Math 422/501: Problem set 11 (due 25/11/09)

The discriminant

Let L/K be a separable extension, and let N/K be its normal closure. Let n = [L: K] =
#Homg (L,N), with an enumeration Homg (L,N) = {g;};_,. Given {wj};zl CLlet Qe M, (L)
be the matrix with Q; ; = u;(®;) and set:

dpx (@1,...,0,) = (detQ)*.

In particular, write dy /g (0t) = dpx (1,0, 0%,... ;0" 1).

n
L. Let{w;} . CL
(a) Show thatd; k (®i,...,w,) € K.
(b) Show thatd; jx (@i, ..., ®,) # 0iff {a)j}?zl is a basis for L over K.
(c) Show thatd; k(o) #0iff L = K(a).
(d) Show thatif dp, k(@) # 0 then it is the discriminant of the minimal polynomial of a.
2. (The case K = Q) Let L be a number field of degree n over Q. Let {®;}!_,, {w;}n 1 C Lbe
]:
Q-bases of L so that the abelian groups M = Zw; & - -- B Zw, and N = Zo| & - - - ® Zw,, satisfy
NCM.
(a) Show that the sum ®}_, (Zay) is indeed direct.
(b) Show that dy g (@1, ..., ®,) = Ddp g (@1, ..., ®,) for some positive integer D.
Hint: Relate the matrices Q and Q.
(c) Show that when M = N we have d /g (@1, .., @) = dp g (@, ..., @), in other words that
the discriminant of a basis is really a function of the Z-module generated by that basis.
(d) Say @} =a;w; for some a; € Z. Show that D = [M : N
REMARK (c),(d) are special cases of the general identity dy ,o(N) = [M : N]zdL /Q(M).

Rings of integers

FACT. (Integral basis Theorem) Let K be a number field of degree n (that is, [K : Q] = n), and
let Ok C K be the set of algebraic integers in K. Then there exists a basis {0}, of K over Q so

d
that Og = @7_ | Zo;. Moreover, dg :ede/@(Otl,...,OCn) is an integer.

3. Let D be a square-free integer (this means a product of distinct primes up to sign) and let

K =Q(vD).

(a) Let o € K. Show that « is an algebraic integer iff Tra, N € Z (trace and norm from K
to Q).

(b) Show that 1+2\/5 is an algebraic integer iff D = 1(4).

(c) Show that Z[V/D] = Z&ZV/D C Ok C ZL @ ZY2.
Hint: write o € K in the form a + bv/D for a,b € Q.

(d) By considering the equation x> — y>D = 0(4) in Z/4Z, show that if D = 2,3(4) then
Ok =Z[VD) = {a+bVD|a,b e L}.
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(e) Show thatwhen D=1(4) Ox =7 [l+2\/5} = {%ﬁ \ a,bEZ,aEb(2)}.
— What about D =0(4)?

(Dedekind) Let K = Q(6) where 8 is a root of f(x) =x> —x*> —2x—38.
(a) Show that f is irreducible over Q and find its Galois group.
(b) Show that 1,0, 67 are all algebraic integers.
(c) Letn = ezTJ“G. Show that n° — 312 — 10 — 8 = 0 and conclude that is an algebraic integer
a well.
(d) Show that 1,0, 1 are linearly independent over Q.
(e) LetM =Z 376 SZn and let N = Z[0] = Z ® 7.6 & Z6>. Show that N C M.
(f) Show that dK/Q(G) =A(f) = —4-503.
Hint: You can be confident in your answer by consulting 2(a).
(h) Show that {1,0,n} is an integral basis.
dgo(1,6.n)

Hint: Let {a, 3,7} be an integral basis and consider a0 (@B

(i) Let 6 =A+B6+Cn with A,B,C € Z. Show that 2|dgp(6). Conclude that the set of
algebraic integers of K is not of the form Z[4J].
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