THE FUNDAMENTAL INTERCONNECTENESS OF ALL THINGS (MATHEMATICAL)

LIOR SILBERMAN

Notes for undergraduate colloquium talk.

INTRODUCTION

Idea: we only have one mathematics. Sometimes not clear from courses.
As a motiativing them we’ll consider one problem. Ready bingo cards for math fields.

Problem 1. Which integers can be represented as a sum of four squares?

Define ry(n) = #{x € Z} | ¥} x? =n}.
(1) k=1 these are the squares
(2) k =2 Fermat; unique factorization in Z[i].
(3) k=3 Lagrange: r(n) =1iffn <0orn=4%8m+7).
(4) k=4 Legendre: ri(n) > 1 iff n > 0 (Euler identity / factorization of quaternions + proof for primes).

1. COMBINATORICS

Observe that rii¢(n) = Yuqp—n rx(a)re(b) — additive convolution. We therefore consider the generating function

Zrk n)q" € Z[[q]].
We have
Y reeem)g =Y q" Y, re(a)ro(b)
n>0 n>0  a+b=n
=Y Y nd@q'r(b)d
n>0a+b=n
=Y n(a)g" Y ri(b)g
a b

Thus 6(¢) = (6(g))* for 6 = 6.

2. ANALYSIS

2.1. Complex analysis 1. The series converges for |g| < 1, but no good analytic properties from that point of view.
Instead try ¢ = e(7) = ¢*™% s0
_ Z ezmd%.

deZ

We have |g| < 1 iff 37 > 0 so this is a function on the upper halfplane. The series converges locally uniformly
absolutely there, so defines a holomorphic function.

2.2. Harmonic analysis. Let T =iy. Let f(x) = =2 and let F(x) =Y. 4e7 f(x+d) (so that 8(iy) = F(0)). Then
F(x) is a smooth function on the circle R/Z so Fourier analysis gives

x) = Z F(k)e(kx

kel
=Y f(k)e(kx)
keZ



Setting x = 0 we get the Poisson summation formula:

Here
R too 2 .
fk)= / e PN e 2T iy

+oo 2 ik, k2
_mk2 /4y —2my(x"—Cx— >
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1 ezmkz/(fzw)
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so for T =iy we get

o)

(—1> =V/—2i16(1).
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2.3. Digression (Riemann). Consider 1 [5(6(iy) — 1) yzs%_ For R(s) > 1 we have
_— d [ )
/ Z efzmﬂyyzs ay _ Z / 6727td2}y25 day
70 4= Yy ooa=1/o y

_ Z d* /oo e—2n’yy2sﬂ

and now the transformation rule can be used to prove the analyical contiuation and functional equation for § (s).

2.4. Complex analysis 2. By analyticity we have
1
0 (—) =v—2i16(7)
47
for all 7. Using invariance by T — 7+ 1 we also get'

9( ! ):\/We(r).
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2.5. Group theory and geometry. SL,R acts on H via y7 = ‘gfd’ . Thus let I'9 < SL,Z be the subgroup generated
by T— T+ 1land T — 575. We get

0(yz) = Ver+dO(7)
for all y € T'g.

Fact 2. Tg = [o(4) = { <‘Cl Z) = <é T) (4)}-

NOT FOR TALK. Clearly I'g C I'y(4). Now let y = (Z Z € I'9(4) \I'g have |c| minimal, and subject to have that
. . 1 b a b\ (1 n * *
|d| minimal. Then ¢ # 0 (otherwise y = + (O 1) €T'g). Then (c d) (0 1) = (c d—I—nc) elp(4)\Tg

and from the minimality of |d| we get that |d| < %|c\ and the inequality is strict since 4 | ¢ and d = 1(4) is odd.
. a b 1 0 * * S
= ‘ <
Similarly (c d) (411 1> <c+4nd d> €Ty(4)\Tp and from the minimality of ¢ we get |c| < 2|d| < |c
contradiction. ]
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2.6. Complex analysis 3. 0; = 6* satisfies
2.1) 04(yz) = (ct+d)*0(x).

There are not functions on I'g\H! But they are sections of a line bundle.

Fact 3. (Riemann—Roch) The space of functions satisfying (2.1) and holomorphic at infinity is 2-dimensional.

3. THE SPACE OF LATTICES

G(A)= Y 217
AEA\{0}
is not absolutely convergent. Works conditionally if we order

d 1
G(A)=) ) (G

ce€ZdeT
Then (with o the divisor function)

G»(1) =2¢(2) — 8n? i o(n)q".
n=1

Now Gy is not invariant!
1 2mic
G -G _
(ct+d)? 2(r1) = Ga) = g

(conditional convergence FTW). But this means
GZ’Q(T) = GQ(”L’) - ZGQ(ZT)
G2,4(T) = Gy(1) —4G,(41)

are I'g(4)-invariant. Compute Fourier expansion, use first few coefficients to see 65 = —ﬁGzA and get
ra(n) =8 Z d.
0<d|n
4d

e Can solve 2-square problem, 6-square problem, up to 10 square problem the same way.
e |2-square problem is different.

3.1. Algebraic geometry. I'yg\H can be given the structure of an algebraic variety.

3.2. Representation theory, PDE. Space of lattices => representation of SL,(R)
CR equation => representation is irreducible.



