THE POLYNOMIAL-EXPONENTIAL EQUATION 1 + 2¢ + 6% = 34

MICHAEL A. BENNETT

ABSTRACT. We solve the equation of the title for ¢ = 3 and, partially, for
q = 2. These are the only prime values of ¢ for which there exist integer
solutions. Our arguments are based upon off-diagonal Padé approximation to
the binomial function.

1. INTRODUCTION

Polynomial-exponential equation arise naturally (and, at times, somewhat un-
naturally) in a wide variety of mathematical settings. The rather curious equation
of the title has been considered by a variety of authors (see e.g [3], [6], [7], [12]) as
an example of perhaps the simplest class of polynomials-exponential Diophantine
equations whose solutions are in some sense classifiable via the Subspace Theorem
of Wolfgang Schmidt, but not, apparently, by simpler means. Recent work [4], [§]
solving equations of the shape

(1) 1+ A%+ BY =yt

via local methods, appears unable to treat the equation of the title (indeed, the
techniques of [4] and [8] both require that A £ B (mod 2)). As far as we are aware,
the title equation is the only case of (1)) with max{A, B} < 6 that remains unsolved.
Regrettably, this paper is unable to completely rectify this fault.

Strong partial results are already available in the literature. Indeed, a very
special case of a theorem of Corvaja and Zannier [5] (based upon the aforementioned
Subspace Theorem) implies that, for fixed exponent ¢, the title equation has at most
finitely many solutions. Further, work of the author with Bugeaud and Mignotte
(Theorem 3 of [3]) implies that the equation of the title has no solutions unless we
have ¢ € {2,3,6}. This latter result depends fundamentally upon bounds for linear
forms in 2-adic and complex logarithms. In the paper at hand, we will appeal to
explicit off-diagonal Padé approximations to the function (1 + 2)'/? to (partially)
treat these remaining cases. We prove the following.

Theorem 1. The equation

(2) 1+2% +6° = y?

has only the solutions (a,b,y) = (1,1,3) and (3,3,15) in nonnegative integers with
a < b. The equation

(3) 1427 46" =y°
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has only the solutions (a,b,y) = (0,1,2) and (9,3,9) in nonnegative integers.

This resolves a problem of Luca [9] (corresponding to the special case of equation
with @ = b). We note that the only other known solutions to equation (in
the remaining case a > b) are with (a,b,y) = (1,0,2) and (9,3,27). We strongly
suspect that they are the only ones.

We will actually prove something somewhat stronger than Theorem [l (in the
case of equation (2)).

Proposition 1.1. If there exist nonnegative integers a,b and y satisfying @, then
either (a,b,y) = (1,0,2),(1,1,3) or (3,3,15), or a and b are positive and we have

a/b € (1.349,4.250) U (6.166, 9.943).
Again, it is likely that this last condition can be replaced by (a,b,y) = (9,3, 27).

2. THE SQUARE CASE : PROPOSITION [L.1]

In this section, we will restrict our attention to . If b = 0 in this equation,
it is straightforward to show that a = 1, corresponding to (a,b,y) = (1,0,2).
Similarly, there are no solutions with ¢ = 0. If b = 1, then we have a solution
(a,b,y) = (1,1,3) and, modulo 4, no others. For b > 2, we find that, modulo
9, a = 3 (mod 6), whereby, modulo 7, b is also odd. We will therefore suppose,
for the remainder of this section, that a and b are odd integers (with 3 | a) and
min{a, b} > 3.

Our starting point will be some “off-the-shelf” results from explicit Diophantine
approximation (though we will have need of more specialized ones later). From
Corollary 1.7 of [1], we have, for a and b odd, that

(4) ’yQ _9a > 20.26a and ’yQ _ Gb‘ > 60.271)7

unless, in the first case, (y,a) = (£3,3) or (£181,15). A short calculation thus
allows us to conclude that either (a,b) = (3,3) or (9,3), or that min{a, b} > 10,
whereby, from ,

2 log(1+2%) 2 log (1+6°)
5 b — 2= "2 ) 1433 d =2~ £9.943b.
(5) <054 log6 @ And s e T Jog2 |
‘We therefore have that
(6) a/b € (0.697,9.943) .

To sharpen this conclusion, we will begin by supposing that a < b, whereby we
may write y = (—1)° + k- 2971 for k an integer and 6 € {0,1}. Tt follows that

(—1)°k + k%2072 = 142073,
Since b < 1.433a and a > 10, we have that b — a < a — 2 and so

. _ 10k —
3b_k2_22a7b72:3b_2(k.2a7¥>2:( 12)6_’12 1

is an integer. We note that
y+1  6Y242

kg 2(1—1 < 2a—1 ?
whence
2| 6243
(7) 3b72(k~2“*#) < Qb% <3-(3/2)"2




If, on the other hand, we have a > b, then we may write
y=(-1°+k-2"71,
for k € Nand ¢ € {0,1}, and so

(8) (—1)°k+ k- 2072 =200 4 3
and

_ 2
9) 3t —2 (k: : 2¥) = (—1)%k — 297¢,

If we suppose further that 2% < 6°/2, then y < 1 + 6%2 and so
y+1  2+6%2

k = 2b—1 2b—1 7
whereby
vs\2| 2462
(10) 3b -2 (k 272 ) ‘ << Tt (3/2)%2 < 4-(3/2)"2.

Combining @ and (10)), it follows that, in all cases where 2% < 6°/2, we have
(11) |30 —27?| < 4-(3/2)"/2,

for T’ an integer (and b odd). If, however, 6°/2 < 2% < 6%, we have that y < /2 6%/2
and so, from @ and the fact that b > 10,

(12)

_ 2
3t —2 (k : 2bT‘°’) ’ < 3-(3/2)%% 42070,

Our immediate goal will be to show that inequality is never satisfied, at
least provided b > 8, and that inequality cannot hold for “small” values of a.
We note that, from a result of Ridout [I1], given € > 0, we have, writing b = 2by+1,

that

— T
and hence there exists a constant c(e) > 0 such that
(13) 3" — 272 > ¢(e) 31 79/2,

for b odd and T € Z. In particular, there are at most finitely many solutions to
(11). For our purposes, however, we require an effective, explicit lower bound (of
necessity, somewhat weaker than ) We prove the following.

>>E 3—(1+€)b0

Proposition 2.1. If b and T are nonnegative integers, with b > 7 odd, then
3" —27?| > 1.274".

Proof. To derive this result, let us begin by defining, for n; and ns nonnegative
integers, polynomials in Q[z]

(14) Ppyny(2) = kizlo <TL2 —;1/2) (m —i—:; - k)zk

and

(15) Quin(2) = ; <n1 —kl/z) (m +:12 - k) s
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These are, up to scaling, the [ny, no]-Padé approximants to (1 4 z)/2
the relation
(16) Poyna(2) — (1 + Z)I/Q Qnyny(2) = Zrtnatl By s (2),

where

Enlﬂlz (Z) =

and satisfy

(=" T(ns + (¢ +1)/q)
I'(—n1 4+ 1/¢)T'(n1 +n2 + 2)
and F' is the hypergeometric function

a-b a-(a+1)-b-(b+1) ,
F(a,b,c,—2)=1— — — e
(a,b,¢,—2) T T T2 (er) ©
For our purposes, it is enough to note the following, combining Lemmata 3.1 and
4.1 of [1] :

F(n1+(q_1)/q7n2+17n1 +n2+2a —Z),

Lemma 2.2. Suppose that z is a real number with |z| < 1/2 and that ny and na
are positive integers and o > 3/2 a real number satisfying

(17) 0 <an; —ng <2(a—1).
Define

r(a,z) = —% <(a—|— D+ (a—1)z— \/((Q—i— 1)+ (a—1)2)° —|—4z>

and
(1+ zr(a, 2))”
r(a,2) (1 —r(a,2))*

Fa,z =
Then we have

(18) | Py na (2)] < 2(a + 1) (Fa,Z)m

and

(19) | Poina(2) — (1 + 2)1/2 Qni,na (Z)’ <(a+ 1)2 ‘Z|3_2a (|Z|_(a+l) Fa,Z)

—nq

Continuing with the proof of Proposition[2.1] let us write, given a nonzero integer
s, v2(s) for the largest power of 2 dividing s. If s and ¢ are nonzero integers, define
va(s/t) = va(s) —va(t). Then we have, given an integer n and a nonnegative integer

w a(()--EL

so that, in particular, 22* ("ikl/Z) is an integer. If we substitute z = —1/243 into
(taking advantage of the identity 3° — 1 = 2-112) and suppose that ny > nq,
then, multiplying by 2272 . 35722 the left hand side of becomes

2
(21) 0= 22(n2—n1)35(n2—m)+2pn1’n2 _ \/g 11 Qs iy
where

n1 obn -1
Pﬂl-,nz = 22 13 1Pn1,n2 <M3)>

and

n n -1
Qnyny = 22n2 3on2 Qm,m (%’))
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are integers. Let us, for future use, define Gy, n, = gcd(Poy nor @ning)- It IS
important for us (and somewhat nontrivial) that G,,, ,, grows exponentially in the
parameters n; and ng. Indeed, G,, n, is divisible by all primes in certain intervals
with lengths exceeding a constant multiple of min{nj,ns} (see e.g. the proof of
Proposition 5.2 of [I]). By the Prime Number Theorem, this quantity is therefore
at least exponentially large in min{n,ns}.

Next, suppose that b is an odd, positive integer, say b = 2by + 1, and that T is

an integer. Set

T =/2/3T —3%.
We will begin by assuming that b > 307000. Choose positive integers n; and ns
such that

b 13n
nlz[%}—i—l and ’n2:|: 21},

where by [z] we mean the greatest integer not exceeding a real number z (so that,

in particular, n; > 5582). Then

55%1 -1
2

and hence 5(ng —n1) +2 > by. We may also readily observe that ny and ns satisfy
with o = 6.5. We thus have

b
5(ng —mni) +2> z 5

(22)  11Qu, X +TQ =3 (200 m)gdliemn)i2cbop, T 11Q,, 0, ).

The right hand side of this is an integer multiple of 3*°G,,, ,,, and is, in fact, nonzero.
To see this last point, observe that, from ,

() e £ [

for each 0 < k < ns, and, in particular, that

” (22"2 (nl ;1/2)> > g+ 1 —i [%} :

j=1
for each k with 0 < k < ny — 1, while

w () 2[5

It follows from that

> na log no
v2(Qnyny) = n2 — Z [27} < log 2

j=1
and hence, since this is strictly smaller than 2(ng — ny),
Vo (11 Qny iy T+ T2) = v2(Qny )
whereby 11 Qp, n, T + T2 # 0. We thus have
(23) 111Qn, 1, T + TQ| > 3% Gy s
On the other hand, if we suppose that
‘31) _ 2T2| < 32,
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say, then, 3% < T < 2-3% and so, from Lemma [2.2]

na—1 2  obo+5na+54—37.5n; p—ni
TQ <2 573 Fy 51043

whence, since ny < %,
|TQ| < 213n1 . 52 . 3b0+56.575n1 F6_.gl71_1/243~
From F6.5.,71/243 = 18.943966 . . . it fOHOWS that
(24) 1T Q| < 5% 35075651 779561™.
On the other hand, appealing to Proposition 5.2 of [I], we have that
Grymy > e 19408 1.807™

and so, since ny > 5582,

1
(25) T < 5 3% Gy -
We thus have, from , that

1 1
(26) |Qn1,n2T| Z ﬁ 3bo Gn17n2 Z i 6719‘408 1.807™t 3b0'

From and the fact that 7 > 3%, we have
Q| < 52 - 3%5°1.779561™

and so, since

\/? 11 |Qny oy | < 2227 n03002mm)R2 P | 110
applying Lemma
|Qnyns| < €831 1.779561™ 4 469 - 270573 < 47( . £47-6573m1
With , this implies that
7| > e~ 287 ¢~47:066m1 3bo
Since n; < % + 1, we thus have
|T| > e~ 7632 1.35858 .

Now we write

|30 — 272| = 3|7 (\/2/3 T+ 3"0) :

3" = 272] > (V34 v2) 3¥/2 77052 135858,

so that

ie.
3" — 27%| > e~ 7518 1.2748979" > 1.274°,
where the last inequality is a consequence of the fact that b > 307000.

To check the desired inequality for odd values of b with 7 < b < 307000 is a
routine matter; one can simply verify it by brute force for small values of b and
otherwise search for long strings of zeros or twos in the ternary expansion of m
(the reader is directed to [I], in particular to Lemma 9.1 of [I] and the remarks
following it, for details of such a computation). The fact that we find none completes

the proof of Proposition [2.1
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Applying Proposition [2.1]to (L0)), it follows that b < 35; we find no new solutions
to with 10 < b < 35 and 2% < 6%/2. Assuming next that 62 < 2% < 6°, if we
suppose further that a < 1.349b, then, from Proposition and inequality ,

3-(3/2)%/2 420349 1 2740

and so b < 94. Again, a short check confirms the absence of new solutions to
and hence that a/b > 1.349. With @, we thus have

(27) a/b € (1.349,9.943) .
To complete the proof of Proposition [1.1] it remains to show that there are no

solutions to equation with a/b € [4.250,6.166] and min{a,b} > 10. Suppose

that we have such a solution. Then 2% > 1000 - 6°, whereby k < 1.1 - 2“7 and we
have, from ,
s
|2a72b+2 _ k2| _ ‘(—1) k— 3b’

553 < 9-max{2272" (3/2)"}.

If 23720 > (3/2)°, then (4)) implies that
9.9%-2b < 90.26(a—2b+2)

whence
2log3 + 0.24alog2 > 0.521log 2 + 1.48 blog 2,
i.e.
a > % b—11.05.

We thus have a > 6.166b for all b > 16575, a contradiction. Once again, smaller
values of b fail to lead to new solutions. If, on the other hand, 232 < (3/2)%, then

yields
9 A (3/2)b > 20.26(@—21)-{-2)’
whereby
2log 3+ b(log(3/2) + 0.52 log 2) > 0.52 log 2 4 0.26 a log 2,

and so
a < 4.2499b + 1.84 < 4.25b,

where the last inequality holds for b > 18400. Another short calculation finishes
the proof of Proposition [1.1

3. AN INEFFECTIVE APPROACH TO EQUATION

Before we proceed with our treatment of equation , we will indicate how
ineffective results from Diophantine approximation imply finiteness for equation
(as mentioned earlier, this follows immediately from work of Corvaja and Zannier
[5]). Such results can be used to bound the number of solutions to (2), but not
their size. Specifically, we will show how such a conclusion follows from only the
one-dimensional version of Schmidt’s Subspace Theorem, which, in the strength we
require, dates back to Ridout [I1]. Taking Proposition as our starting point,
given a nonzero integer by and € > 0, we have from [I1] the inequality

Ji - 200
Vi b2

log(3/2
s
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and hence, writing b = 2by + 1, the existence of a constant ¢(e) > 0 such that

3~ k2. 202 > o(e) 30~ FFR ),

From , it follows that

2070 — (~1)°k| > c(e) 30~ FT P,
Choosing € suitably small, this implies, with Proposition that there are at
most finitely many solutions to with a < 2.29b. Assuming a > 2b, then, we may
rewrite as

317 _ 2b—2 (2&—2b+2 _ k2) — (_1)5k

Again appealing to Ridout [I1], this time in the form considered by Mahler [10],
we have

’ 3b _ 21772 (2a72b+2 _ k2)’ >>e 2(176)1).
Since k < 257%, it follows that there are at most finitely many solutions to (2],
with, say, a < 3.9b.

Finally, for 3.96 < a < 9.943b, we write, as in the preceding section,

[(=1)°k — 3|

a—2b+2 21
2 —k ’ - 9b—2

< max{22 7% (3/2)"}
and compare this inequality to the lower bound
2072042 _ 12| s max 20-9(5 )

coming from [II]. Taking, say, e = 1/4 implies the desired inequality, with at most
finitely many exceptions.

4. THE CUBIC CASE

To complete the proof of Theorem we must treat equation . Let us suppose
that there exist nonnegative integers a,b and y satisfying . If b = 0, then we
reach a contradiction, modulo 4. If b = 1, then, modulo 7, we necessarily have that
3| a, say a = 3ag, whereby

y3 _ 23(10 — 77
and so (a,b,y) = (0,1,2). We may thus assume that b > 2 so that, modulo 32 - 7,
3 | a (whence b is odd and 3 | y).
Suppose first that a > b, whereby

y=1+k- 2",
for k an odd integer (with, necessarily, k =1 (mod 3)). It follows that
(28) 2070 135 = 3k + 3k% - 20 + k3. 220

If k =1, we thus have

2a—b+3b:3+3.2b+22b
and hence, if additionally a < 3b — 1, then

220=1 1 3b >3 43.2b 4 2%
and so

3 >343.20 4221
an immediate contradiction. If a = 3b,
3t=1+2
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whence b < 3 (so that (a,b) € {(6,2),(9,3)}). The latter of these corresponds to
the solution (a,b,y) = (9,3,9). If k = 1, we may therefore suppose, since 3 | a, that
a > 3b+ 3. Otherwise, we have k > 7 so that, from , it is again easy to show
that a > 3b+ 3. We may thus write a = 3b + 3t for a positive integer ¢, whence

becomes
223 30 = 3k 43k - 2" + K5 2%,

ie.
3k + 3k? - 2b — 3

22b :
Since k is odd, the left-hand-side here is a nonzero integer and hence
3k + 3k% -2+ 3b

22b ’

23t _k3 —

3k% =3k +1 < 2% — k| <

a contradiction unless £k = 1 and b = 2 (in which case, a > 8 contradicts (28))).

It follows that we may assume that a < b. If a = b, then the fact that 3 | a leads
to an immediate contradiction. We thus have a < b, so that y = 1+ k- 2% for an
odd positive integer k and we may write

(29) 1+ 2073% = 3k + 3%% - 2¢ + &3 - 222

If b < 2a, then it follows that 2°=® | 3k — 1, so that, in particular, 3k — 1 > 20=¢
and hence 1
b—aqb 3b—a
gt > 2
whereby b < 11. Since a < b < 2a, a short check reveals no solutions in this case.
It follows that b > 2a. We will proceed by appealing to Diophantine consequences
of explicit lower bounds for rational approximation to /6. In particular, we will
use Theorem 6.1 of [2] which implies the inequality

(30) |A® — 6B°| > max{|Al,|B|}*%,

valid for all nonzero integers A and B, provided (A, B) # +(467,257). If b = 0
(mod 3), say b = 3bg, then

ie. 3013 > 2%

1420 = 3% 6" > (6% +1)° — 6% > 3.6/,

a contradiction. We thus have b = +1 (mod 3), say b = 3bg + 1 or b = 3bg + 2, for
by a nonnegative integer. In the first case, we apply with A = y and B = 6%
to conclude that

1 + 2(1 — }y-?) _ 6b| > 60.65b0 — 60.65([)—1)/3’
while, in the latter case, we take A = 6%0*! and B = y to find that

1+ 20 — ’y3 _ 6b| > é60.65(bo+1) — 60'65(b+1)/3_1.

In either situation, we therefore have that
20/2 > 2% > 0.24 - 6°6°0/3 — 1,

whereby b < 34. Using that b > 2a, we check quickly that no additional solutions
accrue. This concludes our proof.

It is perhaps worthwhile to observe that while inequality is quite general
(and sufficient for our purposes), if we really wish to use the additional arithmetic
data that either A or B is a power of 6, then stronger inequalities may be obtained
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through arguments similar to those given in [I] in the quadratic case. In particular,
one may, for example, prove that

|y3 _ 6b‘ > 60350,

provided the quantity on the left-hand-side is nonzero.
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