UBC Grade 8-10 Workshop Problems, 2008-2009

1.

Tom Sawyer has four colours of paint and three dgpasts, which are in a row, to
paint. In how many ways can he paint the postfiabrto two adjacent posts have the
same colour?

In the diagram at the right, all the triangles are
right-angle triangles and, b, ¢, d, ande are the
lengths of the indicated hypotenuses. Find the
value ofe.

Deborah and James are on a road trip in a rentalfuah they want to return with its
60-litre gas tank completely empty, since they pi@fbor a full tank of gas and won't
get a refund for any unused gas. They have driveroRthe distance on a 900-km
highway trip and the tank is 1/4 full. If they stégr gas, how many litres of fuel
should they put in the tank?

In a class of 40 students, 60% are boys and 40%idse As their math activity one
day, they decide to measure their weights and ctergnme averages. They find that
the average weight of all the boys is 40 kg, andcbicidence that the average
weight of all members of the class, including the 80-kg teachisn equals 40 kg.
What is the average weight of the girls in the €Pas

In how many ways can the numbers 2008, 2009, 2010,
2011, 2012 be put into the figure at the righttsat the sum

of the three numbers in the middle vertical coluaguals

the sum of the numbers in the middle horizontal?ow

In the diagram, triangleABC and DEB are right- A
angle triangles andBC is similar to triangleDEB.
Also, the length oBC is 13 1/3 cm and the length D
of ABis 10 cm. Find the length &D.
B = c
An unknown positive integer has two digits. If ttveo digits are reversed, the new

integer is 27 greater than the original one. Hownynsuch integers are there? Are
there any such integers if 27 is replaced by 26?

In the x-y plane,A is the origin, (0,0)B is the point (3,4), an€ = (x,10). Find all
values ofx for which the distance from to C is twice the distance fro to B.

If Riana drives to the theatre at 100 km/h she antlve 5 minutes before the movie
starts. If she drives at 60 km/h she will arrivenbutes after the movie starts. How
fast should Riana drive to arrive exactly whenrtiwrie starts?

10. How many positive integer divisors does the nun#€&°® have?



11. A hotel owner is very superstitious and avoids ramwmbers that include the string
“13.” For example, he doesn’t number any room 2131895. The first room is
numbered 101, and the other rooms are given inaga®nsecutive numbers, with
the unlucky numbers containing 13 skipped. The flastn has is numbered 2009.
How many rooms are in the hotel?

12.A lottery is created to help fund the constructidgra new school, which will be built
on a prime piece of Vancouver real estate and wbase will be in the shape of a
perfect square. The prize money for the lotteyaken from the money raised by the
purchase of tickets. There are 1000 tickets sald,20 of these tickets are randomly
drawn. The owner of each winning ticket then draws of the numbers 101, 102,...,
1001 from a bag, without replacing it. If the numloeawn is not a perfect square
then the winner’s prize is $0; if it is the squafea prime number then the prize is
$400, and if it is the square of another numben tthe prize is $50. If $10001 must
be raised, what is the lowest price at which tbketis can be sold?

13.1n the picture at the right, an equilateral triang inscribed
in a circle. If the length of a side of the triaag$12, find
the area of the circle.

14.An ice cream cone has height 15 cm, and the dianoétés circular opening is 10
cm. A single scoop of ice cream, in the shapesyfleere, is placed in the cone so that
the centre of the scoop coincides with the centrine circular opening of the cone.
What is the radius of the scoop?

15.You have a standard deck of 52 cards. Each cara lastain value, and there are
four cards of each value. An ace has value 1,lahas value 11, a queen has value
12, and a king has value 13. The other 36 cards tale 2, 3, 4, 5, 6, 7, 8, 9, or 10.
How many different ways are there of picking twodsafrom the deck so that the
sum of the values is less than 10? Note that theraf the two cards doesn’t matter.
For example, picking the 3 of diamonds first anel 2hof hearts second is the same as
picking the 2 of hearts first and the 3 of diamosésond.

16. Eight marbles all look alike, but one of them isuadly slightly heavier than the other
seven, which all have the same weight. Using ancalascale, which lets you
determine which of two chosen collections of mablg any, has greater total
weight, explain how you can find the heavier mamith just three weighings. Can
you find the heavier marble with just two weighifigs



SOLUTIONS

Note: These concise solutions are meant for workdbaders and teachers. Presentations to Grade 8-10
students should include additional detail and nadion. The solutions outlined here are considered
appropriate for school students at this level; aige solutions are often possible.

1.

10.

Answer: 36. Start with one of the posts at the @nithe row. That post can be painted any one ofithe
colours. Now move toward the other end. For eagiaimed post encountered, there are 3 choices for
the colour, since it can't be the same colour aspiievious post. There are total of 4 x 3 X 3 W@§'s

to colour the posts.

Answer: 8”2 Using Pythagoras repeatedly givés= 12 + 12 = 2,b? = a®+1% = 3,¢® = b’+ 1° = 4. The
pattern is clear, anef = 6.

Answer: 7.5 litres. 600 km has been driven on 3/4 tank, so a full tank has a range of 4/3 x 600 =
800 km. The remaining gas, when they stop, canttake another 200 km. Since there is still 300 km
to go, they need to buy enough gas for 100 kmli&x 60 = 15/2 litres.

Answer: 37.5 kg. There are 0.6 x 40 = 24 boys addk®10 = 16 girls in the class. Since the average
of some quantities is the sum of those quantitiesled by the number of quantities, the sum is the
average multiplied by the number. So, the sum eftbights of the boys is 40 x 24 = 960 kg. Now, for

the average of all the members of the class toObalgb, we need the total weight of the members of
the class to equal 40 x 41 = 1640 kg. Since theheraweighs 80 kg, the total weight of the girls is

1640 — 960 — 80 = 600 kg. The average weight ofjttie is 600/16 = 75/2 = 37.5 kg.

Answer: 24. We may as well subtract 2007 from eafctihe numbers and use the numbers 1, 2, 3, 4,
and 5, since that won't affect the equality of th® sums. The given condition is really just saying
that the sum of the left and right entries in thiddle row equals that of the top and bottom entires
the middle column. The only sums of pairs of thatkvare 1 +4=2+3,1+5=2+4,and2+5=3
+ 4. Each equality gives 8 ways of placing the nampthe missing number is placed in the middle
and the other numbers at the extremities. Thera &otal of 24 ways.

Answer: 25/3. Triangl&BC has sides of length 10 = 30/3 and 40/3; thesénatee familiar ratio of 3

to 4 so this triangle is a scaled version of tlendard 3-4-5 right triangle. Hence, so is the gian
DEB. Using the isosceles triangdDC, the length oDE is 10/2 = 5. Sinc®EB is a scaled 3-4-5 right
triangle, the length @D is 5 x 5/3 = 25/3.

Answers: 6, no. Write the integer atal®b, wherea is the tens digit and is the ones digit. Rearrange
the equation 10+ a = 10a + b + 27 to get 4 — a) = 27. So,b —a = 3. There are 6 such integers,
namely 14, 25, 36, 47, 58, and 69. There are nb suegers if 27 is replaced by 26 since 26 isaot
multiple of 9.

Answer: 11 and -5. The right triangle with hypote®AB and one side along theaxis is a standard
3-4-5 triangle. The right triangle with hypotenuB€, which has length 10, and sides parallel to the
axes has vertical side of length 10 — 4 = 6, ani $06-8-10 triangle. That triangle can lie to thnt

or left of B, which gives two values &f namely 3 + 8 =11 and 3-8 = -5.

Answer: 75 km/h. Let the distance from Riana’s home to the theatrenn We are giverd/60 —
d/100 = 1/6 (10 minutes), which givels= 25. It takes Riana 15 minutes to drive to theathe at 100
km/h, so to arrive exactly when the movie beging stust take 20 minutes or 1/3 of an hour. The
required speed s in km/h satisfies 25/s=1/3, s@5.=

Answer: 6028 x 2010. Factor 2008: 2008 = 2 x 10x=2 x 502 = 2 x 2 x 2 x 251 = & 251. Check
that 251 is prime by verifying that no prime nunmbap to 13 divide it. So, the prime factorizatidn o
2008 js %% x 25°° Any divisor of this number must also have onlyr®d 251 in its prime
factorization, with the powers at most 6027 and®2@&spectively. The number of such divisors is
6028 x 2010.



11. Answer: 1771. Count the number of numbers betwddnahd 2009 thado include a string 13, and
subtract this number from 1909, which is the tatamber of numbers between 101 and 2009.
Systematically list the numbers containing 13. €hare no 2-digit numbers since the smallest room
number is 101. There are 9 3-digit numbers withad3he last two digits, namely 113, 213,..., 913.
There are 10 3-digit numbers with 13 as the fisgt tigits, namely 130, 131,..., 139. Note that thisre
no overlap between these two lists. There are digidnumbers ending in 13, namely 1013, 1113,...,
1913. There are also 10 4-digit numbers with 18asniddle two digits, namely 1130, 1131,..., 1139,
and these do not overlap with the first list ofigidnumbers. Finally, there are 100 4-digit nunsber
that start with 13, namely 1300, 1301,..., 1399, dn# of these, 1313, has already been counted. So,
the number of numbers that include the string 184s10 + 10 + 10 + 99 = 138, and the number that
don'tis 1909 — 138 = 1771.

12. Answer: $13.46. The perfect squares from 101 tol18@ 1% 12 13,..., 3%. There are 21 such
numbers, and those that are squares of prime nsnaber1i 13, 17, 19, 23, 29, and 3%, which
number 7. So, the maximum prize money that coulgddié out is 7 x $400 + 13 x 50 = $3450. Since
$10001 must be raised, the total collected in tiskées must be at least $13451. Dividing by 10G0 a
rounding up to the nearest cent gives the finalvens

13. Answer: 4. By Pythagoras, the length of the vertical altéwf the triangle is the square root of 12 —
3, i.e. 3, so the triangle has area 3 x 2'% 32. By breaking the triangle up into three corgu
triangles one of whose sides is a side of the maidgriangle and whose third vertex is the cenfréhe
circle and considering areas, we have thati§ the common distance from the original trianglgide
to the centre of the circle, then 3 x 2%82 = 3 xh x 2 x 32/ 2, which gives = 1. Thus the radius
of the circle is 3 — 1 = 2 and the area is as giverther solution involving the 30-60-90 rightatinigle
is possible, if students possess this specialinesviedge.

14. Answer: 3/2 x 182 Draw a vertical cross-section, and note thatiwithis a right triangle whose sides
have length 5 and 15 and whose hypotenuse, by yths, has length 5 x 19 The altitude of this
triangle with respect to the hypotenuse is theusadiof the scoop. Computing the area of the triangle
in two different ways gives 75/2 = % 10“42 andr = 3/2 x 16"

15. Answer: 280. Note first that none of the cards lcave a value of 9 or larger, or else the sum wbeld
at least 10, so we can ignore 9s, 10s, jacks, guead kings. If the first card picked has valueh&re
are 4 choices for it, and the second card must kaltee between 1 and 8. Since one 1 has already
been chosen, there are 3 + 4 x 7 = 31 choiceshésécond card. If the first card picked has value
the second card must have value between 1 andiZhare are 3 + 4 x 6 = 27 choices. If the firsdca
is a 3, there are 23 choices for the second, atte ifirst card is a 4 there are 19 choices. Howete
pattern does not continue since if the first card b, the second must have value between 1 a4,
there are 16 choices. There are 12 choices whefirgheard is a 6, 8 if it is a 7, and 4 if itéam 8.
Adding gives 4 x (31 + 27 + 23 + 19 + 16 + 12 + 8)+= 560orderedpairs, and dividing by two since
the order does not matter gives the final answéterdate solution (sketch): There are 4 x 6 = 24
choices in which the same value appears (two &ses2s, two 3s, or two 4s). There are, as above, (7
+6+5+4+4+3+2+1)/2 =16 unordered paifrdistinct numbers whose sum is less than 10. The
final count is 24 + 4 x 4 x 16 = 280.

16. Answer: Yes. For the first part: put 4 marbles oe side of the scale and the other 4 on the ottier s
The side with the heavier marble will be heaviertatal, so we will know which set of 4 marbles
contains the heavier one. Repeat, breaking therblesaincluding the heavier one into two sets of 2
marbles to determine a pair of marbles one of wiscthe heavier one, and then in a final third
weighing separate these 2 marbles to determindae¢hgier one. In fact two weighingse enough:
Leave two marbles alone and break up the otheriitagwo sets of 3, placing each set on one sfde o
the scale. If the heavier marble is among thesen6, of the sets of 3 will be heavier. Leave one of
these heavier 3 marbles along and weigh the othétiZse 2 marbles have the same weight, then the
marble that was not weighed in the second weighirige heavier one; if not, the heavier marble will
have been determined. If the two sets of 3 maftde® the same weight, the heavier marble is one of
the 2 that were not originally weighed, and thevieraone of these can be determined with a second
weighing.



