Math 101 — SOLUTIONS TO WORKSHEET 30
POWER SERIES

(1) Which of the following is a power series:
= nl(z — 3)" = 3
DI R L
n=0 n=0

Solution: The first is a power series, the second isn’t (there are powers of e”, not powers of
xl).

1. THE INTERVAL OF CONVERGENCE

(2) Find the interval of convergence and radius of convergence of the power series

(a) Yooz, (—1)n it .
Solution: We have c=1, A, = % Now

G I G S e Vi
n+1

n
= |’n—|—1 @ 1+1

so the series converges absolutely when |z — 1| < 1 and diverges when |z — 1| > 1. The se-

ries therefore converges at least on (0,2).At the endpoint 2 = 2 the series is > o (—1)"1- =

n—1
> (_UT and it converges by the alternating series test. At x = 0 we have the series
S EOEDT o P 1 L which is a divergent p-series (p = 1). The interval of conver-

n=1 n
gences is them (0, 2].

+
the series converges at least on (¢ — R,c+ R) = (0,2). At the endpoint z = 2 the series is

n -1
S (i =3 DY and it converges by the alternating series test. At x = 0 we

n=1 n=1 n

have the series Y M = — >, L which is a divergent p-series (p = 1). The
interval of convergences is them (0,2].

(b) Yoo nlz™
Solution: If z # 0 we have

ratio test, so the series converges only for x = 0.

Solution: L = lim,_, ‘Agzl = limy 00 757 = limy 500 1+1 =1so R=+ =1, and

(n+1)lz" !

nlzn

= (n+ 1) |z] —— oo and the series diverges by the
n— oo

(n+1)!

A, . .
| = limy, o0 e = limy o0(n+1) = 00

Solution: We have A,, = n! and L = lim,, ’ i

so R = % = 0 and the series only converges at = = 0.
(c) Xoso T

Solution: We have — =l

T n+1

xn+1 /i
(n+1)!/ n!

is (—00,00) and the radius is oco.

—— 0 so the series converges for all z. The interval
n—oco

. _ N
Solution: = We have A, = % and hm”_}@‘ S
° n

. | . 1
= hmn_>oo ﬁ = hmn_>oo e+l = 0 so
R = oo and the interval of convergence is (—o0, 00).

(d) (Final, 2014, variant) > o %
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Solution: We have

(x —2)n+t (x —2)" (x —2)ntt 3 n?+1
3t ((n+1)2+1)" 37 (n? +1) (x—2)" 3ntll n? 42042
1 1+54
= —9].2.— _n*
|z — 2|
n— o0 3 ’

so the series converges for 222l ~ 1 and diverges for @ > 1. We rewrite the first interval as

|z — 2| < 3 so the radius of convergence is R = 3. The endpoints of the interval of convergence

are then 24+3 = —1,5. At z = 5 we have the series Zn 0 n2+1 => 2+1 which convergeces
1

nel nZ n2+1 nl for all n > 1). At z = —1 we have

the series Zn 0 221 which converges absolutely by the convergence at x = 5. The interval of

convergence is thus [—1,5].

by comparison to the p-series > - (we have

. . . 2 . 1+-L )
Solution: We have L = lim ( _ L — ) = lim 1_ntl iy 1_—"u2
n— 00 3 /+1((n+1)2+1)/3 /(n2+1) n—00 3 nz+2n+2 n— o0 3 1+%+%

% so the radius of convergence is R = ﬁ = 3. The endpoints of the interval of convergence are

then 24+3 = —1,5. At z =5 we have the series Zn o n2+1 =3 n2+1 which convergeces
by comparison to the p-series Y7 | -1 (we have LQH = for allm > 1). At x = —1 we have

the series Zn 0 n21421 which converges absolutely by the convergence at = 5. The interval of
convergence is thus [—1,5].

(e) (Final, 2011) 3777, 152(_732;)

Solution: We have

_ 1 1 log(n + 2) log(x + 2)
lim / = lim ——= = lim ——=
n—oo \ log(n + 3)’ log(n + 2) n—oo log(n+3)  z—oo log(z + 3)
1 1 T +3
= lim 7/7 = lim
3?—><>Ox+2 +3 zoocox+2
143
= =1
r—00 | + El

so the radius of convergence is R = l = 1. The endpoints of the interval of convergence are

then 2+1 =1,3. At x = 3 we have the series > 7 m =3 m which diverges by

comparison to the harmonic series > - | 1 (we have log(n +2) < n for all large n, for example

log(2+2 .
m = lim, oo %ﬁ 1 =0, so m > L1 eventually). Atz =1 we

because limg,_, o
. n
have the series Y-, k):%(T)H)

log(n + 2) increases monotonically to infinity so m decreases monotonically to zero).

which converges by alternating series test (the signs change, and

(3) Consider a power series Y.~ A, (z —5)".

(a) The power series converges at x = —3. Show that it converges at x = 10.
Solution: Since |-3 — 5| = 8, the radius of convergence is at least 8. Since |10 —5| =5 <
8 < R, the series converges at 10. Note that the series may or may not converge at 13 (it may
be that —5 and 13 are the two endpoints of the interval of convergence).

(b) The power series diverges at © = 15. Show that it diverges at x = —15.
Solution: Since |15 — 5| = 10, the radius of convergence is at most 10. Since |—15 — 5| =
20 > 10 > R, the series diverges at —15. Note that the series may or may not converge at 5 (it
may be that 5 and 15 are the two endpoints of the interval of convergence).

(c) Can you tell if the series converges at = 14?7 What can you say about the radius of conver-
gence?
Solution: = We have learned that the radius of convergence satisfies 8 < R < 10. Since
|14 — 5| =9 it is impossible to tell whether 14 lies in the interval of convergence.
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2. MANIPULATING POWER SERIES

(4) Let f(x) = 02, %7, g(a) = $o2, Sh—a”.
(a) Find the power series representation of f’(z). What is f(x)?

Solution:  f'(z) = Y 07, m;_ => 0, % =3, % = f(x) so f'(z) = f(z) and
f(z) = Ce®. Since f(0) =1, we have C' =1 and f(z) = e”.
(b) Find the power series representation of ¢'(x). What is ¢'(z)? What is g(x)?

o —1)" " Ipgnt o n— 0o m
Solution: ¢/(z) = Y00, G _nel . $e0 (gl = S (L) = ﬁ = 15 0
g (z) = H% and g(z) = log(1 + x) + C. Since g(0) =0, we have C' =0 and g(z) = logz.

(¢) Find the power series representation of f: f(—t%)dt.
2\n n
Solution: We have f(—t2) = 320 (0" — g %t%. Integrating term-by-term we

n=0 n! n=0
have
') t=x o7}
- (1) [ 2t S
—t3)dt = = N
/O 1= nz:% n 241, T;)n!@n—i—l)x



