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Outline

Week 2: Determinants, Cross Products, Lines, and Planes

Course Notes: 2.4-2.5

Goals: Introduce determinants and cross products, computationally
and with geometric interpretations. Lines and planes.
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Matrices!

8 15 —4
9 -4
6 1

o =~
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;

a a2 as

det | by by bs| = a; det [bz b3]—agdet [bl b3]+a3det [bl bz]
G G c1 C3 1 O
i G 3
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;

ap a2 as
det [by by bs| = adet [bz b3]—azdet [bl b3]+a3det [bl bz]
G C3 c1 C3 1 O
G @ G
Tricky way: ONLY in three dimensions:
dr d2 as
det | b1 by b3| = aibocztasbscit+asbico—asboci—asbicz—aibso

1 C C3
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;

dp a2 a3
det | by by bs| = aydet [bz b3]—azdet [bl b3]+a3det [bl bz]
G C3 c1 C3 1 O
1 @ G
Tricky way: ONLY in three dimensions:
dy a2 as
det | b1 by b3| = a1bocztasbscit+asbico—asboci—asbicz—aibso

1 G C3
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;

ap a2 as
det [by by bs| = adet [bz b3]—azdet [bl b3]+a3det [bl bz]
G C3 c1 C3 1 O
G @ G
Tricky way: ONLY in three dimensions:
dr dp as
det | b1 by b3| = aibocztasbsci+asbico—asboci—asbicz—aibso
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Determinants in Two and Three Dimensions
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1 G G
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;

dp a2 a3
det | by by bs| = aydet [bz b3]—azdet [bl b3]+a3det [bl bz]
G C3 c1 C3 1 O
1 @ G
Tricky way: ONLY in three dimensions:
dy d2 as
det | b1 by b3| = aibocztasbscit+asbico—aszboci—asbicz—aibzo
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;
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G C3 c1 C3 1 O
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1 G C3
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Determinants in Two and Three Dimensions

a a
det |:b1 b§:| =a1bp — aobh;

dp a2 a3
det | by by bs| = aydet [bz b3]—azdet [bl b3]+a3det [bl bz]
G C3 c1 C3 1 O
1 @ G
Tricky way: ONLY in three dimensions:
dy a2 as
det | b1 by b3| = aibocztasbsci+asbico—asbycy—asbicz—aibzo

1 G G



1 3
det [2 5]
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1 3

det 2 5

[—2 8

det3 5
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det

det

1 3
2 5

[—2 8

N Gl w
=~
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Section 2.5, Lines and Planes
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det

det

det

det
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Section 2.5, Lines and Planes
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1 3

det E 5} 5—-6=-1
—2 8

det 3 5] —-10—-24 = —-34
(3 2 5

det [5 7 3 3(21 — 3) — 2(15 — 6) + 5(5 — 14)
2 1 3
2 4 8

det |3 5 7 2(25 — 70) — 4(15 — 7) + 8(30 — 5)
1 10 5
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Geometric Interpretation: Determinant in Two Dimensions

a a| B
det [bl bz]—albz azby
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Geometric Interpretation: Determinant in Two Dimensions

det [al 32] =aiby — axb;

e
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Geometric Interpretation: Determinant in Two Dimensions

det [al ag] =aiby — axb;

e

.
M
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Geometric Interpretation: Determinant in Two Dimensions

det [Zi Zj =aiby — axb;
=125
| & by

ay az|
If det [bl bz] =0,

then
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Geometric Interpretation: Determinant in Two Dimensions

a az| .
det I:bl bg] =ai1by — axbh;

16l

—an| . b1
then is orthogonal to ,
[ a1 ] ¢ [bz]
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Geometric Interpretation: Determinant in Two Dimensions

a az| .
det I:bl bz]ale arby

[

| a b
ay az|

If det [bl bz] =0,

—an| . b1
is orthogonal to ,
a1 ] ¢ [bz]
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Geometric Interpretation: Determinant in Two Dimensions

a az| .
det I:bl bz] =ai1by — axbh;

a1 by
ay az|
If det |:b1 bz] =0,
then [_;2] is orthogonal to [bl],
1

b2

so [al] and [Zl] are scalar multiples of one another (parallel).
2
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Geometric Interpretation: Determinant in Two Dimensions

det I:al 32] =ai1by — axbh;

e

—an| . b1
then is orthogonal to ,
[ a1 ] ¢ [bz]

so [zl] and [Zl] are scalar multiples of one another (parallel).
2 2

A 2 x 2 matrix has determinant O if and only if one if its row
vectors is a scalar multiple of the other.
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Zero Determinants
Are the following determinants zero, or nonzero?

1 2
det 4 _g
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det 4 _g =0
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [_4 —8] =0

1 2
det [4 6}
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [_4 —8] =0

det [i 2} #0
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [_4 —8] =0

det [i 2} #0

al an
det |:531 532:|
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [_4 —8] =0

det [i 6} #0

al an .
det |:531 532:| =0
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [_4 —8] =0

det [i 6} #0

al an .
det |:531 532:| =0

dy az
det [0 0}
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Zero Determinants

Are the following determinants zero, or nonzero?

1 2
det [_4 —8] =0

det [i 6} #0

al an .
det [531 532] =0

ar az|
det[0 0} =0
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Quick Detour: Parallelograms

Area: (base)x (height)
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Quick Detour: Parallelograms

Area: (base)x (height)
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Quick Detour: Parallelograms

Area: (base)x (height)
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Quick Detour: Parallelograms

Area: (base)x (height)
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More Geometric Interpretation in Two Dimensions

det {31 "”2] — aby — aphy = [_"”2] - [bl] —4-b

ai

b1 b by
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More Geometric Interpretation in Two Dimensions

a a| _ _ _|—ae| |b1| _ 4
det[b1 b2]alb2 a2b1[a1] [bz]a b

13| [b]| cos(8)
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More Geometric Interpretation in Two Dimensions
det |1 22| —aipy —apby = | 2| [P _alp
b1 b2 - 251 = al b2 o
= ||a[l]|b] cos(9)
= ||a[[|[b|| cos(m/2 — 0)
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More Geometric Interpretation in Two Dimensions
det |71 2| Zaby—aby = | 2| [P Za.p
b1 b2 - 251 = al b2 o
= ||a[l]|b] cos(9)
= ||a[[|[b|| cos(m/2 — 0)
= |lal[[[b]| sin(¢)
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More Geometric Interpretation in Two Dimensions
det |71 2| Zaby—aby = | 2| [P Za.p
b1 b2 - 251 = al b2 o
= ||a[l]|b] cos(9)
= ||a[[|[b|| cos(m/2 — 0)
= |lal[[[b]| sin(¢)
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More Geometric Interpretation in Two Dimensions
det |71 2| Zaby—aby = | 2| [P Za.p
b1 b2 - 251 = al b2 o
= ||a[l]|b] cos(9)
= ||a[[|[b|| cos(m/2 — 0)
= |lal[[[b]| sin(¢)
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More Geometric Interpretation in Two Dimensions

a a| _ _ _|—ae| |b1| _ 4
det[b1 b2]alb2 a2b1[a1] [bz]a b

= ||al||[b]| cos(®)
= [[a[[[[b]| cos(r/2 — 6)
= [[all[[b]| sin(6)
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More Geometric Interpretation in Two Dimensions
det |1 22| —aipy —apby = | 2| [P _alp
b1 b2 - Che al b2 o
= ||a[l]|b] cos(9)
= ||a[[|[b|| cos(m/2 — 0)

= ||a||||b|| sin(§) = area of parallelogram
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In general:

dy ar
det [bl bJ

= area of parallelogram spanned by [Zl} and [gl}
2 2
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In general:
dy ar
det [bl bJ

Example: Find the area of the parallelogram with one side given by

2 . -3
6} and the other side { 4 }

= area of parallelogram spanned by [Zl} and [gl}
2 2




Course Notes: Section 2.4, Determinants and the Cross Product

Section 2.5, Lines and Planes
0000000@00000000000000000

0000000000000 000

In general:
dy ar
det [bl bJ

Example: Find the area of the parallelogram with one side given by

2 . 3
_6} and the other side { 4 }

= area of parallelogram spanned by [Zl} and [gl}
2 2

| % 0l = 1000 - -2
=8+18=26
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In general:
dy ar
det [bl bJ

Example: Find the area of the parallelogram with one side given by

2 . 3
_6} and the other side { 4 }

= area of parallelogram spanned by [Zl} and [gl}
2 2

| % 0l = 1000 - -2
=8+18=26

Silly Example: Find the area of the rectangle with corners (0,0),
(x,0), (0,y), and (x, y).
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Vector Operations

Addition: (vector)+(vector)=(vector)
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Vector Operations

Addition: (vector)+(vector)=(vector)
Scalar Multiplication: (scalar)(vector)=(vector)
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Vector Operations

Addition: (vector)+(vector)=(vector)
Scalar Multiplication: (scalar)(vector)=(vector)
Dot Product: (vector)-(vector)=(scalar)
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Vector Operations

Addition: (vector)+(vector)=(vector)
Scalar Multiplication: (scalar)(vector)=(vector)
Dot Product: (vector)-(vector)=(scalar)

Cross Product: (vector)x (vector)=(vector)
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Vector Operations

Addition: (vector)+(vector)=(vector)
Scalar Multiplication: (scalar)(vector)=(vector)
Dot Product: (vector)-(vector)=(scalar)

Cross Product: (vector)x (vector)=(vector), but only in R3
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Cross Product
ONLY defined in three dimensions.
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Cross Product
ONLY defined in three dimensions.

a1 b
a= |az b= b2
as bs

axbs — azby

axb= a3b1—a1b3

arby — axby
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Cross Product
ONLY defined in three dimensions.

a1 by
a= |az b= b2
a3 bs

32b3 — a3b2

axb= a3b1 — 31b3

31b2 — 82b1

Mnemonic:
i j ok

det |a1 a» a3| =
b1 by b3



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
000000000e000000000000000

0000000000000 000

Cross Product
ONLY defined in three dimensions.

a1 by
a= |az b= b2
a3 bs

32b3 — a3b2

axb= a3b1 — 31b3

31b2 — 82b1

Mnemonic:
i j ok

. a as . aiy a3 ar a»
det = idet — jdet + k det
) Zi Zz Zi e [bz b3] Jee {bl b3] € [bl bz]
=i(a2bs — azby) — j(arbs — a3by) + k(arbo — azby)
arbsz — azbo

= |a3by — a1b3
31b2 — 32b1
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Practice

Section 2.5, Lines and Planes
0000000000000000
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Practice
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Practice

Not commutative! (But almost.)
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Geometric Interpretation

1. a x b is orthogonal toa and to b .



Section 2.5, Lines and Planes

Course Notes: Section 2.4, Determinants and the Cross Product
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Geometric Interpretation

1. a x b is orthogonal toa and to b .
Verify:
32b3 — a3b2 ail
a3b1*31b3 c | az =0
al b2 — 32b1 as



Section 2.5, Lines and Planes
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Geometric Interpretation

1. a x b is orthogonal toa and to b .

Verify:
an b3 — as bg ail
33b1—31b3 c | az =0
al b2 — az b1 as

2. [la x b|| = [[a[|[b]|sin 6,
where 6 is the angle between aand b, 0 <0 <.
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Geometric Interpretation

1. a x b is orthogonal toa and to b .

Verify:
32b3 — a3b2 ail
a3b1*31b3 c | az =0
al b2 — a2b1 as

2. [[ax bl = [la]/||b]| sin &,
where 6 is the angle between aand b, 0 <0 <.
Thus, sin @ is positive, and ||a x b|| is the area of the
parallelogram spanned by a and b .



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
00000000000e0000000000000 0000000000000 000

Geometric Interpretation

1. a x b is orthogonal toa and to b .

Verify:
32b3 — a3b2 ail
a3b1*31b3 c | az =0
al b2 — 32b1 as

2. [[ax bl = [la]/||b]| sin &,
where 6 is the angle between aand b, 0 <0 <.
Thus, sin @ is positive, and ||a x b|| is the area of the
parallelogram spanned by a and b .

3. The vectors a, b, and a x b obey the right hand rule. That
is, if you curl your fingers towards your palm fromato b ,
your thumb points in the direction of a x b.
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projab
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projab
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all

A = (base)(height) = [|a|[|[b — projab|
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|a x b|| = area of parallelogram

A? = |[a]]?|[b — projabl?

Section 2.5, Lines and Planes
0000000000000 000
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|a x b|| = area of parallelogram

A? = |[a]]?|[b — projabl?

a-b
b — () a
all2

2
= |lalf?

Section 2.5, Lines and Planes
0000000000000 000
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|a x b|| = area of parallelogram

22 = [lalPlb — projybl?
B (a-b) A
Jal?

2
‘”a”2<b b2 (15 ) + () "a2>

Th)2
~al? (bl - 5200 )

2
= |lal?
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|a x b|| = area of parallelogram

A% = ||a||?||lb — projab||?
a-b
b—<)a
al?
b a-b\?
— Jla?[b-b—2(b-a) (2> a>s 2
||a||< (b-a) al? + Tal? al|

_ 2 2 (a-b)?
~al? (bl - 5200 )
~ Jalb]/* - (a - b)

— (a3 + a5 + a3)%(b? + b3 + b3)? — (a1by + apby + a3bs)?
= ... = (32b3 — a3b2)2 + (a3b1 — alb3)2 + (21b2 — 32b1)2
= [la x b]|?

2
= |lalf?
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Find the Area of the Parallelograms

1 3
Find the area of the parallelogram spanned by |1| and | 1
1 -2

Find the area of the parallelogram spanned by B] and [g]
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Find the Area of the Parallelograms

1 3
Find the area of the parallelogram spanned by [1| and | 1 |.
1 -2

H R

b 2]

Find the area of the parallelogram spanned by [;] and [g]
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Find the Area of the Parallelograms

1 3
Find the area of the parallelogram spanned by [1| and | 1 |.
1 -2

H R

b 2]

Find the area of the parallelogram spanned by [;] and [g]

1 2
det{4 3}5
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Find the Area of the Parallelograms

1 3
Find the area of the parallelogram spanned by [1| and | 1 |.
1 -2

HEE

b -]

Find the area of the parallelogram spanned by [;] and [g]

1 2
det{4 3}5

Can you do that with a cross product, by imagining these vectors
in R3?
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Suppose a plane contains the points P1(3,2,2), P»(2,2,1), and
P3(1,1,1). Find a normal vector to the plane. That is, find a
vector that is perpendicular to every line on the plane.
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Properties of Cross Product (p. 31)

l.axb= bxa
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Properties of Cross Product (p. 31)

l.axb=-bxa
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
https://proofwiki.org/wiki/Lagrange’s_Formula


https://proofwiki.org/wiki/Lagrange's_Formula

Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
000000000000 0000e00000000 0000000000000 000

Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(axb)=(sa) x b=a x (sh)
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(axb)=(sa) x b=a x (sh)

0 2
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(axb)=(sa) x b=a x (sh)

2
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(axb)=(sa) x b=a x (sh)
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c- ) —(b-a)c
3. s(axb)=(sa) x b=a x (sh)
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c- ) —(b-a)c
3. s(axb)=(sa) x b=a x (sh)

4. ax(b+c)=axb+axc
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c- ) —(b-a)c
3. s(axb)=(sa) x b=a x (sh)

4. ax(b+c)=axb+axc
5.a-(bxc)=(axb)-c
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c-a)b—(b-a)c
3. s(axb)=(sa) x b=a x (sh)

4. ax(b+c)=axb+axc
5.a-(bxc)=(axb)-c
Is it also true that (a-b) xc=a x (b-c)?
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Properties of Cross Product (p. 31)

l.axb= bxa
2.ax(bxc)=(c- ) —(b-a)c
3. s(axb)=(sa) x b=a x (sh)

4. ax(b+c)=axb+axc
5. a-(bxc)=(axb)-c ‘triple product”



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
00000000000000000e0000000 0000000000000 000

Parallelograms
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Parallelograms
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Parallelograms
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Parallelograms
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Parallelograms

Area: (base)x (height)
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Parallelepipeds
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Parallelepipeds
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Parallelepipeds
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Parallelepipeds
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Parallelepipeds

Volume: (area of base)x(height)
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Triple Product: a- (b x c)

Section 2.5, Lines and Planes
0000000000000000
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Triple Product: a- (b x c)
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Triple Product: a- (b x c)
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Triple Product: a- (b x c)

Area of base: ||b x ||
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Triple Product: a- (b x c)

b x cq
P 2
_-" _ - ’
_ - / _ - /
_ - / - /
- / -7 /
7777777777777777 -=77 /
/ , ’
/ / /
/ / /
/ / /
a - —— - - == == = -~
/ -
p -
, -
C ;-
\, -

b

Area of base: ||b x ||
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Triple Product: a- (b x c)

b x ca

c ;T
b

Area of base: ||b x ||
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Triple Product: a- (b x c)

b x cq
LT T T T T T
/// / -
_ - / _ -7
//’ / -7
- / -7
AN TS 77777777777/777
— /
D /
wn H / //
@] / /
O a S -
I / //,/
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fr— C r =7
\ -
4

b

Area of base: ||b x ||

Section 2.5, Lines and Planes
0000000000000000



Course Notes: Section 2.4, Determinants and the Cross Product
000000000000 0000000e00000

Triple Product: a- (b x c)

b x cq
oo TTTTT T
_-"
_ -7 / _ -
_ - / -
- / -7
B I~
£y S
/
w0 0 / /
o / /
o a s =
— / ////
) S T
- (o} r
-
L4

Area of base: ||b x ||
Height of parallelepiped: ||a||| cos 0|

Section 2.5, Lines and Planes
0000000000000 000
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Triple Product: a- (b x c)

b xcp
P 2
_-" _ - ’
_ - / _- /
_ - ’ _ - /
_ - / Phs /
4; 777777777777777 /77/4 /
J— / / /
> / , /
7 H ’ / /
o) / / /
O a _—r————————— ——
I , -
— / _ -
T / -
— C /-
\, -

Area of base: ||b x ||
Height of parallelepiped: ||a||| cos 0|

Volume of parallelepiped:
(area of base)(height)= ||a||||b x c||| cos 8] =
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Triple Product: a- (b x c)

b x ca
e TT T T
P / ~
_ - / _-
/// / -7
- / /,//
B N mT
5y L
/
w0 H / /
o / /
O a —_——rm e — — - — — A
f— / -
[ ) g
f— C r =7
o
b L4

Area of base: ||b x ||
Height of parallelepiped: ||a||| cos 0|

Volume of parallelepiped:

Section 2.5, Lines and Planes
0000000000000000

(area of base)(height)= ||a|||b x c||| cos @] = |a - (b x c)|
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Calculating the Triple Product

a-(bxc)=
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Calculating the Triple Product

i j k
a-(bxc)=a-det |by by b3
i C C3
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Calculating the Triple Product

det [22 ﬁ3
. . L 2 3_
i J k by by
a-(bxc)=a-det |by by b3| =a-|—det o c
1 G
i C C3 r E
det b by
L &1 e |
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Calculating the Triple Product

det 1;2 ﬁ3
By = ol
a-(bxc)=a-det |by by b3| =a- —det[c1 c3
1 G
1 @ G r 1
det bi by
L (€1 ¢ |
= a1 det {bz b3] — apr det [bl b3] + az det b bﬂ
G C3 1 G |1
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Calculating the Triple Product

det 122 ﬁ3
BN e
a-(bxc)=a-det |by by b3| =a- —det[c1 c3
1 C3
1 @ G r 1
det by by
L (€1 ¢ |
= a1 det {bz b3] — apr det [bl b3] + az det b bﬂ
G C3 1 G |1
a1 a2 as
=det b1 by b3
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Find the volume of the parallelepiped spanned by:

0 1 -1
of, [-1f,and |—-1
1 1 1

Section 2.5, Lines and Planes
0000000000000000
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Find the volume of the parallelepiped spanned by:

0 1 -1
of, [-1f,and |—-1
1 1 1

For positive a, b, and c, find the determinant and interpret it as a

volume:

00
det b 0
0 ¢

O O v
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Find the volume of the parallelepiped spanned by:

0 1 -1
of, [-1f,and |—-1
1 1 1

For positive a, b, and c, find the determinant and interpret it as a

volume:
a 00
det [0 b O
0 0 ¢
Calculate and explain geometrically:
2 0 3
det |8 1 7

20 3 15
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Right-hand rule!
Curl your fingers FROM a TO b . Your thumb points in the
direction of the vector a x b.
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Right-Hand Rule

Predict the following cross products without using the
cross-product calculation. Draw your results. Check using the
cross-product calculation.

2 0
0Of x |0
_0_ _7_
o o
0f x |2
._7_ _0_
[—2 0
0| x |7
| 0 0
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Given any 3-dimensional vector a, is there a simple expression for
a x a’
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Given any 3-dimensional vector a, is there a simple expression for
a x a’

What about (sa) x a for a scalar s?
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Given any 3-dimensional vector a, is there a simple expression for
axa’?

What about (sa) x a for a scalar s?

What about a - (a x b)?
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Given any 3-dimensional vector a, is there a simple expression for
axa’?

What about (sa) x a for a scalar s?

What about a - (a x b)?

Consider a x (b x c). Will this vector be in the same plane as b
and c, or in an orthogonal plane?
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Given any 3-dimensional vector a, is there a simple expression for
a x a’

What about (sa) x a for a scalar s?

What about a - (a x b)?

Consider a x (b x c). Will this vector be in the same plane as b
and c, or in an orthogonal plane?

Notice a x (b x ¢) = (c-a)b — (b a)c:
a linear combination of b and c .



Parametric Equations of Lines
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Parametric Equations of Lines
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Parametric Equations of Lines
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Parametric Equations of Lines

X = sa

Meaning: the collection of all vectors x that can be generated by
multiplying a with a scalar, interpreted as points.
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Parametric Equations of Lines

Line passing through the origin:
X = sa

Meaning: the collection of all vectors x that can be generated by
multiplying a with a scalar, interpreted as points.
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Parametric Equations of Lines

Line passing through the origin:

X = sa

Question: is this the only such equation for the line?
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Parametric Equations of Lines

Line passing through the origin:

X = sa

Can we use this equation with a line not through the origin?
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Parametric Equations of Lines

General equation of a line:
X=0q-+sa

Where we mean: the line consists of all points x that can be
written this way for some scalar s.
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Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1).
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Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1).
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Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1).
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Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1).
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Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1). x = {ﬂ +s {21}



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 00@0000000000000

(1,1)

Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1). x = {ﬂ +s {21}

Can you find another?
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(1,1)

b 2
X

Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1). x = {ﬂ +s {21}

Can you find another?
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Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1). x = {ﬂ +s {21}

Can you find another? x = Féz} +s {1}
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b 2
X

Find a parametric equation describing the line in the direction of

a= [_21} passing through the point (1,1). x = {ﬂ +s {21}

Can you find another? x = {3/2} +s {1}

Pl
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Component Equations of Lines
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Component Equations of Lines
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Component Equations of Lines

Line passing through the origin:

Section 2.5, Lines and Planes
O00®000000000000
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Component Equations of Lines

Line passing through the origin:

L) -

Section 2.5, Lines and Planes
O00®000000000000
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Component Equations of Lines

Line passing through the origin:

) -

={ b1x + by = 0]
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Component Equations of Lines

Line passing through the origin:

) -

=>‘ bix + by = 0‘ =y = (—b2/b1)X
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Components Equations of Lines

General Line in R?



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 0000@00000000000
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General Line in R?
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Components Equations of Lines

General Line in R?
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Components Equations of Lines

General Line in R?

(x—=q)-b=0
x-b=q-b

\b1x+b2y:c‘
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Section 2.5, Lines and Planes
0000000000000000000000000

00000@0000000000
Suppose the parametric equation of a line is given by

[;] = [_:)’J +s [ﬂ . Convert this to an equation of the form

ax + by = c.

Suppose the parametric equation of a line is given by

[;] = [EJ +s [3] . Convert this to an equation of the form

ax + by = c.
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Suppose the parametric equation of a line is given by

[;] = [ 31} +s [ﬂ Convert this to an equation of the form

ax + by = c.
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Suppose the parametric equation of a line is given by

[;] = [ 31} +s [ﬂ Convert this to an equation of the form

ax + by = c.
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Suppose the parametric equation of a line is given by

[X] = [ 3 } +s [ﬂ Convert this to an equation of the form

1= 5]+

ax + by = c.
{ x=3+s
-
y=-1+s

{s:x3
=

s=y+1
=>x—-3=y+1
SX—y =



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 00000@0000000000

Suppose the parametric equation of a line is given by

[X] = [ 31} +s [ﬂ Convert this to an equation of the form

1= 5]+

ax + by = c.
{ x=3+s
=
y=-1+s

{ s=x-3

=

s=y+1
=>x—-3=y+1
ox—y=4

Suppose the parametric equation of a line is given by

[;] = [ 31} +s [3] Convert this to an equation of the form

ax + by = c.
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Section 2.5, Lines and Planes
O0000@0000000000

Suppose the parametric equation of a line is given by

X
y

X
y

3
-1

ax + by = c.
Suppose the parametric equation of a line is given by

3

-1

1

7

. Convert this to an equation of the form

. Convert this to an equation of the form

x=3+42s
y=—-1+7s
x—3=2s
y+1=7s
7x —21 =14s
2y +2 =14s
=Tx—12=2y 42

& TIx—2y =23
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Give a parametric equation for the line y = 3x + 5.
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Give a parametric equation for the line y = 3x + 5.
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Give a parametric equation for the line y = 3x + 5.
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Give a parametric equation for the line y = 3x + 5.
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Give a parametric equation for the line y = 3x + 5.

sa
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Give a parametric equation for the line y = 3x + 5.

sa

X

I
+
")




Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 0000000800000000




Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 0000000800000000




Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 0000000800000000

How many components do the vectors have?
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How many dimensions does a vector have?
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a-b=0anda-c=0
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=0anda-c=0
=0and (x—q)-c=0
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Equation of a Line in R3

(x—qg)-b=0and (x—q)-c=0
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Equation of a Line in R3

(x—qg)-b=0and (x—q)-c=0

x-b=q-bandx-c=q-c
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Equation of a Line in R3

(x—qg)-b=0and (x—q)-c=0

x-b=q-bandx-c=q-c

To define a line in R3, we need a system of equations:

xby + yby + zbs s1
XC1 +ycr+zc3 = 5






Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 0000000008000000




Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes

0000000000000 O000O0000O00000 000000000 e000000
e mmmmm o
\ as \
\ \
\ \
v q ° X\
\
\ \
\ ai \




Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes

0000000000000000000000000 0000000008000000
e
\ 82 !
\ \
\ \
[ J
v q X\
\
\ \
\ a1 )

X =(q+ sa; + tap
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(x—q):-b=0
x-b=s
bix + by + b3z =s
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Equations
Parametric Component
Line in R? X=(q+ sa bix + by =s

LineinR? x=q+sa {b1x+b2y+b3zs

X+ oy +agz=t

Plane in R3 x=q+sa+tb bix + by + b3z =5
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Equations

Parametric Component
Linein R? x—=q+sa bix+ by =s

Line in R3 X=q+ sa {b1X+bzy+b3zs

X+ oy +agz=t

Plane in R3 x=q+sa+tb bix + by + b3z =5

Suppose q and a are vectors in R®. What would you call the
geometric object resulting from the equation x = q + sa?
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Equations
Parametric Component
Linein R> x—=q+sa bix + byy =s
. bix + b b3z =-s
LineinR? x=q+sa LX + Doy + B3
X+ oy +agz=t

Plane in R3 x=q+sa+tb bix + by + b3z =5

Suppose q and a are vectors in R®. What would you call the
geometric object resulting from the equation x = q + sa?

Suppose P and @ are planes. What is the intersection of P and
Q?
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Equations
Parametric Component
Linein R> x—=q+sa bix + byy =s
. bix + b b3z =-s
LineinR? x=q+sa LX + Doy + B3
X+ oy +agz=t

Plane in R3 x=q+sa+tb bix + by + b3z =5

Suppose q and a are vectors in R®. What would you call the
geometric object resulting from the equation x = q + sa?

Suppose P and @ are planes. What is the intersection of P and
Q?

Are there any vectors q and a in R3 for which the equation
X = ¢+ sa is not a line?
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Equations

Parametric Component
Linein R? x—=q+sa bix+ by =s

Line in R3 X=q+ sa {b1X+bzy+b3zs

X+ oy +agz=t
Plane in R3 x=q+sa+tb bix + by + b3z =5

Recall: b was the normal vector to the plane bix + boy + b3z = s.

True or False: for a point P on the plane 5x + 7y + 11z = 22, the
vector with head at P and tail at the origin is orthogonal to the
vector [5,7,11].
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op

How can you find the distance from the point P to the line
X =(q+ sa?
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How can you find the distance from the point P to the line
X =(q+ sa?
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How can you find the distance from the point P to the line
X =(q+ sa?
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How can you find the distance from the point P to the line
X =(q+ sa?
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How can you find the distance from the point P to the line
X =(q+ sa?
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How can you find the distance from the point P to the line
X =(q+ sa?
d + projav =
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How can you find the distance from the point P to the line
X =(q+ sa?
d + projav = v, so
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How can you find the distance from the point P to the line
X =(q+ sa?
d + projav = v, so ||d|| = ||v — projav||, where v=P —q
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Find the distance from the point (10,2, 3) to the line
1 1

x= |2 +s|1
0 1
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point (3,5, 1) to the plane
2 1 1

x=|6[+t|3]+s]|1
3 5 -1
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Find the distance from the point P to the plane @, where Q is
given by the component equation ax + by + cz = d.
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Find the distance from the point (3,5, 1) to the plane
2 1 1

x= 6] +t|3|+s|1]. 5v/26
3 5 -1
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Let P be the plane with equation 2x + 2y + 2z =1, and let Q be
the plane with equation x +y +z = 1.

What will their intersection be: a plane, a line, a point, or nothing?
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Let P be the plane with equation 2x + 2y + 2z =1, and let Q be
the plane with equation x +y + z = 1.

What will their intersection be: a plane, a line, a point, or nothing?
Nothing: they are parallel, but not identical.
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Let P be the plane with equation 2x + 2y + 2z =1, and let Q be
the plane with equation x +y + z = 1.

What will their intersection be: a plane, a line, a point, or nothing?
Nothing: they are parallel, but not identical.
Let P be the plane with equation 2x +y — z =1, and let Q be the

plane with equation x + 2y + 3z = 0.

What will their intersection be: a plane, a line, a point, or nothing?



Course Notes: Section 2.4, Determinants and the Cross Product Section 2.5, Lines and Planes
0000000000000000000000000 000000000000000e

Let P be the plane with equation 2x + 2y + 2z =1, and let Q be
the plane with equation x +y + z = 1.

What will their intersection be: a plane, a line, a point, or nothing?
Nothing: they are parallel, but not identical.

Let P be the plane with equation 2x +y — z =1, and let Q be the
plane with equation x + 2y + 3z = 0.

What will their intersection be: a plane, a line, a point, or nothing?

A line: they are not parallel.
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Let P be the plane with equation 2x + 2y + 2z =1, and let Q be
the plane with equation x +y + z = 1.

What will their intersection be: a plane, a line, a point, or nothing?
Nothing: they are parallel, but not identical.

Let P be the plane with equation 2x +y — z =1, and let Q be the
plane with equation x + 2y + 3z = 0.

What will their intersection be: a plane, a line, a point, or nothing?

A line: they are not parallel.

Find the intersection in parametric form.
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Let P be the plane with equation 2x + 2y + 2z =1, and let Q be
the plane with equation x +y + z = 1.

What will their intersection be: a plane, a line, a point, or nothing?
Nothing: they are parallel, but not identical.

Let P be the plane with equation 2x +y — z =1, and let Q be the
plane with equation x + 2y + 3z = 0.

What will their intersection be: a plane, a line, a point, or nothing?

A line: they are not parallel.

Find the intersection in parametric form. {yJ L 3/5 J +s



