Math 100:V02 — SOLUTIONS TO WORKSHEET 11
INVERSE TRIG; LOGARITHMIC DIFFERENTIATION

1. LOGARITHMIC DIFFERENTIATION

(1) Differentiate

(a) d(loi(mal’)) — %log (t2 + St) —

Solution: By the chain rule, the derivatives are: é ca = % and ﬁ <(2t+3) = t%’f;t. We can
also use the logarithm laws first: log(az) = log a+log x so di (logazx) = 4 (log a)+%(log x) = %

T dx
since log a is constant if a is. Similarly, log(t>+3t) = log t+log(t+3) so its derivative is %—i— H%
(b) %SE2 log(]‘ + 1'2) = % 10g(2-il-sin ) =
Solution: Applying the product rule and then the chain rule we get: - (z%log(1 + 2?)) =

22log(1+ 22) + 22 L5 - 22 = 2z log(1 + 22) + -2, Using the quotient rule and the chain rule

1422 T+a?"
we get
d 1 1 1 cosT
drlog(2 + sinr) - _log2(2 + sinr) 2tsiny U7 (2 +sin7)log?(2 + sinr) |
(2) (Logarithmic differentiation) differentiate
Y= (x2 + 1) -sinx - \/305137—&-3 - 08T,

Solution: We have

logy = log (a:Q + 1) + log(sin z) + log ( ) + log (€°°57)

1
vad +3
1
=log (z* + 1) + log (sinz) — 5 log (2° +3) + cos .
Differentiating with respect to x gives:

' 2r cosz 1 3a? .
— = + — - = —sinzx
y 2241 sinz 22343

and solving for 3’ finally gives

;L 2z +cosx 3z
Y=\ 17 sne 2(x3 +3

) —sinx) . (x2+1) ~Sinx~#.ewsw'

Vi +3

(3) Differentiate using | f' = f x (log f)’
(a) ="
/ n

. . o o . s e . . 1 o
Solution: If y = 2™ then logy = nlogx. Differentiating with respect to x gives yY =5 so

y =y =na"l.
Solution: By the rule, &L (27) = 2" L (log(2")) = 2™ (2) = na"~1.

(b) x*
Solution: If y = z% then logy = zlogz. Differentiating with respect to x gives %y’ =
logz +z-1 =logz+1soy =y(logz+1)=a"(logz + 1).
Solution: By the rule, L (27) = 2”4 (log(2?)) = 27 (log z + 1).
Solution: We have z% = (elogl)l =
e?lo8 (logz + 1) = 2% (logx + 1).

e®198%  Applying the chain rule we now get (z%)" =
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(c) (logx)®=®
Solution: By the logarithmic differentiation rule we have

% (log x)“** = (log z)°*" - % (cos zlog(log z))

)COS T

COoS T ]' ]'
)

= —sinzloglog z (log x cosx —
logx x

+ (logz

)Cosz )cosxfl -

= —sinzloglog z (log x + cosz (logx

(d) (Final, 2014) Let y = 2'°8%. Find g—z in terms of x only.
Solution: By the logarithmic differentiation rule we have
dy  dlogy
de Y dx

1
S (210gm . > =2logx 2871,
x

d
— xlogL

(log x- logx)

(4) Let f(z) = g(2)"®). Find a formula for f’ in terms of ¢’ and h'.
Solution: By the logarithmic differentiation rule we have

f''=f- (hlogg)
h
=f (h’ log g + gg’)
=h-g" ' g +g"logg-1.

Observe that this is the sum of what we’d get by applying the power law rule and the exponential
rule.

2. INVERSE TRIG

(5) (evaluation)

(a) (Final 2014) Evaluate arcsin (—1); Find arcsin (sin ().
Solution: sin (6) = % so arcsin (f%) . Also si n( T ) = sm (3111” 27r) = sin (%‘) =
sin (7r - ?—7{) = sin (?7{) and 21—’17 € [—g, g] SO arcsin (sm( L ))

(b) (Final 2015) Simplify sin(arctan4)
Solution:  Consider the right-angled triangle with sides 4, 1 and hypotenuse v/1 442 =
V17. Let 6 be the angle opposite the side of length 4. Then tanf = 4 and sinf = SO
sin (arctan4) = sinf = \/%.

(¢) Find tan (arccos (0.4))
Solution: Consider the right-angled triangle with sides 0.4, v/1 — 0.4 and hypotenuse 1. Let
0 be the angle between the side of length 0.4 and the hypotenuse. Then cosf = 0—14 = 0.4 and

tanf = VIO _ 08 _ fost_ oy

V17

0.4 04 — \ 016 —
(6) Let f(0) = sin? #+cos? 6. Find % without using trigonometric identities. Evaluate f(0) and conclude
that sin® @ + cos? 6 = 1 for all 6.
Solution: By the chain rule d% (sinf)? = 2sinf cosf and % (cos§)? = 2cos B(— sin 6) so

a = 2sinfcosf — 2sinfcosf =0,
de
It follows that f is constant; since f(0) = (sin0)? + (cos0)? = 1 we have f(#) = 1 for all §, which is
the claim.
(7) (Inverse functions)
(a) Suppose g(x) = e*, f(y) = logy. Show that f(g(z)) =z and conclude that (logy) = %
Solution: f(g(x)) = log(e*) = x. We then have f/(e*) = g,zm) =L so fi(y) = i for all

y > 0.



(b) Let 6 = arcsinz. Find 9. Hint: solve for x first.

Solution: We have x = sinf so 1 = cos 9% SO
dx 1 1 1

0~ cosf \/l—sin29: V1i—a?’

(8) Differentiation
(a) Find % (arcsin (2x))

P . d . . 1 . .
Solution: Since g arcsin(z) = Nier=h the chain rule gives

2
V1—422°
Alternatively, let § = arcsin 2z, so that sinf = 2z. Differentiating both sides we get
do

cosf-— =2

dx

% (arcsin (2z)) =

so that
de 2 2 2

de ~ cos® V1 —sin?6 - V1I—422’

(b) Find the line tangent to y = /1 + (arctan(z))? at the point where z = 1.

Solution: Since L arctan(z) = ﬁ, the chain rule gives
d 1 1
. 1+ (arctan(z))® = -2arctan(zx) - o2
v 24/1 + (arctan(z))? *
arctanx

(14 22)y/1+ (arctan(z))®

Now arctan 1 = 7 so the line is

m w2

Y= ————(z— 1)+ /1 + .
8y/1+ T 16

(c) Find y' if y = arcsin (). What is the domain of the functions y, y'?
Solution: From the chain rule we get

B 1 5ebT _ 5e5%

/1 = eloz €= /1 — el0z

The function ¥ itself is defined when —1 < ¢3® < 1, that is when 5z < 0, that is when = < 0.
The derivative is defined when —1 < €192 < 1, that is when x < 0. The point is that since sin 6
has horizontal tangents at 47, arcsinx has vertical tangents at +1.

Solution: We can write the identity as siny = e® and differentiate both sides to get 3’ cosy =
5e5% so that

d : 5x
@ arcsin (6 )

, 5651; 565.',IJ 5651'

cosy V1 —sin?y V1=l




