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Outline

Week 12: Vector differential equations

Course Notes: 6.3

Goals: be able to solve a linear system of differential equations;
find characteristics of electrical networks involving inductors and
capacitors using methods learned this term.
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Differential Equations

We're going to doing this in a linear-systems context soon.

y'(t) = A\y(t), ) constant
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Differential Equations
We're going to doing this in a linear-systems context soon.
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Solutions: y(t) = Ce*t, constant C

Example: a population’s growth rate is 0.3 times the number of
individuals in that population per year.
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Differential Equations
We're going to doing this in a linear-systems context soon.
y'(t) = A\y(t), ) constant

Solutions: y(t) = Ce*t, constant C
Example: a population’s growth rate is 0.3 times the number of
individuals in that population per year.

y'(t) =0.3y(t)

y(t) = Ce%3t  for some constant C
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Differential Equations
We're going to doing this in a linear-systems context soon.
y'(t) = A\y(t), ) constant

Solutions: y(t) = Ce*t, constant C

Example: a population’s growth rate is 0.3 times the number of
individuals in that population per year.

y'(t) =0.3y(t)
y(t) = Ce®3t  for some constant C

At year t = 0, there are 100 individuals.
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Differential Equations
We're going to doing this in a linear-systems context soon.
y'(t) = A\y(t), ) constant

Solutions: y(t) = Ce*t, constant C

Example: a population’s growth rate is 0.3 times the number of
individuals in that population per year.

y'(t) =0.3y(t)
y(t) = Ce®3t  for some constant C

At year t = 0, there are 100 individuals.

y(t) = 10023
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Differential Equations

Example: a radioactive substance decays at a rate of 2% of its
mass every year.
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Example: a radioactive substance decays at a rate of 2% of its
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y'(t) = —0.02y(t)
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Differential Equations

Example: a radioactive substance decays at a rate of 2% of its
mass every year.

y'(t) = —0.02y(t)

y(t) = Ce7%92t  where C is the amount at t = 0
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Systems of Linear Differential Equations

= a +  bys(t)
¥(t) = ¢ +  dyo(t)
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Systems of Linear Differential Equations

= a +  byo(t)
y(t) = ¢ + dya(t)
Example: , ¥2 population of hares
b
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Systems of Linear Differential Equations

= a +  bys(t)
y(t) = ¢ + dya(t)
Example: , 2 population of hares
b
Sl B R RG]
’ Lﬁ(t)} c d Y D)
y' = Ay

Note: there isn't something weird going on with “differentiating a

vector.” We're just differentiating each (totally standard) equation
inside the vector.
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Guessing Solutions: Eigenvectors

Differential Equation:
y = Ay

Let's take a guess from our previous examples: what if

yi(t) x et

y2(t) xpeMt
A = y f— e/\tx =

yn.(t) Xn‘;At

for some constant A\ and some constant vector x?
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Guessing Solutions: Eigenvectors

Differential Equation:

y = Ay
Let's take a guess from our previous examples: what if
yi(t) xrett
ya(t) - My xpeMt
Yn.(t) x,,é)‘t

for some constant A\ and some constant vector x?

Then: y = \eMx
So, if y/ = Ay: AeMx = A(e”x)
Hence: AX = Ax

so A and x are an eigenvalue/eigenvector pair of A.
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Guessing Solutions: Eigenvectors

Differential Equation:
y = Ay

Let's take a guess from our previous examples: what if

yi(t) x et

y2(t) xpeMt
i = y e e/\tx =

yn(t) xnett

for some constant A\ and some constant vector x?

We've successfully guessed a solution!

y = eMx

where A, x are an eigenvalue/eigenvector pair of A
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Systems of Linear Differential Equations: Adding Solutions

Adding Solutions

Suppose y1 and y; are both solutions to the system of differential
equations Ay = y’.
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Adding Solutions

Suppose y1 and y; are both solutions to the system of differential
equations Ay =y'.Then (y; +y2) is also a solution.
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Systems of Linear Differential Equations: Adding Solutions
Adding Solutions

Suppose y1 and y; are both solutions to the system of differential
equations Ay =y'.Then (y; +y2) is also a solution.

Further, (c1y1 + c2y2) is also a solution, for any constants ¢; and
C.
(Home exercise: prove this is true!)
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Solutions to Systems of Linear Differential Equations

Theorem

Suppose A is an n-by-n matrix with eigenvalues and vectors
A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
C1,C2,. -, Cks

A1

y(t) = cie™Mixq + eMixy + -+ + creMixy

is a solution to the equation y’ = Ay.
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A1

y(t) = cie™Mixq + eMixy + -+ + creMixy

is a solution to the equation y’ = Ay.

Example: y/ = ly, y € R?
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Solutions to Systems of Linear Differential Equations

Theorem
Suppose A is an n-by-n matrix with eigenvalues and vectors
A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
C1,C2,. -, Cks
y(t) = cie’ixg + ey + - + e ixy

is a solution to the equation y’ = Ay.

Example: y/ = ly, y € R?
)\1:1,X1:|:g.):|; )\2:1,X2:|:0:|
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Solutions to Systems of Linear Differential Equations

Theorem

Suppose A is an n-by-n matrix with eigenvalues and vectors

A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
C1, €2y ..., Ck,
y(t) = cie’ixg + ey + - + e ixy

is a solution to the equation y’ = Ay.

Example: y/ = ly, y € R?

)\1:1,X1:|:g.):|; )\2:1,X2:|:0:|

y(t) = cret H +opet m
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Solutions to Systems of Linear Differential Equations

Theorem

Suppose A is an n-by-n matrix with eigenvalues and vectors

A1, A2, ..., Ak and X1, X2, ..., X,. Then for any choice of constants
C1,C2,-- -, Cks
y(t) = c1eMixg + ce?2fxy + - - - + e ixy

is a solution to the equation y’ = Ay.

General Question: Is there a solution to y’ = Ay that also has
y(0) = yo, for some constant vector yg?
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Solutions to Systems of Linear Differential Equations

Theorem
Suppose A is an n-by-n matrix with eigenvalues and vectors
A1, A2, ..., Ak and X1, X2, ..., X,. Then for any choice of constants
C1,C2,-- -, Cks
y(t) = c1eMixg + ce?2fxy + - - - + e ixy

is a solution to the equation y’ = Ay.

General Question: Is there a solution to y’ = Ay that also has
y(0) = yo, for some constant vector yo? Suppose it has the form
above:

y(0) = c1x1 + oxo + -+ ckxk L =" ¥o
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Solutions to Systems of Linear Differential Equations

Theorem
Suppose A is an n-by-n matrix with eigenvalues and vectors
A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
C1,C2,-- -, Cks
y(t) = c1eMixg + ce?2fxy + - - - + e ixy

is a solution to the equation y’ = Ay.

General Question: Is there a solution to y’ = Ay that also has
y(0) = yo, for some constant vector yo? Suppose it has the form
above:

y(0) = c1x1 + oxo + -+ ckxk L =" ¥o

If the eigenvectors of A form a basis then there is always exactly
one solution to y’ = Ay with any desired initial condition
y(0) = yo, and it has the form given above.
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Solutions to Systems of Linear Differential Equations

Theorem
Suppose A is an n-by-n matrix with eigenvalues and vectors
A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
C1,C2,. -, Cks
y(t) = cie’ixg + ey + - + e ixy

is a solution to the equation y’ = Ay.

Example: y/ = ly, y € R?
)\1:1,X1:|:g.):|; )\2:1,X2:|:0:|
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Solutions to Systems of Linear Differential Equations

Theorem

Suppose A is an n-by-n matrix with eigenvalues and vectors

A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
C1, €2y ..., Ck,
y(t) = cie’ixg + ey + - + e ixy

is a solution to the equation y’ = Ay.

Example: y/ = ly, y € R?

Suppose we have initial conditions y(0) = [ ! }
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Solutions to Systems of Linear Differential Equations

Theorem

Suppose A is an n-by-n matrix with eigenva

lues and vectors

A1, A2, ..., Ak and X1,X2,...,X,. Then for any choice of constants
€1,C, .-, Ck,
y(t) = creMixy + eMixy + - - + creix,
is a solution to the equation y’ = Ay.
Example: y/ = ly, y € R?
>\1:1,x1:(1); Azzl,xzz[ﬂ

Suppose we have initial conditions y(0) =

y=re [ -ae 0] =[]
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Example

Find the solution to the system of linear differential equations

yi(t) = yn(t) + 4n(t) + 5Sys(t)
y(t) = 2y2(t) + O6ys3(t)
yi(t) = 3ys(t)
with initial condition
0
y(0) = |11
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Example

Find the solution to the system of linear differential equations

yi(t) = yn(t) + 4n(t) + 5Sys(t)
y(t) = 2y2(t) + 6ys(t)
yi(t) = 3y3(t)
with initial condition
0
y(0) = |11
2
{1 4 5]
A=10 2 6 solving y' = Ay
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Example

Find the solution to the system of linear differential equations

yi(t) = yn(t) + 4n(t) + 5Sys(t)
y(t) = 2y2(t) + 6ys(t)
yi(t) = 3y3(t)
with initial condition
0
y(0) = |11
2
{1 4 5]
A=10 2 6 solving y' = Ay
LO 0 3J

4 29
)\2:2,X2: 1 A3:3,X3: 12
0 2
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The form of the solution will be:

y(t) = cre’ixq + ety + -+ crekixg
That is:
L 4 29
y(t) = cre’ |0] + e |1] + 3’ |12

To find the constants ¢;, ¢, ¢3 we solve:

0 1 4 29
11 = 0 —+ C 1 + 3 12
2 0 0 2
So ¢g = —25, ¢ = —1, and ¢z = 1. Our solution is:
1 4 29 —25et — 4e2t 4 293t
y(t) = —25e’ [0] —1e? |1| + &3 |12] = —e?t 4 12¢3t
0 0 2 263t




Course Notes 6.3: Systems of Linear Differential Equations
00000000e0000000000000000

Example

Find the solution to the system of linear differential equations

yvi(t) = xnl(t)
y(t) = 3yn(t) — y(t)

with initial condition
4
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Example

Find the solution to the system of linear differential equations

(1) = nlt)
3yi(t) — ya(t)

y(0) = m

S s
—

~
N—r

with initial condition

S
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Example

Find the solution to the system of linear differential equations

(1) = nlt)
3yi(t) — ya(t)

y(0) = m

S s
—

~
N—r

with initial condition

S
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The form of the solution will be:
Y(t) = Cle)\ltX1 + Cze/\thz 4+t Cke/\kth

That is:

0=a [ re ]

To find the constants ¢;, ¢ we solve:

HRRYHR

So 1 =2, ¢o = —5. Our solution is:

w026 s} - [oe 5
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Quick Recap

) yi(t) +2y2(t)
yo(t) = yi(t) +2ya(t)
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) yi(t) +2y2(t)
yo(t) = yi(t) +2ya(t)

1. Create the matrix of coefficients
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) yi(t) +2y2(t)
yo(t) = yi(t) +2ya(t)

1. Create the matrix of coefficients
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Quick Recap
yi(t) yi(t) + 2y2(t) . [yl(O)]
yo(t) = yi(t) +2ya(t) ' y2(0)

1. Create the matrix of coefficients

2. Find eigenvalues and corresponding eigenvectors
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Quick Recap
yi(t) yi(t) + 2y2(t) . [)/1(0)]
yo(t) = yi(t) +2ya(t) ' y2(0)

1. Create the matrix of coefficients

2. Find eigenvalues and corresponding eigenvectors
M=0[-2 117 an=3[ 17
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Quick Recap
(1) yi(t) + 2ya(t) . [n(o)] _ H
ya(t) = y(t) +2y(t) ' y2(0) 3
1. Create the matrix of coefficients A= E ﬂ

2. Find eigenvalues and corresponding eigenvectors
M=0[-2 1] a=31 1]

3. The general solution is y = cie*tx; + ce™txy + - - - c,eMixg,
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Quick Recap
(1) yi(t) + 2ya(t) . [}/1(0)] _ H
ya(t) = y(t) +2y(t) ' y2(0) 3
1. Create the matrix of coefficients A= B ﬂ

2. Find eigenvalues and corresponding eigenvectors
M=0[-2 1] a=31 1]

3. The general solution is y = cie*tx; + ce™txy + - - - c,eMixg,

o) =al e ]
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Quick Recap
(1) yi(t) + 2ya(t) . [n(o)] _ H
ya(t) = y(t) +2y(t) ' y2(0) 3
1. Create the matrix of coefficients A= E ﬂ

2. Find eigenvalues and corresponding eigenvectors
M=0[-2 1] a=31 1]
3. The general solution is y = cie*tx; + ce™txy + - - - c,eMixg,
v(t) 2} 3¢ H
=c + e
i) o [7] e

4. Find the values of ¢; that fit the initial conditions. That gives
you the particular solution.
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Quick Recap
(1) yi(t) + 2ya(t) . [}/1(0)] _ H
ya(t) = y(t) +2y(t) ' y2(0) 3
1. Create the matrix of coefficients A= E ﬂ

2. Find eigenvalues and corresponding eigenvectors

M=0[-2 1] a=31 1]
3. The general solution is y = c1eMixy + ceM2txy + - - - crettx,
o] = 4] e ]
4. Find the values of ¢; that fit the initial conditions. That gives
you the particular solution.

(t)]  [-2 e [1]  [—2+26€%
Lyo(t {1}+2e 1| | 1+2e%

~—

~—
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More Practice

yi(t) = y(t) +4ya(t)
) 3y1(t) + 5y2(t)

{ﬂ(o)
¥2(0)

|

|

-8
4
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More Practice

yi(t) = y(t) +4ya(t)
3y1(t) + 5y2(t)

>~

—~~
~

~—
|

{ﬂ(o)
¥2(0)

|

|

-8
4
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More Practice

yi(t) = y(t) +4ya(t)
3y1(t) + 5y2(t)

1 4 2
A—{?) 5}, /\1—7,X1—|:3:|

>~

—~~
~

~—
|
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More Practice

yi(t) = yi(t) +4y2(1) , [y1(0)] _ [—8}
ya(t) = 3yi(t) + 5ya(t) ¥2(0)

1 4 2 )
A:|:3 5:|, )\1:7,X1:|:3:| /\2:1vx2:|:1:|

General solution:

y(t) = cre’xz + e xp
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More Practice

yi(t) = yi(t) +4y2(1) , [y1(0)] _ [—8}
ya(t) = 3yi(t) + 5ya(t) y2(0)

1 4 2 -2
A—{?’ 5], )\1—7,X1—{3} /\2—1,X2—|:1:|
General solution:

y(t) = cre’txo + e txo

Particular solution:
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More Practice

y(t) = xl(t) +4y2(t) . [n(o)]
yo(t) = 3y(t) + Sy2(t) ¥2(0)

1 4 2
A:{?’ 5}; )\127,X1:{3} /\2:*1,X2

General solution:
Tt —t
y(t) = cre'*xp + e "x

Particular solution:
-2 —8et
_ -1 _

Note: tlLrgoy(t) = [O

these limits might have been infinite.

-]
17

- if we'd had different initial conditions,
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End Behaviour

Constants ¢ are determined by initial conditions, i.e. y(0); A and x
are an eigenvalue-eigenvector pair.

A=1 ce'x

A=-1 ce 'x

A=0 cx
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End Behaviour

Constants ¢ are determined by initial conditions, i.e. y(0); A and x
are an eigenvalue-eigenvector pair.

A=1 ce'x 2% oo ifc#0
A=-1 ce 'x

A=0 cx
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End Behaviour

Constants ¢ are determined by initial conditions, i.e. y(0); A and x
are an eigenvalue-eigenvector pair.

A=1 ce'x 2% oo ifc#0
A=-1 ce 'x %0

A=0 cx
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End Behaviour

Constants ¢ are determined by initial conditions, i.e. y(0); A and x
are an eigenvalue-eigenvector pair.

A=1 ce'x 2% oo ifc#0
A=-1 ce 'x %0

A=0 cx 1220 ex ifc#0
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End Behaviour

Constants ¢ are determined by initial conditions, i.e. y(0); A and x
are an eigenvalue-eigenvector pair.

A=1 ce'x 2% oo ifc#0
A=-1 ce 'x %0
A=0 cx I7%% ex ifc#0

Positive real eigenvalues lead to solutions that can diverge to 00
(depending on initial conditions);

Negative real eigenvalues lead to solutions that can converge to 0
(depending on initial conditions);

An eigenvalue of zero leads to solutions that can converge to a
nonzero constant (depending on initial conditions);
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Visualizing End Behaviour

= yl(t) + 4y2(t)
3y1(t) + 5y2(t)

-
—~
~ ~+
g
Il

|

yi(t)
y2(t)

J=

2cie’t—2ce™

3cie’t+cre™

t

|
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Visualizing End Behaviour

2 ey — -
If [Qgg;} — [2], then [Q ] - [ S;_T]
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Visualizing End Behaviour

)}2%3 z ?)3/(1() )Jr+4;/§/(2?t) - [ﬁét” - [23CC11€e7t;2CC22: :}
iF ()] = [ then [0] = [ o]
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Visualizing End Behaviour

49 2 20550, = [ =[]
[y | = [0 then [260] = [ 22
0] -t o [ (552
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Visualizing End Behaviour

49 2 20550, = [ =[]
[y | = [0 then [260] = [ 22
0] -t o [ (552

yo(t)/=9e’t + et

yi(t) = 6e’t —2e7t
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Complex Eigenvalues
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Complex Eigenvalues

Eigenvalues: \; = 4i, Ao = —4i
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Complex Eigenvalues

Eigenvalues: \; = 4i, Ao = —4i
. i —i
Eigenvectors: x; = {2} Xy = {2}
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Complex Eigenvalues
N [ [-4
R e MOROR
Eigenvalues: \; = 4i, Ao = —4i

. i —i
Eigenvectors: x; = {2} Xy = {2}

General solution: y(t) = cie*x; + cpe *tx;

for some constants ¢; and .
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Complex Eigenvalues

o=l o vo=]5]

Eigenvalues: \; = 4i, Ao = —4i
: i —i
Eigenvectors: x; = {2} Xy = {2}

General solution: y(t) = cie*x; + cpe *tx;

for some constants ¢; and .

Particular solution: y(t) = (3 + 2i)e*x; + (3 — 2i)e *x,
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Complex Eigenvalues: Particular Solution

y(t) = (3 +2i)e" %1 + (3 - 2i)e 'xy
= (34 2i)[cos(4t) + isin(4t)]x1 + (3 — 2i)[cos(—4t) + isin(—4t)]xz
= (34 2i)[cos(4t) + isin(4t)]x1 + (3 — 2i)[cos(4t) — isin(4t)]x2
= (34 2i)[cos(4t) + isin(4t)] {2] + (3 — 2i)[cos(4t) — isin(4t)] {é]

—4 cos(4t) — 6sin(4t)
12 cos(4t) — 8 sin(4t)}
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Complex Eigenvalues: Particular Solution

y(t) = (3 +2i)e* x; + (3 — 2i)e *x,
| —4cos(4t) — 6sin(4t)
"~ | 12cos(4t) — 8sin(4t)

y2(t) = 12 cos(4t) — 8sin(4t)

y1(t) = —4cos(4t) — 6sin(4t)
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Complex Eigenvalues: Closer Look

You should be able to follow this explanation, but you don’t have to memorize it

Suppose A1 = > and x; = X.
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Complex Eigenvalues: Closer Look

You should be able to follow this explanation, but you don’t have to memorize it

Suppose A1 = > and x; = X.

Then eMitx; = eM2tx,.
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Complex Eigenvalues: Closer Look

You should be able to follow this explanation, but you don’t have to memorize it

Suppose A1 = Ao and X1 = Xo.

Then eMitx; = eM2tx,.
Let f = Re(eM®x;) and g = Im(eMixy).

Example: Re [iigﬁ] =[&] and Im [iifﬂ = [

QT

].
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Complex Eigenvalues: Closer Look

You should be able to follow this explanation, but you don’t have to memorize it

Suppose A1 = Ao and X1 = Xo.

Then eMitx; = eM2tx,.
Let f = Re(eM®x;) and g = Im(eMixy).

Example: Re [Z15] = [2] and Im [2151] = [§].

A1 A2

c1e™'xy + e™'xa = a(f + gi) + co(f — gi)
= (C1 + C2)f + i(Cl — C2)g
= af + bg

= a-Re(eM'x;) + b - Im(eM'x;)

where a and b are arbitrary constants, possibly complex
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Complex Eigenvalues: Closer Look

Eigenvalues: A1 = 4i, Ay = —4i
: i —i
Eigenvectors: x; = {2} , Xp = { 5 }
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Complex Eigenvalues: Closer Look

o=l o vo=]5]

Eigenvalues: A\ =4/, \p = —4i
. i —i
Eigenvectors: x; = {2} Xy = {2 ]

General solution:

y(t) = C1€4’tX1 + C2€74ItX2

= cre*tx; + cretitx;
= a-Re(e*™x;) + b - Im(e*tx)
| —2sin(4t) —2 cos(4t)

e [ 4 cos(4t) ] b {—4sin(4t)}

where a and b are arbitrary constants
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Shorcut

Suppose we're solving y' = Ay, and A has a complex pair of
eigenvalues and eigenvectors \; = Ay, X1 = X».

To find the solutions corresponding to these eigenvalues and
eigenvectors, c;e’ix; + ce™2ix, is equivalent to
a-Re(eMixy) + b - Im(eMixy).

That is:
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1. Choose a single solution, like e*tx;
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eigenvalues and eigenvectors \; = Ay, X1 = X».

To find the solutions corresponding to these eigenvalues and
eigenvectors, c;e’ix; + ce™2ix, is equivalent to
a-Re(eMixy) + b - Im(eMixy).

That is:

1. Choose a single solution, like e*tx;

2. Separate it into its real and imaginary part
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Shorcut

Suppose we're solving y' = Ay, and A has a complex pair of
eigenvalues and eigenvectors \; = Ay, X1 = X».

To find the solutions corresponding to these eigenvalues and
eigenvectors, c;e’ix; + ce™2ix, is equivalent to
a-Re(eMixy) + b - Im(eMixy).
That is:

1. Choose a single solution, like e*tx;

2. Separate it into its real and imaginary part

3. The general solution is any linear combination of the real and
imaginary part
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Complex Eigenvalues

_ (1 1} r_
A—[l 1], solve y' = Ay

Eigenvalues: \i =1+i, Ao =1—
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A= [1 1] ; solve y' = Ay

Eigenvalues: \i =1+i, Ao =1—
Eigenvectors: x; = {_1,]
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A—[l 1], solve y' = Ay

Eigenvalues: \i =1+i, Ao =1—
. —i i
Eigenvectors: x; = { 1 ] Xp = [J
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Complex Eigenvalues

_ (1 1} r_
A—[l 1], solve y' = Ay

Eigenvalues: \i =1+i, Ao =1—

. —1 ] .
Eigenvectors: x; = { ] Xy = [ }One solution:

1 1
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Complex Eigenvalues

_ | 1] r_
A—[l 1], solve y' = Ay

Eigenvalues: \i =1+i, Ao =1—
i

I], Xy = [ }One solution:

1

(140t —i _ At it —i
] =ee ]

—et(cos(t) + isin(t)) {‘1’}

_ |efsint L —elcost
~ |etcost etsint

Eigenvectors: x; = [ 1
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Complex Eigenvalues

_ | 1] r_
A—[l 1], solve y' = Ay

Eigenvalues: \i =1+i, Ao =1—

Eigenvectors: x; = [_1,] Xy = [J One solution:

(14+i)e |1
e[

_ |efsint iy —efcost
~ |etcost efsint
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Complex Eigenvalues
_ 1 1 . I
A= [1 1] ; solve y' = Ay

Eigenvalues: \1 =1+, Ao =1—
—i i

1 ] Xy = [J One solution:
—i
1

_ |etsint n —efcost
~ |efcost etsint

Eigenvectors: x; = [

e(1+i)t

General Solution:
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Complex Eigenvalues

Eigenvalues: \; = —1 + %i,
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Complex Eigenvalues

Eigenvalues: \; = —1 + %i,

. _ {2+/] {2_,1
Igenvectors: X3 = _10]" Xo =
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Complex Eigenvalues

_[o 4
=[5 4
Eigenvalues: \; = —1+ 3/, Ao=-1-—13i
Ei tors: xo — |2+ C[2—i
Igenvectors: X1 = 10" Xp = ~10

Choosing one:
eMixy = eI aNtyy = e teit/2¢; = e t(cos(t/2) + isin(t/2))x:
= e ¥(cos(t/2) + isin(t/2)) {241_01]

_ ot [2 cos(t/2) — sin(t/2)} Lt [cos(t/2) + sin(t/2)
—10cos(t/2) —10sin(t/2)
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Complex Eigenvalues

_[o 3
A=)
Eigenvalues: \; = —1 + %i, Ap = —1— %,‘
Ei fore: xi — 241 2=
igenvectors: X1 — _10]" Xo = _10

Choosing one:

te ¢ |2cos(t/2) —sin(t/2) . _¢ |cos(t/2) +sin(t/2)
tx = e { 10 cos(t/2) }*’e [ “10sin(t/2) ]

General solution:

{2 cos(t/2) — sin(t/2)]
—10cos(t/2)

et

et

[cos(t/2) +sin(t/2)}
—10sin(t/2)



End Behaviour

=1
=-1
A=0
A=
A=141
A=—-1+41

t—o0

ce'x — +o00 ifc#0
ce 'x =0
t .
cx 2% ex if c£0
c(cos t + isint)x oscillating

ce(cos t + isin t)x oscillating, growing

ce *(cost +isint)x  oscillating, decaying
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Bigger Matrices

A=1+1i AM3=1—1
1 1

A1 =0
0

x1 = |0 X2 = |1 X3 = |—I
1

0 0
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Bigger Matrices

A1 =0 Ao=1+1i A3=1—

0 1 1
x1 = |0 X2 = |/ X3 = |—i
1 0 0

General Solution:

c1eMixy + ce™txy + cze™ixs
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0 1 1
x1 = |0 X2 = |/ X3 = |—i
1 0 0

General Solution:

c1eMixy + ce™txy + cze™ixs
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Bigger Matrices

A1 =0 Ao=1+1i A3=1—

0 1 1
x1 = |0 X2 = |/ X3 = |—i
1 0 0

General Solution:

A3

cleMtxl + cze/\thz + cze™3tx3

0 0
e’\ltxl =% 0] = |0
1 1
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Bigger Matrices

A1 =0 Ao=1+1i A3=1—

0 1 1
x1 = |0 X2 = |/ X3 = |—i
1 0 0

General Solution:

c1eMixy + e’ + czeixs
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Bigger Matrices

)\1 2—1+I )\3:1—i
0 1 1

x1 = |0 X2 i X3 = |[—i
1 0 0

General Solution:

1 e)‘l tX1 + Cge)\tiQ + C3 e)\3tX3

We get to use our shortcut, because x; and x are complex
conjugates of one another.

1 1
e)‘ztx2 _ e(1+/)t il = ete |
0 0

1 {e cost—| {e S|nt—|
=ef(cost+isint) |i| = |—elsint| +i |efcost
0 0 Lo |
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Bigger Matrices

)\1 )\2:1+I )\3:1—i
0 1 1

x1 = |0 X2 i X3 = |—i
1 0 0

General Solution:

A A

cre™ix; + cpe™ A

%y + c3e™3tx3

0 et cost etsint
y=c1 |0] +c |—e'sint| +c3 |elcost
1 0 0

cetcost + czetsint
= | —cpelsint + czetcost
C1
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yi(t) = 3yi(t) + 0ya(t) + 0y3(t)
ya(t) = Oyi(t) + 2y2(t) — 4ys(t)
y3(t) = Oyi(t) + Lya(t) + 2y3(t)
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yi(t) = 3yi(t) + 0ya(t) + 0ys(t)
ya(t) = Oyi(t) + 2y2(t) — 4ys(t)
y3(t) = Oyi(t)+ 1ya(t) + 2y3(2)
30 0
A= 0 2 —4], M =3 =242 \3=2—2i
01 2
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yi(t) = 3yi(t) + 0ya(t) + 0y3(t)
ya(t) = Oyi(t) +2y2(t) — 4ys(t)
ya(t) = Oyi(t) + Lya(t) + 2y3(t)
30 0
A= |0 2 —4], M =3 =242 \3=2—2i
01 2
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yi(t) = 3yi(t) + Oy2(t) + Oys(t)
yo(t) = Oyi(t) + 2y2(t) — 4ys(t)
/ _
y3(t) = Oyi(t) + Lya(t) + 2y3(t)
30 O
A= |0 2 -4, AM=3, =242/, A3=2—-2j
o1 2

General Solution:

yi(t) 1 0 0
ya(t)| = c1e® [0] + o |2t cos(2t) | + c3 | 2€?sin(2t)
ys(t) 0 et sin(2t) —e?t cos(2t)



