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Course Notes: 2.1-2.3
Course Outline: Week 1



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0@0000000000000 00000000000000000

Vectors

What is a Vector?

Vectors are used to describe quantities with a magnitude (length)
and a direction.
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Vectors

What is a Vector?

Vectors are used to describe quantities with a magnitude (length)
and a direction.

m;xm,
r2

Dennis Nilsson, CC, unedited, https://en.wikipedia.org/wiki/Kepler_orbit


https://en.wikipedia.org/wiki/Kepler_orbit
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Vectors

What is a Vector?

Vectors are used to describe quantities with a magnitude (length)
and a direction.



https://commons.wikimedia.org/wiki/File:Map_prevailing_winds_on_earth.png
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Vectors

What is a Vector?

Vectors are used to describe quantities with a magnitude (length)
and a direction.

y

Notice: a vector doesn't
intrinsically have a position, although we can assign it one in
context.
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Vectors

What is a Vector?

Vectors are used to describe quantities with a magnitude (length)
and a direction.

y

d

Notice: a vector doesn't
intrinsically have a position, although we can assign it one in
context.
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Vectors
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and a direction.
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Vector Operations: Multiply by a Number

Scalar Multiplication

Multiplying a vector a by a scalar s results in a vector with length
|s| times the length of a . The new vector sa points in the same
direction if s is positive, and in the opposite direction if s is
negative.

e
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direction if s is positive, and in the opposite direction if s is
negative.
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Vector Operations: Multiply by a Number

Scalar Multiplication

Multiplying a vector a by a scalar s results in a vector with length
|s| times the length of a . The new vector sa points in the same
direction if s is positive, and in the opposite direction if s is
negative.

—1la
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Vector Operations: Multiply by a Number

Scalar Multiplication

Multiplying a vector a by a scalar s results in a vector with length
|s| times the length of a . The new vector sa points in the same
direction if s is positive, and in the opposite direction if s is
negative.

—1la

If the length of a is 1 unit, then the length of 2a is 2. What is the
length of —la: isit 1, or -1?
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Vector Operations: Adding Vectors

Vector Addition

To add vectors a and b , we can slide the tail of a to sit at the
head of b , and take a + b to be the vector with tail where the tail
of b is, and head where the head of a is.

This is equivalent to making a parallelogram out of a and b (with
the same tail) and taking the diagonal (again with the same tail)
to be the vector a + b.
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Vector Operations: Adding Vectors

Vector Addition

To add vectors a and b , we can slide the tail of a to sit at the
head of b , and take a + b to be the vector with tail where the tail
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Vector Addition

In each case, sketch a vector b such thata+b = c.
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Vector Addition

In each case, sketch a vector b such thata+b = c.
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Vector Operations

Example

Suppose we add a vector a to the vector —3a. What should be the
resulting vector?
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Vector Operations

Example

Suppose we add a vector a to the vector —3a. What should be the

resulting vector?
/
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Vector Operations

Example

Suppose we add a vector a to the vector —3a. What should be the
resulting vector?

—3a
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Vector Operations

Example

Suppose we add a vector a to the vector —3a. What should be the
resulting vector?

—3a
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Vector Operations

Example

Suppose we add a vector a to the vector —3a. What should be the
resulting vector?
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Vector Operations

Example

Suppose we add a vector a to the vector —3a. What should be the
resulting vector?

As we might expect, a — 3a = —2a.
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Limits of Sketching

Suppose a ship is sailing in the ocean. The current is pushing the
ship at 5 knots per hour due east, while the wind is pushing this

ship 3 knots per hour northwest. Rowers onboard are providing a
force equal to 2 knots per hour east-southeast. What direction is
the ship moving, and how fast?


https://en.wikipedia.org/wiki/Wind_triangle
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Limits of Sketching

Suppose a ship is sailing in the ocean. The current is pushing the
ship at 5 knots per hour due east, while the wind is pushing this

ship 3 knots per hour northwest. Rowers onboard are providing a
force equal to 2 knots per hour east-southeast. What direction is
the ship moving, and how fast?

Time for coordinates.

See also: https://en.wikipedia.org/wiki/Wind_triangle


https://en.wikipedia.org/wiki/Wind_triangle
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Coordinates and Vectors
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Coordinates and Vectors
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Coordinates and Vectors
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Coordinates and Vectors

Section 2.3, Geometric Aspects of Vectors
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Coordinates and Vectors
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Coordinates and Vectors
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[

3i+2j=a
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Coordinates and Vectors

y
277
j
a .
i
——— X
1 1 1 3

3i+2j=a
i and j are unit vectors, and we can write any vector in R? as a
linear combination of them.
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Coordinates and Vectors

[

L 2
L 2
~
x

3i+2j=a

i and j are unit vectors, and we can write any vector in R? as a
linear combination of them.

unit vector: length one linear combination: any combination
using only addition and scalar multiplication
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Vector Operations on Coordinates
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Vector Operations on Coordinates
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Vector Operations on Coordinates

M+ b b
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Vector Operations on Coordinates

A+ b b
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Vector Operations on Coordinates

A +b
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Vector Operations on Coordinates

A +b b

~N = W

—
o
N
o
w
o



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
©000000000e800000 00000000000000000

Vector Operations on Coordinates
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Vector Operations on Coordinates
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Vector Operations on Coordinates
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Vector Operations on Coordinates

W =
O O = W
N
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Properties of Vector Addition and Scalar Multiplication

(Notes: 2.2.3)

Let 0 be the zero vector: this is the vector whose components are

all zero. Let a, b, and c be vectors, and let s and t be scalars. The
following facts about vector addition, and multiplication of vectors
by scalars, are true:

l.a+tb=b+a
2.a+(b+c)=(a+b)+c
3.a+0=a

4. a+(—a)=0

5. s(a+b)=sa+sb
6. (s+t)Ja=sa+ta
7. (st)a = s(ta)
8. la=a
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Vectors versus Coordinates

Because we write vectors like coordinates, we will often use them
interchangeably with points. You will have to figure this out from
context.


http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html

Section 2.3, Geometric Aspects of Vectors
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Vectors versus Coordinates

Because we write vectors like coordinates, we will often use them
interchangeably with points. You will have to figure this out from

context.
Example: Let a be a fixed, nonzero vector. Describe and sketch

the sets of points in two dimensions:
{sa:s e R}


http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html
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Vectors versus Coordinates

Because we write vectors like coordinates, we will often use them
interchangeably with points. You will have to figure this out from
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Vectors versus Coordinates

Because we write vectors like coordinates, we will often use them
interchangeably with points. You will have to figure this out from

context.
Example: Let a be a fixed, nonzero vector. Describe and sketch

the sets of points in two dimensions:
{sa:s e R}

Example: Let a and b be fixed, nonzero vectors. Describe and
sketch the sets of points in two dimensions:

{sa+th:s,teR}


http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html
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Vectors versus Coordinates

Because we write vectors like coordinates, we will often use them
interchangeably with points. You will have to figure this out from

context.
Example: Let a be a fixed, nonzero vector. Describe and sketch
the sets of points in two dimensions:

{sa:s e R}

Example: Let a and b be fixed, nonzero vectors. Describe and
sketch the sets of points in two dimensions:

{sa+th:s,teR}

See
http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html


http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html
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Vectors versus Coordinates

Because we write vectors like coordinates, we will often use them
interchangeably with points. You will have to figure this out from
context.

Example: Let a be a fixed, nonzero vector. Describe and sketch
the sets of points in two dimensions:

{sa:s e R}

Example: Let a and b be fixed, nonzero vectors. Describe and
sketch the sets of points in two dimensions:

{sa+th:s,teR}

See
http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html
Example: Let a and b be fixed, nonzero vectors. Describe and
sketch the sets of points in three dimensions:

{sa+tb:s,t R}


http://thejuniverse.org/PUBLIC/LinearAlgebra/LOLA/spans/two.html
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Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.
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Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.

A



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.




Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.




Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.




Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.




Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00000000000000000

Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.

/ c
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Vectors versus Coordinates

In each case below, show that the vector ¢ can be written as
sa + tb for some s, t € R.

a
>
,
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Vectors and Coordinates

Let a and b be fixed, nonzero vectors.

e Give an expression for the midpoint of the line segment halfway
between a and b .



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
00000000000000e 00000000000000000

Vectors and Coordinates

Let a and b be fixed, nonzero vectors.

e Give an expression for the midpoint of the line segment halfway
between a and b .

e Give an expression for the point that is one-third of the way
along the line segment between a and b .

e What is the geometric interpretation of the following set of
points:
{sa+(1—5sb:0<s<1}

e What is the geometric interpretation of the following set of
points:
{(1-s)a+sb:0<s<1}
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Geometric Aspects of Vectors

12?

How long is the vector 5

y
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Geometric Aspects of Vectors

12?

How long is the vector 5

y

12



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00 ®0000000000000000

Geometric Aspects of Vectors

12?

How long is the vector 5

y

\

12
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Geometric Aspects of Vectors

How long is the vector [152] ?

The length of [152] is denoted H [152] ' , and calculated

|[5]] = vz

We also call this quantity the norm of the vector.
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Geometric Aspects of Vectors

How long is the vector [152] ?

The length of [152] is denoted H [152] ' , and calculated

|[5]] = vz

We also call this quantity the norm of the vector.

What about vectors with three coordinates?
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vl =/ (V& +52) 2+ 2 =
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vl =/ (V@ + )24 2 = V@ + B2 +
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Geometric Aspects of Vectors

How long is the vector [152] ?

The length of [152] is denoted H [152] ' , and calculated

2] - viEes -

We also call this quantity the norm of the vector.

a1
The length of a = |ax| is denoted ||al|, and calculated

as
lall = y/ai + a5 + a3
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Quick Concept Test

Section 2.3, Geometric Aspects of Vectors
00080000000000000

Let a be a vector, and let s be a scalar. For each of the following
expressions, decide whether it is a vector or a scalar.

mmUAn®m >

[all

sa

s||all

| sall
s+a
s+ |al



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
000000000000000 0000@000000000000

Unit Vectors

A unit vector is a vector of length one.

. ) ) . ) 3
What is the unit vector in the direction of the vector [4] ?
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Unit Vectors

A unit vector is a vector of length one.

. ) . . 3
What is the unit vector in the direction of the vector [4] ?

If a vector is in the same direction as [4} then it's a (positive)

scalar multiple of that vector. So, we want to divide by the length
of our vector.

We compute the length of the vector: H {

3]”:@:5.

4
3 3
Then the vector % LJ = {2} is the unit vector in the same
5

direction as the given vector.
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Dot Product

Dot Product

Given vectors a = [a1,...,ax] and b = [by, ..., by], we define the
dot product a-b :=ajb; +--- + axbk. Note a-b is a number, not
a vector.




Section 2.3, Geometric Aspects of Vectors

Course Notes: Section 2.2, Vectors
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0000000000000 00

Dot Product

Dot Product

Given vectors a = [a1,...,ak] and b = [by, ..., bx], we define the
dot product a-b := a1b; + - + axbi. Note a-b is a number, not
a vector.

2 -2
Example: (1] -] 0| =—-44+0+15=11
5 3
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Dot Product

Dot Product

Given vectors a = [a1,...,ak] and b = [by, ..., bx], we define the
dot product a-b := a1b; + - + axbi. Note a-b is a number, not
a vector.

2 -2
Example: |1 0| =—4+4+0+4+15=11

5 3

Note: a-a = ||al|?.
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Dot Product

Dot Product

Given vectors a = [a1,...,ak] and b = [by, ..., bx], we define the
dot product a-b := a1b; + - + axbi. Note a-b is a number, not
a vector.

2 -2
Example: (1] -] 0| =—-44+0+15=11

5 3

Note: a-a = ||al|?.

21 [2]
1| - (1] =22 +12+ 52
5

2
1] = /22 +12 4 52
5
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Properties of the Dot Product

Notes: p. 20
For nonzero vectors a , b, and c, zero vector 0 , and scalar s:

1. a-a=|a|?
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Properties of the Dot Product

Notes: p. 20
For nonzero vectors a , b, and ¢, zero vector 0, and scalar s:
1. a-a=||a|?
2. a-b=b-a
3.a:(b+c)=a-b+a-c
4. s(a-b)=(sa)-b
5.0-a=0
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Properties of the Dot Product

Notes: p. 20

For nonzero vectors a , b, and ¢, zero vector 0, and scalar s:
1. a-a=|a|?

a-b=b-a

.a-(b+c)=a-b+a-c

s(a-b)=(sa)-b

.0-a=0

a-b = ||a||||b|| cosf, where 0 is the angle between a and b

a-b=0ifandonlyifa=0,b=0, oraandb are

perpendicular

N o e kW
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Properties of the Dot Product

Notes: p. 20

For nonzero vectors a , b, and ¢, zero vector 0, and scalar s:
1. a-a=|a|?

a-b=b-a

.a-(b+c)=a-b+a-c

s(a-b)=(sa)-b

.0-a=0

. a-b=|al|||b|| cos @, where 0 is the angle between a and b

a-b=0ifandonlyifa=0,b=0, oraandb are
perpendicular

N ook weN

Example: are a and b perpendicular?

1 3
o a:[é], b:[ﬂ e a= (2|, b=|2
3 1



Course Notes: Section 2.2, Vectors Section 2.3, Geometric Aspects of Vectors
0000000000000 00 0O000000@000000000

Properties of the Dot Product

a-b=0ifandonlyifa=0, b=0, or aand b are perpendicular.

Example: are a and b perpendicular?

1 -3
a=|2(,b=|2
3 1
[ 2 3
1 -2
a— _2,b— 1
-1 2
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Properties of the Dot Product

Section 2.3, Geometric Aspects of Vectors
0O000000@000000000

a-b=0ifandonlyifa=0, b=0, or aand b are perpendicular.

Example: are a and b perpendicular?

1 -3
a=|2(,b=|2
3 1
[ 2 3
1 -2
a— _2,b— 1
-1 2

No

No

No

Yes



a-b = [lalf[|b][ cos ¢
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a-b = [ja]l[|b]| cos

Claim 1:
la—b|”=al]*+|bl|* —2a-b

Claim 2:

la— bl =|lal* + [[b]|* - 2[al||b]| cos &
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a-b = [ja]l[|b]| cos

Claim 1:
la—b|”=al> +|b|*—2a-b
Claim 2:
|la—bl[” =la||* + [[b]|* - 2||al|||b|| cos §
Then:

lall? + [[b][* — 2a - b = |[a]|* + [|b]|* — 2[all|[b]| cos®  so
—2a-b = —2||al|||b|| cos 8 so
a-b = |al|[[b[ cosf
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Claim 1:
la—b|”=al]*+|bl|* —2a-b

Proof:
la—b|*=(a—b)-(a—b)
=a’+b’>-2a-b
— llal/® + [1b]/* - 2a - b
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Claim 2:

la—b[I” = |la]|* + [|b]|* — 2[al||b]| cos &

Law of Cosines
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Angle between Two Vectors

Recall a- b = ||a||||b|| cos @, where 0 is the angle between a and b .

What is the angle between vectors [ﬂ and [g} ?
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Angle between Two Vectors

Recall a- b = ||a||||b|| cos @, where 0 is the angle between a and b .

What is the angle between vectors [ﬂ and [5} ?

5
HRER [
10 +5 = /22 + 121/52 + 52 cos 6

15 = 5v/10 cos §

3
cosf = ——

V10
6 = arccos (

cos b

&
(@]
N———
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Projections

We apply a force to an object in the direction of a , but we're only
concerned with the object’'s movement in the direction of vector b .
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Projections

We apply a force to an object in the direction of a , but we're only
concerned with the object’'s movement in the direction of vector b .
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Projections

We apply a force to an object in the direction of a , but we're only
concerned with the object’'s movement in the direction of vector b .
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Projections

We apply a force to an object in the direction of a , but we're only
concerned with the object’'s movement in the direction of vector b .

proj,a

e The vector projya is in the same or opposite direction as b.
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Projections

We apply a force to an object in the direction of a , but we're only
concerned with the object’'s movement in the direction of vector b .

proj,a

e The vector projya is in the same or opposite direction as b.

-b
e The vector projya has length ||a|| cos§ = h.
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Projections

We apply a force to an object in the direction of a , but we're only
concerned with the object’'s movement in the direction of vector b .

proj,a

e The vector projya is in the same or opposite direction as b.

a-b
e The vector projya has length ||a||cosf = ——

b~
) a-b
propa=|(-—5 | b
b (Hb||2>
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A man pulls a truck up a hill for some reason. If we take level
ground as our coordinate axis, the hill is in the direction of the

vector [120], and the man applies force represented by the vector

B} What vector represents the force acting on the truck in the

direction it is moving?
Image credit: stu_spivack, CC,
https://www.flickr.com/photos/stuart_spivack/3850975920/in/set-72157622007398607/


https://www.flickr.com/photos/stuart_spivack/3850975920/in/set-72157622007398607/

— Blo~ o
o ~ o B_22_2
SN — 3N

— | —
<t
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A man pulls a truck up a hill for some reason. He pulls with a
force of 1000 pounds, and pulls at an angle of 20 degrees to the
hill. What force is exerted in the direction of the hill? That is,
what is the magnitude of the component of the force that is in the
direction of the truck’'s motion?

Image credit: stu_spivack, CC,
https://www.flickr.com/photos/stuart_spivack/3850975920/in/set-72157622007398607/


https://www.flickr.com/photos/stuart_spivack/3850975920/in/set-72157622007398607/
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A man pulls a truck up a hill for some reason. He pulls with a
force of 1000 pounds, and pulls at an angle of 20 degrees to the
hill. What force is exerted in the direction of the hill? That is,
what is the magnitude of the component of the force that is in the
direction of the truck’'s motion? 1000 cos20° pounds

Image credit: stu_spivack, CC,
https://www.flickr.com/photos/stuart_spivack/3850975920/in/set-72157622007398607/


https://www.flickr.com/photos/stuart_spivack/3850975920/in/set-72157622007398607/
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0 0
What is the projection of the vector |2| onto the vector |1|7?
5 0
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0 0
What is the projection of the vector |2| onto the vector |1|7?
5 0

a-b
A. | solved this by computing <W> b
B. | solved this by drawing a picture
C. I solved this by noticing that the y component is precisely the
component of the vector in the direction of j
D. I solved this another way
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0] o]
What is the projection of the vector [2| onto the vector [1]7
_5_ _0_
51 o]
What is the projection of the vector |2| onto the vector |1|7?
_5_ ._0_.
0 [0
A: still |2 B: probably not [2| any more
0 0
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0 0
What is the projection of the vector |2| onto the vector |1|7
_5_ _0_
o o]
What is the projection of the vector |2| onto the vector |1|7?
_5_ _O_.
H k
A: still f B: probably not [2| any more
0] 0
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0 0
What is the projection of the vector [2| onto the vector [1]7
5 0

1
What is the projection of the vector |2]| onto the vector |27
3
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0 0
What is the projection of the vector [2| onto the vector [1]7
5 0
8 1
What is the projection of the vector |2]| onto the vector |27
5 3
27/14
27/7

81/14
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0 0
What is the projection of the vector |2| onto the vector |1|7
5 0
8 1
What is the projection of the vector |2]| onto the vector |27
5 3
27/14
277
81/14

What is the projection of the vector a onto itself?
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0 0
What is the projection of the vector |2| onto the vector |1|7
5 0
8 1
What is the projection of the vector |2]| onto the vector |27
5 3
27/14
277
81/14

What is the projection of the vector a onto itself? a



