Math 100A — SOLUTIONS TO WORKSHEET 5
THE CHAIN RULE

1. THE CHAIN RULE
(1) We know d siny = cosy.
(a) *Expand sin(y + h) to linear order in h. Write down the linear approximation to siny about
Yy = a.
Solution: sin(y + h) & siny + hcosy and siny ~ sina + (y — a) cos a.
(b) x*xNow let F'(z) = sin(3z). Expand F(z + h) to linear order in h. What is the derivative of

sin 32?7
Solution: F(z + h) = sin(3(x + h) = sin(3z 4+ 3h) so we use y = 3z in the previous example
to get
F(z+h) =sin(3(x + h))
= sin (3z + 3h)

~ sin(3z) + (3h) cos(3z)
= sin(3z) 4 (3cos(3x))h
so the derivative is | 3 cos(3z) |.

(2) Write each function as a composition and differentiate

(a) % €3

Solution: This is f(g(x)) where g(z) = 3z and f(y) = e¥. The derivative is thus

d(3z)
3T | _ 3z
e e 3e’" .

(b) x v2xr+1

Solution: This is f(g(x)) where g(x) = 2z 4+ 1 and f(y) = \/y. Thus

df(g=) _ o / 1 1
— = . 2 - .

(c) (Final, 2015) * sin(z?)
Solution: This is f(g(x)) where g(z) = 2% and f(y) = y*. The derivative is then
cos(z?) - 22 = 2x cos(z?) .
(d) * (Tz + cosz)".
Solution: This is f(g(x)) where g(z) = 7z + cosz and f(y) = y™. The derivative is thus
n(7z +cosz)" ™" - (7T —sinz) .
(3) (Final, 2012) %x Let f(z) = g(2sinz) where ¢'(v/2) = v/2. Find f’(

Solution: By the chain rule, f/(z) = ¢/(2sinz)- L (2sinz) = 2¢’(2sinz) cosz. In particular,

(4) Differentiate
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(a) x 7z 4+ cos(z™)
Solution: We apply linearity and then the chain rule:
d nyy  A(7z)  dcos(z™)
P (7Tz + cos(z™)) = 02 + .
dcos(z™) d(z™)
d(zm) dz

n—1

— 7+
=7 —sin(z") -nx

(b) * eVEoT
Solution: We repeatedly apply the chain rule:
d d
C ovemE — oVeosT S ooy
dx dx
1 d
_ pVcosz il
€ 24/cos x dx cosw
_ _e\/m Ssinx )
2 /cosx

(c)  (Final 2012) e(sin®)*
Solution: By the chain rule:

d (e(sinw)2) — e(Sinl')zdi ((Sin$)2)

dz x

N2 d .
= (M) 2ginr— sinx
dx

sin z)

2 .
= ¢l 2sinx cosx

= e(sina)’ sin(2z).

(5) *x Suppose f,g are differentiable functions with f(g(x)) = 3. Suppose that f'(g(4)) = 5. Find
g'(4).
Solution: Applying the chain rule we have f'(g(z))-¢'(z) = 322. Plugging in z = 4 we get

5¢'(4) = 3-42 and hence ¢(4) = 2.

2. LOGARITHMIC DIFFERENTIATION

(6) * log (e!?) = log(2109) =
Solution: loge!? = 10 while log(2!%°) = 100 log 2.
(7) * Differentiate

(a) d(loiiaf)) — %log (t2 + 3t) —
Solution: By the chain rule, the derivatives are: é ca= % and m#:%t <(2t+3) = t%f;t. We can

also use the logarithm laws first: log(az) = log a++log z so £ (log az) = <L (loga)+ 4 (logz) = 1
since log a is constant if a is. Similarly, log(t?+3t) = log t+log(t+3) so its derivative is %—i— t‘f’%
(b) * %Zz lOg(l + $2) = % log(Qﬁl-sinr) =
d

Solution: Applying the product rule and then the chain rule we get: - (a:2 log(1 + xg)) =
2z 1og(1 + 22) + 22 1+1x2 27 = 2w log(1+22) + 12f;2 . Using the quotient rule and the chain rule
we get

d 1 1 1 cosT

— - — . - . COS .
dr log(2 + sinr) log?(2 +sinr) 2+sinr (2 + sinr) log?(2 + sinr)

(8) ** (Logarithmic differentiation) differentiate

Y= (x2 + 1) -sinx - Té% -8 T,




Solution:

log y = log (2* + 1) + log(sin z) + log (

We have

1 CcCos T
m) + log (6 )

=log (z* + 1) + log (sinz) — %log (z° +3) +cosz.

Differentiating with respect to x gives:

Y 2z cosz 1 322 .
= + — - = —sinzx
y 2241 sinxz 2z3+43

and solving for 4’ finally gives

(9) Differentiate using | f' = f x (log f)’

; 2z n COS T _ 3x —sinz (SC2 + 1) sin o 1 o8 T
Y=\ 11" sine 2(z3 + 3) Vad 43 .

(a) % z™

Solution:
Yy =yl =
Solution:

(b) % z*

Solution:
logx + x -
Solution:
Solution:

_ _ . c e . . 1 _
If y = 2™ then logy = nlogx. Differentiating with respect to x gives gy’ = 2 50
na™ L.

By the rule, & (2") = 2" (log(z™)) = 2" (Z) = nz" 1.

/

If y = 2® then logy = zlogx. Differentiating with respect to x gives iy =
1 _ _ _ T
c=logr+1soy =y(logr+1) =2 (logz +1).

By the rule, % (z*) = xmdd—w (log(z®)) = 2 (logz + 1).

We have z% = (elog“’)m = ¢®198%  Applying the chain rule we now get (z%) =

ev1oe® (logx + 1) = 2* (logx + 1).
(c) »x (logx)cos®

Solution:

dx

By the logarithmic differentiation rule we have
cos T Ccos T d
(log x) = (log x) g (cos z log(log x))

x

cosx COS T ]‘ ]'

= —sinxzloglog z (log x) + (logx) cos T -

logx x

= —sinzloglog x (log z)°*" + cosz (log )" ™! =

(Final, 2014) % Let y = 2'°8%. Find g—g in terms of x only.

Solution:

By the logarithmic differentiation rule we have
dy dlogy logz 4
=7 _ = T (] 1
dz VT dz T A (log. - log )

1
= glog® <210gw . > = 2logx 2871,
x

3. MORE PROBLEMS

(10) *xLet f(x) = g(z)"®). Find a formula for f’ in terms of g’ and 7'
Solution:

By the logarithmic differentiation rule we have
f'=f-(nlogg)
! h /
=f(h'logg+ ;g

:h‘gh_l'gl‘i‘ghlogg'h/.

Observe that this is the sum of what we’d get by applying the power law rule and the exponential

rule.



(11) Let f() = sin® 4-cos? §. Find % without using trigonometric identities. Evaluate f(0) and conclude
that sin? @ + cos? 6 = 1 for all 6.
Solution: By the chain rule d% (sinf)? = 2sinf cos and % (cos ) = 2cos B(— sin 6) so

ﬁ = 2sinfcosf — 2sinflcost =0,
de
It follows that f is constant; since f(0) = (sin0)? + (cos0)? = 1 we have f(#) = 1 for all §, which is

the claim.
(12) (“Inverse function rule”) suppose f(g(z)) = « for all x.
(a) Show that f’'(g(x)) = ﬁ.
Solution: Applying the chain rule we have f'(g(x))-¢'(z) = 1.

(b) Suppose g(z) = e”, f(y) = logy. Show that f(g(z)) = « and conclude that (logy)’ = i
Solution: f(g(x)) = log(e*) = x. We then have f/(e*) = g,zm) =L so fl(y) = i for all
y > 0.

(¢) Suppose g(0) =sin6, f(x) = arcsinz so that f(g(d)) = 6. Show that f'(z) = \/1177
Solution: We have f'(sinf) = L, = \/ﬁ so f'(x) = ﬁ for -1<z <1

(13) (Final, 2015) »x Let zy? + 2%y = 2. Find % at the point (1,1).
Solution: Differentiating with respect to x we find y? + Qxyg—g + 2zy + xQ% = 0 along the
curve. Setting z = y = 1 we find that, at the indicated point,
d
3432 =0
dzla,1)
dyp _
dela

SO



