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Outline Notes

Week 12: Vector differential equations

Course Notes: 6.3

Goals: be able to solve a linear system of differential equations;
find characteristics of electrical networks involving inductors and
capacitors using methods learned this term.

Course Notes 6.3: Systems of Linear Differential Equations
#0000000000000000000000

Differential Equations Notes

We're going to doing this in a linear-systems context soon.

y'(t) = Ay(t), X constant

Solutions: y(t) = Ce™, constant C
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Differential Equations Notes

Example: a radioactive substance decays at a rate of 2% of its
mass every year.
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Systems of Linear Differential Equations

= a + bys(t)
n(t) = ¢ + dya(t)
v {ym] A:[i 3] v {mm}
y' = Ay
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Guessing Solutions: Eigenvectors

Differential Equation:
y' = Ay
Let's take a guess from our previous examples: what if

y C/\'X

for some constant A\ and some constant vector x?
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Systems of Linear Differential Equations: Adding Solutions

Adding Solutions

Suppose y; and y» are both solutions to the system of differential
equations Ay = y’.

Notes

Notes

Notes
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Solutions to Systems of Linear Differential Equations Notes

Theorem

Suppose A is an n-by-n matrix with eigenvalues and vectors

A1, A2, ..., Ak and X1, X2,...,Xk. Then for any choice of constants
C1,C2; -5 Chy

A

y(t) = ceMix; + ceixy + - 4 ceMixg

is a solution to the equation y’ = Ay.

General Question: |s there a solution to y’ = Ay that also has

y(0) = yo, for some constant vector yo?
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Example Notes

Find the solution to the system of linear differential equations

n(® = nt) + 4n(t) + 5ys(t)

ya(t) 2y5(t) + 6y3(t)
y3(1) 3ys(t)

with initial condition
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) ) Notes
The form of the solution will be:

y(t) = creMix; + ceMtxy + - - - + ekt

That is:

1 4 29
y(t) = ciet [0] + e | 1| 4 cze¥ |12
0 0 2

To find the constants c1, ¢, c3 we solve:

0 1 4 29
11| =c |0 + o |1| 4¢3 |12
2 0 0 2

So ¢ = =25, ¢ = —1, and ¢z = 1. Our solution is:

1 4 29 —25et — 4€2t 4 29¢3t
y(t) = —25et |0| — 1% [1| + €% |12 = —e2t 4123t

0 0 2 2e3t
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Example

Find the solution to the system of linear differential equations

n(® = n)
() = 3n) — x()

with initial condition

y(0) = m

Course Notes 6.3: Systems of Linear Differential Equations
00000000080000000000000

The form of the solution will be:

y(t) = c1eMix; + oeixy + - 4 geMixg

That is:

y(t) = cret m + et m

To find the constants c;, ¢, we solve:

HECIHREN

So ¢; =2, ¢ = —5. Our solution is:

o= []-s0 [] - o o]
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Quick Recap
yi(t) = yi(t) +2y(t) : [}/1(0)} _ H
ya(t) = yi(t) +2y(t) ’ ¥2(0) 3

A 0N

. Create the matrix of coefficients

Find eigenvalues and corresponding eigenvectors

. The general solution is y = c;eMtx; + c2e™xy + - - - c,eMtx,
. Find the values of ¢; that fit the initial conditions. That gives

you the particular solution.

Notes

Notes

Notes
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End Behaviour

t—o00

A=1 cefx +oo
A=-1 ce 'x
A=0 cx £ ex
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Complex Eigenvalues
v =[p w0 vo= 5]

Eigenvalues: \1 = 4i, \p = —4i

. i i
Eigenvectors: x; = [2} X2 = {2}

General solution: y(t) = c1e*x; + coe %tx,

for some constants ¢; and ¢;.

Particular solution: y(t) = (3 + 2i)e*tx; + (3 — 2i)e *x,
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Complex Eigenvalues: Particular Solution

34 2i)e* x4+ (3 — 2i)e ¥x,
3+ 2i)[cos(4t) + isin(4t)]x1 + (3 — 2i)[cos(—4t) + isin(—4t)]x2
)

y(8) = (

( (41)

(3 + 2i)[cos(4t) + isin(4t)]xq + (3 — 2i)[cos(4t) — isin(4t)]xz
( (

i

2] + (3 - 2i)[cos(4t) — isin(4t)] H

3 + 2i)[cos(4t) + isin(4t)] [

~ |—4cos(4t) — 6sin(4t)
~ | 12cos(4t) — 85in(4t)}

Notes

Notes

Notes
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Complex Eigenvalues: Closer Look
Suppose A\ = Xs and x; = X5.

Then eMtxy = eMeix,

aeMixy + oe’ixy = o (f + gi) + oo(f — gi)
=(a+a)f+ilca—a)g
=af + bg

= a-Re(eMfxq) + b- Im(eMfx)

where a and b are arbitrary constants
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Complex Eigenvalues: Closer Look
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Shorcut

Suppose we're solving y' = Ay, and A has a complex pair of
eigenvalues and eigenvectors A1 = A2, X1 = X3.

To find the solutions corresponding to these eigenvalues and
eigenvectors, cie’x; + ce?tx, is equivalent to
a-Re(eMix() + b - Im(eMfxy).
That is:

1. Choose a single solution, like eMixg

2. Separate it into its real and imaginary part

3. The general solution is any linear combination of the real and

imaginary part

Notes

Notes

Notes
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Complex Eigenvalues Notes

11 '’
A_{—l 1], solve y' = Ay

Eigenvalues: \1 =141/, Ao =1—1

. —i i
Eigenvectors: x; = { 1 ] Xy = L]
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Complex Eigenvalues Notes
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End Behaviour Notes
A=1 ce'x 2% b0 if c#0
=-1 ce 'x SNy

A=0 cx £ ex ifc#0
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Bigger Matrices Notes
1 10
y=1-11 0|y
0 00
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Bigger Matrices Notes
A1 =0 M =1+7 )\3:17I'
0 1 1
X1 = 0 X2 = i X3 = —i
1 0 0
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yi(t) = 3y(t) + 0ya(t) + Oys(t)

ya(t) = Oya(t) +2y2(t) — 4ys(t)

y3(t) = Oy(t) + Lya(t) + 2y5(t)
P 0 OW
A= |0 2 —4], M =3 A =242, \3=2-2j
o1 2]




