = F(x)

= Fourier series for F'(z)

Motivated by this observation we define F'(z) to be a periodic extension of f(z) if
i) F(z)= f(x) for 0<az<{
i1) F(z) is periodic of period 2¢
There are many periodic extensions of f(x). Most of them are pretty useless. For example

define g(x) =1 for 0 < & < m. We are not defining g(z) for z > 7 or < 0. Then

Glz) = 1 if 2nm <x < (2n+ 1)7 for some integer n
Cl—rz+2n+2)r if 2n+ )7 <z < (2n+ 2)7 for some integer n

is a periodic extension of g. Its graph is drawn in the figure at the end of this handout.

There are two periodic extensions for f(z) that are very useful. Given f(x) defined

for 0 < z < ¢ we define its even periodic extension F°(x) by

a) Fe(x) = f(z)for 0 <z < ¥

b) F€¢(x) is even (This fixes F¢(x) for —¢ < x < 0.)

c) F¢(z) has period 2¢ (This fixes F¢(x) for all remaining x’s, except z = nx. )
and we define its odd periodic extension F°(x) by

a) Fo(x) = f(z)for0 <z < ¥

b) F°(x) is odd

c) F°(x) has period 2/
By the Main Idea we have, for all 0 < x < /¢

flw) = F(x) = %+ aycos (452)
k=1
= F°x) = Zbk sin (222)
k=1
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where

¢ ¢
ap = %/0 Fe(z) cos (#2%) da = %/0 f(z) cos (E22) dx

¢ ¢
b = %/0 FO(z)sin (22%) da = %/0 f(z)sin (E22) dz

For example consider, again, the function g(z) which is only defined for 0 < z < 7
and takes the value g(x) =1 for all 0 < z < m. The even and odd periodic extensions, G¢(x)
and G°(x) of this function are graphed on the next page. Both G°(z) and G°(x) take the
value 1 for all 0 < z < w. Both G¢(z) and G°(x) have period 27. But G°(z) is an even
function while G°(x) is an odd function. Because it is an even periodic function, G¢(x) has

the Fourier series expansion
G(x) =3 + Zak cos (222)
k=1
with
T 2 ifk=0
2 krz —
ak_ﬂ/o 1cos( 7 )daj {0 it k£ 0
That is,
G(r) =3 + Z ar cos (22%) =1 (surprise!)
k=1
Because it is an odd periodic function, G°(x) has the Fourier series expansion
G(w) = brsin (%52)
k=1
with
T 0 if kis even
- 2 in (kFrz —
bk_ﬂ/o 1sm( 2 )das—{% if k£ is odd
That is

o0
G°(z) = Z % sin (’”t%x)
kk?c:ild

For all 0 < x < 7™ we have both

g(x) =G(z) = +Zakcos (Azz) =1
k=1
g(x) =G°(z) = Zbk sin (kif) = Z kism (’%x)
k=1 k=1
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