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ABSTRACT

In this paper, we completely solve the simultaneous Diophantine equations

xt—az’=1, y2—bz?=1

provided the positive integers @ and b satisfy b — a € {1,2,4}. Further, we show that these equations
possess at most one solution in positive integers (x,y, z) if b — a is a prime or prime power, under
mild conditions. Our approach is (relatively) elementary in nature and relies upon classical results
of Ljunggren on quartic Diophantine equations.

1. INTRODUCTION

A number of recent papers (see e.g. [1], [4], [5], [6], [9], [13], [14], [18], [19]) have
discussed the solvability in integers of systems of simultaneous Pell equations
of the form

(L.1) x?—az’=1, y?-bz? =1,

where a and b are distinct nonsquare positive integers. Since (1.1) generically
defines a curve of genus one, such results are analogous to finding integral
points on a given model of an elliptic curve over Q. It follows from work of
Siegel [16] that (1.1) has finitely many integer solutions, upper bounds for the
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size of which may be deduced from the theory of linear forms in logarithms of
algebraic numbers, a la Baker [2]. Indeed, in [4], the first author, sharpening
work of Masser and Rickert [12], proved that such a system possesses at most
three solutions in positive integers (x, y, z). Further, there are infinite families
(a, b) for which (1.1) has at least two positive solutions (see e.g. [5]).

The starting point of this paper is the minimal case of (1.1), with a = 2 and
b = 3. In 1918, Rignaux [15] used an elementary argument (based, essentially,
on Fermat’s method of infinite descent) to show that (1.1) has, in this situation,
no positive solutions. Much more recently, Rickert [14] gave another proof of
this result, via the theory of Padé approximation to binomial functions. As re-
marked by Ono [13}, however, the existence of only trivial solutions to (1.1) for
a =2 and b = 3 is a consequence of the related elliptic curve

y?=x(x+2)(x+3)

having Mordell-Weil rank zero over Q. In the general situation whereb —a =1,
though, this last argument may be insufficient to imply the nonexistence of
positive solutions to (1.1). One may (say via Ian Connell’s computer package
APECS) check that roughly half of the elliptic curves of the form

y2=x(x+a)(x+a+1)

with 2 < a < 100 have positive rank (e.g. a = 6, 10,17, etc). On the other hand,
in this paper we prove

Theorem 1.1. If a and b are positive integers with b — a € {1,2,4}, then the sys-
tem of equations (1.1) has no solutions in positive integers (x, y, z) unless one of the
Jfollowing situations occur:

() (a,b) = (u* — 1,u? + 1) for some integer u, in which case there is the one
solution (x,y,z) = (2u® — 1,2u? + 1, 2u).

(i) (a,b) = (u? — 2,u* +2) for some integer u, in which case there is the one
solution (x,y,z) = (u? ~ 1,u® + 1,u).

In particular, there are no positive solutions if b — a = 1.

In the more general setting where b — a is divisible by at most one prime, we are
able to obtain the slightly less precise result:

Theorem 1.2. Suppose that a and b are nonsquare positive integers with b — a =
p* for p prime and k € N. Then (1.1) has at most one solution in positive integers
(x,y,z) with gcd(x, y) not divisible by p.

An immediate consequence of this is

Corollary 1.3. If a and b are nonsquare positive integers with b — a prime, then
(1.1) has at most one solution in positive integers (x, y, z).

To see how Corollary 1.3 follows from Theorem 1.2, observe that if 6 —a = p,
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then (1.1) implies that y* — x2 = pz2. If p divides both x and y, then p also di-
vides z, contradicting (1.1). This result is sharp in the sense that, given an in-
teger n = 2 or n > 4, we may find integers a and b for which (1.1) is solvable with
b—a=n.Infact,forn =2k + 1,k > 2 thenwithd =k>+2k,a=k?-1,(L.1)
has the solution (x,y,z)=(k,k+1,1). Similarly, if n=2k, then with
b=k?+kand a=k? -k, (1.1) has the solution (x,y,z) = (2k — 1,2k +1,2).
We know of no pair (a,b) with b — a = 3 for which (1.1) is solvable in positive
integers.

One motivation for studying equations (1.1) for which 5 — a has few prime
factors is that the parameterized families of (a, b) for which (1.1) is known to
have at least two solutions, when viewed as polynomials in one of the param-
eters m, have the property that b — a factors over Z|m] into many irreducible,
pairwise relatively prime polynomials of low degree (see e.g. [5] for a descrip-
tion of these families). It follows that w(b — a) should grow quite rapidly for
such pairs (a, b) (here, w(n) denotes the number of distinct prime factors of n).
One may, in fact, readily show, for these families, that w(b — a) > 4 unless
a=m?—-1and b =n? - 1with

n=16m> — 16m> + 3m,
whereby
b—a=8m*2m? - 1)} (8m* — 8m? +1).

In this case, we have w(b — a) = 3 provided m = 2, 8,256 or 512. Possibly, these
are the only examples of (a, b) for which w(b — a) < 3 and (1.1) possesses two
positive solutions.

As a final remark, we note that, with a modicum of effort, the elementary
approach we take in proving Theorems 1.1 and 1.2 may be extended to treat the
cases where b — a = 2/p*, for j,k € N and p prime.

2. PRELIMINARY RESULTS

The proofs of Theorem 1.1 and Theorem 1.2 rely on the following sharpening of
Ljunggren’s classical result on the equation X2 — DY* = | (see [11]), proved in
(20D).

Lemma 2.1. Let D be a nonsquare positive integer, T + U+/D denote the funda-
mental solution to X* — DY 2 =1, and Ty + UpV/'D = (T + UVD)* fork > 1. If
there are two solutions k) < k to the equation Uy, = 2°Z?%, with 6 € {0,1}and Z a
positive integer, then except for D € {1785,4 - 1785,16 - 1785}, the two solutions
are precisely ky = 1 and ko = 2. For the three exceptional values given, there is a
third solution k3 = 4.

A simple consequence of this is the following
Lemma 2.2. If D is a nonsquare positive integer with D # 3 (mod 4) and
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D ¢ {1785,4 - 1785,16 - 1785}, then the Diophantine equation x> — Dy* = 1 has
at most one solution in positive integers x and y.

Proof. From Lemma 2.1, if D ¢ {1785,4-1785,16 - 1785} and x? —~ Dy* = 1
has two distinct positive solutions, then, in the notation of Lemma 2.1, we have
U = u? and 2TU = v? for integers u and v. It follows that T = 2w? for w € Z
and so, since 72— DU?=1, we have 4w* —Du*=1 whereby D=3
(mod 4). O

Regarding the related equation X2 — DY * = 4, we will have need of a result of
Cohn, which appeared as Theorem 3 in [7]:

Lemma 2.3. Let D be a nonsquare positive integer for which the equation
X? -~ DY? = 4 has a solution in odd integers. Let t + u\/D denote the smallest
such solution and for k > 1 define

te+uVD (t+ uﬁ)k
2 - 2 )

The equation uy = x* has only the solutions k = 1 if uis a square, k = 2 if tand u
are squares, and the possible solution k = 3 if u = 3B? for some integer B.

Finally, to deal with the special values D € {1785,4-1785,16-1785} described
in Lemma 2.1, we utilize

Lemma 2.4. If a and b are positive integers such that ab € {1785,4-1785,
16-1785}, then (1.1) has no solutions in positive integers (x, y, z) unless

(a,b) € {(2,14280), (6,1190), (68, 105), (168,170)}.

In each of these cases, there is precisely one positive solution, corresponding to
z=2,2,4 and 26, respectively.

Proof. This lemma follows from a standard combination of bounds for linear
forms in logarithms of (three) algebraic numbers, with lattice basis reduction
(in this case, the lemma of Baker and Davenport [3] suffices). The reader is di-
rected to {1] and [5] for details. We note that the main result of [1] implies that
the number of positive solutions to (1.1) is at most one, provided max{a, b} <
200. O

3. PROOF OF THEOREM 1.1
From Lemma 2.4, we may henceforth assume that
(3.1) ab ¢ {1785,4-1785,16 - 1785}.

Suppose, first, that (x,y,z) is a positive solution to (1.1) where b —a = 1. It
follows that y? — x? = z2, and ged(y — x,y + x) = lor 2. If gcd(y — x,y + x) =
1, then there exist positive integers 4 and B such that z = 4B, y — x = 4% and
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y+x = B2 Thus y = (42 + B?)/2 and upon substituting y and z into the sec-
ond equation in (1.1) and simplifying, we obtain

2
(3.2) <A2 + (12_ 2b)32> —b(b—1)B*=1.

Similarly, if gcd(y — x,y + x) = 2, we may find positive integers 4 and B with
z=2AB,y —x=2A4%and y + x = 2B?, whence y = 42 + B2 and (from (1.1)),

(33)  (4>+(1-2b)B*)* —4b(b—1)B* = 1.

Now the fundamental solution to X2 — b(b — 1) ¥? = 1 is given by
e=(2b—1)+2yb(b-1)

and so, defining T} and Uy by
Ty + Ui /b(b — 1) = €,

the equation U, = 2°B? has a solution (k, 8, B) = (1,1, 1). Inequality 3.1 and
Lemma 2.1 therefore imply that all possible solutions to the equation Uy =
2°B? have k € {1,2}. But, if k = 1, we have 6§ = B = 1 and so (3.3) implies that

(A% + (1 -2b))° =4b(b— 1) + 1
whence
A%+ (1 -2b) = £(2b—1).

It follows that 42 = 0 or 42 = 4b — 2, both of which contradict the fact that A
is a positive integer. If we have a solution with & = 2, then since

To+ Up/bb—1) = 2(2b—1)* = 1) +4(2b — 1)\/b(b — 1),

it follows that 2°B? =4(2b—1). Arguing modulo 4 implies that =0,
whereby, substituting 4(26 — 1) for B2 in (3.2) yields

(ﬁ_—(“;ﬁ) 2: (862 ~8b+1)°.

We conclude that
A% = (4b—2)* = £(16b> — 16b + 2) = 2 (mod4),

which gives the desired contradiction.

Next assume that b — a = 2. In this case, y? — x? = 2z% and so there are in-
tegers A and B such that z =24B, y 4+ x =44? and y F x = 2B2. Therefore
vy = B? + 242, and upon substituting y and z into the second equation in (1.1)
and simplifying, we obtain

(34) (B4 (2-2b)4%) —ab(b—2)4* = 1.
The minimal solution to X2 — b(b —2)Y? = 1is (b — 1) + \/b(b — 2) and so we
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define T + Ur/B(b —2) = ((b— 1) + /b(b — 2))*. It follows that the equa-
tion Uy = 2847 has the solution (k, 8, 4) = (1,0,1) and so Lemma 2.1 implies
that U, = 2472 possesses a solution only (possibly) for k = 2. For such a solu-
tion, we have 242 = U, = 2T 1U; = 2(b - 1) and so (a,b) = (42 — 1,42 +1).
Substituting 42 = b — 1 into (3.4), we find that B = 1, and so it is easily deduced
that the only solution in positive integers is (x,y,z) = (242 —1,24% + 1,24).
Conversely, for any integer 4, equations (1.1) with (a,b) = (4% — 1,42 + 1) has
the positive integer solution (x,y,z) = (24° — 1,242 + 1,24).

Now assume that b — a = 4. In this situation, y2 — x? = 422 and so there are
positive integers 4 and B such that z = 4B, y+ x =24% and y F x = 2B%. In
both cases, y = 42 + B2. Substituting y and z into the second equation in (1.1)
and simplifying, one therefore obtains

(3.5) (24> +2-b)BH> - b(b—-4)B* =4,
First, consider the case that b is even, b = 2b¢ say. Then (3.5) becomes
(4% + (1 — bp)B?) = bo(bg — 2)B* = 1.

From an analysis similar to that in the previous paragraph, it follows that there
is a solution in positive 4, B only if by = 2u? + 1 for some integer u. Hence
(a,b) = ((2u)* — 2, (2u)? + 2), with the only solution to (1.1) being (x,y,z) =
((2u)2 = 1,(2u)* + 1,2u).

If bis odd, then the equation X? — b(b — 4) Y 2 = 4 is solvable in odd integers
(X,Y) =(b—2,1). Therefore, by Lemma 2.3, the only possible solutions to
(3.5) arise from the minimal solution (b —2+ /b(b—4))/2 or its square
(6> —4b+2)+ (b—~2)/b(b—4))/2 (i.e. we have either B2=1 or B2 =
b —2). In the first instance, from (3.5) we have that 242 + (2 — b) = (b ~ 2)
forcing either 4 = 0, which is not possible, or b = 4% + 2. In the second case,
substituting B> = b — 2 into (3.5), we have

242 —(b—2)* = (b2 - 4b+2).

The choices of signs lead to either 42 = (b — 2) 2 _ 1, a contradiction since 4 is
positive, or to 4 = 1. Therefore, in any case, (a,b) = (1> — 2,u? + 2) for some
positive integer u, and the only solution in positive integers to (1.1) is
(x,¥,2) = (u? — 1,u? + 1,u). This completes the proof of Theorem 1.1.

4. PROOF OF THEOREM 1.2

Let us now suppose that b — a = p* for p prime and k € N. We first take p = 2
(whereby, from Theorem 1.1, we may assume that k > 3). It follows that
y2 — x? = 2%z? and so, since ged(x, y) is odd, by assumption, there exist in-
tegers A and B, B odd, such that z= 4B, y+ x=2%¥"142 and y ¥ x = 2B2
Therefore, y = B? + 2242 and so upon substituting y and z into the second
equation in (1.1) and simplifying, one obtains

(4.1)  B*4+2%142B2 1 2% 444 _p4’B? = 1.
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Note that since k > 3 and B is odd, it follows that 4 divides b4 2. Multiplying
(4.1) by 4 and completing the square therefore yields

42)  (2B2+ (251 —b)4?) —b(b — 24 4* = 4,

Assume first that 4 does not divide b. From the above remark, A4 is even, say
A = 2A4,, whereby equation (4.2) becomes

(43)  (B2+ (2% —2b)42) —4b(b — 248 = 1.
( )

We may thus apply Lemma 2.2 to conclude that (4.3) has at most one positive
solution (again, we are assuming (3.1)).

Now suppose that 4 divides & and hence a. If we write b = 4by and a = 4a,,
then by — ap = 2¥~2 and the number of solutions to (1.1) is bounded by the
number of solutions to (1.1) with (a, b) replaced by (ao, by) (a solution (x, y, z) in
the first case corresponds to a solution {x, y,2z) in the second). The fact that
there is at most one solution to (1.1) now follows inductively by the result of the
previous paragraph, together with Theorem 1.1.

Suppose now that p is an odd prime.

From (1.1), we have that y2 — x2 = pXz2 and so, since we assume that p does
not divide both x and y, we must have either

yix:pkAz, y:szBz,z:AB,
with 4 and B odd, or
y+x=2p"4?% yFx=2B%z=24B.

In the first case, y = $(B? + p¥*4?) and, upon substituting this into the second
equation in (1.1) and completing the square, we find

2
(4.4) <§i;(07+_b)_Ai) —abA*t =1.

The second case yields y = B2 + p¥A4? and, in a similar manner, we obtain
45)  (B-(a+b)4?) —4abd® =1.

In either case, we may clearly suppose that ab is not a square.

Assume that there are two distinct solutions (x1,y1,2;) and (x2,y2,22) in
positive integers to (1.1), with, say z; > z; and satisfying the condition of The-
orem 1.1. Then, from (4.4) and (4.5), there are two units in Q(v/ab) of one of the
following forms:

BY—(a+b)A4?

2 + A%*Vab where A odd

or

|C? — (a+b)D?| +2D*Vab.



If € = T + U+ab denotes the fundamental solution to X2 —ab¥?2 = 1, then it
is readily deduced from Lemma 2.1, since T and U are positive, that

2 _ 2
e:i(g—(—aztb—)A—>+A2\/cE=u2+A2\/EE,

and
€2 =£(C? - (a+b)D?) +2D*Vab,

where z; = AB with 4 and B odd and z; = 2CD. From the choices of signs, we

are left with four cases to consider, which we will treat in turn. Three of these

prove to be straightforward, while the fourth requires considerably more effort.
First, suppose that

2 _ A2
S il e L) SN N

2
and
€2 =C?~(a+b)D? +2D*Vab,
whereby
2 _ 2\ 2
C*—(a+b)D*= 2(B_i2+ﬂﬁ> -1
and

ap? = ZAZ(M)_

2
Upon simplifying and using the fact that
B?—(a+b)4? 2

2 b
we obtain
2 2

Cr41= BZ<B—("T+1’—)A—) — u’B2.

Thisleadstou = 1, e = 1 and hence 4 = 0, a contradiction.
Next, let
2 _ 2

= E_(“T“’)_A_ + A2VaD

and

€2 = (a+b)D? - C? +2D*Vab.
Recall that € = u2 + A42v/ab. Since one of a or b is even, u is odd, and hence

B? — (a+b)4? =2u* =2 (mod 8).



Since 4 and B are odd, it follows that a + b = 7 (mod 8). Now
(a+b6)D* - C*=2u* —1=1 (mod 8)

and since D = uA4 is odd, it follows that C? = 6 (mod 8), which is clearly not
possible.
If

2 __R2?
€=E’+_”);1__B+A2\/a—b

and
€2 =(a+b)D* - C*+2D*Vab,

then an argument similar to the one given for the first situation implies that
C? — 1 = B%?, forcing Bu = 0, a contradiction.

We must work a little harder to rule out the fourth possibility. Assume hen-
ceforth that

2 _ p?
4.6) G=W+A2@:u2+A2\/&Z

and
(47)  €=C*— (a+b)D*+2D*Vab.

Recall that (x1,y1,21) and (x3,¥2,22) are distinct positive solutions to (1.1),
with, say, z, > z; (whence z; = ABand z; = 2CD). It follows that we may write

ali —a Bki _ 6_ki
2va  2vb

where o and 3 are the fundamental solutions to the equations x> — az2 = [ and
y? — bz? = 1, respectively, and j; and k; are positive integers, for 1 < i < 2. Re-
call, also, that 4, B and hence z; are odd, while z; is even. It follows from
standard results on the 2-divisibility of terms in linear recurrence sequences
(see e.g. [10]) that j; and k, are necessarily even.

To obtain our desired contradiction, we consider the quantity
wy DB e (@)
z 2CD 2\/5(0412 - a—]z) 2\/1;(5@ _ ﬂ—kz)

Now, from (4.6) and (4.7) and the fact that € and €2 are units in Q( \/E) of norm
one, we may readily show that

Zp =

2

2 2

2 1
(4.9) O<A2(\/E—\/E) —B2<A2\/Ez?’

1
(4.10) 0<c—(\/13+\/5)b<8D3\/35(\/5+\/5)

and



1
242/ab

Combining these inequalities with (4.8), we find that

(ve-va)' _z _ (Vb-va)

A+ @) = < ab(h + )

(4.11) 0< D?*—Vab4* <

(4.12)

where

1 1 1
= 1 —_ 1 _——_——— 1 - .
: ( A4/ab(v/b - \/21')2> ( 2A2D2\/ab> ( 8CD*ab (Vb + ﬁ))
Using (4.9), (4.10) and (4.11), we have that

1 1 1
> (1-738) (-535) e )

andsob—a>3,4A>1and B > 1imply that x > 0.64.
Next, observe that (4.8) also implies the inequalities

2[82](]—’(2 212 ﬂZkl_kZ

- T A el B
(1=57) Wbz b
Combining these with (4.2) yields
VBV gy (VB VA
(4.13) \/E(\/B+\/Zi)<ﬂ <(1-p87%) Vv’

Since 4 > 2vb and k, is even, it follows that 2k; — k; € {—2,0}. In fact, if
2ky — ko > 2, then %1 —*2 > 32 > 4p, which contradicts the second inequality
in (4.13). Similarly, if 2k, — k; < —4, then 8251~k < g4 < (16b2)_l, contra-
dicting the first inequality in (4.13).

Suppose that 2k, — k» = 0. Since 3> 3 + V8 and « > 0.64, it follows from
(4.13) that

2
B —
0.94 < Wb-va)” < 1.57,
Va(Vb + /a)
whereby we may readily show that 8.53a < & < 13.87a. Since (4.8) implies that
2 2
b— o _ b—
K (‘/— \/E) <a¥-h < (1 _ a—z) 2 (\/_ \/5) ,
VB (VB + V) VB(vb + a)

the inequality o > 2 + /3 yields
0.20 < a¥' ™2 < 0.49,

a contradiction, since j, is even and, again, a > 2 + V/3.
Finally, let us suppose that 2k; — &, = —2. Define the sequences {V,} and
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{W,} by V, + Wb = 3" for n € N, so that Wy, = z; for 1 <i < 2. It follows,

Aag YN LI Ton Aividcoc

ivides D, that 4 divides i) =2y = "'kp while A also divides
Wok, =2V, Wi, =2V, AB. By the divisibility properties of the sequence
{Wn}, ged(Wi,, Wak,) = Wecd(k,2k,) = Wa, and hence A divides W». But since
Wy, is odd and divisible by 4, it follows that 4 divides W.

If z; # W1, then k; > 1 whereby, since W, and hence k, are odd, we have

ky > 3. It follows that
AB= Wi, > Wi = (4V2 - 1) W) > (4W2b - 1) W, > (44%b — 1) A4,

where the last inequality is a consequence of the fact that 4 divides W). This
contradicts (4.9) and so we conclude that k; = 1 and thus k, = 4. Since V| > 2,
we have

Wy=42VE - )ViW, > TVEW, > TW{bVb > T4*bVb.
On the other hand, (4.10) and (4.11) show that

\/I3+\/E+ 1

A>Vab  4D2Vab(Vb + /a)

W, =2CD < 2(\/13+ \/E)\/EAH

whence
Wi < 44%bVb + 2.

This contradiction completes the proof of Theorem 1.2.
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